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1. Introduction

The computation of the highly oscillatory integrals is one of the oldest and most important issues in numerical analysis.
In many areas of applied mathematics, such as physics, chemistry and engineering, one always encounters the problems of
computing the integrals involving oscillatory functions

b b b b
/ F®) Jy(rx)dx, / f ) cos(r1x) Jy (rx) dx, / FX)Ay (rx) dx, / FOW, (rx) dx, (11)

where |, (rx) is Bessel function of the first kind and of order v, A, (rx) and W, (rx) are Anger function and Weber function of
order v, respectively, v is arbitrary positive real number and r is large. For large r, the integrands become highly oscillatory
and present serious difficulties in obtaining numerical convergence of the integrations.

Levin [1,2] presented a collocation method for fab f(x) ]y (rx)dx with an error bound O (r~2) [3] under the assumption
that O ¢ [a, b]. The collocation method is applicable to a wide class of oscillatory integrals with weight functions satisfying
certain differential conditions. But the method is not efficient for the case fab fx)A,(rx)dx and fab f(x)W, (rx) dx where
v is not the integer.

The homotopy perturbation method (HPM) is a powerful tool in nonlinear problems [4,5]. This method is to continuously
deform a simple problem which is easy to solve into the under study problem. It is worth mentioning that the origin of the
homotopy method can be traced back to Layne T. Watson [6-8]. To illustrate the basic ideas of the HPM, we consider the
following nonlinear differential equation

Aw) — f(r)=0, re (1.2)
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with boundary conditions

B(u,d0u/on)=0, rel (1.3)
where A is a general differential operator, B is a boundary operator, f(r) is a known analytic function, I" is the boundary

of the domain 2. The operator A can, generally speaking, be divided into two parts L and N, where L is linear, while N is
nonlinear. Eq. (1.2), therefore, can be rewritten as follows

L(u)+ N(u) — f(r)=0. (1.4)
By the homotopy technique, we construct a homotopy v(r, p) : £2 x [0, 1] — R™ which satisfies

L(v) — L(uo) + pL(ug) + p[N(v) — f(r)] =0, (1.5)

where p € [0, 1] is an embedding parameter, ug is an initial approximation of Eq. (1.2), which satisfies generally the bound-
ary conditions.
The basic assumption is that the solution of Eq. (1.5) can be written as a power series in p:

v=vo+pvi+p?va+pvst--, (1.6)

then
u=limv=vg+vi+vy+vy+---. (1.7)
p—1

Recently, Molabahrami [9] applied the HPM to calculate Fourier transformations [ab f(x)e!®8® dx under the condition
that the oscillatory function g(x) has not critical point at the endpoints of integration region. Molabahrami [9] obtained
numerical solution of highly oscillatory integrals

b
101= [ £t dx

based on the first-order differential equation

u'(x) +iwg )ux) = f(x). (18)

The one of particular solution of Eq. (1.8) can be expressed by the following integration
u(x)e'®8® = / f(x)e'@8™ gx. (1.9)
Assume that L(u) =iwg’ (x)u(x) and N(u) = u’(x), then the HPM can be illustrated as follows

L(v) — L(yo) + pL(yo) + p[N(v) = f(0)] =0, (1.10)

where yp is an initial approximation of (1.10) and p € [0, 1] is an imbedding parameter. Substituting (1.6) into (1.10) and
equating the terms with the identical powers of p, we can obtain all v;. Therefore, for u’(x) +iwg (X)u(x) = f(x), it is true
that

b 00 b
I1f]= / F(x)ei®8®) dx = u(x)el®s® |~ : v j(x)e"wg“)] (111)

j=0

X=a

In [10], Chen and Xiang extended the HPM to calculate the multivariate vector-value highly oscillatory integrals.

