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1. Preliminaries and the main results

Let I" C C be a closed rectifiable Jordan curve with the Lebesgue length measure |d7| and let X(I") be a rearrangement
invariant (r.i.) space over I", generated by a r.i. function norm p, with associate space X'(I"). For each f € X(I') we define

I flixcry = p(If1),  feX).

A r.i. space X(I") equipped with norm || - || xr) is a Banach space [4, Theorems 1.4 and 1.6, pp. 3, 5].
It is well known that

1 lxar = sup{ / \fglldTl: g e X'(D). lighxa < 1},
r

gl = sup{ [ \felldTls £ e X(D). 1flxar < 1} ()
r

hold.
If feX(I") and g e X'(I'), then fg is summable [4, Theorem 2.4, p. 9] and

/Ifglldfl < Ifllxcar Iglxery- (2)
r
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A function w : I" — [0, oo] is referred to as a weight if w is measurable and the preimage w~!({0, oo}) has measure zero.
Following [20], we set

X(I', w) := { f measurable: fw e X(I)},

which is equipped with the norm

I flixro ==l folxa-

A normed space X(I', w) is called a weighted r.i. space.
For definitions and fundamental properties of general r.i. spaces we refer to [4].
If we X(I') and 1/w € X'(I"), then X(I', w) is a Banach function space and from the Holder's inequality we have

L®(I") C X(I",w) C LY(I).

By the Luxemburg representation theorem [4, Theorem 4.10, p. 62], there is a unique r.i. function norm p over Lebesgue
measure space ([0, |I"|],m), where |I'| is the Lebesgue length of I', such that p(f) = p(f*) for all non-negative and
almost everywhere (a.e.) finite measurable functions f defined on I'. Here f* denotes the non-increasing rearrangement of
f 14, p. 39]. The r.i. space over ([0, |I"|],m) generated by p is called the Luxemburg representation of X(I") and is denoted
by X.

Let g be a non-negative, almost everywhere finite and measurable function on [0, |I"|]. For each x > 0 we set

gkxt), xtel[0,|I],

N Xt 10, [, tefo,|I]].

(Hxg)(t) = {

Then the operator Hy/y is bounded on X [4, p. 165] with the operator norm

hx ) == H1xll gx)»

where B(X) is the Banach algebra of bounded linear operators on X.

The functions

logh logh
oy = lim LX(X), Bx = lim loghx (x)
x—0 logx x—>oco  logx

are called lower and upper Boyd indices [5] of r.i. space X(I'). The indices «x, Bx are called nontrivial if 0 < ax and Bx < 1.

For ze I" and € > 0, let I'(z, €) denotes the portion of I" contained in the open disc of radius € and centered at z, i.e.
I'(z,e):={tel: |t—z| <€}

For fixed p € (1, o0), we define q € (1,00) by p~! +g~! = 1. The set of all weights @ : I — [0, co] satisfying Mucken-
houpt's Ap condition

1 1/p 1 1/q
sup sup<— / a)(‘r)p|dr|> (— / a)(r)_q|d‘r|) <00
zel’ €>0 61‘ €

(z,€) I'(z,€)

is denoted by A, (I").

We denote by LP(I", w) the set of all measurable functions f : I" — C such that |f|w € LP(I").

Let I" be a closed rectifiable Jordan curve and let G :=intl", G~ :=extI', D:={w e C: |w| <1}, T:=9D, D™ :=extT.
Without loss of generality we may assume 0 € G.

Let w = ¢(z) and w = ¢1(z) be the conformal mapping of G~ and G onto D~ normalized by the conditions

@(00) = 00, lim ¢(2)/z> 0,
Z—>00
and
©1(0) = oo, lin}) z91(2) > 0,
z—

respectively. We denote by ¢ and v, the inverse of ¢ and @1, respectively.

By EP(G) and EP(G™), 0 < p < oo, we denote the Smirnov classes of analytic functions in G and G, respectively. It is
well known that every function f € E'(G) or f € E1(G™) has a nontangential boundary values a.e. on I" and if we use the
same notation for the nontangential boundary value of f, then f e L1(I").

