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1. Introduction

Second-order autonomous elliptic operators with unbounded coefficients have been the subject of many mathematical
researches. The interest in such operators comes from their many applications to branches of life sciences such as mathe-
matical finance. Starting from the pioneering papers by Itd [11] and Azencott [3], the literature has spread out considerably
and an almost systematic treatment of such operators (and their associated semigroups) is nowadays available. We refer the
reader to e.g. [2,4,15] and their rich bibliographies.

On the contrary the study of nonautonomous second-order elliptic operators is at a preliminary level. The pioneering
paper is [5] where the nonautonomous Ornstein-Uhlenbeck operator

d d
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has been studied in the case when its coefficients are T-periodic for some T > 0. The analysis of [5] has been continued in
a couple of papers by Geissert and Lunardi (see [9,10]) where £ and the associated evolution operator (L(t,s)) have been
extensively studied both in periodic and nonperiodic settings.

Recently, in [12] the more general nonautonomous elliptic operator
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has been studied, when I is a right-halfline (possibly I = R). Under rather mild regularity conditions on its coefficients and
assuming the ellipticity condition

d
> it 0EE > nolsP, (v el xR & eRY,
i,j=1

for some positive constant 7o, the existence of a (unique) evolution operator (G(t,s)) associated with A in Cy(R?) (the
space of all bounded and continuous functions f :R? — R) has been proved. The main properties of the evolution operator
(G(t,s)) in Cp(RY) have been extensively studied and the authors extended many of the results proved for the Ornstein-
Uhlenbeck operator.

In this paper, we are interested in studying nonautonomous elliptic operators in Cy(RY), with a nonzero potential term,
i.e.,, we are interested in operators of the form

d d
(AOV)® =Y qii€, 0Dy (0 + Y bj(t, 0D ¥ () — c(t, )Y (x),
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for any (t,x) € I x RY, where ¢ is bounded from below and I is as above. Adapting the arguments used in the case of
no potential term, we first show in Section 2 that we can associate an evolution operator (G(t,s)) in Cp(RY) with the
operator A. In fact, G(t,s) f can be obtained as the “limit” as n — +o0, in an appropriate sense, of both the sequences of
solutions to the Cauchy-Dirichlet and Cauchy-Neumann problems for the equation Du — Au =0 in the ball B(0, n). Next,
in Section 3 we show that it is possible to associate a Green function g with the evolution operator (G(t, s)), namely,

(G(t,s)f)(x):/g(t,s,x,y)f(y)dy, s,tel, s<t, xeRY, (11)
Rd

for every f e Cp(RY). For any fixed s and almost any y € R4, g(-, s, -, y) is smooth and solves the equation D;g — .Ag = 0.
Formula (1.1) allows us to extend each operator G(t,s) to the space B,(RY) of all bounded and Borel measurable functions
f:RY— R. The so extended operators turn out to be strong Feller (i.e., G(t,s) maps By(RY) into C»(R%)) and irreducible
(ie., if U # ¢ is a Borel measurable set, then (G(t,s)xy)(x) > 0 for any x € RY and any s < t). We also prove that, for any
continuous function f :RY — R, vanishing at infinity, and any t € I, the function G(t,-)f is continuous in (—oo, t] with
values in Cp(R%), for any ¢t € I. We then deduce that G(-,-) f is continuous in {(t,s, x) € I x I x R%: t > s}. Finally, under an
additional assumption, we establish an integral inequality which will play a crucial role in what follows.

