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Abstract

We study global existence of solutions for the Cauchy problem of the nonlinear Schrédinger equation

iuy + Au = |u|*"u in the 2 dimension case, where m is a positive integer, m > 2. Using the high—low fre-

quency decomposition method, we prove that if Om g’ < s < 1 then for any initial value ¢ € H® (R?), the

Cauchy problem has a global solution in C (R, HS(R2)) and it can be split into u(z) = e”Aq) + y(t), with

2(1-s)
yeC(R,H (Rz)) satisfying [|y()|| g1 < (1 + [¢]) (0m=5)s=(10m— OB , where € is an arbitrary sufficiently
small positive number.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we study global existence of solutions for the Cauchy problem of the nonlinear
Schrodinger equation:

iuy + Au=|u|"u, xeR" teR, (1.1
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u(x,0)=¢x), xeR", (1.2)

where m is a positive integer and ¢ € H*(R™) for some s € R. We shall consider 2 dimension
case, i.e., the case n = 2.

Problem (1.1)—(1.2) has been intensively studied for many years. The best local well-
posedness result was obtained by Tsutsumi [18] and Cazenave and Weissler [5]. They proved
that problem (1.1) is locally well-posed in the Sobolev space H*(R") if s > so = 5 — % in the
case so = 0 and s > 0 in the case sy < 0, and locally solvable in H*0(R") in the case s¢ > 0.
These results are optimal in the case so > 0, i.e., problem (1.1)—(1.2) is not locally well-posed
in H¥(R™) if 5 < s9, cf. [4]. (However, in the case sg < 0 the condition s > 0 can be weakened,
and the problem of finding the lowest s;, such that local well-posedness holds in H*(R") for all
s > s, still remains open; see [15].) Since Eq. (1.1) has the following conservation laws:

1
5 /|u(x,t)|2dx — const, (1.3)

/|Vu(x t)\ dx + —————

R"

o +1) /|u(x D" dx = const, (1.4)

by a standard argument we see that problem (1.1)—(1.2) is globally well-posed in H*(R") at least
in the following cases:

{s}O, ifn:lande%orn:Zandm<%,

1.5
s> 1, ifeithern:1,2withmarbitrary0rn>3andm<n%z. (1.5

An interesting problem is whether global well-posedness holds for all cases s > so (when sg > 0).
Initiated by Bourgain [1], great efforts have been made by a few authors toward this direction [1—
3,7,8]. In [1], Bourgain considered the case n = 2 and m = 1. By decomposing the initial function
into a sum of two functions, one possessing only low frequencies and the other possessing only
high frequencies but having small L? norm, he succeeded to prove that global well-posedness
holds for s > % Bourgain’s method is now commonly referred as high—low frequency decompo-
sition method in the literature and has been used to deal with other dispersive equations, including
the mKdV equation [10] and the semilinear wave equation [16,17]. Recently, Colliander et al.
[7,8] improved Bourgain’s result by using the so-called I-method, and extended to the case n = 3.
They proved that problem (1.1)-(1.2) is globally well-posed in H*(R") iftn =2, m=1,s > ‘7—1
andn:3,m=1,s>%.

In this paper we consider the case n =2 and m a general positive integer not less than 2. We
shall use the high—low frequency decomposition method to establish the following result:

Theorem 1.1. Assume that n =2, m is positive integer, m > 2, ¢ € H*(R?) and ¥m=% 10’" 6 <s<l
Then problem (1.1)—(1.2) has a global solution u € C(R, H* (R™)) which has the expression:

u(t) =e"4o + y(1), (1.6)
yeC(R; H'(R?)), ly®| 1 gC(l+|z|)“0m_§§%+e, (1.7)

where € is an arbitrary sufficiently small positive number.

Since the argument for ¢ < O is similar to that for r > 0, we shall give the proof of the above
result only for the part r > 0.
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The arrangement of the rest part is as follows. In Section 2 we introduce some notations and
preliminary results related to the Schrodinger operator. In Section 3 we perform the high—low
frequency decomposition process and consider the correspondingly decomposed problems. The
proof of Theorem 1.1 is arranged in Section 4. In the last section we give some concluding
remarks.

2. Notations and preliminaries

We denote by U (¢) (¢t € R) the fundamental solution operator of the Schrodinger equation, i.e.,

Uex) = F (e G(&)) forg € S'(R"),

where @ denotes the Fourier transformation of ¢, and F~! represents the inverse Fourier trans-
formation. It is well known that U(t) (t € R) coincides with the unitary group et (t € R)
generated by the skew-symmetric operator i A when restricted on the Sobolev space H*(R")
(for any s € R).

For s € R, we denote by D$ and J;, respectively, the Riesz and the Bessel potentials of
order —s, i.e.,

Dipx) =F Y (EPG®),  Je) =F Y1+ 5)),

whenever the right-hand sides make sense. We shall simply write D}C as D,. We also denote by
(R1, Ry, ..., R,) the Riesz transformation on R", i.e.,

Rjp(x) = F'(&1€17'¢(®)),

whenever the right-hand side makes sense. The usual partial derivative 9 - will be abbreviated as

7y

dj (j=1,2,...,n). Itis well known that for any 1 < p < oo and any ¢ € WI’P(R") there hold
n n
Dip=—iy Rjdjp=—iy 0jRjp. 0j¢=iR;Drp=iDyRjp
j=1 j=1

(j=1,2,...,n), regarding both D, and 9; (j =1,2,...,n) as bounded linear operators map-
ping WP (R™) into LP(R").

For § > 0 and ¢q,r € [1, o0], we denote by | - ||L"8L’ the norm in the Banach space
L4([0, 8], L" (R™)), so that for 1 < g < o0, '

g 1/q
”f”L;"EL;=</||f(t,~)”:1dt) )
0

and for g = oo,

I fllLos Lr = esssup| (2,9,

<o

The inner product of functions u, v in L2([0, 8], L>(R™)) will be denoted as (u, v).
We denote by X (R x R™) the completion of the Schwartz space S(R x R") under the norm

1/2
liellx, , (rxR2) = ( f f (1+1ER) (1 + |z + lél2|2>b|ﬁ<r,%>}2dédf> :
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Note that —(z 4 |&|?) is the symbol of the Schrodinger operator id, + A. We often abbreviate
lulls,p for lullx, ,rxr2)- Itis easy to verify that

llulls,p = | szJ;U(_t)u(t’x)||L2(R><R2)’

where J? and J$ respectively denote Bessel potentials in the ¢ and x variables, of orders —b
and —s, respectively.

For any time interval /, we denote by X (I x R?) the restriction of Xsp(RxR")onl x R",
with norm

lullx, ,xrny =inf{[| flls.p: f € Xsp(RXR"), flixrn =u}.