In this paper, we apply the HPM for computing the integrals (1.1) by constructing an entirely different homotopy from
the paper [10]. The paper is organized as follows. In Section 2, we present the details of the HPM for fab f®)]Jy(@rx)dx and
fab f(x) cos(r1x) J, (rx) dx, including the asymptotic formulas and these asymptotic orders. In Section 3, the HPM is applied
for fab fx)Ay(rx)dx and fab f(x)W, (rx) dx. Finally, we conclude this paper in Section 4.
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2. The HPM for Bessel transformations
2.1. The case fab f(x)Jy@x)dx (0 ¢ [a, b])

Assume that {Uy(x)}p2, are the solution of the first-order differential equation
r oo -/

D V@) Sy ) T = F 0Ty (%),
L k=1 i
that is,

!/

D Uk Jyvir 00 | = F@) (0.

L k=1 .

Apparently, (2.1) satisfies

D Uk Jupr 0 () = f f@) Jv(rx)dx.

k=1
Then

b o0 b
/ FIyrxydx ="y Up() Jy o rx) "+

k=1

X=a
Expanding (2.1) and rearranging, we can construct a homotopy

k=1 k=1

Suppose that the solution Uy (x) of (2.4) can be expressed as a series in p,

Ur(®) = U.0(X) + pUs.1(X) + p?Ug 2(x) + p>Ug 300 + - -

for p — 1. Substituting (2.5) into (2.4) and equating the terms with the identical powers of p, we have

o
p% Y rUko® iy 1 )0 =0 = Ugo(0 =0, k=1,

p*: Z(ruk,z(X)Jqu ) + Uy, (x)],<+v(rx))(rx)v+k -0

From (2.3), we get

b

X=a

b o0
I1f1= / F@)Jy(rx)dx~ { D Uk vk (rx)”*"}

k=1

D U Sy ko1 0x) ¥ 4 p [ D UL T a0 () VK — f(X)]v(rX)} =0.

k=1
pl: (rUia () Jev—1(%) + U, () Joy (i) r0) YT — F(x) ]y (rx) = 0
k=1
1
= U= m){"(—ﬁ Ug1(x) =0, k=2,

k=1
1 U,

= Ui200=0, Uz = 3 ,x » Uk =0, k=3,

o0
P Y (FUkn® Jipv—10 + Uy (0 iy (m0) 0V =0
k=1
1U; 401
= un,n(x):—r—z%, Ugn(®) =0, 1<k<n—1landk>n+1.
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(21)

(2.3)

(2.4)

(2.7)
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If the n-terms approximations are sufficient, the HPM for fab f(x)Jy(rx)dx can be defined as follows

b

Wifl=1>" uk,k(x>Jv+k(rx)(rx)v+"] (2.8)

k=1 x=a

We can evaluate all of components Uy x(x) by Maple 11.

Theorem 2.1. For the integrals fab f&)Jy(@x)dx (0 ¢ [a, b)), let f(x) be a sufficiently smooth function in [a, b], then the error of the
HPM satisfies

1= Llfl|=0("7), r>1, (2.9)
where I,,[ f] is defined by (2.8).

Proof. By Lx¥1 [, (x) = X1 Ji(x) [13], we have -9 (rx)**1 Jiq (rx) = (rx)k*! J(rx). Notice that

b b
1[f]=/f(X)]v(r><)dX= rv%/f(X)X‘”‘l(rX)V“]v(rX)dx

b
1
= m/f(X)X‘V‘ld(rX)”“]m(rx)

b 1 b /
TRz f [Feox™ 1T )"y (rx) dx

a

1
- mf(x)x“’_l(rx)"“ Jv41(x)

X=a
b
=Ui 1)) T 4 (rX)|f:=a — / Ua’](x)(rx)"“]wrl (rx) dx,
a
then by integrating repeatedly by parts and using (2.6),
b
_/Uﬁ,n(X)(TX)H"]Hn(rx)dx.

