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1. Introduction

Let D = {z € C : |z| < 1} be the open unit disk on the complex plane C and T be the boundary of D.
The Hardy space H? consists of the holomorphic functions on D having square-summable Taylor coefficients
at the origin. It is well known that H? can be identified with the subspace of L*(T, %) consisting of the
functions whose Fourier coefficients with negative indices vanish (see [8]). A function u € H? is called an inner
function if |u(¢)| = 1 a.e. for £ € T. For a nonconstant inner function u, the model space K2 = H2ouH? is
invariant under the backward shift operator 7 on H2. The truncated Toeplitz operator on K2 with symbol
@ € L>®(T) is defined by

Agof = Pu(‘Pf)af € K’?u

where P, is the orthogonal projection on L?(T, 2£) with range K2.

A conjugation C on a Hilbert space H is an anti-linear, isometric and involutive map, that is C(af) =
aCf, C? =1 and (Cf,Cg) = (g,f), Vf,g € H,a € C. The model space K2 carries a natural conjugation
given by
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Cf(&) =u(€)Ef(€) ae. for € € T, where f € K2. (1.1)

For a completely nonunitary (c.n.u.) contraction T on the Hilbert space H, the defect operators and
defect spaces of T' are defined by

Dy = (I —=TT)2, Dp.=(I—-TT*)"?,
Dr = DrH, Dy = Dy H.

The characteristic function of a c.n.u. contraction T is a purely contractive analytic operator-valued function
Or(2) : D7 — D« on D defined as follows:

Or(z) = [T 4 2D+ (I — 2T*) ' Drl|o,, 2 € D. (1.2)

The characteristic function is a useful tool in the study of model theory for the c.n.u. contractions, for
instance, if ©1 admits a nontrivial regular factorization, then T has a nontrivial invariant subspace generated
by regular factorization. We call two characteristic functions ©1(z) : &1 — & and Oy(z) : Fi — Fa,z2 € D
coincide if there exist a unitary operator U from &; to F; and a unitary operator V from & to F5 such that

for all z € D. It is known that two c.n.u. contractions 77 and T» are unitarily equivalent if and only if ©p,
and ©p, coincide. More information about the model theory on contractions can be found in [11].

For a positive integer N, a c.n.u. contraction T is called Cy(N) operator if |T|| < 1,T™ — 0 and T*" — 0
(in strong operator topology) as n — oo and rank(I — T*T) = N. Let u be an inner function such that
dim K2 > 1, then A, and A,: on K2 are Cy(1) operator and Cy(2) operator, respectively. In particular,
every Cp(1) operator is unitarily equivalent to A, on the model space K2 for some inner function u (see
[1,11]). A good reference for studying the Cj operators is the monograph [1]. A closed subspace M of H
satisfying TM C M is said to be an invariant subspace for T. If both M and M~ are invariant subspaces for
T, then M is called the reducing subspace for T. If T has a nontrivial reducing subspace (M # {0} or H),
we say that T is reducible. Otherwise, we say that 7' is irreducible. The reducibility of 7" means to decide
either T is reducible or irreducible. It is well known that A, is irreducible and hence all Cy(1) operators are
irreducible. The reducibility of general Cy(IN) operators is complicated, for instance, in [2], it was shown
that A,2 can be reducible for some inner functions u. The authors in [10] provided a function theoretical
based proof and then described the reducing subspaces of A,2 explicitly. The classification of invariant
subspaces and reducing subspaces of various operators on function spaces has proved to be very rewarding
research problems in analysis. A lot of nice and deep work on the reducibility of multiplication operators
induced by the finite Blaschke product on Bergman space can be seen in [3,9,12] and references therein. In
general, Cy(2) operator is not unitarily equivalent to A,2, and some examples are provided in section 3. So
in this paper we focus on the reducibility of Cy(2) operators and a good understanding of these cases that
will shed light on the general picture.

The paper is organized as follows. In section 2, we give a necessary and sufficient condition for the
reducibility of Cy(2) operators by using the characteristic function and we obtain the number of the reducing
subspaces of a Cy(2) operator. In section 3, as an application, we also restudy the reducibility of the truncated
Toeplitz operator A2 and we will provide examples of Cy(2) operator which are not unitarily equivalent to
A2 for any inner function u.