We also abbreviate Xf,b for X 5([0, 8] x R™), and ||u ||Xab for ||lu|l x, ,(10,5)x Rn)- In our arguments
we shall be frequently using the trivial embedding ’

u < lu whenever s1 < 52, by <b
lellys , <lullys 1 <2, bi <by,

the dual relation

(X25)" = X2, @.1)
and the interpolation
8 8 8
Xs,b = (X‘Yo,b()’ Xsl,bl)e’ (22)

where 0 <O < 1,b=(1—0)bg+060b1,s =1 —6)sg+0s.
Following [5], we say that (g, r) is an admissible pair if 2 < g < 0o,

Z_n ] 2
qg 2 r)’

2<r <2, ifn>2,
2<r <00, ifn=2,

2<r <00, ifn <2.

This concept is connected to the following fundamental result: If (g, ) is a admissible pair then
there holds the Strichartz estimate (see [4, Theorem 2.3.3]):

[UOe) | L9, < CllollL2gny- (2.3)

Following [1] we shall use the notation a+ and a— to, respectively, abbreviate expressions
of forms a + ¢ and a — ¢ with a sufficiently small quantity ¢ > 0. However, to avoid possible
mistake and misunderstanding we shall limit our use of these abbreviations to the case that &
can be an arbitrary sufficiently small positive number; in the case that ¢ depends on other small
quantities we shall explicitly write out their precise expressions.

Lemma 2.1. For any admissible pair (q,r) and any 0 < § < 1 there hold:

lullpa pr < Cllullys (2.4)
t,87x Ol+
2
lall o0 70 < Cllulls | 25)
, 0.5+
°2
1

where 6 € [0, 1], qle ==z 4 %0, 1 f— + %, and C is independent of §.
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Proof. To establish (2.4) we only need to prove that for any b > 1/2 there holds

1Ay < ClLf llxo,- (2.6)

Indeed, for any u € Xg , wecan find aseries of fy € Xop (k=1,2,...),suchthat fi|j0s1xrr = u,
and

I fellxo, < Nuellxs, + k=1,2,....

% )
If (2.6) is proved then we have

1
I,y < Wfellggry < Cllfillx, < Cllullyg, + 7o k=12.....

Letting k — 0o, we obtain (2.4). In the sequel we give the proof of (2.6).
Let (g, r) be an admissible pair and let b > 1/2. We denote

o) = (1+ 1) f (&, T — I€7),
g, 1, 71) =U()g (x) = / JCETER G (£) dE.

R
Then | fllx,, = (72 [on 16 (€)[* d& d7)'/2, and
+o00
f(x,r>=fef”g(x,t,r)( +1e?)"a
S
The last equality implies that
+o00
g5 < [ gm0l gy (14107 ar. @)
%

By the Strichartz estimate (2.3) we have

lgC. D o = 1V 191, < Cllgell 2rmy = Cligell L2

Substituting this estimate into (2.7), we get

+0o0 1/2
b2 N
Ifllgag, < /nwfan(Rn( + 1) <c< / ||soz||iz<Rn)dr)
—0o0

=Cl flixo-

so that (2.6) holds.
Having proved (2.4), (2.5) easily follows from interpolation between (2.4) and the relation

ol 2,12 = Nl

This completes the proof. O
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Corollary 2.2. Let n = 2. Then for any 0 < § < 1 and any sufficiently small ¢ > 0 there hold:

lullps ;4 <Cllullys (2.8)
1,67x 0%_*_
ol o pae < Cllys 2.9)
' 0.2-%
4 — 8¢
u < Cllull; e = . 2.10
Il IIXS,%H SCllulipoe g ge 3 8e (2.10)

Proof. (2.8) is an immediate consequence of (2.4), because (4, 4) is an admissible pair in the
case n = 2. (2.9) follows from (2.5) by letting (g, r) = (4,4), 0 = *=% and noticing that
6 2—¢e 1 ¢

27 4-¢ "2 %
To prove (2.10) we use the dual relation (2.1) and the Holder inequality to deduce

lulls < sup (W] < sup Yl e s lul o e
0-gte Yl <1 Wiy~ <1 2 »
0,5—¢ 0,5—¢

2

Since ||1/f||L458£L4—8€ <Yl ys 1 (by (2.9)), we see that (2.10) holds. O
L * 0,5—¢

2

2

Lemma 2.3. For any real s and 0 < § < 1 there hold:

||U(r)<p||ng < Cllgllgsgey, —00 <b < o0, 2.11)

1
lullys , <CE"lullys . 0<br<bi<z, (2.12)

t

/U(t —1u(t)drt

0

1
gc(s%—bnunx(;h .o <bslL, (2.13)
X, o

where C represents a constant independent of 5.

Proof. Take a function ¥ € C5°(R) such that ¢ (t) =1 for 0 <t < 1, and ¥ (t) =0 for t < —1
andt > 2. Since 0 < § < 1, we have

[v@e]ys, <lUvOelyr, <[vOUOQ]y, , =171V OUO)] 2

= ”wa”Lz(R) | JS‘)"”LZ(R") S Clloll s re)-

This proves (2.11).
To establish (2.12) we only need to prove that

[#(5)r

the argument of deducing (2.12) from (2.14) is similar to that in the proof of Lemma 2.1. By
dual, (2.14) follows if we establish that

[+ ()

<CMTN fllx, Ly (2.14)
Xx‘—hl

<C" 7 flx, - (2.15)

Xs,bz
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To prove (2.15) we denote g(x, t) = J,bl JiU(—t) f(x,t). Then a simple computation shows that

PGl =l ()

Since ”f”Xs,b. = 18Il L2(rx gr)> (2.15) follows if we prove that
by L\ —b

SV E Ji g

The last inequality is clearly implied by the following apparently simpler inequality:

¥(5)e

In the sequel we give the proof of (2.16).
First, by Kenig et al. [13, (3.6)], we have

L2(RxR")

Xs.b,y ‘

, < C(Sbl_bz_”g”LZ(Ran)-
L2(RxR™)

< C" 2ol o1 gy- (2.16)
H"2 (R)

¥ L % <C81‘25||<p|| Bepys l<l5<1. (2.17)
8/ I mbr) R 2

Next, since

28 172
t 2 -1
‘¢<§)¢ <C /|(p(t)| dt]  <C8* dlglLar)
L2(R) ke

and [l¢llrar) < C||<p||H,;(R) for2< g <ooand b > % - é, by taking b= % -

)

The desired result now follows by interpolation between (2.17) and (2.18): For sufficiently small
£ >0weputl§=%+e,l§: b1=b)(+26) 749 = 252 Then we have

1—2b,+2¢ T+2e
" t
s %

t
/G
Hbz(R) )

Since 6(1 — 215) +(1=0)b=b—by— f_ﬁzzi and 0b + (1—0)b = by, we see that (2.16) follows.