a

n b
11=) Uk Jysrr) o)+
k=1

X=a

According to the definition of I,[f] and Uy k(x), we get
b
fU,Q,H(X)(rX)””JHn(rX)dx

a

b
Unn®) v+n /
/ r’zx [0y 1 (0] dx

a

[LF1= Il f1] =

b
/ Up it np1 @0 (rx) dx|.

a

Due to the facts that || Jy(rX)lc = 0(~"/%) (r —> 00, 0 <@ <X <b), [Ukk®lloo = 0™~ and [[Uj ,(0) oo = 0.(r~"726),
the error of the HPM I,[ f] satisfies

[ILf1 = Il f1] = O (r~ V20 Dpvant1 =172y _ g (p=n=3/2) -

v+n+1

b
< |Ung1.001 ) (%) Jvina1 (0| |+

Example 1. Consider the HPM for flz 1+%jz(rx) dx (see Fig. 1).

2.2. The case fab fx)cos(r1x) Jy(rx)dx (0 ¢ [a, b])

The integrals fab f(x)cos(r1x) J,(rx)dx can be rewritten as

b b
f f(x)cos(r1x) J, (rx) dx = Ref fx)em* ], (rx) dx. (2.10)
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Numerical quadrature for fl ﬁ B(roydz
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Fig. 1. The HPM I,[f] for ff H#ijz(rx) dx with n =3 or 5. The absolute errors are scaled by r*> or r

[Zukmuwk(rx)(rx)”*"} = fe" ]y (%), n<r

[U(x)eir"‘]/ = f(x)eMX ], (rx), 11 >T.

Expanding (2.11) and (2.12), and rearranging, we have

D UL vk 00 1Y Uk(®) Jy o1 (00— f(x0e™* ]y (1) =0

k=1

or

k=1

U'(x) +irnUx) — f(x)Jy(x) =0.

We construct the following homotopies:

M) 1Y U@y o)+ p [ D Ui® Jusrro )V

k=1

— f(x)ei’1xjv(rx)i| =0, whenr>r,

2) inU®x +p[U’(x) - f(x)]v(rx)] =0, whenr<r.

We have the following results:

381

(2.11)

(212)

(2.13)

(214)

(2.15)

(2.16)
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(1) For r >rq, substituting (2.5) into (2.15), there exists

o0
p% Y Uk o® Sy 1m0 =0 = Ugo() =0, k=1,
k=1

k=1 k=1

L f(x)eihx

= U“(X):rv+2 v

Uk1(x) =0, k=2,

PP DUk Sy (00 4D U (0 Sy (0 () =0
k=1 k=1

_1UL®
2 x

= Uj200=0,Uz2(x = Up2x) =0, k=3,

P D rUkn() Jiav—1 00 D UL () iy (00 =0
k=1 k=1

1Up 101®
r2 X ’

(2) For r <11, let U(x) = Up(x) + pU1(x) + p2Uz(x) + p3U3(x) + - - -, then

p% inUp(x)=0 = Uy(x)=0,

plt U0+ U~ fW ]y =0 = U= —f(X)ii:(rX)’
2. ’ U; (%)
pe: in®+U;x)=0 = UZ(X):_T’
n.o / U,
p" inUp)+U,_0=0 = Uy = -
1
We get
b . \
If1= / f(x)cos(r1x) Jy (rx)dx ~ {Rez Uk,k(x)]v+k(T'X)(I‘X)V+k} ’
a k=1 Xx=a

where r >y and Uy x(x) is defined by (2.17), and

b

k=1 x=a

p 00
I[f] = / f(X) COS(T1X)JV(]‘X) dx ~ {Rez Uk(x)einx]

where r <r; and Ug(x) is defined by (2.18).
Define the HPM for fab f(x)cos(r1x) J, (rx)dx as

n b
lf1=1{Re) U@ Jysr )@ 4 r>riandr»1
k=1 x=a
or
n ) b
Lifl= ReZUk(x)e’”"} , r<riandr;> 1.
k=1 x=a

Pl D U1 Sy 1 O 4 UL o) Ty (00T = F(x)eM¥ [, (r%) = 0

= Upn)=—5—"——, Ugn(x)=0, 1<k<n—1landk>n+1.

