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1. Introduction

In this paper, we consider the following chemotaxis-fluid system

ne+u-Vn=An—xV-(nx(c)Ve) —mn, z€Q, t>0,
my +u-Vm = Am — nm, reN, t>0,
¢ +u-Ve=Ac—c+m, reQ, t>0, (1.1)
up = Au+ VP + (n+m)Va, ze, t>0,
V-u=0, ze, t>0

for the unknown functions n(x,t), m(z,t), c(z,t) and u(z,t) in a bounded domain  C R? with smooth
boundary condition, where v is the outward normal vector on 9. To be specific, n, m and ¢ denote
the population densities of unfertilized sperms, eggs and the concentration of a chemical released by the
latter. u represents the velocity field of the fluid subjecting to an incompressible Navier-Stokes equation
with pressure P. The y measures chemotaxis sensitivity and ¢ is a given potential field. This model was
proposed to describe coral fertilization [4,9,10].

Chemotaxis, an oriented movement of cells (or organisms, bacteria) effected by the chemical gradient,
plays an important role in describing many biological phenomena. In 1970s, Keller and Segel [8] put forward
a mathematical model to describe the aggregation phase of slime mold amoebae

{ ng=An—V - (nx(x,n,c)Ve), (1.2)

¢t = Ac—c+n,

which has been well investigated in the last decades. The mathematical understanding of (1.2) seems rather
complete with respect to some fundamental problems in bounded domains or in whole space, such as global
existence and boundedness, finite-time blow-up (see for instance [14,15,17,22]). For more results, one can
refer to [3,6,27,28] and the references therein. However, the mathematical study of coral fertilization model
seems few.

In [9,10] Kiselev and Ryzhik have studied a two-component system modeling the fertilization process

1.
0=Ac+n, (13)

{ ny +uVn = An — xV - (nVe) — und,
in R?2. Here the given vector u in (1.3) models the ambient ocean flow and is independent of n. Compared to
(1.1), the densities of sperm and egg are assumed to be identical and the effects of chemical concentration
¢ is ignored in (1.3). In the supercritical case, ¢ > 2, it has been proved that the total mass ng n(-,t) tends
to a positive constant C(x, ng,u) as t — 0o, but C(x, ng,u) — 0 as x — oo, with ¢, np and u fixed. In the
q = 2 case, a weaker but related effect within finite time intervals is observed. When the second equation
of (1.3) is replaced by the equation ¢; + uVe = Ac — ¢ + n, [1] established the well-posedness of regular
solution. Moreover, it also showed that the asymptotic behavior of fRZ n(-,t) is similar to the supercritical
case of (1.3).

In [4], the three-component system modeling coral broadcasting spawning

ne+u-Vn=An—V - (nx(z,n,c)Ve) — un?,
ct+u-Ve=Ac—c+n,

us + k(u-V)u=Au+ VP +nVo,

Vou=0
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is studied. Compared to (1.1), the convective term k(u-V)u is considered while the interaction of chemotactic
movement is neglected. Moreover, if the second equation is replaced by ¢; + u - Ve = Ac — ne and p = 0,
it becomes the system proposed by Tuval et al. [19], which is used to describe the dynamics of swimming
bacteria. From the viewpoint of mathematical analysis, the precedents of (1.4) mainly concentrate on the
solvability when p = 0 and the chemotactic sensitivity satisfies the saturation effect |x(z,n,c)] < Cs(1 +
n)~%. In three-dimensional bounded domains, [13] proved the global existence of weak solution under the
assumption that k¥ € R and with o > %, [25] proved the existence of a global bounded classical solution
under the assumption that £ = 0 and o > %, [20] proved that the system possesses a global very weak
solution when k € R and x(z,n,c) is a tensor function with o > %. For more related works, one can refer
to [12,13,16,18,29] and the reference therein.

For the four-component system (1.1), Espejo and Winkler [5] have proved the global existence of classical
solution in two-dimensional bounded domain when the convective term k(v - V)u is considered. Recently,
in three-dimensional case, [11] shows that the solutions are globally bounded and decay to a spatially
homogeneous equilibrium exponentially under the assumption that tensor function x satisfies |x(x,n,c)| <
(14 n)~ with o > 3.