Similarly, (2.13) follows from the following inequality:

t
Hl/f(é)/U(l‘—‘C)f(‘L’)dT
0

This inequality has been established by Kenig et al. in the 1 dimension case (see [15, Lemma 2.6,
(2.72)]; note that the condition s < 0 imposed in [15, Lemma 2.6] is merely for the application
there and is unnecessary). The proof for general n dimension case is rather similar. Actually, this
inequality holds for a much wider class of dispersive operators, cf. [7,9,11,14] for instance. We
thus omit its proof here. 0O

<C8" N9l yigpy: 0<b <

1
— (2.18)
LZ(R) 2

< C89(1—25)+(1—0)}3

ol yos+a-005 (-
H65+(1—6)5(R) HOb+( G)h(R)

1
<C8Nflxyy 5 <b<L (2.19)

Xs.b
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Corollary 2.4. For any s € R, any 0 < § < 1 and sufficiently small ¢ > O there holds:

t

/U(t —u(r)dr

0

<Cliullys (2.20)

s,7§+3£

S,y+e
where C is independent of 8.
Proof. Takingb=1+e¢,by =45 —¢=—(b—1) and by = § — 3¢ in (2.13) and (2.12), we obtain

t

/U(t —1Du(r)dr

0

SC8 Nullys < C8™F 877727 lu 4o
s,—by s,—by

x‘7+£
=Cllullys
s,7§+3€

Hence the desired assertion holds. O

Lemma 2.5 (Bourgain). Assume that 0 < s < % Then for any § > 0 there holds:

| D@v)| 2 1o < Cliullgs vl 2.21)
s+ >

12,12
L2,12 .
°2 °2

Proof. By Bourgain [1, Corollary 113, (118)] we see that the corresponding inequality without
¢ is valid. Having seen this fact, the above inequality easily follows from a restriction argument
as in the proof of Lemma 2.1. O

Remark. Strictly speaking, in (2.21) %— depends on s, i.e., if s is sufficiently near % then %— is
correspondingly sufficiently near % More precisely, if s = % —o forsome 0 <o < %, then there
exists 0 < v(o) < % such that (2.21) holds when s+, %—i— and %— are, respectively, replaced with
s+e, %+§and % — ¢ for arbitrary ¢ > 0, & > 0and 0 < &€ < v(0); if 0 — 0 then also v(c) — 0
but C — o00. If s = % then %— must be replaced with %+; see [1, Corollary 113, (115)].

Lemma 2.6. Let 0 < 0 < % and assume that u € L2([0, 8], H%'H’(Rz)), v e X‘E Ly where
2

8, & > 0. Then there exists v(o) > 0 (independent of § and €) such that for any € € (0, v(c)) we

have uv e X° | _, and
157§+8

1
[Dc@) o <l i rellvlgs |+ 1DF7 2 pallvliy ). e
0,— 5 +& [ ly+e , 3

3 a+5,§+s

where hz = 2(11:3258), and & is an arbitrary positive number.

Proof. We only need to prove that (2.22) holds for any u, v € C*°([0, 4], C8°(R2)); for general

u, v satisfying the conditions of the lemma the assertion then follows from a standard density

argument. By the dual relation (2.1) and the density of C*°([0, §], Cgo(Rz)) in Xg | we have
B j -

[De@o)]y =sup“<1/f, Dy v))|: ¥ € C([0, 81, €5°(R?)), ey 7<1}.
0.-1+& s
’ i (2.23)
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We compute

2
(W, De(uv)) =iy (. Rj; (uv) —IZR ¥, vdju + ud;v)

Jj=1 Jl

)

=Y (UR; ¥, DyRju) + Z(le//, uDyR;v)

j=1 j=1
2 i Ly 2
=Y (D2 " (RY). DI Rju)+ Y (Rj¥r.uR;Dyv).
i=1 j=1

J
Thus by the Holder inequality we get

2+a

. Dol < YI0E @Rl 3 1D
j=1
2
+CY IR, Ul gt s lul s s IR Dl e
j=1
Using inequalities (2.8), (2.9) and (2.21), we infer that there exists v(o) > 0 such that if € €
(0, v(0)) then for any & > O we have

Rj"‘HLtzﬁL2

2+a

(. Dy (uv))| cZuana__ . ||ij||xa |&;D:

u| 12,12
o+¢, ) +e 0

+CZ||R wuxs el s DRyl

j=I 12+€

1

5+0
<ClY Iy (uvnxs [DF™ull 2 s+l s W0l ).
0.%*5 %*U‘FQ,%‘FE 1,67x LI‘.SLX l.%‘f’é)

Substituting this estimate into (2.23), we get the desired result. O
3. Decomposition and decomposed problems

For ¢ € H'(R?) we denote

1 1 2(m=+1
E@ = leliag.  He)=3 IIV¢||L2<R2> m||<o||[{:’,:;3m2).

Using these notations, the conservation laws (1.3) and (1.4) (when u € C(R, H'(R?))) can be
rewritten as

E(u(~, t)) = const, H(u(-, t)) =const fort € R. 3.1

Lemma 3.1. Let 1 — % <s <1 and ¢ € H*(R?). Then for any given positive number N > 1,
there exists corresponding decomposition of ¢:

Q=91+ ¢, (3.2)

such that the following assertions hold:
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(i) ¢1 € HY(R?), and
E@) <Cleliagey  H@) <CN* VNl oo, 1+ 0l zo)- B3)
(i) @2 € H¥(R?), and
loall 2y S CN = lllgsreye Ne2llisry < Cllolls g (3.4)
In (3.3) and (3.4) C represents a constant independent of N and ¢.

Proof. We define

P1(x) = (2n) 72 / &) dE,  @r(x)= Q)72 f G(&)e™ dé. (3.5)
[EISN |E|>N

It is immediate to see that ¢ € H'(R?), @ € H*(R?), and (3.2), (3.4) and the first inequality in
(3.3) hold. We now prove the second inequality in (3.3). Clearly,

2 2(1—s) 2
||V(/)l||L2(R2) <N : ||(P|| S(Rz)'
Thus the desired result follows if we prove that
11l 20 z2y < Clllgrs g2y N7 (3.6)

By the Hausdorff—Young inequality we have

lle1 ||L2(m+l)(R2)

2(m+1) 2(m+1)
<Cleill 2m+n =C / |<p($) T g
L 2m+T (R2)

[EISN
(m+1)s 2m+1) 2(m+1)
=c< / (147> - (1 +|§|)2m+l |@&)| T dé)
EISN
(m+1)s % 172
<c( / (L+(&%)" ™ dé) ( / (1+I€|2)S\¢(S)\2d§>
[EISN [EISN

N bTERy
_ 2(m+Ds
c(f(1+p> e pdp) Il s -
0

Since
2(m+1)s 20m+1) C’ m lfs ~ m+l ’
/(1 +p)" m pdp < 4 (og(1+ N))2m+h, if s = m+1,
N5V mrT, 1f1——<s<m+l,
< CNwit,

where the last inequality follows from the fact s > 1 — —-, we see that (3.6) holds. O
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Remark. One can easily verify that the condition s > }8’” 8 of Theorem 1.1 implies the condi-

tion s > =L of Lemma 3.1.
Let u be the solution of problem (1.1)—(1.2) (recall that n = 2). If we use the above decompo-
sition of the initial function ¢, we can then accordingly decompose the solution u into
u=v—+w,

where v stands for the solution of the initial value problem

ivi+ Av=|v[*"v, xeR? teR,
5 3.7
v(x,0) =1 (x), x € R%,
and w is the solution of the initial value problem
iw, + Aw = v+ w4+ w) — |v|*"v, xeR? teR, (3.8)
w(x,0) = @2(x), x € R% '

Conversely, if for decomposition (3.2) of the initial function ¢, we have obtained solutions v and
w of problems (3.7) and (3.8) in a common region I x R?, where [ is a time interval, then their
sum u = v + w is clearly a solution of problem (1.1)—(1.2) in the same region I X R2. In the
sequel we shall use this idea to solve problem (1.1)—(1.2).