Definition 1. Let @ be a weight on ' and let Ex(G,w) = {f € ENG): f e X(UI' o)}, Ex(G™,w) :={f € EI(G™):
feX(T,w)}, Ex(GT,w) :={f € Ex(G™,w): f(c0) =0}. The classes of functions Ex(G,w) and Ex(G~, w) will be called
weighted r.i. Smirnov spaces with respect to domains G and G, respectively.
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Since the Luxemburg norm of Orlicz space is itself a r.i. function norm, every Orlicz space is a r.i. space and therefore
every weighted Smirnov-Orlicz space is a weighted r.i. Smirnov space.

Each function f € Ex (G, w) or Ex(G~, w) has a nontangential boundary values a.e. on I".

Let f € L'(I"). Then, the functions f* and f~ defined by

1 f(s) - 1 f(s) _
7@ 2;11'/;_2 g, 2€C. [T@O=5— c_zdo el
r r
are analytic in G and G~, respectively and f~(oc0) =0.
For g € X(T, w), we set
h
1 it
o, (®)(w) =5 g(we'ydt, 0<h<m, weT.

—h

If ax and By are nontrivial Boyd indices of the space X(T, w) and @ € A1/qy(T) N A1/, (T), then by [13] we have

low @ x 1.0 < 11181 x .05

and consequently o, (g) € X(T, w) for any g € X(T, w).

Definition 2. Let ax and Bx be nontrivial and @ € A1/, (T) N A1/, (T). The function

[la-a,)e

i=1

, 6>0,r=1,2,...,
X(T,w)

2% ,(8,8):= sup
i=1,2,...,r
0<h; <8

is called rth modulus of smoothness of g € X(T, w), where I is the identity operator.

In this definition we use as shift the mean value operator o,, because the usual shift g(-) — g(- + h) is, in general,
noninvariant in the weighted r.i. space. It can easily be verified that the function 2§ (g, -) is continuous, non-negative and
satisfy

lim 2% »(8.8)=0, 2% ,(g+81.) < 2%, )+ 2% ,(&1.°)

for g, g1 € X(T, w).
A smooth Jordan curve I' will be called Dini-smooth, if the function 6(s), the angle between the tangent line and the
positive real axis expressed as a function of arclength s, has modulus of continuity $2(0, s) satisfying the Dini condition

B
22,
/¥d5<oo, §>0.
0

If I" is Dini-smooth, then [30]

O<ca< |y (W] <cz<oo, |w|>1,
0<cs<|p/(@)|<cs <00, zeG, (3)
with some constants c3, 3, ¢4 and cs. Similar inequalities hold also for ] and ¢}, in case of |w|=1 and z € I, respectively.
Let I be a Dini-smooth curve and w be a weight on I". We associate with w, the following two weights defined on T
by
wp :=wo Y, w1 =wo Y1,
and let fo:= fo, f1:= foyq for f € X(I', w). Then from (3), we have fp € X(T, wp) and f; € X(T, w1) for f € X(I', w).
Using the nontangential boundary values of fgr and flJr on T, we define
oy o[ 8 =2% o (f58), 650, 2fxo(f.8):=2% ., (f.8). §>0,
forr=1,2,3,....
We set

& = inf |f =P . & = inf |g—R
n(H)x.w Ple7>,.”f Il x(T,0) (&) X,w RleRnllg llx(rw),



492 D.M. Israfilov, R. Akgiin /J. Math. Anal. Appl. 346 (2008) 489-500

where f € Ex(D, w), g € Ex(G™,w), Py is the set of algebraic polynomials of degree not greater than n and R, is the set
of rational functions of the form

In this work we investigate the approximation problems in the spaces X(I",w), Ex(G,w) and EX(G*,a)). First of all,
we prove one general direct theorem of approximation theory by rational functions in the weighted r.i. space X(I', ).
Later we obtain the direct and inverse theorems of polynomial approximation in the spaces Ex (G, w) and Ex(G™,w). Using
these results we give a constructive descriptions of the generalized Lipschitz classes defined in the spaces Ex (G, w) and
EX(G*, ). Note that our results are new also in the nonweighted cases.

These problems in the different subspaces of the r.i. space were investigated by several authors. The degree of polynomial
approximation in the spaces EP(G) and LP(I") have been estimated in [2,3,7,14,15,24,29] under various restrictions on the
boundary I of G. The similar problems in weighted Smirnov and Lebesgue spaces were studied in [16] and [17]. The
appropriate inverse theorems and a constructive characterization of generalized Lipschitz class in the weighted Smirnov
spaces were obtained in [18]. Some inverse theorems in Smirnov-Orlicz spaces were proved by V.M. Kokilashvili in [23]. In
this space, some direct theorems of approximation theory by algebraic polynomials and by interpolating polynomials were
obtained in [1,12,19].