S. Zhu et al. / J. Math. Anal. Appl. 482 (2020) 123570 3
2. Reducibility of Cy(2) operators

In this section, we will give a necessary and sufficient condition for the reducibility of a Cy(2) operator
by using the characteristic function.

A contractive analytic operator-valued function © is called inner if its boundary values ©(e!) are isome-
tries a.e. on T. It is known that if T € Cy(N), then Or is inner ([11]). For a Cy(2) operator T, it follows
from (1.2) that the characteristic function O of T is a 2 x 2 matrix-valued analytic function. Let

O(z) = (“(z) _b(2)> (2.1)

be a 2 x 2 matrix-valued inner function, then a,b,¢,d € K2, where ¢ = det(0) (see [5]). The following

lemma gives a parametrization of 2 X 2 matrix-valued inner functions.

Lemma 2.1 (Theorem 1 in [5]). Let ¢ be a nonconstant inner function and © be defined in (2.1). Then ©
is unitary a.e. on T and det(©) = ¢ if and only if

(1) a,b,c,d belong to ICZP.
(2) d = ya and c = b.
(3) lal* +|b]> =1 a.e. on T.

Lemma 2.2 (Theorem 8.16 in [4]). Suppose p is an inner function. Then u € IC;D is an inner function if
and only if u is the inner factor of p.

For each conjugation C on a Hilbert space H, there are many fixed points of C', for example, there exists
an orthonormal basis {e,} such that Ce,, = e, (see [7]). For an inner function ¢, let £ € T such that both
¢ and ¢’ have nontangential limit at &, then we have the kernel function

1—
ke(z) = L PE0E) e
1—-¢&2
It is shown in [6] that (£p(&))/%ke is a fixed point of C. The following lemma is to characterize the fixed
points of C.

Lemma 2.3. Let C' be a conjugation on Hilbert space H. For two vectors a,b € H, the following statements
hold.

(1) If there exists o € C with |a] = 1 such that C(a) = aa, then there exists 5 € C with § # 0 such that
Ba is a fixed point of C.

(2) There exist a, 8 € C with |a| = |B] # 0 such that a = ab + BC(b) if and only if there exist 0,6, €
C with 06y # 0 and 06 ¢ R such that oa and Sa + vb are fived points of C.

(3) There exist a, 8 € C with 8 # 0 and |a| # |B| such that a = ab+ BC(b) if and only if there exist at
least two pairs (8;,7;) € C? with §;v; # 0 6102 ¢ R, 8971 — 6172 # 0 and |6ay1 — S172| # 6172 — G2,
such that d;a + ;b are fized points of C.

Proof. (1) Choosing 8 such that 3/|8] = a'/2, it is not hard to see that Ba is a fixed point of C.
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(2) If a = ab + BC(b), choosing o such that o/|o| = (a~'3)Y/?, then ca = 0. We have

C(oa) = C(ocab+ cBC(b))
=gaC(b) + apb

= oa.
To obtain the second fixed point, for any n € C,n # @, we calculate

C(a +7b) = aC(b) + Bb + nC(b)
= Bb+ (@+n)C(b)

=Bb+ (@+n)B '(a—ab) (2.2)
— @+ o+ (- o),

To get the desired result, we first solve the following equations

@+n)p~t =1,
{ 1812 _ (2.3)
atn  *=1
It is not hard to see that the above equations have solutions as follows:
n=pe*—a, xeR. (2.4)

It is clear that we can choose zg € R such that 7y = Be'*® — @ # 0. Since |a| = |3, we have Be'*°a ¢ R.
Putting 1 into (2.2), we get

x — xQg . xQg - zQ . — zQ . xQ

CleZia+ (Be 2t —ae?)b) =e?la+ (Be™ 7
Let
§=e?" and v = Be~ 7 — qe?,
then da + b is a fixed point of C. In this case,
03 = |ol(a~ B) /2= F = |o|(a~ Be )12 ¢ R.
On the other hand, if ca and da + b are both fixed points of C', then
da+~vb = C(da +~b)

= goa +7C(b).
o

Since §o ¢ R, then do — 6 # 0. Let

o7y
o0 — 67

Yo
o= =
6o — 00

and g =—

then af # 0, |a| = |f| and a = ab+ BC(b). The proof of (2) is completed.
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(3) Suppose that there exist a, f € C with § # 0 and |a| # || such that a = ab + SC(b), then
C(a) = a@C(b) + Bb and C(b) = 371 (a — ab). For any 6, v € C with §y # 0, we have

C(6a + b) = 6C(a) +75C(b)
= (@a+7)p " a+ (68 — (6a+7)3 ta)b.