We first consider problem (3.7). By (3.3) we assume that the initial function ¢; belongs to
H'(R?) and it satisfies

E(p1) <My,  H(p)) < MjN?U1~9 (3.9)

for some constants My and M. Since ¢; € H'(R?), by the global result mentioned before, prob-
lem (3.7) has a unique global solution v € C(R; H'(R?)). In the following we make estimates
on v. We shall use the equivalent integral form of (3.7):

t

v(t)=U(t)p; —i/U(t—r)(v|v|2m)(r)dr. (3.10)

0

Lemma 3.2. Suppose ¢ satisfies condition (3.9), and let § = ¢cN~4"=2+01=5) \phere ¢ is an
arbitrary positive number and ¢ is a sufficiently small positive number. Then for the solution of
(3.7) we have

1
ol pamte pamse < Cetne, (3.11)

where C is a constant depending only on My and M1; C is independent of ¢1, N and c.
Proof. By the Gagliardo—Nirenberg inequality and condition (3.9) we have

[0 s g2y < €[l 0C ;)y|z’;+1;2)||v( t)||H14;;; < CNU-mm)(1=9), (3.12)
Thus
0l amse e < C3T7e NO=370=9) < Commre.
1,8 X

This proves (3.11). O
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Lemma 3.3. Suppose ¢ satisfies condition (3.9). Let v be the solution of (3.7) and let § =
cN~Gm=24U=9 ‘\where ¢ and & are as before. Then there exists co > 0 such that for any 0 <
¢ < cq there hold

lolls <€ vllys  <CN', (3.13)
0.

3 +&/ 1, 7+€,
where &' = 3(4m£—+35)’ and C is a constant depending only on My and My; C is independent of
@1, N and c.

Proof. By (3.10), (2.11) and (2.20), we have
1

/U(t — ) (vv]*")(v) dt
0

Wy <[UOei)]y — +
0,5 +¢ 0,%4—5/

< Cligill2r2y + C 0w ™| s . (3.14)

0.~ 43¢

By (2.10), (3.11) and (2.8), we have

2m 2m 2m e/
< < < Tm+e
||U|U| ||Xg,7%+38, \C||U|U| |L:3Lff \C”U”Liél’i”v”Li'gHLimH < Ccedm F”U”XS,%#—&”
where (see (2.10))

_4—8x3s’ _4(1—68’) _4@m+e)
T 3-8x3¢ 3(1—8¢) 12m+e’

Substituting this estimate into (3.14) and using condition (3.9), we get

(3.15)

Te

2m
vl xs < C + Cente ||v]| ys
0,%+£’ 0,%+5’

Hence, the first inequality in (3.13) holds for sufficiently small c.
Next, again by (3.10), (2.11) and (2.20), we have

t

/U(r — ) (vv]*")(x) dt
0

£

ollxs < U@ s+
1,5+e L1+ x4
1,%4—6’

<Cloillgrey +ClollP g - (3.16)
1,—

1 ’
5 +3e

Similarly as before we have

1 2m
L:iSL;S g C H Jx v H L?,(SLi ||v||LirgL+eLim+£

L PR P U
T A &'

713

2m
< Ccam+e ”v”Xa
1,%+s’

Substituting this estimates into (3.16) and using condition (3.9) we get

,%Jrs/ 1

2m
S CN'™5  Cemnte |Ju]| s
15+

vl xo
1
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Hence, the second inequality in (3.13) also holds for sufficiently small c. This completes the
proof. O

By interpolation (2.2), we see that under the conditions of Lemma 3.3, for any 0 < u < 1
there holds:

lollys | < CNHUI=9), (3.17)

w5 +e!

Next we consider the initial value problem (3.8). We assume that v in (3.8) is the solution
of problem (3.7) with ¢ satisfying condition (3.9). We also assume that ¢, in (3.8) belongs to
H*(R?) and satisfies the condition (see (3.4)):

o2l 2zey SMaNTS, o2l gogrry < Mo (3.18)
We denote

F(v,w) = (w+v)|w+ v —vjv|*".
Then problem (3.8) can be rewritten as

iw; + Aw = F(v, w), xeRz, teR,

) (3.19)
w(x,0) = @2(x), x e R

In the following we prove the existence of a solution w and make estimates on some norms of it.

Lemma 3.4. Suppose ¢, satisfies condition (3.18) and v is the solution of problem (3.7)
with @y satisfying condition (3.9). Suppose further that s > /(m — 1)/m. Let 8, & and &' be
as in Lemma 3.3, i.e., § = ¢cN~@n=248U=9 " ¢ is g sufficiently small positive number, and

g = m. Then there exists Ng > 1 and co > 0 such that for N > Ng and 0 < ¢ < ¢,
problem (3.19) has a unique solution w on [0, 8] x R?, satisfying w € X‘j e and
$:2
lwlys  <CNT*, lwllys — <C, (3.20)
0,1 4e s lqer

2 2

where C is a constant depending only on My, M1 and M3; C is independent of N, ¢1 and ¢3.

Proof. We shall prove this lemma by using the Banach fixed point theorem. For this purpose we
rewrite (3.8) in integral form, namely,

1
w(t)=U(t)(pz—i/U(t—I)F(v(r),w(t))dt. (3.21)
0
Let M be a positive number to be specified later. We denote

1

) 5 X
BMN:{weX L wl= Nl + wllys <M},
’ i) +e 0, % +&’ s, 7+£’

&l

and define a mapping S as follows: For w € Xf e
2

t
Swt)y=U{t)pr —i / Ut — t)F(v(r), w(t)) drt.
0
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In the sequel we prove that S is well-defined and it maps B?VI  into itself.
By (2.11), (2.20) and condition (3.18), we have
t
ISulys, =[V0ely  +| [U6-0F@@.wm)de
0.1+ 0.1+ X8
0 0,14
2
< Cllgall2) + CIF @ wyw] s
0,7§+3£’

SCN™ 4+ C|F(, w)| 4 : (3.22)

0,—L+3¢/

143
Clearly,

F,w)=g1(v,w)w+ g, w)w = Fi(v,w) + (v, w),
where

1
g1, w)=(m + 1)/|9(v +w) + (1 —0)v[*" do,
0

1
o, w) = m/|9(v +w)+ (1= 0" (6w +w) + (1 —6)v)’ db.
0

By (2.10) we have

A wly < ClR@w e <clwlps glai@w)] s s
0,—7+3£ 0T ’

1,8
(see (3.15) for r,). Hence, by (2.8) and (3.11), we see that
| Fi, w)”X5
0,—

o

2 2i
< C ” w ||X5 (”w ||L’4rllm+eL4m+s + ”U ” Lrérll)71+sL4m+s)
%+3gl 0.%+ 1,8 X 1,8 X

2 2m i
g C‘HU)”X5 (||w||L’:11m+sL4m+s +C4m+e).
0.1+ 15 X

By the Sobolev embedding, embedding (2.4) and interpolation (2.2), we have
ol gsgee < CL gy < CLEwles

Se.