Motivated by the above works, we shall consider the solvability of the system (1.1) in three-dimensional.

To formulate the result, we specify the precise mathematical settings. We shall consider the system (1.1)
with the boundary conditions

on O0m  Oc
5_5_5_07 U—07 !IIG@Q,t>O (15)
and the initial conditions
n(x,0) = no(z), m(x,0) =mo(z), c(z,0)=co(z), ul(x,0)=up(z), =€ (1.6)

Throughout the sequel, we assume that

ng € C°(Q) with ng > 0 and ng # 0,
mo € C°(Q) is nonnegative and mq # 0,

1.7
co € WH°(Q) is nonnegative and ¢y % 0, (L7)
ug € D(A®) for some a € (2,1),
where A denotes the sectorial operator defined by
9 Ju
Au:= —Au for u € D(A) :=max{u € W=P(Q) : W 0, (1.8)
P represents the Helmholtz projection from L?(€2) onto L2 ().
We assume that the time-independent function ¢ satisfies
b€ W2=(Q), (1.9)

and y is a positive non-decreasing function on [0, 00).
Our main results reads as follows.

Theorem 1.1. Let @ C R3 be a bounded domain with smooth boundary. Assume that initial data
(ng, mo, co, uo) satisfies (1.6)-(1.7). Then if

V2

Kox(Ko) < o7

(1.10)
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holds with Ko = max{||col| (), [[mollz ()}, the problem (1.1) possesses a globally defined classical solu-
tion (n,c,m,u) which for each p > 3 is uniquely determined by the requirements

n € C°(Q x [0,00)) N C%1(Q x (0,0)),

m € C°(Q x [0,00)) N C*H(Q x (0,00)),

c € C%Q x[0,00)) NCHLHQ x (0,00)) N L>((0,00), WHP()),

u € C9Q x [0,00); R3) N C%1(Q x (0,00); R?) N L>®((0,00); D(A%)),
P e CY9(Q x (0,00)),

in which n, m and ¢ are nonnegative in 2 X (0,00) and solutions are bounded in the sense that one can find
a Cy such that

(-, )l oo () + M, )l oo (@) + [le( D) [wree (@) + [[Au(, ) ||L2) < C, > 0. (1.11)

Remark 1.1. The solution (n,m, c,u) enjoys the following large-time behavior:

17 = 1100) (-, 1) || Lo () < K (8)e™"", (1.12)
1(m = m00) (-, 1) | L () < K (8)e™, (1.13)
(e = moc) (-, 1) |z () < K(5)e™°, (1.14)
u(-, )| () < K(8)e™, (1.15)

for constants 6 > 0 and K (0) > 0, where no, = {f, 70 — f, mo}+ and moo = {f;, mo — f, no}+ (this follows
the same arguments as in [11, Section 3]).

Throughout this paper, for simplicity, the integral [, f(2)dx is written as [, f(x).

The rest of this paper is organized as follows. In section 2, we show the local existence of the model (1.1)
and introduce some important preliminary results. In section 3, several priori estimates are introduced. In
section 4, we shall prove Theorem 1.1.

2. Local existence and preliminaries

The first lemma concerns the local solvability of (1.1). The proof is based on a well-established method
involving the fixed point theorem and the standard regularity theory of parabolic equations. For more
details, please refer to [23].

Lemma 2.1. Let 2 C R3 be a bounded domain with smooth boundary. Assume that initial data (ng, mo, co, uo)
satisfies (1.6) and (1.7), then there exist a mazximal existence time Tpq. € (0,00] and functions

n € C%Q x [0, Thaz)) N C*HQ X (0, Traz)),

m e COQ x [0, Truaz)) N C>HQ x (0, Thnaz)),

¢ € COQ x [0, Trnaz)) N C2H(Q X (0, Tinaz)) N LZ((0, Trnaz), WHP(2)),

u € COQ % [0, Traz); R3) N C2H(Q x (0, Thnaz); R3),NL>®((0, Trnaz ); D(A®))
P e CY(Q x (0, Trae))

such that functions (n,m, c,u, P) solves (1.1) classically in Q X (0, Tynaz), and n, m and ¢ are nonnegative.
Moreover, if Tipar < 00,
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[n(, )l Lo (@) + M, )|z @) + el O llwre @) + [[A%u(, )] L2 (@) = o0 (2.1)
as t = Tz, where o € (%, 1) and p > 3.
We are going to introduce some elementary properties of the solutions to (1.1).