Let
= (0a+7)p7",
{7=5_— 0 +7)8 ey,
we get that
v =08 —da.
Then

ay = daf — 5|oz|2 and By = 6|ﬁ|2 —dap.

Since |a| # |B], the above equations are equivalent to

_ _ay+By
0= [gE—[afz>
v =08 —da.

The non-zero solutions of above equations can be written as

0 € C withd#0 v € C with vy # 0,
— or A=
v =08 —da § = 28

Bl

By the above solutions, there exist two pairs (6;,7;) with §;7; # 0, (i = 1,2) such that 6,62 ¢ R, 5271 —6172 =
((5152 — (51(52)6 75 0 and 51’)/2 — (52’}/1 = ((51(52 — (5152)04. Then |52’}/1 — (51’72‘ 75 |(51’}/2 — 52’)/1|.

On the other hand, if there are two pairs (d1,7v1) # (d2,v2) with &;; # 0 such that §;a +~;0(i = 1,2) are
fixed points of C, then

0(61(1 + ’Ylb) = 61(1 + ’ylb,
C’((qu + ’Y2b) = daa + ¥2b.

By the first equation we get that

1
C(a) =0 (51a—|—71b—0(71b)).
Replacing C(a) in second equation, we obtain

doa + ’ng = C(5ga + ’72())

" (81a + b — C(1b)) +72C(b).

=02 01

Since 8102 ¢ R, we have
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o — 5_172—57% 571 — 0172
5162 — 6162 8102 — 6162

C(b).
Since §27y1 — d172 # 0, let

a:a’h—g% :gﬁ—aﬁ
8100 — 6102 6102 — 0105

then |a| # |B], B # 0 and a = ab + BC(b). Therefore we complete the proof. O

The following lemma comes from [2], which is key to studying the reducibility of Cy(2) operators.

Lemma 2.4 (Lemma 2 in [2]). Let u be a nonconstant inner function. Then A2 is reducible on K2 if and
only if there exist orthogonal projections Q1 and Qg in L(C?) so that

@Az2 (Z)QQ = Q1@Az2 (Z)a z€D (25)
and 0 75 QZ 75 I(cz (Z = 1,2).

It is not hard to see that Lemma 2.4 also holds for C(2) operators. From Lemma 2 in [2], we know that
Q; has the form

@i= (7”(521 17?5;) ’ (2:6)

where 0 < ¢; <1, & € C, |&] =1, and r; = (¢;(1 — ¢))'/?, for i = 1,2. By the proof of Lemma 2.4, a
Co(2) operator T' is reducible if and only if O coincides with

91 (Z) 0
O(z) = 2.7
(=) ( ! 02(Z)>, (27)
where 67 and 05 are inner functions.

Let Aut(D) denote the automorphism group of D. Note that if T is reducible, then det Or ¢ Aut(D). In
what follows, we assume that det ©p ¢ Aut(D).

Lemma 2.5. Let T be a Cy(2) operator and O be the characteristic function of T with det(©r) = ¢. Then
T is reducible if and only if one of the following conditions holds:

(1) a=au and b= Bu, where u € K2, is inner and o, f € C with |af* + |B]* = 1.