Section 4 is devoted to the study of the compactness of the operator G(t,s) in Cp(RY), thus extending a similar result
recently proved in [14] in the case when the potential c identically vanishes. We stress that, already in the classical case
when the coefficients of the operator .4 are bounded, the operator G(t,s) is, in general, not compact (see Remark 4.6).
Hence, additional assumptions on the coefficients of the operator .4 should be assumed to prove that G(t,s) is compact. In
fact, given an interval J C I we show that G(t,s) is compact for any s,t € J, such that s < t, if and only if the family of
measures {g(t, s, x, y)dy, x € RY} (which are not probability measures if c # 0) is tight for any s, t as above, where tightness
means that for any & > 0 there exists Rg > 0 such that

sup / g(t,s, x, y)dy <e,

R4
R4\B(0,R)

provided that R > Ry. A sufficient condition is then provided for the previous family of measures be tight and consequently
we show that, in this case, G(t, s) preserves neither Co(R?) nor LP(R%). Such condition turns out to be stronger than that
of the case when ¢ = 0. Indeed, one of the main tools of the proof is Proposition 4.3 which is trivially satisfied in the
case when ¢ =0 and the Cauchy problem Du(t,-) = A(t)u(t,-) (t > s), u(s,-) =1 is uniquely solvable, since in this case
G(t,s)1 = 1. Another main tool in the proof of the compactness of the evolution operator is the formula (3.6) which, in
the case when ¢ =0, is an equality and it can be proved rather easily. The presence of the potential term leads to some
additional technical difficulties.

Adapting some of the ideas in the proof of Theorem 4.4, we then provide a sufficient condition to guarantee that the
function G(-,-) f is continuous in {(t,s,x) € I x I x R%: t > s} for any bounded and continuous function f:RY — R, thus
extending the similar result of Section 3 proved for functions vanishing at infinity.

It is well known that, when a family of probability measures {y;: t € I} with the property

[eeorau= [ ran. s<t rec,(@).

R4 R4
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exists, each operator G(t,s) extends to a bounded linear operator from LP(RY, Ws) to LP(RY, ue) for any p €[1, 400). The
family {u: t € I}, which is called evolution system of invariant measures in [6] and entrance laws at —oo in [7], consists of
measures which are equivalent to the Lebesgue measure. As a matter of fact, the measures u; are not known explicitly,
in general, and the LP-spaces related to two different measures p; and s differ. Also in view of these difficulties, it is
interesting to determine sufficient conditions which guarantee that the usual LP-spaces related to the Lebesgue measure are
preserved under the action of the operator G(t, s).

Under our assumptions, whenever G(t,s) is compact it does not preserve Co(RY). It thus makes sense to look for suffi-
cient conditions for Co(R?) be preserved by G(t, s). The study of the invariance of Co(RY) and LP(R%) (p € [1, +00)), under
the action of G(t, s), are the contents of Section 5. In particular, under the assumptions that guarantee that Co(R?) is in-
variant under the action of the evolution operator (G(t, s)), we show that the restriction of (G(t,s)) to Co(R?) gives rise to
a strongly continuous evolution operator.

Finally, in Section 6 examples of nonautonomous operators to which the main results of this paper apply are provided.

Notations

We denote by B,(R?) the Banach space of all bounded and Borel measurable functions f:R? — R, and by C,(RY) its
subspace of all continuous functions. B,(RY) and Cy(R?) are endowed with the sup norm || - ||oo. For k>0 C’;(Rd) is the
set of all functions f € Cp(RY) whose derivatives up to the [k]th-order are bounded and (k — [k])-Holder continuous in RY.
Here, [k] denotes the integer part of k. We use the subscript “c” (resp. “0”) instead of “b” for spaces of functions with
compact support (resp. for spaces of functions vanishing at infinity).

Let @ c R be an open set or the closure of an open set. For 0 < @ < 1 we denote by corze

loc (O) the set of functions

f 1 O — R whose restrictions to any compact set Oy C O belong to C%/2:%(Oyp). Similarly, llota/z‘era(O) is the subset

of C(O) of the functions f such that the time derivative D;f := 9 and the spatial derivatives D;f := ax , Dijf = ax,ax,

at
exist and belong to Cfééz “(O).