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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Theorem 2.2. For fab fx)cos(ri1x) Jy(rx)dx (0 ¢ [a, b)), if f(x) is a sufficiently smooth function in [a, b] and max(r,r1) > 1, then
the error of the HPM satisfies

—n—1 —n—1
yl[f]—ln[f]|=o<r*1/2<rﬁ> ) r>=ry or O(r’lﬂ(%) ) r<ri. (2.23)
1

Proof. If r >ry and r > 1, then

b .

1 x)elrXx

vl /f(xl,)iﬂ(”‘)v“]v(rx)dx
a

I1f1=Re

=Re

b .
l X eznx
e / f(xv)—+1¢1(r)<)v+l Jvs1(%)
a

b
- Re|:U1.1(X)(rX)V+]]v+1 (oo, — f Ul 1@ [y (rx) dx}

a
b

2 b
= Re[z Uk 000" [y | — / Uy, T Jy12(r0) dx}. (2.24)
k=1 =a 5
Integrating repeatedly by parts, we have
n b
If1= Re[Z Uk @) ™ Jy )| — / Up n @ @)Y [y in(rx) dx}. (2.25)
k=1 =ay

From (2.21), we get
b

Re|: / Upn X)) ™ Jyyn(rx) dxi|

a

[ILf1=Inlf1] = : (2.26)

Thus,
b

/ U;,1+1,n+1 Jv+nt+1(rx) (rx)v+n+1 dx

a

[ILf1=Ialf]] < Re|:’Un+1,n+l Joans1 @00 | 4

i|. (2.27)

n n+1
Considering that || Jy (rX)[ls = 0 (r=1/2) for 0 ¢ [a, b], |Un11.n11®)llec = O (rzbry) and U} 4 41 ®lloo = O (ks ), we

have
i r’i‘“ 1/2 12( 1 i
ILF1— 1l f1] = 0 (max(rmr— P Y )) —0 (r— / <7> ) (2.28)

If r<ry and r1 > 1, then

b
1L = Re / ICTRGI
111

- b
= Re| Uy (e *|°_ — / U;(x)e"“"dx}

- a
- b

Ui e+ / Ua (%) de"“‘i|

o a

- 2 b b

> Urxe™*| - / Ué(x)eirl"dx:|. (2.29)
X=a

L k=1 =a

=R

)

=R

)
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Numerical quadrature for ff 1_‘_‘115 cos(riz) 2 (rodz

0.09
0.08

»

100

0.07 Absolute error between 1[f] and Z;[ /] scaled by ;40-5[ 'rﬂr for r<100 and rO'S[ ]4 for > 100, respectively
0.06-|
0.05]
0.04]
0.03
0.02-
0.01

ooo v -t v v - ¥ VN NVWANNWNNIANINS AN AN AN SN
50 100 150 200 250 300

0.09
0.08-]
0071 . L

0.064 Absolute error between I[f] and /5[ /] scaled by 703 ( @J for r<100 andro's( ﬁ) for r > 100, respectively
0.05
0.04
0.03
0.02
0.01]

0.00

50 100 150 200 250 300
r

Fig. 2. The HPM I,[ f] for approximating flz # cos(100x) J2(rx) dx with n =3 or 5. The absolute error of I3[f] is scaled by % for r < 100 and by
(izﬂ for r > 100, respectively (on the
100
bottom).

r1/2
(100)°

for r > 100, respectively (on the top); The absolute error of I5[f] is scaled by % for r < 100 and by