Lemma 2.2. Let (n,m,c,u) be the solution of (1.1), then we have

/n(~,t) < /no forall t >0, (2.2)
Q Q
and
[m(-t)|L @) < [mollze)  for all t >0, (2.3)
as well as
lle(-, D)l Lo @) < max{|lcollzo (), ImollL=)}  for all t > 0. (2.4)

Proof. An integral of the first equation in (1.1) on Q directly shows that fQ n(-,t) is decreasing in time,
which directly results in (2.2). (2.3) and (2.4) follow from the comparison principle. O

Next we recall some inequalities which are useful in the following proof.

Lemma 2.3. [7] Under the assumption that m € {0,1}, p € [1,00] and g € (1,00), there exists a positive
constant C such that

[ullwm sy < ClI(A+I)%ul| Lo (2.5)
for any u € D((A+1)?), where 6 € (0,1) satisfies

m— <20 " (2.6)
P q

In the case that q > p, the associated diffusion semigroup {e=*A+DY maps LP(Q) into D((A + I)?), which
implies that there exist C, v > 0 such that for any u € LP(Q)

(A + I)Geft(AJrI)uHLq(Q) < C’fe*%(%fé)e”ﬂHu||Lp(Q) for all w € LP(Q). (2.7)
Moreover, for any p € (1,00) and € > 0, there is C(e) > 0 and p > 0 such that
1A+ D)?e™ D L) < Cle)t ™2 % [ul| ooy (2.8)
for all R™-valued u € LP ().
The following Gagliardo-Nirenberg interpolation inequality also plays a key role in our proof.

Lemma 2.4. [7] There exists a constant C' > 0 such that for all u € WH4(€Q),

lullzoc@y < Cllullys.ay lulioty- (2.9)
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where p, q > 1 which satisfies p(n — q) < ng, m € (0,p) with

+1

[IESEE

=3

n= € (0,1). (2.10)

33

Finally we recall the following elementary inequality [26].

Lemma 2.5. Assume that y(t) > 0 satisfies

{ y'(t) = —a1y"(t) + asy(t) + as, t >0,
y(0) = yo,

where a; > 0 (i = {1,2,3}) and b > 1. Then there exists a constant C = C(yo, a1, az,as,b) such that
y(t) <C  forall t>0. (2.11)
3. Priori estimate

This lemma shows that the boundedness of n in LP(Q2) implies the boundedness of Vu in L((2).

Lemma 3.1. Let (n,m,c,u, P) be the solutions obtained in Lemma 2.1, p € [1,00) and r € [1,00] be such
that

3 .
T<ﬁ7 lfpg3a
r < oo, if p> 3.

Then for all K > 0 there exists C = C(p,r, K) such that

[Du(-,t)]

) <C forall te (0, Thnas), (3.1)
if
[n(, )| oy < K for all t € (0, Trmaz)-
Proof. Thanks to (2.3), the proof is very similar to [24, Corollary 3.4] and the details are omitted here. O
The next lemma concerns about the bounds of fot Jo |Veltdzdt.

Lemma 3.2. Assume that (1.5)-(1.7) hold. Then there exists a constant C; > 0 such that

t

//|vc\4dxdt <Cy forall te(0,Taz) (3.2)
0 Q

Proof. From [5, Lemma 3.2], we infer that

d
%/|VC|2+/|AC\2+2/|VC\2 < Oy /|Vu|2—|—1
Q o Q Q
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is valid for all ¢ € (0, Tiya.) With a constant Cy > 0. Thanks to (2.2) and Lemma 3.1, we obtain that there
exists a positive constant C5 such that

/|Du|2dxdt <Oy
Q

for all t € (0, Thnqz)- Hence, an integration of the above differential equation asserts that

t

// |Ac(-, t)|*dzdt < Cy for all t € (0, Traz)
0 Q

with a constant Cy > 0. With the help of (2.4) and Gagliardo-Nirenberg inequality
Ve, )| sy < CsllAcl, )22y llel )1 T () + et D)l (-
we obtain the desired result just by an integration on (0,¢). O

Following the idea used in [2,21], a weight function ¢(c) will be adapted to establish the uniform bound-
edness of n(z,t) in L'(Q) for some [ > 3.