We denote by Tr(Q) and (x, y) the trace of the square matrix Q and the Euclidean scalar product of the vectors x, y € RY,
respectively. By x4 we denote the characteristic function of the set A ¢ RY and by 1 we denote the function which is
identically equal to 1 in RY.

For any interval I C R, we set A;:={(t,s) € I x I: t > s}. For any t € I, we denote by I; the intersection of I and (—oo0, t].
Further, for any real-valued function &, defined in the same set where the coefficients of the operator A are defined, we
denote by A¢ the operator A — £I. Finally, by a vb and a A b we denote, respectively, the maximum and the minimum

between a,b € R.

2. The evolution operator

Let I be an interval, which is either R or a right-halfline, and let the operators .A(t), t € I, be defined on smooth
functions ¥ by

(ADY) ) = Z qij (£, ©) Dy () +Zb (€, DY (x) — c(t, )Y (%),

i,j=1 i=1

for any (t, x) € I x RY, under the following hypothesis:

Hypothesis 2.1.

05/2 o

(1) qij, bi (i,j=1,...,d) and c belong to C;/ ™" (I x RY):;

(ii) co :=inf} pdc > —00;
(iii) for every (t,x) € I x RY, the matrix Q(t,x) = (gij(t, x)) is symmetric and there exists a function 7 : I x R? — R such
that 0 < no :=inf} s 1 and

Q.0 &) = nt.0EP geRY (t,x) el xRY
(iv) for every bounded interval J C I there exist a positive function ¢ =¢; € C2(R%) and a real number A = A such that

H1ir3 p(x)=+o0 and (AD@)X® —rp(x) <0, (t,x)e ] xR

We start by proving a maximum principle.
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Proposition 2.2.Letse [, T > sand R > 0.Ifu € Cp([s, T] x R?\ B(0, R)) N C12((s, T] x R\ B(0, R)) satisfies

Deu(t, x) — At)u(t,x) <0, (t,x)e(s,T] xR\ B(O, R),
u(t,x) <0, (t,x)e[s,T] x 0B(0, R),
u(s,x) <0, xeRI\ B(O, R),

then u < 0. Similarly, if u € Cp([s, T] x RY) N c1-2((s, T] x RY) satisfies

Deu(t,x) — AOu(t,x) <0, (t,x) € (s, T]x RY,
u(s,x) <0, xeRe,

then u < 0. In particular, ifu € Cp([s, T] x RY) N C1-2((s, T] x RY) solves the Cauchy problem

Deu(t,x) — Au(t,x) =0, (t,x) (s, T] x R,
u(s,x) = f(x), xeRY,

then

Ju, )], <e ) fllo, t>s.

Proof. The proof is similar to that of the autonomous case. For the reader’s convenience we go into details.
Let A :=Afs,11 and @ := @[5, 7. Without loss of generality we can assume that A > —cp. As it is immediately seen, for any
n €N, the function v, (t, x) =e *Su(t, x) —n~'(x) satisfies the inequalities

Deva(t, x) — Ay (O)va(t,x) <0, (t,x) € (s, T] x R\ B(0, R),
va(t, x) <0, (t,x) €[s,T] x 3B(0, R),
va(s, x) <0, xe R4\ B0, R).

Since u is bounded in [s, T] x RY and ¢ blows up as |x] — +oo, the function v, tends to —oo as |x| — 4oc, uniformly
with respect to t € [s, T]. Hence, it has a maximum at some point (tg, xg). Such a maximum cannot be positive, otherwise
it would be ty > s and xg € R\ B(0, R), and from the differential inequality we would be led to a contradiction. Hence,
vn <0in [s, T] x RY\ B(0, R). Letting n — —+o0, yields u <0 in [s, T] x RY\ B(0, R). Clearly, the same proof can be applied
to show the second statement of the theorem.