Let us emphasize that in this work the Faber polynomials, Faber-Laurent rational functions and also the method, given
by Dynkin in [9] and based on the boundedness of the Faber and Faber-Laurent operators were commonly used.

The main results of this work are the following.

Theorem 1. Let I" be a Dini-smooth curve, ctx, Bx be the nontrivial indices and let w € A1)qy (I") N A1, (IN). If f € X(I', w), then
there is a constant cg > 0 such that for any natural n,

1£ = R Dl < 612 x0 (2 1/0+ 1) + Ff i (£ 1+ D)}, 1=1,23,,

where R, (-, f) is the nth partial sum of the Faber-Laurent series of f.

Corollary 1. Let I" be a Dini-smooth curve, ax, Bx be the nontrivial indices and let w € A1 /gy (I") N A1/, (). If f € Ex(G, w), then
there is a constant c7 > 0 such that for any natural n,

| f = PnC, f)”xmw) <R xo(f.1/+ 1), r=1,2.3, ..,

where P, (-, ) is the nth partial sum of the Faber series of f.

Corollary 2. Let I" be a Dini-smooth curve, cx, Bx be the nontrivial indices and let w € A1/q, (I') N A1 (). If f € EX(G‘, w),
then there is a constant cg > 0 such that for any natural n,

|f = RaC, Dll oy S8Chx0(f1/+1), 1=1,2,3,...,

where R, (-, f) as in Theorem 1.
The following inverse theorem holds.

Theorem 2. Let I" be a Dini-smooth curve and let X(T) be a reflexive r.i. space with the nontrivial indices ax and Bx. If w €
At/ax () N A1y (I'), then for f € Ex (G, w),

n
Cg _
L xoF 1/ < 1 E0(f, Oxw+ ) K 15k(st)X,w}v r=1,2.3,...,
k=1

with a constant cg > 0.

Corollary 3. Under the conditions of Theorem 2, if

E(J. G =0™), a>0.n=123....
thenfor f e Ex(G,w)andr=1,2,3,...,
0", r>a/2;
R xo(f =1 0@ logiD), r=a/2;
o™, r<a/2.
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Definition 3. For & > 0 and r := [«@/2] + 1 we set
Lipa(X, w) :={f € Ex(G,w): 2F x,(f.8)=0(8%), §>0},
Lipa(X,0):=|f € Ex(C™,w): @}y ,(f.8)=0(s%), 5> 0}.

Then, from Corollary 3 and Definition 3 we get the following.

Corollary 4. Under the conditions of Theorem 2, if
&(f.Oxw=0n"%), a>0n=1,273,...,
then f € Lipa (X, w).

By Corollaries 1 and 4 we have the constructive characterization of the classes Lip« (X, w).

Corollary 5. Let « > 0 and let the conditions of Theorem 2 be fulfilled. Then the following conditions are equivalent.

(a) felipa(X,w);
(b) &(f. Ox0=0m"%),n=1,2,3,....

The inverse theorem for unbounded domains has the following form.

Theorem 3. Let I" be a Dini-smooth curve and X(T) be a reflexive r.i. space with the nontrivial indices ax and Bx. If w € A1/ax(I") N
A1/py (), then for f € Ex(G™, w),

n
~ c ~ ~
QF,X,w(f,l/nKﬁ So<f)x,w+2k2”£k(f>x,w}, r=1,23,...,

k=1

with a constant c1g > 0.
By the similar way to that of the Ex (G, w) we obtain the following corollaries.

Corollary 6. Under the conditions of Theorem 3, if

E(Hxw=00"%), a>0,n1=1,23,...,

then for f eEX(G‘,a}) andr=1,2,3,...:

O($%), r>ao/2;
Frxolf =1 06 loglh, r=a/2
0(52r)a r<o/2.

Using Corollary 6 and Definition 3 we get the following.

Corollary 7. Under the conditions of Theorem 3, if
EPHxo=0N"), a>0n=1273,...,
then f eLE}a(X,a)).
By Corollaries 2 and 7 we have the following.

Corollary 8. Let o > 0 and the conditions of Theorem 3 be fulfilled. Then the following conditions are equivalent.

(a) f elipa(X,w);
(b) En(fxw=0M"%,n=1,2,3,....