1-%&
<Clwllys

ol (3.23)
0,§+a’ s, 7+£’
where
4m—1)+e¢ 2(4m +¢€)
§p = ——, D=, (3.24)
4dm + ¢ 22m —1)+¢
and the last inequality holds because we have 0 < s, < s for sufficiently small ¢. Hence
2m(1-%) Zmsy 2m_
[F@wle  <Clwle (el Vi e
O,—%+3g/ 0,7+s’ 0,%+€/

5,7+8’
< CN=S=2mG=so) [Pt | Comts N~ [w]. (3.25)
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By a similar argument we see that a similar estimate also holds for F>(v, w). Hence

| F o, w)] s < CN—S=26=5) [P+ | Comnte N~ [w]. (3.26)
0,—1+3¢/
Substituting this estimate into (3.22) we obtain
ISwlys ~ <CN™+ CN=S=2m6=s) [y 2+ 4 Cemts N~ [w]. (3.27)
0,§+£’

Next, again by using (2.11), (2.20) and condition (3.18), we obtain

t

/ Ut — r)F(v(r), w(r)) dt

1

ISwlys — =[UOe2]y  +
S,§+E/

S’§+S, 0 XS 1 /
S,§+€
< Cloallgsrzy + C | F . w) || s
s,f%+3e’
SC+C|Fi(w,w)| ] + C|Fa(v, w) | ys o (3.28)

_1 _1 ’
s, 2+3 s, z+3£

To estimate || F1 (v, w)|| ys . »Wweuse (2.8), (2.10), (3.11), (3.17), (3.23), the Leibnitz rule and

5,=3 +3¢’
the chain rule for fractional derivatives (see [6, §3] and [12, Appendix]) to deduce

(see (3.15) for rs)

[DYFiww)ys <[ DYFI@ )]

v,—7+3£

2m s
< C(”“’”L?_’g“Lﬁ”’“ + ||””L;4"g+5L§m+£) I wa”L;{aL;t

2m—1
+ C(”U)”LirngraLiera + ||U||Lfrg+eLir7z+s)

(10305 g+ 1030 s ) 10l s

- £ 1\
<C(lwlly ™ Iwly  +emm) iy
0.5+¢ s,y +e’ s,y te

Se

1— Se. 1 2m—1
s s Amte
(il Twly  +em)

0,7+s’ s,%+s’
1-% e
X (lwllgs — + vl )”w”XaS lwll ¢s
5,14 s, L 4e 1. 1.
i) i) 0,2+e s,2+s

< CN—2m(S—S5)[w]2m+l + CC“’%T% [U)]
+ CNs(lfs)72m(sfsg)[w]2m + CC%N*(S*SE)[LU]Z
+ Cemre N¥ U=y, (3.29)

Note that, by the assumption s > /(m — 1)/m, in expressions on the right-hand side of the last
inequality all exponents of N are negative for sufficiently small e. From (3.25) and (3.29), we
see that

|71 w)] s

’
s,7§+3£

<claewly
0,—

2

DR )]
3¢/ 0,—

1 N
2 +3e
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< CN-2G=s2m+1 4 Cc% [w] + CN A=) =2mG=se) ) 12m
+ Cenrt N~ (]2 4 Cenre NSO =6=5) ),
A similar argument shows that a similar estimate also holds for || F> (v, w) | ys L Substituting

5,— §+35’
these estimates into (3.28), we get

2m
”SU)”X(S 1 g C + CN—Zm(s—sg)[w]2m+l + Ccm [w] + CNs(l—s)—Zm(s—sg)[w]2m

s,7+8’
+ Cotnir N~6=39) [w]? + Cotmat N3U=9)=6=5) [y, (3.30)
From (3.27) and (3.30), we get

[Sw]=N*[|Swlys + [[Swll ys
Ot%Jrg/ 1

S,§+s’
< C+ CN72m(stg)[w]2m+l + CC“'%’% [w] + CNS(]*S)*ZM(S*SE)[w]zm
+ Ccm—:r;N_(s_sf)[w]z n Cci';:,—;;Ns(l—s)—(s—sg)[w]. (3.31)

Hence, the mapping S is well-defined. Moreover, since all exponents of N on the right-hand
side of the last inequality are negative, by taking M sufficiently large (say, larger than the first C
on the right-hand side of the last inequality), we can then correspondingly determine a Ny > 0
sufficiently large and a cp > O sufficiently small such that for any N > Ny and any 0 < ¢ < o,
[w] < M implies [Sw] < M, namely, S maps Bix[,N into itself.

Similarly, we can also prove that

[Swl—Swz]:NSHSwl—Sw2||Xa + 1Swy — Swall g
0.%+s’ S,%Jrs’
2m

< (CN_zm(S—Se)([wl] + [wz])Zm + Ccam+e

+ CNs(l—s)—2m(s—ss)([wl] + [wz])2m—l
2m—1 .
+ Comre N™O75) ([wi] + [wa])
+ Cetme NS U967 [y — ], (3.32)

Hence if we take Ny further large and c( further small then S is a contraction mapping of B;SW. N
into itself. The desired result now follows immediately from Banach’s fixed point theorem. O

Remark. One can easily verify that the condition s > %8;"1:2 of Theorem 1.1 implies the condi-

tion s > /(m — 1)/m of Lemma 3.4.

By interpolation (2.2) we see that under the conditions of Lemma 3.4, for any 0 < u < s there
holds

lwllys < CNES. (3.33)

/
w5 te

Lemma 3.5. Suppose the assumptions of Lemmas 3.3 and 3.4 are satisfied. Let v, w be solutions
of problems (3.7), (3.8) and define



898 C. Guo, S. Cui/J. Math. Anal. Appl. 324 (2006) 882-907

t
Z(t)=—i/U(t—t)F(v(r),w(r))dr. (3.34)
0
Then the following estimates hold:
lzllzos 2 SCNT?, (3.35)
”DXZ”L?%L)% < CNm—(m+%)s+as+0(e)7 (336)

where o is an arbitrary small positive number and C is a constant depending only on My, M1,
M3 and o; C is independent of N, @1 and ¢;.