(2) a=au and b= BC(u), where u € K2, is inner and o, f € C with |a|* 4+ |B]* = 1.
(3)

(4)

3) There exist a, f € C with |o| = |5 =1 such that C(a) = aa and C(b) = Bb.
4) There exist o, B € C with |a| = |G| # 0 such that

b= aa+ BC(a)
or

a=ab+ pC(D).
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(5) There exist o, 5 € C with |a| # |B| and afB # 0 such that
a=ab+ pC(b).
Proof. If T is reducible, by Lemma 2.4, there exist Q1 and ()2 with the form (2.6), such that
Or(2)Q2 = @107(2),2 € D.
By some calculations we obtain that

(g2 — q1)a =11&10b + ra&2b,

(g2 — q1)pa = r1&1b + ralob,
(1 —q1 — q2)b = —r&ipa+ ra6oa,
(

1—q1 — @2)pb = —ri&a + roéoya,

which is equivalent to

(g2 — q1)a =1 &b +r2éab, (2.8)
(1 —q1 — g2)b = —r1&19a + m2&2a.

The necessity of Lemma 2.5 will be proved in five cases.
Case I: ¢y =0 or g1 = 1, then r1 = (¢1(1 — (I1))1/2 = 0. We only need to discuss the case ¢ = 0, since
the argument of the case ¢; = 1 is similar. The equations (2.8) give that

qaa = T2§2b,
{ (1 — q2)b = r&aa. (2.9)

(i) If g = 0 or 1, then ro = 0. The equations (2.9) show that b =0 or a = 0. Lemma 2.1 yields that
a€ le@
or

beK?

zp)

which are inner functions.
(ii) If g2 € (0,1), it follows from equations (2.9) and 7o = (g2(1 — g2))'/? that

a=qy"*(1 - q2)" 0. (210)
Since |a|? + |b|> = 1 a.e. on T, we have
g (1= @2)b]* + [of* =1,

hence |b|? = g2 a.e. on T. So there exists an inner function u € lCzw such that b = q;mu. By equation (2.10),

we know that
a=(1-q2)"?¢u,

which proves (1) in Lemma 2.5.
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Case II: ¢g = 0 or g2 = 1 and 0 < ¢; < 1. The similar argument as Case I, we will obtain that (2) in
Lemma 2.5 holds.
Case III: ¢; #0,1 and g1 = ¢2 = % Then r; = ry # 0, and the equations (2.8) imply that

5_125 +&0=0,
=&ipa+ &a=0.

Let
a=E&& and = —£6,
then
C(a) = aa and C(b) = Bb.

Case 1V: ¢; # 0, %, land g1 = ¢ or g1 + g2 = 1. If g1 = g2, set

b G — ré
Il-¢—-q l—¢—-q
The second formula in equations (2.8) gives that
b= aa+ C(a).
If 4 +¢2 =1, set
o= ral2 and 8 = r1&1 .
@2 —q 42 —aq1
The first formula in equations (2.8) gives that
a=ab+ pC(D).

Case V: q; # 0,1, g1 # ¢2 and ¢1 + g2 # 1. Then the two formulas in (4) in Lemma 2.5 are indeed the
same. By the similar argument as Case IV, we know that (5) in Lemma 2.5 will hold.

To prove the sufficiency, we first suppose that (1) in Lemma 2.5 holds.
(i) If 8 =0, then b =0 and a is inner. Let

oo (3 1),

we have O7Q2 = Q101 and T is reducible. The argument for o« = 0 is similar and T is also reducible.

(ii) If a8 # 0, let

_ Bl

2
= , g2 = 5 3
ajp” 2= 1A

&2

then 1 — g = |a|?, ro = |af)].
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_[a b B> 1BP(9)
%%‘<wa<w% of? )

{0 0

N @5 pa

{0 0 a —b

~\lo 1 b wa

= Q1@T7

so that T is reducible.

The argument for (2) in Lemma 2.5 is similar to (1), we also know that T is reducible.

If there exist o, 8 € C with || = || = 1 such that C(a) = aa and C(b) = Bb. Let 1 = ¢2 = 3,
& = (—apB)t/? and & = (—aB)/?. Tt is easy to check that

O7r(2)Q2 = Q107(2),z € D,

which means that T is reducible.