In the sequel, we denote by c,c1, ¢z, ..., positive constants (possibly different at different occurrences) that either are
absolute or depend on parameters not essential for the argument.
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2. Auxiliary results

Let I" be a rectifiable Jordan curve, f € L1(I") and let

f()
SrH® = lm}) i ;
I\I'(t,€)

d¢, terl,

be Cauchy’s singular integral of f at the point t. The linear operator Sj: f — Sy f is called the Cauchy singular operator.

If one of the functions f* or f~ has the nontangential limits a.e. on I', then S f(z) exists a.e. on I" and also the other
one has the nontangential limits a.e. on I". Conversely, if Sy f(z) exists a.e. on I', then both functions f* and f~ have the
nontangential limits a.e. on I'. In both cases, the formulae

ff@=6rH@+f@)/2, f~@=6rH@-f@/2, (4)
and hence
f=f"—f" (3)

holds a.e. on I (see, e.g., [11, p. 431]).
Lemma1.If0 < ax, Bx <1, w € A1y (I") N A1/py (I), then fTeEx(G,w)and f~ e FX(G‘, w) forevery f € X(I', w).

Proof. Using [6, Theorem 2.31, p. 58] we have that there are numbers p,q € (1, 00) satisfying 1 < p < 1/8x < 1/ax <
q<oo,and w e Ap(I") N Ag(I"). Then [25, Proposition 2.b.3, p. 132]

LI C X(I') C LP(I),

where the inclusion maps being continuous. If f € X(I', w), then fw € X(I'"), and hence fw € LP(I"). The last relation is
equivalent to the relation f € LP(I", w), which by [16], implies that

fteEYG) and f~ e EYWGT).
Since the operator S is bounded [21, Theorem 4.5] in X(I', w), we obtain from (4)

ftfeX(I'w) and f~eX(,w). O

Lemma 2. (See [13].) If ax and Bx are nontrivial and w € A1;qy(T) N A1/, (T), then there exists a constant ¢y > 0 such that for
every natural number n,

g — Tagllxm.w < ,(g 1/+1), geExD,w),

wherer =1, 2,3, ...and T,g is nth partial sum of the Taylor series of g at the origin.

We know [28, pp. 52, 255] that

v'w) By (2) )
w(W)—Z_Zwk+1’ zeG, weD™,

and

Wi (w) Fi(1/2) _ _
= s eG, weD™,
Y1 (w) —z Z whk+1

where @ (z) and Fy(1/z) are the Faber polynomials of degree k with respect to z and 1/z for the continua G and C\ G, with
the integral representations [28, pp. 35, 255]

k
¥ (w)
R =5 /w(w> dw. zcG. R>1.
|w|=R
k /
Fr(1/2) = % lp](ﬁ%dw, reG.
lw|=1

and
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1 ¢k _
Dy (2) = oF — d G-, k=0,1,2,..., 6
k(2) <p(2)+2m./§_z g, zeGT, 1,2, (6)
r
Fe(1/2) = k(z)—if‘ol‘{(g)d zeG\ {0} (7)
k =% i) ¢—z s :
r
We put
L 1 fo(w) _
ak~—ak(f)-—ﬁ Wkt dw, k=0,1,2,...,
T
1 fi(w)
ai :=ar(f) ':ﬁ Wkt dw, k=1,2,...,
T

and correspond the series

> ad(@) + ) aFi(1/2)

k=0 k=1

for the function f e L'(I"), ie.,

f@~) a®@) + ) aFi(1/2).

k=0 k=1

This series is called the Faber-Laurent series of the function f and the coefficients aj and a, are said to be the Faber-Laurent
coefficients of f.
Let P be the set of all polynomials (with no restrictions on the degree), and let P(ID) be the set of traces of members
of P on D. ~ ~
We define the operators T : P(D) — Ex(G,w) and T : P(D) - Ex(G~, w) defined on P(D) as
1 P(w)y'(w)

T(P)(2) 2% de, zeqG,
T

=1 [ PWY(W) -
T(P)(z) := i Vi) —z dw, zeG.
T

Then, it is readily seen that

n n n n
T(Zbkwk> =Y b®(2) and T(dew"> =Y diFi(1/2).
k=0 k=0 k=0

k=0

If Z € G, then

1 (Pwy'w) o 1 /mdgzwocp)*(z’),
Z

TPE =571 ) Y-z Vi) -7
T r

which, by (4) implies that

T(P)2)=Sr(Po@)(2)+(1/2)(P o))

ae.on .