Proof. The proof of (3.35) is easy. Indeed, by (2.4), (2.20), (3.20) and (3.26), we have

lellgiz <Clzllys | <ClF.w]y — <CNT
R 0,5 +¢ 0

,*§+3£’
In the sequel we give the proof of (3.36).
We first note that F (v, w) can be split into a finite sum:
F(v,w)=Go(v,w) + Gi(v,w) + -+ Gom (v, w),

where Go(v, w) = Go(w) = w|w|*", Gi(v, w) = Pi(w,w)Qr(,v), j+k=2m+1, k=
1,...,2m, and P;, Q) are homogeneous polynomials of degrees j, k, respectively. Thus

143

1Dxzll o2 < CliDxzllys < CDyF,w) yo
’ 0.5+’ 0,—5

2m
<CY |DxGrw, w)] o : (3.37)
0,— 143
k=0 2
We now estimate || D, G (v, w)|| ys 1 (k=0,1,2,...,2m).

0,—7+3s’
We first consider 1 < k < 2m. Since Gy (v, w) = Pj(w, w)Qr (v, v) (j +k =2m + 1) can
. . . - ! _nl .
be written as a finite sum of terms in the form w®wfv* ', where «a, B, a’, B’ are nonnegative

integers and o + B = j, o’ + B’ =k, we only need to estimate ||Dx(w°‘u_)ﬂv°‘/l7ﬂ/)||x6 1
0.—7+3s/

Since k > 1, we have either o’ > 1 or B’ > 1. Suppose first &’ > 1. By Lemma 2.6, for any
o € (0, %) we have

| D (w* wP v %) | 4o e L W T P
0.— 143 1,8 bx L3+
14 _ ' q_pr
+ HD)? G(wawﬁva lvﬂ)||L§5L§”v||xzia+&%+s,
=1+1, (3.38)
where

. 2(1—-2x38) 2(1—-6¢') dm+e

8/ = = = .

1-3x3¢  1-9  2m

In (3.38) we need 3¢’ € (0, v(o)) (see Lemma 2.6 for v(o)). We now separately estimate I and I1.
Recalling o + 8= j,a’ + B’ =k and j + k =2m + 1, by the Holder inequality we have, for

2<k<2m—1(or2<j<2m—1),
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o o s

— J 14y 1k—1 J k—1
= “|w| lv] w“L%L% SCINWIT jumsey  james V1l (=Dmte)

1,8 X L"B 2m L, 2m—¢ L;’%LY
<C”l)J;CLSw”jJ’(“er’tn%?) ||Dvgv||LOOL2
1,8
(by Sobolev embedding; 1, = 2T —8m 2 2jEmte)
Jj@4m +¢) j@m +¢) —
2¢e )
Vg =
(k— 1)(dm +¢)
<c[ptwli, DYl (by 28)
2+ 0,%-%—8/

< CNJ W= Nve=9G=D - (hy (3.17) and (3.33))
— CNZ(mfl)mes+0(s)

for k =1 (or j =2m),

7) 2
||u)awﬁva L 8 L,* = |||w| m” 4;”+EL4'£‘+E - C||w||L4m+<°L4m+F
t
m(1—3E 2mse.
<Cllw IIXA lwll 3 (by (3.23))
0,5 +s s,%+e’
SCN726=) by (3.20))
_ CNZ(m71)72ms+0(s)
- )
and for k =2m (or j = 1),
- I_1 R
“ wewhu¥ 158 th/th,
— 2m—1 <C 1
- “'va' ” e e N lFwtl dmte gmis lo]>" @m—1)@m+e)
Ls™ L™ L g" L LGLy  °
2m__ _ 3e 2m—1 28
< COWET T | sugin suse | DY (v _i- )
X 72 &
L, 3¢ X2m—£ ” x ”Ll,éLX (2}’}1 — 1)(4]’}1 + 8)
4m—3e 2 1
< C§26m+e) ”w”X5 ”Dvg ” m—
Lo

0.3
< CN7(2m71)(17s)+0(6) Ve .N(mel)(]sz»O(e)

— CN_S+O(8).
Thus, since s > ,/ ’"T_l > %y’fl—:% so that max{2(m — 1) — 2ms, —s} = —s, we have
1<Clw*@P v 1% | a, s lvlys < CN'TEHOO, (3.39)
L[.% Ly® 1,%+€’

To estimate /I we first use the Leibnitz rule for fractional derivatives (see [6, §3] and [12, Ap-
pendix]) to deduce, for 3 <k <2m — 1 (or2 < j < 2m —2),
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1
540 _ I_1_Rp
” D} (wo‘wﬁv"‘ i )

. k—2 +o
C(Ilwllj g lvll 2-2) ”Dz HL4 L4
LyjLT LsLs

LZ

j—1 k—1
+ Jlwl]| g vl 20-n) ||D w||L4 L4>
LAU= )L 1-2¢ LXL o

1,8 1,67%
fpte +o
gC”Dx ! w”j 4 ”D 7 v”LOOLz”DZ v”L4
Ly
i24e L ks
+C| D wl|)! l Yi=b “ - v||L°°L2||D2+Uw”L4
1A= ])L 3
1,8
i=lte j e A ) ito
<clo Tl pETuE b,
,%4_5’ 0,%+s’ 0, %-%—s’
j—2+¢ k—l-¢
i sl LA P
/
2

< CNUT ~0IH0E) | N(1-5)k-2+0) .N(z+a)(lfs)

L CNFTOU-DH0@) |y (1-9)k=1+0() |y i+o—s
< C N3~ @m=1)sto(1=9)+0() | o N2m—3-2ms+0+0(e)
< CN2—3-@m=p)s+o+0(e)

fork=2 (or j =2m — 1),

[ DIt (weaf v o)

LZ

— +o +o
C(||w||§'§,§,LL§m4HDZ ol 4*““’”3",,,1L8<'22:>”””L;o52”D2 "wlps )

ZL:z 2m—1
<clpdFup o

L8m=4p dn=3 v”LisLi‘

2m—3+
Dy

2(m—1 _ i+
” (;:mlejiﬁ_? ||D; SU”L,O?SL% ||DX2 Uw“L;‘_aL;t

2
<clpF e L
0.3

ot Hz('" Ui

+¢

||D2+Jw||X‘5

8
Xo.% 1 o

gCNZ’”_%_(Z’” 2)s—i—(r(l ‘v)+CN2m—7—2ms+a+O(s)

3 _om-1
gCsz 5—(2m 2)S+0+0(8)’

for k =1 (or j =2m),
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[ D™ (weif o 15 — |DI* (weaf)