To prove the last part of the statement, it suffices to consider the functions vy defined by v (t, x) = te®—y(t, x) —
I flloo for any (¢, x) € [s, T] x RY, which satisfy the differential inequalities

{ Deva(t,X) — Ay (OV(t,X) <O, (t,%) € (s, TI x RY,
vi(s,x) <0, x e R4
The previous results, applied to the operator A_¢, (which clearly satisfies Hypothesis 2.1), show that v(t,x) <0 for any

(t,x) € [s, T] x RY and this gives the assertion at once. O

We can now prove an existence-uniqueness result for the Cauchy problem

Deu(t, x) = Au(t,x), (t,x) € (s, +00) x R4, (21)
ues, x) = f(x), x e RY, '
with datum f € C(RY). For this purpose for any n € N we introduce the Cauchy problems
Diun(t,x) = A(Oun(t, x), (t,x) € (s, +00) x B(0,n),
un(t,x) =0, (t,x) € (s,4+00) x 0B(0,n), (2.2)
un(s,x) = f(x), x € B(0,n)
and
Diun(t, x) = A(t)un(t, x), (t,x) € (s, +00) x B(0,n),
dup
W(t’ x)=0, (t,x) € (s, +00) x dB(0,n), (2.3)
un(s,x) = f(x), x € B(0,n),

where v = v(x) denotes the exterior unit normal at x € dB(0,n). We further denote by G,’f(~, s) and G,’;’(~, s) the bounded
operators on Cj,(RY) which associate with any f € C,(R%) the unique classical solution to problems (2.2) and (2.3), respec-
tively.



L. Angiuli, L. Lorenzi / J. Math. Anal. Appl. 379 (2011) 125-149 129

Theorem 2.3. For any f € Cp(R%) and any s € I the Cauchy problem (2.1) admits a unique solution us € C([s, +00) x RY N
CH“/Z‘”O‘((S, +00) x RY) (« being given by Hypothesis 2.1(i)), which is bounded in [s, T] x R? forany T > s. For any t > s and any

loc

feCp®RY), set G(t,s)f := uys(t,-). Then, G(t, s) is a bounded linear operator in Cp(RY) and
1GE 9] £,y <€, e (2.4)

Moreover, the following properties hold true:

(i) forany f € C,(R?), GN (., s) f converges to G(-, s) f in C1-2(D) for any compact set D C (s, +00) x R%;
(i) forany f € Cp(RY) and any s € I, the function G,’f(-, s) f converges to G(-, s) f in C-2(D) for any compact set D C (s, +00) x R,
Moreover, if f is nonnegative, then G, (t, s) f is increasing to G(t, s) f for any (t, s) € Aj.

Proof. Let us prove the first part of the statement and property (i). The uniqueness of the solution to problem (2.1) and
estimate (2.4) follow from Proposition 2.2. Let us now prove that, for any f € Cp(RY), GnN(~, s)f converges, up to a subse-
quence, to a solution to problem (2.1) which satisfies the properties in the statement of the theorem. For this purpose we
fix f e Cp(RY). The Schauder estimates in [13, Theorems 1V.5.3, IV.10.1] show that the sequence ||G,’.:’(~, $) fllcrvarzzia gy is
bounded, for any compact set K C (s, T) x RY, by a constant independent of n. The Arzeli-Ascoli theorem, the arbitrariness
of K and a diagonal argument allow to conclude that there exists a subsequence (G,’i(~, s) f) which converges to a function

ue C:Ot“/z’zw((s, +00) x RY) in C2(D), for any compact set D C (s, +00) x RY. Clearly, u satisfies the differential equa-

tion in (2.1). Hence, to prove that u solves problem (2.1) we just need to show that u is continuous at t =s and it therein
equals the function f. As a byproduct we also then deduce that the whole sequence (G,’;’(-,s)f) converges to u in C12(D)
for any compact set D C (s, +00) x RY, since our arguments show that any subsequence of (G,’;’(-, s)f) has a subsequence
converging to u in C1-2(D) for any D as above.