Suppose (4) or (5) in Lemma 2.5 holds. Without loss of generality, assume that there exist a and 3
with a8 # 0 such that a = ab + SC(b). For finding two projections Q1, Q2 with the form (2.6) such that
OrQ2 = @107, one only needs to solve the following equations

262 = a(q2 — q1),
{T1§_1=ﬁ(fJ2 —Q1)~ 211)

It is easy to see that &, = 3/|3| and & = a/|al. From (2.11), we get

T’% = |Oé|2(q2 - Q1)2,
{ﬁ—wm@mﬂ (212

Since 2 —r? = (¢2 — q1)(1 — ¢1 — ¢2), and we also assume that q; # g2, then we have that

(lal* = 18P) (a2 = 1) = 1 = a1 — @z

If |a] = |B], then we have ¢; +¢2 = 1, which shows that when the second condition in (4) of the Lemma 2.5
implies that T is reducible.

If |a]? — |B]2 =1 =0, then |a| = \/|B]2 +1 > 1, so that

and ¢ = - £ —. (2.13)

If o] — |8]*> + 1 =0, then |B] = v/|a|? + 1 > 1, so that

1

1
@ =7 andgp =

iﬂa. (2.14)

DN | =

For other cases, we get

@(af? — B2 +1) —1
o = (B2 =1

q1 = (2.15)
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and

_ailaP - |82 -1 +1

= o o+ 1 (210
It is easy to see that
G2 —q1 = ﬁ. (2.17)
Let
5 af
(laf> =8> = 1)

Replacing g2 — ¢; in the first equation in (2.12) by (2.17), we obtain

(462 + 1)g5 — (402 + 1)go + 02 = 0.

So

e A —
==y, 11

Similarly, we can solve for g; such that

= —:ti?
B =S, 1

where §; = % We proved that (5) in Lemma 2.5 implies that T is reducible.
The case b = aa + SC(a) is similar to above argument, and will show that the first condition in (4) or
(5) implies that T is reducible. O

Now we can prove the main theorem of this paper.

Theorem 2.1. Let T be a Cy(2) operator and O be the characteristic function of T with det(Or) = ¢ ¢
Aut(D). Let C denote the natural conjugation on ICE@ defined in (1.1). Then T is reducible if and only if
one of the following conditions holds:

(1) @ = au and b= Bu or b = Byu, where u is an inner factor of p and a, B € C with |a|? + |B|? = 1.
2 _
(2) There exist oy, By, (i =1,2) € C, with [[ auf; # 0, a;fB; ¢ R such that at least two of {a1a, azb, fra+

i=1
B2b} are fized points of C.
(3) There exist at least two pairs (6;,7;) € C2, with 6;v; # 0, i = 1,2, 102 ¢ R, day1 — 6172 # 0, d172 —
Joy1 # 0 and |02y1 — 81792 # |6172 — d21|, such that §;a + ;b are fized points of C.

Proof. Combining the Lemma 2.2, Lemma 2.3 and Lemma 2.5, we proved the theorem. O
Theorem 2.1 shows that characteristic function is important for the reducibility of T. By (1.2), O7(z) :

D — Dps, by (2.7), T is reducible if and only if ©7 coincides with a diagonal matrix. Next, we will give
a description of reducing subspaces by its defect spaces.



S. Zhu et al. / J. Math. Anal. Appl. 482 (2020) 123570 11

Lemma 2.6. Suppose T is a Co(N) operator on the Hilbert space H. The following statements hold.

(1) span{T"D7+: n=0,1,2,...} = H;
(2) span{T*"®7r: n=0,1,2,...} =H,

where span denotes the closed linear span.
Proof. It suffices to prove (1). Assume that x L span{T"Dr- :n=0,1,2,...}, then
0= (2, T"®Dp«) = (T""x,D7x), forn=0,1,2,...,
it follows that T*"x € D, for all n > 0. Since D#. = ker Dr- and
ker®p. = {z e H: ||T"x|| = ||=|]},

we have that ||T*"x| = ||z, for n = 0,1,2,.... Since T is a Cy(N) operator, T*" — 0 (in strong operator
topology) as n — oo, hence = 0 and this completes the proof. 0O

Theorem 2.2. Suppose that T is a Cy(2) operator on the Hilbert space H with characteristic function

Or(z) = (méz) 9;(2)) ,z €D, (2.18)

where 01 and 02 are inner functions.