}Lﬁng ” L?,L2

1
2m—1 3t
< I [ D770 1

st p2m—1 !
S e LT

< CNZm—Z—(Zm—l)s . N%—i—a—s — CNZm—%—st+o

and for k =2m (or j = 1),

[DI* (b v 157

’LIZ,BL)%
_ l—l— _ l+
<Cll, )34:||v||2";is sz(,,,%” [DF7 0l s 04 + CIVIYS s QI w0 ] 2,
B t, 4
£ 1— L _ 1
<C”D§w”Lﬁ§L§ D, 4(%1)””?%2)2( |D??+Gv||L;{5L§

2m—1
L;’%L%

% 1 %+cr
Tt St I

< CNE™s . N@m=D(-9)+06) | NGFo)d-9)

4m—3

+ CN@=D-3Z30=9) | Ny—m=5)(1=9)+0()  prz+o—s

C N2 —5=@m=3)s+0(1=5)+0(e) | o ym—3-ms+o+0(e)

<
_1_
SCNm 3 mS-‘rO’-‘rO(S)‘

: : : s m—1 2m—=2
In getting the last inequality we used the condition s > ,/“—= > 5"=. Thus

l+ _ I_1_R' - 1
< | DE (w*iP v 5% | 2 2 lvllys S CNMimt)stost0E (3 40)
1,67x %—a+£.%+s’
To treat the case 8’ > 1 we only need to interchange the role of v and v, and the result is the same.

Since the bound for I does not exceed the bound for /1, we thus have proved that for 1 <k < 2m
there holds

| DxGr(v, w) | s < CNM=(m+3)stos+0(), (3.41)
0.~ 43¢
Next we consider || Dy Go(w)|| ys L We need the following identity:
0‘—7+3£’
m+1 1_ _
8; (Jul*u) = ud; (ju*™) + 5uaj(u2|u|2<’" ) (3.42)

(for smooth u), which is proved as follows: Since
3; (1) u) = 3; (|l )u + |u|*™ 3 ju
and
3 ju = ulu " Viad u = ulu 208 (jul?) — w w0

= %uaj(wr") = 0 (1" ) + 3 (P V)
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we see that (3.42) follows. By (3.42) we see that for ¥, w € C*°([0, §], C8°(R2)) there hold

(. Dy Go(W))
Z v, Ry (jwlw)
= m—+1 22:(]3 iV, wad; (|w|2m)>+1122:<R AP, W (w |w|2(m 1))>
2m 4 ] ) <

Il

3
'§"+
'M~ m

2
(R, DR (1w*™)) + 5 > (R, DeRj (w?|w]*™~V))
j=1

[\

1

<
Il

l—(r _ lis
(D277 wR;¥), DE R (jw*™))

I
3

?‘Jr

Ml\)

.
Il

(D2 (wR; ), pite R (w?w D)),

'MN

~
I
—_

N =

Thus

LI 1
(v, DxGow))| < € 32| D @R 12,12 D3 R (WP 12,2
j=1

2 1 1
7= 7+ -
+c2||D§ TR 2 12 | DT R (WP ) o
]:
By Lemma 2.5 we have
1_
|D: " @R 2, pSCIoly IRl
+e -

—o+e, 5+

<C||u)||Xa Wl
7—o+s ;+s 0, ——‘ 3¢’

1_
and similarly for || D} 7 (WR ;Y| 2,12 Thus by the dual relation (2.1) we obtain

2 1
HDxGo(w)”Xa . §CZ||W||X5l . /HD)?+J(|w|2m)“L,26L§
0. R j—n+s,§+£ ’

,—7+35

2 1
ol N0 )

2 —0+£ 2 +¢’

Using this inequality, we can deduce similarly as before to get an estimate for

| DxGo(w) |l s . We write out the result:
0,—%4—38/
“ DxGO(U)) ”XS < CNZWL*]*QW‘F%)S‘FO(S). (343)
1

’
0,7§+3£
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Substituting (3.41) and (3.43) into (3.37) we obtain

1
”DXZ”LO%LZ < CNI’VI7(m+§)S+(7S+0(€).
t.8-x

Thus the desired result is verified. This completes the proof. O

4. The proof of Theorem 1.1

Assume that ]0”‘ g <s < 1.Given ¢ € H*(R?), let

Mo=2Cllpll oy My =2C1012 o) (L 10120 o). Ma=Cliglls ey,

where C is the constant in (3.3) and (3.4). Let N be a sufficiently large positive number to be
specified later, and let ¢ = @1 + ¢, be the decomposition of ¢ ensured by Lemma 3.1. Then by
(3.3) and (3.4) we have

1
E(p) < 5Mo,  Hip) < MlN“ (4.1)

I|¢2||L2(R2) MyN~*, ||¢2"H5(R2) M. (4.2)

Thus conditions (3.9) and (3.18) are satisfied. It follows from Lemmas 3.2-3.5 that there exist
co > 0 and Ny > 0 such that for any 0 < ¢ < cg, N > Ny and sufficiently small ¢ > 0, if we take
§ = cN~Um=2+8)(1=5) then problem (3.8) has a unique solution w in the region [0, §] x R>. It
follows that problem (1.1)—(1.2) has a unique solution « in the same region, and

u(t) =v() +w). 4.3)
From the proof of Lemma 3.4 we know that w can be split into
w(t) =U(@®)g2 +2(1),

where, by Lemma 3.5, z satisfies
el 2 SCNT,  [IDxzll g2 S CNM O Dstost o), (44)

where o is an arbitrary positive number in (0, 7) and C is a constant depending only on My, M1,
M> and o; C is independent of either N or specific decomposition of ¢. Later we shall specify o.
Now shrift the initial time from ¢ =0 to # = §, and put

P1(8) =v(8) +z(5), 2(8) = U (8)¢2.

By the conservation laws in (3.1) we have
1
E(v(8) = E(p1) < Mo, 4.5)
and
H(v(©®)=H(p) < Ml N9, (4.6)
By (4.1), (4.4) and (4.5), it is easy to see that

1
[E(@1®) = E(v©®)] < [v(®) ||L2(R2) |2(8) ||L2(R2) + 5 |28 ”iZ(RZ) <SCNT?
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(for large N), so that

E(p1(8)) <E(v(©)+CN™* < %Mo(l +CN™*). 4.7)
Similarly, we have also
|H(1(8)) — H(p)| < |H(9() +2(8)) — H(p(®))|
<C([(|ve®[+[Vz®[)|[Vz®]] .
+ [ ([o@]+ [z 2] ,)
<C(Jv@® | 2@ 1 + 12 [
+ [v@ | 2O 2 + [2® [ 525)
<C([v® | 1 lz® 1 1+ 2@ [ + @ [v® 771 2] 2
+[z@ 72 |zew[3)
< CN' =S Nm=(ntDst0s+0() 4 0 20m—(n+3)s+05+0())
4+ CN2U=9) =5 4 ¢ N=28 N2mm—(m+3)s+05+0(e)
< CN"HI=0n+3)s+0+0()