Let us first suppose that f € C§+°‘ (RY). In this case we can estimate ||G,’1"(~,s)f||cl+a/z,z+a(D) from above by a constant,

which is independent of n, for any compact set D C [s, +00) x R and any n € N such that supp(f) C B(0,n). Hence,

G%{(l, s)f converges to u uniformly in D and, as a byproduct, u is continuous up to t = s and is a solution to problem (2.1).

Let us now assume that f € Co(R?) and let (fn) C C?*"‘(Rd) converge to f uniformly in RY. Then, using the classical
maximum principle, which shows that ||GnN(t, $)8lloo < e~ g||o for any g € C(B(0,n)) and any n € N, we can estimate

(G (£.9) F) () = F@)| < [(Gh (t.9) F)X) — (G (£.9) fn) (%)
+ (G (6,8) fin) ) = fn )| + | fen(X) — F ()]
< (e +1)1f = finlloo + (G (£, 8) fin) () — fin(®)],
for any t > s and any x € RY. Letting k — +oo yields
u(t, ) — F| < (7D + 1)|1f = frnlloo + g, (6. %) — frn(X)]

for any (t, x) € (s, +00) x R? and any m € N, which clearly implies that u(t, -) tends to f as t — s, locally uniformly in RY.
To conclude, let us consider the case when f is merely bounded and continuous in RY. Fix R > 0 and let 5 € Cf“‘ (RY)
satisfy n =1 in B(O,R) and 0 <n <1 in RY. Further, let (f,) C C?Jf“ (RY) be a bounded sequence with respect to the
sup-norm converging to f locally uniformly in RY, and set M = Suppen Il falloo. Note that
|GR (£, ) (@ =1 fu)| < W fallooGp (£, )@ — 1) < M(e~ — Gll(t, 5)n),

for any s <t and any n € N, as it follows immediately from the positivity of each operator G,I:’ (t,s). Hence, we can estimate

(G (£.9) F) %) — F@] < (Gt 9)(f = f))®)] + (G (. ) (fa@ — 1)) ()]
+ (G €. ) (fam) ) = (Fa)®)| + | fn®) — f ()]
<e I f — fullieo.m) +M(e" 0 — (G (t.5)n) (%))
+|(Gh . ) (fam) ) = (Fam )] + | fa®) — F)].
for any x € B(0, R) and any k such that ny > R. Letting first n — +o00 and then k — +o00 we get
u(t, %) — FOO] < M(e™ ™ —uy (6, 0)) + [upy (€, %) — (fFX)

for any x € B(0, R). Letting t — s, we see that u(t,-) — f, uniformly in B(0, R).

The proof of property (ii) follows the same lines of the proof of property (i). Hence, we skip the details. We just observe
that the pointwise convergence of the sequence (G,’f(t, s)f) can also be proved applying the classical maximum principle
to the function G2(,s)f — GP(,,s)f (n,m e N, m > n), which shows that, if f >0, then GE(.,s)f — GP(.,s)f >0 in
[s, +00) x B(0,n). O

’
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3. Basic properties of the operators G(t, s)

Let us now prove some properties of the operators G(t, s). For this purpose, we set G(t,t) := idcb(Rd).

Proposition 3.1 (Green kernel). The following properties are satisfied.

(i) The family of operators G(t, s) (t,s € I, s < t) defines an evolution operator on C,(RY), i.e., each operator G(t, s) is bounded from
Cp(RY) into itself, G(s, s) is the identity operator, and G(t, s)G(s,r) = G(t,r) forany I 31 <s <t.
(ii) The evolution operator (G(t, s)) can be represented in the form

(Gt.9)f)(x) =/g(t,s,x, nfdy, s<t, xeR9, (31)
Rd
forany f e Cy(RY), where g : A; x R? x RY — R is a positive function. For any s € I and almost any y € R%, g(-, s, -, y) belongs

to Cllota/z'zw((s, +00) x R%) and solves the equation D;g — Ag = 0 in (s, +00) x RY. Moreover,

lg . s, %, 1 ey < e~ st xeR% (3.2)

The function g is called the Green function of Diu — Au = 0 in (s, +00) x R,
(iii) G(t,s) can be extended to B(RY) through formula (3.1). Each operator G(t, s) is irreducible and has the strong Feller property.