(1) If 61 and 05 coincide, then T has infinitely many reducing spaces.
(2) If 01 and 05 don’t coincide, then T has only two reducing spaces.

Proof. It follows from (2.18) that T is unitarily equivalent to
S=5 D85
on K = K1 @ Ky, where the characteristic function of S; is 6;, and S; = S |k,,i =1, 2.
Since T is a Cp(2) operator, then S; and Sy are Cy(1) operators. Choosing = € Dg,, y € Dg, and z,y

are unit vectors with x L y, by Lemma 2.6, we get

K1 =3span{S*™z :n=0,1,2,...} =span{S;"z:n=0,1,2,...}
and

Ko =3span{S*™y :n=0,1,2,...} =3pan{S;"y : n=0,1,2,...}.

It is clear that Ky and Ko are reducing subspaces of S, hence it suffices to show that 6, and 65 coincide if
and only if S has infinitely many reducing spaces.
For any («;, ;) # (0,0),7 = 1,2 such that

araz + 12 = 0, (2.19)

let
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M; =span{S*"(;x + B;y) :n=0,1,2,...},i=1,2.
It is clear that S*M; C M;,i = 1,2. It follows from

Ba

S = —"=
a1 — By

*n 51 *1
S (Oélf + 51y) + ms (04255 + ﬁQy)

and

(65) «

*N 1 *n
ms (a1z + Bry) + S*" (x4 fay)

S*n — —
Y a1 — aofi

that span{ My, My} = K. M;(i = 1,2) are reducing subspaces if and only if My L M. It concludes that S
has infinitely many reducing spaces if and only if M; | Ms.

Claim: M; 1 M, if and only if S; is unitarily equivalent to S5, and in this case, #; and 05 coincide.

Proof of the claim. Firstly, suppose S; is unitarily equivalent to S, i.e., there exists a unitary map
U : Ky — Ky, such that US; = SoU. It is not hard to see UD%1 = D?%U and hence UD%? = D%ZU. Let
pn(2) be the polynomial and p,, (x) — /2 uniformly on the interval 0 < z < 1, then pn(D%i) — Dg,, 1=1,2
in norm and Up,(D%,) = pn(Dg,)U. Hence UDg, = Dg,U and UDgs, = Dg,. We can choose z € Dg,,
y € Dg, such that Uz =y, then

(5™"y, S™"y) = (S3"y, S3™y)
= (S"Uz, Si™Ux) (2.20)
= (S)"x, ST x).

For n,m =0,1,2,..., it follows from (2.19) and (2.20) that

(S*™ (a1 + Br1y), S (agx + Boy)) = iz (S™x, S*™x) + a1 fo(S* "z, S*™y)
+ raz(S* ™y, S ) + P12 (S "y, ST My)
— ala_g(S*nﬂc, S*m.%') + B1E(S*"y, S*my)
= 07

therefore, My 1 M.
Conversely, suppose that M; 1 Ms. By above equation, we have

araz(S* ", S*Mx) + B1Bo(S* My, S*My) = 0, (2.21)
for n,m =0,1,2,.... Let n = m = 0 in (2.21), we get a;az + (132 = 0, this yields that
(8*"x, 8*Mx) = (8*"y, S*y) (2.22)
for n,m =0,1,2,.... Let V.S{"2 = S3"y. By (2.22),
(VS{"a, V™) = (557, S3™y) = (57", 5°"),
which shows that V' is isometric on a dense linear manifold {S*"z : n = 0,1,2,...} of K1, so V can be

extended to be an isometry from Ky to Ko. From Ko = span{S*"y : n = 0,1,2,...}, we know that V is
surjective, hence V is unitary. It is clear that



S. Zhu et al. / J. Math. Anal. Appl. 482 (2020) 123570 13

VSiSinay = 83"y = S3VSima, Yn=0,1,2,...,

this shows that V.57 = S5V and therefore V'S = S2V. We obtain that S is unitarily equivalent to Sy and
this completes the proof. O

3. Some examples

Note that A,2 is an Cy(2) operator, in this section, we will apply the Theorem 2.1 and Theorem 2.2 to
restudy the reducibility of A.2. Let v be an inner function such that v ¢ Aut(D). In [2], it is shown that
the characteristic function of A,z coincides with

m@1<“” “@>zem (3.1)

where d(z) = u(y/z) + u(—+/z) and

u(Vz)—u(=vz)

SVE VI 2 #£0,
e(z) = vz #

2u/(0), if z=0.