Similarly, taking the nontangential limit z” — z € I'", outside I, in the relation
= 1 P(p1(5)) - _
T(P)(Z//):z—m/ﬁdgz[(PO(p])] (Z//), Z”GG s

r
we get

T(P)(2) =—(1/2)(Po@1)(2) + Sr (P 0 91)(2)

a.e.on .
Since S is bounded in X(I', w), we have the following result.
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Lemma 3. Let I" be a Dini-smooth curve and let the indices ax, Bx be nontrivial. If w € A1/qy (I') N A1/py (I), then the linear
operators

T:PD)— Ex(G,w), T:PDM) — Ex(G™,w)

are bounded.

The set of trigonometric polynomials is dense [13] in X([—7, 7], @), which implies density of the algebraic polyno-
mials in Ex (D, w). Consequently, from Lemma 3, using the Hahn-Banach theorem, we can extend the operators T and T
from P (D) to the spaces Ex(ID, wp) and Ex(DD, wq) as linear and bounded operators, respectively, and for the extensions
T:Ex(D, wg) — Ex (G, w) and T: Ex(D, wy) — EX(G*, w) we have the representations

1 [ gwyw)
T(g)(2)= T 7§0(W) — dw, zeG, geEx(D,wop),
T
T(g)(z):L de, 2eG, geEx(D, wy).

2mwi Yi(w) —z
T

Lemma4.1f0 < ax, Bx <1, w € A1/qy (T) N A1/p, (T) and X(T) is a reflexive r.i. space, then for any f € X(T, w),

| Pr(f) — fHX(’Jl‘.a)) -0, asr—17,

where
1 27
Pn =5 [ Peo -0 (E)de. w=re 0<r<1,
0

and P(r, 6 — t) is the Poisson kernel.

Proof. Let p, q € (1, co) be the numbers such that

1<p<1/Bx<1/ax<q<oo and we Ay(T)NAHT).

Then [26, Theorem 10] P; is bounded in LP(T, ®) and L9(T, ®). Consequently, the operator W, := wP,w ™I is bounded in
LP(T) and LY(T). Now, the Boyd interpolation theorem [5] implies that W, is bounded in X (T). Therefore

HPr(f)Hxar_w) <2l fllxT,w)- (8)

Since X(T) is reflexive we have that X(T, w) is reflexive [22, Corollary 2.8] and therefore the set of continuous functions
on T is dense [20, Lemmas 1.2 and 1.3] in X(T, w). Consequently, for a given f € X(T, w) and € > 0 there is a continuous
function f* such that

If- f*“X(T,w) <€. (9)

On the other hand, since the Poisson integral of a continuous function converges to it uniformly on T [27, p. 239],
from (1), we have

1Pr(F) = Fllxepwy = sup / [PH(f*) (W) — f*(w)||g(W)|w(w)|dw]

llglx <1 s

<€ sup /w(w)lg(w)l\dm =€llwllx. (10)
lelly <1 k4

for 0 <1 —r < é(¢). Then, from (8), (9) and (10), we conclude that
pr(f) - f“X(T,w) < ”Pf(f) - Pr(f*) ”X(’]I‘,w) + ” Pf(f*) - f*HX(’]T,w) + “f* - fHX(’]T,w)
= ”Pr(f - f*)HX(’]I‘,w) + ”Pr(f*) - f* HX(’JI‘,w) + ”f* - f”X(’JI‘,w)
<en|f* - fHX(’]I‘,a)) +[Pe(f*) - f*”X('JT,a)) <{eis + lwlxm e

Since w € A1/ay (T) N A1/, (T), we have that w € X(T). This completes the proof. O
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Theorem 4. Let I" be a Dini-smooth curve and X (T) be a reflexive r.i. space with the nontrivial indices cx and Bx. If w € A1/qy (I") N
A1)y (I'), then the operators

T:Ex(D,wp) — Ex(G,w) and T :Ex(DT :Ex(D,w;)— Ex(G™,w)

are one-to-one and onto.

Proof. The proof we give only for the operator T. For the operator T the proof goes similarly. Let g € Ex(D, wp) with the
Taylor expansion

o0
g(w) = Zakw", weD.
k=0

If I is a Dini-smooth curve, then via (3), the conditions @ € A1/qy(I") N A1/, (I"), wo € A1/ay(T) N A1/, (T) and w; €
A1/ay (T) N Aq/p,(T) are equivalent. Since wp € A1/, (T) N Ay, (T), there exist p,q € (1,00) such that 1 < p < 1/8x <
1/ax <q < o0, wg € Ap(T) N Ag(T) and LI(T) C X(T) C LP(T).