Proof. (i) It follows from the uniqueness of the solution to problem (2.1). Indeed, for any r < s and any f € C,(RY), the
function G(-,r) f belongs to C([s, +00) x R%) ﬂCfnga/z’z’L”((s, +00) x RY), is bounded in [s, T] x R? for any T > s and solves
the Cauchy problem

Deu(t,x) = Au(t,x), (t,x) € (s, +00) x RY,
u(s,x) = (G(s,nf)x, xeRd.

Hence, by uniqueness, G(t,r) f = G(t,s)G(s,r) f for any t > s.
(ii) By [8, Theorem 3.7.16] we know that for every n € N there exists a unique Green function g, of the Cauchy-Dirichlet
problem (2.2) in (s, +00) x B(0,n), i.e.,, a unique function g, such that

(GP(t. ) f)x) = / gn(t, s, x, ) f(y)dy, t>s, xeB(0,n),
B(0,n)

for any f € C(B(0,n)). The function g, is positive and, as a function of (t, x), it belongs to C!+*/22+%((¢ T) x B(0,n)) for
every fixed y € B(0,n), sel and s < T < T. Moreover, it satisfies D;g, — .Ag, =0 in (s, +00) x B(0,n). By Theorem 2.3(ii),
for any nonnegative f € Cp(RY), the sequence ((G,’f(t, s)f)(x)) increases to (G(t,s)f)(x). As a byproduct, the functions g,
increase with n. Therefore, defining

gt s, x,y)=_lim gu(t,s.x,y), (t,5xy) €A xRI xR,
n—-4o00
by monotone convergence we get that

(Gt,9) f) 0 = (GR(t,9)f)(x) =/g(t,s,x, »fydy,

Rd

lim
n——+o0o

for any f > 0. For a general f € C,(RY) it suffices to split f = f* — f~ and to apply the above argument to f* and f~.
This shows that (3.1) holds. The positivity of g is obvious since each function g, is positive in A; x B(0,n) x B(0,n). By
(2.4) we have that

/g(t, s.x.y)dy = (Gt 5)L)(x) <e 9 t>5 xeRY,
Rd
and (3.2) is proved.

As far as the regularity of g with respect to the variables t,x is concerned, we first show that, for every s € I and
almost all y e RY, g,(-,s, -, y) is locally bounded in I x RY, uniformly with respect to n. Once this property is checked, the
same argument used in the proof of Theorem 2.3(i), based on interior Schauder estimates and the Arzela-Ascoli theorem,
will show that g(.,s, -, y) belongs to C:ot”/z"zw((s, +00) x RY) for every s € I and almost any y € R%. So, let us fix two
compact sets [t, T] C (s, +00) and K c RY. Further, denote by (t;) and (x¢) two countable sets dense in [t, T +1] and in K,
respectively. Since f]Rd g(tn, S, X, y)dy < +oo for any h,k € N, there exists a set )) ¢ R? with negligible complement such
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that g(ty, s, Xk, ¥) < +oo for any y € Y and any h,k e N. Let y € Y and let R be sufficiently large such that s <t —2/R and
Uyex B(x, 1) C B(0, R). Moreover, let ¢ be a smooth function compactly supported in [t —2/R, T + 2] x B(0, R+ 1) such

that 0 < ¢ <1 and 9(t,x) =1 for any (t,x) € [t —1/R, T + 1] x B(0, R). Define the operator A by setting

d d
(AOY) 0 =Y Gijt, )Dyyr(x) + Y _bj(t, Dy (x) — E(t, )Y (X),

i.j=1 j=1

where

Gij(t, x) = O (t, 0qij (¢, x) + (1 — 2 (t, X)) 8ij.
bi(t,x) =0 (t, x)bj(t, x),
c(t,x) =0 (t, x)c(t, x),