Lemma 3.3. Assume that (1.5)-(1.7) and (1.10) hold. Let (n, m, ¢, u) be a solution of Lemma 2.1, then
for some | > 3 there exists a positive constant Ey > 0 such that

In( )i < Er for all t€ (0, Tmaz)- (3.3)

Proof. Throughout the proof we denote Ko = max{||col| L (q), [|mol| Lo (@) }- Given v = min {17 ﬁ %},

we define
$(z) = OV 0 <w < K,
then
1< ¢x) < K for all 0 <z < K.
Due to
-1 1 L -1 1 l
n gzb(c)u'Vn—i—? n'¢'(c)u-Ve= [ n ¢(c)u.Vn—|—7 n'u - Vo(c)
Q Q Q Q
:/nl_1¢(c)u -Vn — %/qﬁ(c)u V!
Q Q
:0,

a direct calculation yields
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/ n!=1g(c)ny + % / nldl (¢)cy

~| =
=
R—
3~
-
—
&
I

Q Q
= / n'=tp(c)[An —u - Vn — V- (nx(c)Ve) — nm]
Q

+ %/nld(c)[Ac—u-V(}— c+mj
)

== =1 [ W 2ovnf =2 [ Va- T [ oo
Q

Q Q

H-1) [r eV Ve [ld@u@Ive? - [l (@ve

Q Q Q

- %/cnlgb’(c) + %/mnld(c) for all t € (0, Thaz)-
)

Q

According to (2.3) and ¢’ > 0 in (0, 00), we infer that for all ¢ € (0, Tynaz)

%% /nl¢(c) +(1-1) /7”Ll_2¢5(c)|Vn|2 + % /nl¢"(0)|vc|2

Q Q QO
< - 2/nl_1¢’(c)Vn -Ve+ (1 — 1)/nl_1¢(c)x(c)Vn -Ve+ /11l¢’(c))((c)|Vc|2
Q Q o)
HlmCo Dl [ o)+ O [, (3.4
Q Q

Using Young’s inequality, we have

_ /()2
—/nlilqﬁl(c)Vn-VcS lTl/qb(c)n172|Vn|2+ 2(l3— 0 /nl (¢¢((c))) |Ve|?
Q Q

Q

and

[ otem219nf + Sx(ia)? [ alnt v
Q

Q

S| =

[ dm =@ va- Ve <
Q

Thus

1o [otont+ 5 [l 2o@wal + 1 [algrolve
Q Q

Q

1 (¢(0)? 2, 3, 2 [ lo(e)IVel?
! WO v + S0 o Q/ $(0)IVe

x(Ka) [ r @l 4 ImC Dl [aote) + O [t (a5

Q Q Q

For any s € [0, Ky), we set
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1 1
gils) = 70"(s) = (4 1526019 4 29207,
. 3 (¢'(s)? 3 4.2 (vs)?
= = 4 vs)
2 =Ty 0 T e

3 2
s = 30— DI 0,100 6(5) = 50— Dx(Ko)%e™”,

. s 2
Ja = X)L 0,K0)?'(s) = 2x(Ko)y?se)".

In order to show that the first three right-hand terms of (3.5) can be dominated by } [, ¢"(

suffices to prove that

Ja(s) <1 23(5) <1 1.4(5) <L
Ji(s) =37 gi(s) 73 jis) = 3
Indeed, a direct calculation shows that
; 3 ArAg20(18)?
jals) _=xdyisTe 6l 2 6l .0 o 1
< < < —K, < —
Ji(s) — L292e007 T 1— A e A
and
; 3(1 — 2,(vs)?
gz _ 3(l=1)x(Ko)%e 27 4 1
== < —l Kix(Kp)” < =
shoT o p2yRel’ (o) < 3
as well as

are satisfied when Kyx(Kp) < %, which imply that

3 (¢'(c)? 2, 3 2 2
o1 [ G e+ S = () / n ()| Vel

(&Ko) [ e O]veP < / ¢ ()| Vel?.