Using repeatedly this technique, we get
b
101111~ Re [ Uy 0e™ d. (2.30)
a

Therefore, the error satisfies
b

[ILf1—In[f]] =Re /U,Q(X)ei”"dx

a

b
<Re| |Uns1 (x)eirl"|i:a| + / U g (e dx| |. (2.31)
a
=172 , 172 .
By means of [|Un+1(*)lloc = O (5) and [[U} 1 (M)loo = O (S57-), we obtain
1 1
M=1/2 4172 B NG
“[f]—ln[f”=O<max<n—+1,n—+]>>=o(r ]/2(—> ) (2.32)
r r n

The results are true. 0O
Example 2. Let us consider flz ]J:7 cos(100x) Jo (rx) dx (see Fig. 2).
3. Applications to Anger and Weber transformations

A solution of the inhomogeneous Bessel equation [11,12]

x — v)sin(vw
XZy//+Xy/+(X2_V2)y:( )7_[ ( ) (3‘1)
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is denoted by the Anger function A, (x)
1 T
Ay(x) = - / cos(v0 — xsin(9)) do. (3.2)
0

If v is an integer, then A, (x) = J,(x), where J,(x) is the Bessel function of the first kind. A solution of the inhomogeneous
Bessel equation [11,12]

(v —x)cos(vr) — (v +Xx)

Xy +xy + (K —viy = - (3.3)
is denoted by the Weber function W, (x)
1 b
W, (x) = - / sin(vé — xsin(9)) do. (3.4)
0

For large values r, A, (rx) and W, (rx) become highly oscillatory. Next we consider the numerical quadrature of the Anger

transformations fab f(x)Ay (rx)dx and Weber transformations fab fOW, (rx) dx.
Suppose that

> U@ Ay im0 (r0) " + P(x)} = f(X)A(rx) (3.5)
L k=1
and
Y Uk Wy (o) e+ Q(X)} = FROWy (). (3.6)
L k=1

Substituting [12]

[%)" Ay (0] =) Ay_1 (%) + ()" ! Smgfim) (3.7)
[0 W] = 120" Wy 1120 + (" 2 ) (38)

into (3.5) and (3.6), respectively, we get the following homotopies:

D UK Ay -1 () (0 4 p [ Y U Ay k(o)
k=1 k=1

+ ) U (%)

k=1

vk SIN((v +k)7r)
X

+P'(x) — f(X)Av(TX):| =0, (3.9)

D UKW, o)+ p [ D UL OWy i (r) (o)

k=1 k=1
+ ZrUk(x)(rx)"*kM +Q'(x) — f(x)Wv(rx)i| =0. (3.10)
P Tr
Let
P=Po+pP1+p*Py+p>P3+--, (311)
Q=0Qo+pQi+p*Q+p°Qs+- (3.12)
and
U(x) = Uk 0(X) + pUs. 1 (%) + p*Ug 2(x) + P> Up 3(x) + - -+, (313)

then by equating the terms with the identical powers of p, we have
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Uo)=0, k>1, Po=0,

X
x) r'tlsin((v + 1))
U]’l(x)zr‘“{ZW’ Py=— - /vam(t)dt, Uk1(x) =0, k#1,
a
X
Ui (0 vH2gi 2
Ua=-—15 = Pp=-" S‘"(;” ) / EH U0 d, U0 =0, k#2,
a
X
U/_ _ (X) ]
Una) = =412 py = L SOEDD foin iy, de e =0, ktn - (314)
a

for (3.9), and
Ukox)=0, k>1, Qo =0,

X
Upi(x) = rvﬁ% A CO;((V +Dm) /tvum(t) dt, U@ =0, k#1,
a
’ X
Uza(0) = — Ulr’zlf‘), L U “’;((V +2m) / U0 d, Uk =0, k#2,
a
U’ v+n X
Un,n(x) = —%;1()()7 Qn= —r a- CO;((V ) /tv+n—l Un,n(t) de, Uk,n(x) =0, k#n
a
(3.15)
for (3.10).
Define the HPM for fab f(x)A,(rx)dx as
n n b
Il f1= 1 D Ukk Ay o0 4+ Pk} : (3.16)
k=1 k=1 x=a
and for fab FXOW, (rx)dx as
n n b
Llf1=1 ) Uk Wy 00 43" Qi t| (317)
k=1 k=1 x=a

where Uy k(x), P and Qy are denoted by (3.14) and (3.15).