for any (t,x) € R!* and any i,j=1,...,d. Since the function g,(-,s,-, y) satisfies the equation D;gn(-,s,-, V) —
Agn(,s,-,y)=0in [t —1/R, T + 1] x B(0, R), for any n > R, applying the Harnack inequality in [17, Theorem 1], we
see that, if p> <1 A 1/R, then there exists a positive constant Mg, independent of h, k and n, such that
gn(t,s, X, y) < Mogn(th, s, Xk, ¥) < Mog(th, S, Xk, ¥). (33)
for every t € [t — %,02, th — %pz] and every x € B(xy, p/2). Since [t, T] x K can be covered by a finite number of cylinders
[th — %pz, th — %pz] x B(xk, p/2), from (3.3) we deduce that g,(-,s, -, y) is uniformly bounded in [7, T] x K by a constant
independent of n, as it has been claimed.
(iii) Clearly, the operator G(t, s) can be extended to the set of all bounded Borel measurable functions f through formula

(3.1), which, in its turn, also shows that G(t, s) is irreducible. To prove that G(t, s) is strong Feller, we have to show that, for

any f e By(RY), G(t,s)f is continuous. In fact, we will show that G(t,s)f € Clzot“ (RY). For this purpose, we fix a bounded

sequence (f,) of bounded and continuous functions converging pointwise to f, almost everywhere in RY, as n — +oo.
Clearly, G(t,s) fn converges to G(t,s)f pointwise in R by dominated convergence. Using the Schauder interior estimates,
one can easily deduce that, for any R > 0, the sequence (G(t,s) f,) is bounded in C>*®(B(0, R)). Hence, the Arzela-Ascoli
theorem implies that G(t, s) f, converges in C2(B(0, R)) to G(t,s)f and G(t,s)f belongs to C2T¥(B(0, R)). This completes
the proof. O

The following corollary is an immediate consequence of Proposition 3.1. Hence, we skip the proof.

Corollary 3.2. For every (t, s) € A; and every x € RY let us define the measure g; s(x, dy) by setting 8t.t(x,dy) =68y and

8es(x, A)=/g(t,s, x,y)dy, t=>s, (3.4)
A

for any Borel set A C RY. Then, each measure 8t.s(x, dy) is equivalent to the Lebesgue measure (i.e., it has the same sets with zero
measure as the restriction of the Lebesgue measure to the o -algebra of all the Borel sets of R?). Moreover, forany t >r > s, x € R and
any Borel set A C R? it holds that

gts(x, A) = / &rs(y, A) gt r(x,dy).
Rd

The next lemma besides showing some continuity properties of the function s — (G(t, s) f)(x) will be the key tool to
prove the compactness of the operator G(t,s) in Theorem 4.4. Let us consider the following strengthening of Hypothe-
sis 2.1(iv).

Hypothesis 3.3. For every bounded interval J C I there exist a positive function ¢ =¢; € C2(R%) and a real number % = Aj
such that

H1ir3 p(x)=+o0 and (A_c(D)x) —rp(x) <0, (t,x) €] xR

Lemma 3.4. The following properties hold true:

(i) suppose that f € C2(R?). Then,

S1

(Gt s f)®) — (Gt 50) f) () = —/(G(I,U)A(G)f)(x)dm (35)

So
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forany so < s1 < t and any x € R%. In particular, the function (G(t, -) f)(x) is differentiable in I, for any x € RY and

3
g(G(t, $) f)(x) = —(G(t, $).A(s) f) (%);

(ii) let f € Ci(Rd) be constant and positive outside a ball and assume Hypothesis 3.3. Then, for any x € RY, the function
(G(t, )AC) f)(x) is locally integrable in I; and

S1

(Gt 51)F) 0 — (G(t,50) f) () > — f (G(t, 0)A(@) f) (%) do, (3.6)
)

forany sp <s1 <t.