Q

Due to s¢/(s) = 272s¢(s) < 2Kop(s) < 9lX(KU)gb( s), we have

M / n'¢/(c) < m”grl’;;’(?('j“‘”) / n'g(c).
Q

Q

Then, there is a constant Cg > 0 such that

1o [atoter+ 5 [ o@nt21va < ¢ [[atste)
Q

Q Q

c)nt|Vel?, it

(3.6)

Applying the Gagliardo-Nirenberg inequality, we obtain that there exist constants C7, Cg > 0 such that



10 F. Li, Y. Li / J. Math. Anal. Appl. 483 (2020) 123615

1 1,2 h o 2(1—
/HMQSWW§@scww;wmww;”
Q

L L
< Cr (19t e + lInf o) 2S5

2n
< Cs (||Vné lz2(0) + 1)

with

which implies that

Q Q
401
> 5 | = /nl @] -1]. (3.7)
CS Q
Substituting (3.7) into (3.6) gives

1d 201 — 1)6(K, ! 201 — 1) (K,

1o [atote) < 2B Loy |y [[atoe + 2R,

I dt 2] 2

Q Q Q

then an application of Lemma 2.5 yields that there exists a E1 > 0 such that

1

[n( )l L) < /nlgb(c) < FE; forallte (0,Thaz)-
Q

Since Kox(Kp) < ‘/_ for some I > 3 can be fulfilled by (1.10), the proof is completed. O

4. Proof of Theorem 1.1

In this section we shall prove that the classical solution obtained in the Lemma 2.1 is global. At first, we
shall prove the L? bounds of A%u(-,t).

Lemma 4.1. Under the same assumption in Lemma 3.3. Then there exists a positive constants Es > 0 such
that

JA%u( Dllzai) < Be and  ul )=o) < Bz (4.1)

for allt € (0, Traz)-

Proof. Applying the Helmholtz projection P to the fourth equation in (1.1), then its variation-of-constants
formula could be written as
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t
u(-t) = e Hug + /e_(t_s)A’P(n +m)Veds.
0

Thus, by the well-known regularization estimates for the Stokes semigroup, the continuity of the projection

P on L"(Q;R3) and choosing s € (%, 2), it yields that there exist constants Cig, C11, C12 > 0 such
2 3
that

t
[A%u(-, 1) || L2 (0) <IIA%e™ P uoll 1y 0) +/||Aa6_(t_s)A7’[(n+m)V¢]HL2(Q)d8
0

<[|A%e " ug|| 1,0
t
L O /(t )03 =59 [Py 4 m) V|
0

LS(Q)dS

t

_ Cy—3(1_1
<[|A% g 1) + Ci1 /(t—s) =22 (|In| e o) + Imll e o))ds
0
t

<l A% g 1,0 +012/a’”"%(
0

7%)(10' S E2

for all t € (0, Thnas) since the integrability of fot o= 3(5=2)do is asserted by the s chosen above. Further-
more, the L bounds of u(-,t) is a straightfoward consequence of the embedding D(A®*) — L>°(Q) with
o € (3,1), which concludes the proof. O

Lemma 4.2. Under the same assumptions in Lemma 3.3. Then there exists a positive constant Fs such
that

e, ) lwree ) < Bz for all t € (0, Thnaz)- (4.2)

Proof. Let 7 € (0, Thnaz) be given such that 7 < 1, and employing V to the both sides of the variation-of-
constants formula for ¢

t
c(-,t) = DB, 7) + /e(t_S)A(—c +m —u-Ve)ds,

T

there are positive constants C13, C14, C15 such that

t
Vel t)lle () <NV el 1) | paa) +/IIV6(H)A(*C+m —u-Ve)|Lsods

t

<(t = 1) 2le(-, )| ey + Chs / (t— ) 2 (el gy + IImllpaey)ds
0
t

+Cua [ 9 ul )l el Vel Ol prgoyds
0
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1

<(t—7)" 2||COHL4(Q)+014 Tia

Trmax 4

t
L Cu / sids b / IV, ) [4a(gds
0

1

4
0

<Ci5 forall te€ (7,Thaz)-

Thus, employing results in Lemma 2.3 while picking 6 € (57 1), it follows that there exist positive constants
C1i6 and Cy7 such that

lle(, )]l @) <Croll(A+1)%c(, )| za(a)

t

<Crrt~"e " eoll gy + Cir / (t — 5)~0e™ (-, £) | gy
0
t

+ Ci7 /(t — S)_ee_’Y(t_s)Hu<-, t)HLoo(Q) ||C(-, t)||L4(Q)dS.