Let g-(w):=g@w), 0 <r < 1. Since g € E}(D) is the Poisson integral of its boundary function [8, p. 41], we have

ng - g”X(T,wo) = ”Pr(g) - g“X(T,a)o)

and using Lemma 4, we get ||g; — gllx(T,wp) — 0, asr— 17.
Therefore, the boundedness of the operator T implies that

”T(gr) - T(g)Hx(r,w) —0, asr—1". (1)

Since Y 2, oy wk is uniformly convergent for |w|=r <1, hay oyr*wk is uniformly convergent on T, and hence

N
Ten@ =5 | =2
T

o0
dw = Moy, (Z), 7 eG.
27t | yiwy =z = 2 " on(@)
T

m=0

gr(w)y'(w) dw — Zamr’“ 1 wmy’ (w)
m=0

From the last equality and Lemma 3 of [10, p. 43], we have

1 [ Tg)W(w) 1T [ o %™ P (Y (W) o~ om 1 [ Pa(¥ (W) K
ak(T(gr)) = 2_7'“ / T dW = Z_m / 0 Wk+1 dW = Z omr z—m / W dW = 0TI
T T m=0 T
and therefore
ae(T(gr) —> o, asr—1". (12)

On the other hand, applying (3) and Holder’s inequality (2), we obtain

1 T(g)—T
\ak(r(go)—ak(r(g))}:’z_m /[ (8) = T@I(W (W) dw'
T

Wkt
1 1 ,
<5m fy[ugr) @) (6 w)law| = 5 /|[T(gr> “1@]@|¢ @)z
T r

C1a _ _ Ca _ -1

<3 f [T (gr T(g>]<z>||dz|—2n / I[T(g) — T(®]@|w@w " (2)ldz|
r r

C15

‘i as
2

<
S o

I(T(&r - T(g))w(z)”x(r) ”w_l(‘) Hx’(r) <2 |TEn -Tee) ||X(F,w)’
because [|o~'(-)||lx'(ry < oo by Theorem 2.1 of [21].

Using here the relation (11), we get

a(T(gr) = a(T(g)), asr—1",

and then by (12), ax(T(g)) = oy for k=0,1,2,.... If T(g) =0, then oy = ax(T(g)) =0, k=0,1,2, ..., and therefore g =0.
This means that the operator T is one-to-one.
Now we take a function f € Ex(G, w) and consider the function fo = f o ¥ € X(T, wp). The Cauchy type integral
1
1 fo(T) dr
2ni ) T—w
T
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represents analytic functions fO+ and f; in D and D™, respectively. Since wp € A1/ax (T) N A1/p,(T), by Lemma 1, we have

fo €Ex(,wo) and f; € Ex(D™, wo),

and moreover

fow) = fF(w) = fg (w) (13)
a.e. on T. Since f; € E'(D~) and fo (00) =0, we have
we L w1 [ fgw) 1 oW 1w
K= omi ) wk T 2mi whk+1 2mi wk+1 T 2mi wh+1 ’
T T T T
which proves that the coefficients a, k=0,1,2,..., also become the Taylor coefficients of the function fo+ at the origin,
ie.,
o0
fow)= Zakwk, weD,
k=0
and also
[o.¢]
T(fg—) X Zak¢>k.
k=0
Hence the functions T(f0+) and f have the same Faber coefficients a, k=0,1,2, ..., and therefore T(f0+) = f. This proves
that the operator T is onto. O
3. Proofs of main results
Proof of Theorem 1. We prove that the rational function
n n
Ra(z. f) =) a®(2) + Y aFi(1/2)
k=0 k=1
satisfies the required inequality of Theorem 1. This inequality is true if we can show that
n
f~@+) aF(1/2) <1627 x 0 (F.1/(+1)) (14)
k=1 X(I,w)
and
n
@ =) adi2) <crRpxo(f,1/0+1), (15)
k=0 X(I,w)
because f(z)= f*(z2) — f~(z) ae.on I'.
First we prove (14). Let f € X(I', w). Then f; € X(T, w1), fo € X(T, wp). According to (13)
F(©)=fo (9(©) = fo (#(5) (16)
a.e. on I'. On the other hand, from Lemma 1, we find that
fiw) = fFw) = f(w),
which implies the inequality
F(©) =i (@1(9) = fi (@1(5) (17)

ae.on I'.
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Let Z/ € G \ {0}. Using (7) and (17), we have