(for large N), which implies that

H(p1(5)) < H(gy) + CN™H-(m+ Dt 06

1
< E]V[lNz(lfs)(l + CNmflf(mf%)ercmO(s)). (4.8)
Since s > }%:g > %,wehavem— 1 —(m—%)s<0andalsom— 1 —(m—%)s—i—o <0

for sufficiently small o. We now choose a o > 0 sufficiently small (depending only on s) such
that the last condition is satisfied and fix it, and then take ¢ > 0 sufficiently small (depending
only on s and o) such that both the conditions 3¢’ € (0, v(c)) (required by Lemma 2.6) and
m—1—(m— %)s +0 4+ 0(g) < 0hold, where ¢/ = m. With o and ¢ specified in this way
(but see the argument following (4.11) below), we now take N > Ny large enough such that

CNmflf(mfé)sﬂerO(s) <1
where C is the constant on the right-hand side of the second inequality in (4.8), which is now
specific because o and ¢ have been specified (but see the argument following (4.11) below).
Then, by (4.8), ¢1(8) still satisfies condition (3.9). Besides, since U (¢) (¢ € R) is a unitary group
on each H*(R?), we have

le2@®) | 12 r2y = N2l 22y 192 | s 2y = 21 3 2y
so that, by (4.2),

H(P2(8) ” LZ(RZ) g MZN_Sv ||(P2(3) “ HS(RZ) g M2 (49)

Hence ¢; () still satisfies condition (3.18). It follows that when ¢ and ¢, in (3.7) and (3.8) are
respectively replaced with ¢1(8) and ¢,(8), all arguments in the proofs of Lemmas 3.2-3.5 still
hold, and we thus get a new pair of solutions v, w of those problems corresponding to new initial
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values. Moreover, since the estimates ensured by Lemmas 3.2-3.5 depend only on conditions
(3.9) and (3.18), this new pair of solutions also exist on the common region [0, §] x R? with
the same § as for old pair, and they also enjoy all the same estimates as for the old pair. Since
u(8) = ¢1(8) + ¢2(8), by putting u(¢) to be the sum of v(¢ — §) and w(t — ) for § < ¢ < 24,
where v and w now refer to the new pair of solutions of (3.7) and (3.8), we see that the solution
u of problem (1.1)—(1.2) is extended to the region [0, 2§] x RZ.

The above argument can be repeated for k steps, where k is the maximal integer satisfying

k-CN™° <1 and k.CN"—1=m=ps+o+0() < (4.10)
where C is the constant appearing in (4.7) and (4.8). From (4.10) we see that

k=Cmin{N®, N(m—%)s—(m—l)—a—O(a)} — CNm=)s—(m=D=a—0(e)
Accordingly, the maximal extended time interval is equal to [0, k8], and

kS = CN(mf%)xf(mfl)fafO(e) . CN*(4HZ*276)(17S)

— CNGm—3)s—(m=3)—0—0(e) @.11)
Since s > }% :g, we see that the exponent of N in the last expression is positive if we replace o

and ¢ with smaller numbers (depending only on s) when necessary, so that k§ — oo as N — oo.
Hence, for any given T > 0 we can find a corresponding N > Ny sufficiently large such that
k8§ > T and, as a result, the solution of problem (1.1)—(1.2) can be extended to the region [0, T'] x
R

To complete the proof of Theorem 1.1 we still need to verify (1.6) and (1.7). To this end for
every integer 1 < n < k we respectively denote by v, (1), w,(¢), z,(t), ¢,1 and @, the corre-
sponding functions v(z), w(t), z(t), ¢1 and ¢, obtained at the nth step (so that v, (¢), w,(?),
Zn(t) are defined on the interval [0, 8], and ¢,1 = vy,—1(8) + 2,—1(8), Pn2 = U((n — 1)8)¢p2 =
ei(”_l)‘SAgoz for 2 < n < k). We claim that

ut)y=e"p+ Ut — (= D8) +z,(t — (n — 1)8) — Rz
fort € [(n —1)8, né] (4.12)

(n=1,2,...,k). Indeed, since w, (t) = U (t)@n2 + z,(t) and U (t) = €!'4 (t € R) is a group on
H* (Rz), we have

u(t) = vy (t — (n — D8) +wy (t — (n — 1)8)
vt — (n—1)8) + (U(t — (n — D8)pn2 + za(t — (n — 1)8))
= v, (1 — (1 = 1)8) + 2, (t — (n — 1)8) + /(- DDAI(=DdA
=va(t — (1 — 1D8) + 24 (t — (n — DS) + € s,

and (4.12) immediately follows by replacing ¢» with ¢ — 1. By (4.12) we see that, in particular,

u(t) =e" 4o + (v (t — (k — D) + zx(t — (k — 1)8) — e “1) =" 29 + y(1)
for (k — 1)6 <t < k§. Hence, for any ¢t > 1 by taking T = ¢ and then choosing N so large that

2
k8 >T but (k— 1)8 < T, or N ~ CT Wa=si—oi=e) T O@T0E) v 4 11)), we get, by Lem-
mas 3.1, 3.3 and 3.4, that
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13O 1y < Jorc(t = k= 108) [ 1 oy + 2kt = = D8 1 g2y + N1 | 12
CNI—S + CNm—(m-‘r%)S-‘rUS-‘rO(S) + CNI_S

<
2(1=5)
< CN'™S < CT 0556 €,

where € = O(0) + O(e). Since o and ¢ can be taken arbitrarily small, ¢ can also be taken
arbitrarily small. This ends the proof of Theorem 1.1.

5. Conclusions

We have shown that, in the case n = 2, problem (1.1)—(1.2) has a global solution in
C(R, H*(R?)) if the initial data ¢ € H*(R?) and }&:g < s < 1. Moreover, the solution has
the property that u(t) — e!"*¢ € C(R, H'(R?)), and ||u(t) — ¢/"? || ;1 does not grow faster than
(1+|#])m as |t| — oo, where K, is a positive constant. The proof uses Bourgain’s high—low fre-
quency decomposition (HLFD) method. In this proof a new Leibnitz rule owing to Bourgain (see
Lemma 2.5) plays a fundamental role. Besides, the proof is also based on the fact that Eq. (1.1)
conserves both L? and H'! norms of the solution. From the rigorous analysis performed in this
paper we see that this property of the equation is essential for the application of the HLFD ap-
proach. Thus, if an equation does have a similar property, then the HLFD approach does not work
to it.

The condition %87’"’1:2 < s < 1 is not optimal, even by the approach employed in this paper. It
is possible to weaken this condition by making more careful estimates than those given by Lem-
mas 3.2-3.4, or by choosing more carefully the exponent of N in the expression of §. However,
this will not lead us to much progress. It seems that high—low frequency decomposition method
cannot lead us to the final solution of the conjecture that (1.1)—(1.2) is globally well-posed in
H?®(R™) for any s > 50, where sg is the lowest index for local well-posedness. To get the final
solution, new approaches must be developed.

Finally, we would like to point out that the analysis made in this paper can surely be extended
to the other dimension case. In order to do so, a similar Leibnitz rule as that given in Lemma 2.5
should be first established.
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