0

Hence, it is obvious to reach the desired result. 0O

Similarly, we prove L> bounds of n(-,t).
Lemma 4.3. Under the same assumptions in Lemma 5.3, there is a positive constant E4 such that

In(, )Ly < Ey forall t e (0, Thax)

(4.3)
Proof. With the help of the variation-constants-formula of n(-,t), we have
t
n(-,t) =e~ DAy 1) — /ef(tfs)(AH)V - (nx(c)Ve)ds
0
t T
_ / ~(t=)(A+D) (4 Y ds + / == (A+D) (1 _ poyds
0 0
=L+ I+ I3+ 1y forall te (T, Tmam)-
Then, we estimate L*°-bound of I; (j = 1,2,3,4). For I, it yields that for 6; € (%, 1)
111 ]| (@) < (A +1)" | Lag) < Crst™ " e |uo(-, )| Lace
S 0187'701 ||UOHLQ@(Q) for all t e (T, Tmagc)y (44)
where 1 < ¢ < oo is an arbitrary constant and € > 0
As to I, employing (2.8) of Lemma 2.3 while m = 0, ¢ > 3 and p = oo, choosing 65 € (%, %) and
B1 € (0, é 05), it follows that there are positive constants Cig, Cag and Caq such that
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1I2] L () <C1ll(A+1)"Ia|| oo

t
SCW/H(A+ )% EDT - (nx(0)Ve) | Lageyds
0

t
gcgo/e*(t*”u(A +1)%2e" DAY - (nx(e)Ve)|| paayds

0
t

gcmnx@nummJ%>/kt—srﬁféfﬁwfw+““*$wmnvautqumds
0

for all t € (0, Tpnaz)- Since Lemma 3.3 and 4.2 implies that
(-, )Ve(, 1)Ly < Caa(7) for all t € (7, Thnaz),

we obtain that for all ¢ € (7, Trnaz)
(t— 8)—92—%—ﬂ16—(u+1)(t—8)d8

1 12]| oo () < C22(7)

< Cao(T)

S — g O —..

. 1
o022 et )o g5 < Chy ()T (5 — by — ﬁl) ) (4.5)

where I'(¢) is the Gamma function, which implies the bounds of || I3[ ;e ()
Due to Vu = 0, we rewrite I3 as follows

t
h=—/f“ﬂwmwwwmmmw.
0

Since Lemma 3.3 and 4.1 ensure that there is a constant Ca3 > 0 such that
[[ul- )l D)l La@) < llul )o@ ln Dllaq) < Cos forall ¢ € (0, Tinaa),
we can similarly obtain that there is a Co4(7) > 0 such that
1I5]| L0y < Caa(7) for all t € (7, Traz)- (4.6)

Finally, by employing Lemma 2.3 while m = 1, ¢ > 3 and p > 3, we obtain that for a given 05 €

%( — % + %), 1) there are positive constants Cys, Ca¢ such that

[ Lallwrso) SIA+ 1%Ll Leo
t
<Oy /(t ) I (e 1) — (-, )] oy ds
0
t

<Csys /(t - 8)_63€_a(t_8)(||n('7t)HLq(Q) +[[m(, )| oo @ [In(- 8) || La(e))ds
0
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t
<Csy /(t — 5)Isemalt=) s

0
<Co%I'(1 —03) forall te (7, Thaz)-

Due to ¢ > 3, an employment of the Sobolev inequality directly shows that
||I4||Loo(Q) < C27||I4||W1,q(9) < (Cy forall te (T, Tmax)- (47)
Therefore, it follows from (4.4)-(4.7) that ||n(-, )|z (q) is bounded for all ¢ € (7, Tnaz). O

Proof of Theorem 1.1. A combination with Lemma 4.1-4.3 and (2.3) directly yields the global solvability
and (1.11). O
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