Theorem 3.1. Let f(x) be a sufficiently smooth function in [a, b] and assume that Uy kx(x), Py and Qy satisfy the formulas (3.14)
and (3.15), then the errors for I[ f]1 = fab fx)Ay (rx)dx or fab fx)W,, (rx) dx satisfy

A= Ilfl|=0(""""), (3.18)
where I,[ f]is denoted by (3.16) or (3.17).

Proof. The transformations with the assumption that 0 ¢ [a, b]

b
I[fl= / FO)Ay(rx)dx
can be rewritten as

b
[ f®
ILf1= (,-X)V-H

a

(rx)" 1A, (rx) dx.
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From (3.7), we have

b
r'tlsinvr fx)
rv+2xv+1

f®

i 0" A (0] dx -
a a
b

=/U],l(X)[(rx)v+1Av+1(rx)]/dX+ Py

a

Ifl1=

xV dx

b
b
= U100 " Ay ()], — / Ui 10" Ay 1 (rx) dx + Py

a
b

= U110 M Ay (oo, — [

a

Uj
) P Ay () dx + Py

b
b
= U110 T Ay (0|, + / U2 2@ [0 2 Aysa(r)] dx + Py + Py

a
b b

2 2
+> P — / Ub @) (%) T2 Ay 42 (rx) dx.
a4 k=1

=) Uk x) A, 1 (%)
k=1

X=

Using repeatedly this technique, we get

b
If1=Ilfl1- / UpnCOx) " Ayin (rx) dx.

a
That is, the error satisfies
b
f Upn@®)(x) " Ay (rx) dx

a

L1 =l f1] =

b

Un.n(®) vHn+ /
< /W[(m) Avnp (rx)] dx| + | Ppy1]

~

a

1 b
< |Unstn1 @0 Ay g (0] |

b

+ / Uley mar T Ay i () dx| + [P |
a
Notice that [[Un+1,n+1(®0)lloc = 0™ 72 D) UL 1 (Olloe = O (7Y 720D, [Py llog = O~ D), and
[4v 0], =0(7"), Wy, =0(""?) [13].

Thus

ILf1 = Il f1] = 0 (max(r=3/2, 7" 1)) = 0 (r—").

Similarly, we can prove the result for the transformations fab fOGOW,(rx)dx. O

Example 3. Let us consider /12 HLXZAJI (rx) dx (see Fig. 3).

Example 4. Let us consider flz #W“” (rx)dx (see Fig. 4).
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Numerical quadrature for ff H_%;An (ro)dx
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Fig. 3. The HPM I,[f] for flz H%ZA” (rx)dx with n=3 or 5. The absolute errors are scaled by r* or 1%, respectively.

Numerical quadrature for flz lez Wir (ro)dx
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Fig. 4. The HPM I,[ f] for flz H% W4y (rx)dx with n =3 or 5. The absolute errors are scaled by r* or r%, respectively.
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4. Conclusion

In this paper we have applied the HPM for obtaining the approximations of the integrations containing Bessel, Anger
and Weber functions, and the asymptotic order of the method. The method is efficient for fab fx) ]y (rx)dx, fab f®A,(rx)dx

and fab f(x)W, (rx) dx. For the case |r; —r| > 1, we can obtain accurate approximation of fab f(x) cos(r1x) ], (rx) dx too. The

disadvantage is that the method for fab f(x)cos(r1x) J,(rx)dx is failing for small value |r{ — r|. All numerical examples show
that our results are true for computing these class of the integrals.
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