Let p(2) = det O(z) = u(v/2)u(—/2), a(z) = 1d(z) and b(z) = —Lze(z). It is clear that a is a fixed point

-2 2
of conjugation operator C on ICE@ and b is a fixed point if and only if e = 0. Using Theorem 2.1, we will
study the reducibility of A,-.
Theorem 3.1 (Theorem 1 in [2]). A2 is reducible on K2 if and only if either

u(z) =u(—z2),z€D (3.2)

or there exists p € D such that

zeD, (3.3)

where p € H™ satisfies
p(z) =p(—2),z € D. (3.4)

Proof. If A,> is reducible, then one of the cases in the Theorem 2.1 holds.
Case 1. a = arp and b = ¢ with |a|? + |B|? = 1, where 1) is an inner function, then

(1) if @ =0, then w is odd,;
(2) if B =0, then u is even.

For af # 0, then fa = ab. Replacing a and b, we have
(aVz + Blu(Vz) = (av/z = Blu(—v/z).
Therefore |a& + 8| = |a& — B] for almost every £ € T and hence for all £ € T. Since

o + BI* = |of* + 8] + 2Re(¢aB)
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and
o€ = BI* = |of* + |B* — 2Re(€ap),
we obtain that
Re(¢af) =0 forall £ € T.
Let a = |ale?®>, B =|B|e% and ¢ = €% then
Re(éafB) = |aB|cos(fn + 0 — 05) =0 forall £ € T.

This is a contradiction and hence o« = 0 or 8 = 0, which means that either u is odd or u is even.
Case 2. a = a1p and b = Sy, this case is similar to Case 1.
Case 3. By Theorem 2.1, one of the following cases holds.

(1) aya and awb are fixed points of C;
(2) aya and Bia + Bab are fixed points of C;
(3) agb and Bra + Bab are fixed points of C.

It is clear that C'(b) = ab if and only if b = 0, and C(a) = a, so if (1) or (3) holds, u is even.
Suppose (2) holds, that is S1a+ F2b is a fixed point of C'. Since a is also a fixed point, by some calculations,
we have

(B2z = (B1 = BL)Vz + B2)u(Vz) = (B2z + (Br — B)VZ + Ba)u(—V/2).
The following analysis is taken from [2], however, for the reader’s convince, we put it here.

If B1 € R, then C(B1a + B2b) = Bra + C(Bab), this implies C(f2b) = B2b, by above argument we have
b=0. Then u is even. If b # 0, then Imf; # 0, let * = 2ImpB; and B2 = |B2|¢, where |{| = 1. Let

n(z) = (822" — (b1 — Br)z + B2)ul2),

then n(z) = n(—=z). By some calculations, we obtain

Boz® — (B1 — B1)z + B2 = Palz — i€6_)(z — i€d4),

where
1+4/1 2 2
0L = ——i-p7 where p = ﬂ
p x
It is clear that 6, 6_ = —1 and |6_| < 1. Let p = i€5_ € D, then z — i5; = —i€d (1 + fz), we have

n(z) = —i|B2|04 (z — p) (1 + mz)u(z).
Since n(z) = n(—z), we obtain u(—u) = 0, then

zZ+
1+ 7z

u(z) = p(2)

Using n(z) = n(—z) again, we have p(z) = p(—z). See [2] for more details.
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To show that A,2 is reducible, we only need to show that one of the conditions in Theorem 3.1 implies
that one of the conditions in Theorem 2.1 holds.
If u satisfies (3.2), then

(o)
z) = g Ao 22"
n=0

Let ¢p(z) = >0 o aznz™, then u(z) = ¢(2?) and ¢ is inner. By (3.1), a(z) = 1(2), b(z) =0 and det © 4 , =
¥?, (1) in Theorem 2.1 holds.

If u satisfies (3.3), then u(z) = $(2)FHe. By (3.1), a(2) = v(2) L5, b(2) = —u(z )% and
det O, = v {5

If =0, then (1) in Theorem 2.1 holds.