Zaka(l/Z)_Zak(p](Z)_ an/Zk 1ak§01(§)

_Z/

+
_Za (,01(2) Zk 1(ak(p1(§) f] (Wl(g))) /f] (‘P1(§)) 1 / f() dc

2711 c—7 2w 2w c—7
r

_ ft
/Zk 1(01<<P1 () f] (1(5))) dg—f]_((/)l(l/)) —f_(Z/).

= Z&kfp’f(z/) 5 —
k=1 s

Hence, taking the nontangential limit z/ — z € I', inside I, we obtain

n _ n . 1 n _ n _
Y aF(1/2) =) i@ - 5 (Zakwi‘(z) - ff (e (z))) —Sr [Zakwi‘ —(fifo %)} - fi(@)-f @
k=1

k=1 k=1 k=1

ae.on .
Using (5), (17), Minkowski’s inequality and the boundedness of S, we get

1. 1L
5<Zak<p§‘(2) - (e (Z))) - Sr[zaup’{ — (£ 0901)}(2)
k=1

k=1
n

_—

fraw) = awt

k=1

Hf‘(Z) + ) @k (1/2)

k=1

X(I',w) X(I',w)

< C18 < C19

> apk @ - [ (012)

k=1

X(I',w) X(T,w1)

On the other hand, from the proof of Theorem 4 we know that the Faber-Laurent coefficients @, of the function f and the
Taylor coefficients of the function f1+ at the origin are the same. Then taking Lemma 2 into account, we conclude that

<202 o, (i1 1/1+ 1) =202 x o (f. 1/ + 1),
X(I',w)

n
Hf + Y aFi(1/2)

k=1

and (14) is proved.
The proof of relation (15) goes similarly; we use the relations (6) and (16) instead of (7) and (17), respectively. Hence
(5), (14) and (15) complete the proof. O

Proof of Theorem 2. Let f € Ex(G,w). Then we have T(f0+) = f. Since by Theorem 4 the operator T : Ex(D, wg) —
Ex(G,w) is linear, bounded, one-to-one and onto, the operator T~ ! : Ex(G, w) — Ex(D, wp) is also linear and bounded.
We take p; € Py as the best approximating algebraic polynomial to f in Ex(G, w), i.e,

&f.COxo=|f-ps ”X(I",w)'
Then T~ (p}) € Py(D) and therefore
5"(fo+)x,wo <|fo - (pn)HX(']I‘ wo) = =[T7'H - (pn)”xar wo) = =" (f - p;)”X(’]I‘,wo)
<[t - pn ||X(1",w) =T &S, Ox e (18)

because the operator T~! is bounded.
On the other hand, from [13] we have

2% o (o 1/m) < 2r{50(f0 X.00 +Zk2r T&( fO)XwO} r=1,2,....

k=1

The last inequality and (18) imply that

‘QIr",X,w(f’l/n) ‘QXwo(fg—’l/n) n2r {So(fo Xwo+zk2r 16]‘ fO )Xa)o}

k=

< ol {6 f, G>Xw+Zk2r &S, G)Xw}, r=12... 0O
n2r

k=
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Proof of Theorem 3. Let f ¢ EX(G‘,w). Then T(fﬁ) = f. By Theorem 4 the operator T-1 :EX(G_,w) — Ex(D, wq) is
linear and bounded. Let r;; € R, be a function such that

gn(f)x,w = ”f - r: “X(I‘,w)'

Then T~1(r¥) € Py(D) and therefore

5"(f1+)x,w1 <|fF - T (r:)”X(’]I‘,w]) = !ﬁ_](f) -7 (r;f)”xmwl)
= ”T_l(f - r;:)”X(’]I‘,w]) < HT_1 I f—r HX(r,w) = T &P x.0- (19)

It can be deduced from [13] that

n
C —
D (15 1/) < 10+ K Gl ) o T= 10200
k=1

From the last inequality and (19) we conclude that
n
= €28 _
L xolF 1) =25 0, (F71/m) < 52 80(F )y, + 2K () x 0y
k=1

ol T | » noo
gng 50(f)x,w+2k2r 1 Hxwy, 1=1,2,.... O

k=1
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