If 4 #0. Let p =det©4 ,, C be the conjugation on IC2 defined in (1.1). It is not hard to check that a
and aa + £b are fixed points of C, where o € C, Ima # 0 and 8= (a al)z” Then (2) in Theorem 2.1 holds.
Then we finish the proof. O

Now we can determine the number of reducing subspaces of A,> by using the Theorem 2.2. If u satisfies
(3.2), the proof in Theorem 3.1 implies that the characteristic function © 4 , coincides with

m@—cﬁtéﬂﬂem

By the Theorem 2.2, A2 has infinitely many reducing subspaces. The same result can also be found in [10],
where the authors used different method to show it. If u satisfies (3.3), the characteristic function ©4 ,
coincides with

o) = [ T 0 2eD
0 = 2qozb—i— 2 apb ’

where 0 < g < land g # %, o] =1,b= —lze and ¢ = det(0) in ( 1). In this case

does not coincide with 1 5 9 b + 1

— 2qab—|— = 2qa<pb

22
In the following, we glve examples of C’O( ) operator which are not unitarily equlvalent to A,2. Let € be
a Hilbert space, the £-valued Hardy space denotes by H?(&) defined by

HYE)={f()=) anz":an €&z €D, |If|* = ZIIanlls<00}

Suppose «, 8 € C with |a|? + |8]?> = 1. Let

@@(% fﬁ. (3.5)

8z° @z
By Lemma 2.1, © defined in (3.5) is a characteristic function of a Cy(2) operator.

Example 3.1. Suppose O is defined by (3.5). Let Ko = H*(C?) © ©H?(C?), the compressed shift operator
S, on Kg is defined by

Szf = P@Tz.f7f € K@a
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where Pg denotes the orthogonal projection onto Kg. Then S, is not unitarily equivalent to A.> on K2 for
any inner function w.

Proof. Since © is a pure contraction, the characteristic function of S, is ©g, = O (see [11]). It has been

shown [2] that © 4 , coincides with characteristic function defined in (3.1). Assume S is unitarily equivalent
to A2, then O, and ©4_, coincide. Therefore, {det©4 , = det Og, = 2%, where |£] = 1. By calculation,

we see that det © 4 , = u(y/z)u(—+/z) = £2*, which implies that u(z) = 51/224. In this case, by (3.1), ©a_,

coincides with
22 0
©1(2) = ( 0 z2> . (3.6)

It is also not hard to see that ©®; and © don’t coincide. This is a contradiction and we complete the proof. O

By Theorem 2.1, S, in Example 3.1 is reducible, and it follows from Theorem 2.2 that S, has only two
reducing subspaces. The following example gives a Cy(2) operator with infinitely many reducing subspaces.

Example 3.2. For a € D and a # 0, let ¢q(2) = £== and u = (pq)?, then by Theorem 3.1, A2 is irreducible
on K2 and det © 4 , = (¢42)?. Let

_ Pa2 (Z) 0
O(z) = ( 0 o (z)) ,z €D. (3.7)

Using © in (3.7) to replace the characteristic function in Example 3.1, by Theorem 2.1, S, is reducible,
and we also see that S, has infinitely many reducing subspaces by Theorem 2.2. Similar argument as in
Example 3.1 shows that S, is not unitarily equivalent to A,2 for any inner function w.

The following example gives an irreducible C(2) operator.

Example 3.3. Let ¢(z) = 2%, a = 1+ 2z and b= —% + 1. It is easy to check that |a[?+[b|?> = 1 a.e. on T.
Let C denote the conjugation on K2, defined in (1.1), then we have C(a) = 1224 1zand O(b) = —322 412

2
Let

O(z) = (;5 w;) : (3.8)

Using © in (3.8) replace the characteristic function in Example 3.1. It is easy to check that none of conditions
in Theorem 2.1 holds, then S, is irreducible. Since det © = ¢ = 22, similar argument in Example 3.1 shows
that u = 22. By Theorem 3.1, A.2 is reducible on K2, thus S, is not unitarily equivalent to A, for any
inner function wu.
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