Proof. (i) Let us fix f € C?(]Rd) and let n be sufficiently large such that supp(f) c B(0,n). By [1, Theorem 2.3(ix)]

S1

(G2 (€ 51)f) (%) — (G2 (€, 50)f) () = — / (G2 (€. 1AM ) (x) dr., (3.7)

So

for any so < s; <t and any x € RY, where we recall that (G,’f(t, s)) is the evolution operator associated with the Cauchy-
Dirichlet problem (2.2). Since the function (r,x) — (A(r)f)(x) is bounded and continuous in [so, s1] x R?, taking Theo-
rem 2.3(ii) into account, we can let n — 400 in (3.7) and obtain (3.5).

(ii) Since any function which is constant and positive in a neighborhood of co can be split into the sum of a compactly
supported function and a positive constant, due to the above result we just need to consider the case when f =1.

Being rather long, we split the proof into three steps. To lighten the notation, throughout the proof we denote by ||/ |loo,r
the sup-norm over the ball B(0, R) of the continuous function ¥ : RY — R.

Step 1. We first assume that the potential ¢ is bounded in J x R for any bounded set | C I. As usual, let (G,’,"(t, s)) be
the evolution operator associated with the Cauchy-Neumann problem (2.3). As it is well known,

S1

(G, s)f) @) — (G (t,50) f) (%) = — / (GY(t, DA f) () dT,

So

for any f € Cﬁ(Rd) such that ‘Z—V =0 on dB(0,n), any sg, s1 € I such that s <s; <t and any x € B(0, n). In particular, taking
f =1 yields

$1

(GN(t,s1)1) (%) — (GY (. s0)2) () = /(GnN(t, T)c(T, )X dr, (3.8)
so

for any sg, s1, t and x as above. Theorem 2.3(i) shows that (GnN(t, spL)(x) — (G,’,V(t, so)1)(x) and (GnN(t, T)c(tT,-))(x) tend to
(G(t,s1)1)(x) — (G(t, so)1)(x) and (G(t, T)c(T,-))(x), respectively, as n — +oo. (Here the boundedness of ¢ plays a crucial
role.) Hence, taking the limit as n — +oo in both the sides of (3.8) (and using again the boundedness of c) yields, by
dominated convergence,

S1

(G(t,s1)1)(x) — (G(t, s0)1)(x) = /(G(t, T)c(T,))(X)dt, sp<sp<t, xe RY. (3.9)
S0

Step 2. Let us now suppose that ¢ is unbounded. Let us set c,(s, X) = (c(s, x) — co)Pn(x) for any (s, x) € I x RY, where cg
is the infimum of the function ¢ and 9, € C.(R?) satisfies XB©.n) < Vn < XBo,n+1) for any n € N. Clearly, each function ¢,
is nonnegative and belongs to C(I; Cc(R%)). Moreover, ¢, (s, x) < (c(s, X) — ¢o) for any (s,x) € I x RY and any n € N, and the
sequence (cn(s, X)) is increasing for any (s, x) € I x RY.

For any n € N, let £, be the operator defined by

d d
(La®OY)®) =Y qij(t. ) Dijr(X) + Y bj(t. X)D ¥ (x) — (ca(t. X) + co) ¥ (X).

i.j=1 j=1

for any (t,x) € I x RY. By Hypothesis 3.3, each operator £, satisfies Hypothesis 2.1. Hence, we can associate an evolution
operator (G,(t,s)) with £,. Note that, for any nonnegative f € C,(RY) and any m,n € N such that n < m, the function
v="=0Gn(,S)f — Gn(,s)f satisfies the differential inequality D;v — £;v < 0 and vanishes at t =s. The maximum principle
in Proposition 2.2 then implies that v <0 in [s, +00) X RY je.,
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(Cm(t,9)f) ) < (Ga(t, ) f)(x), s<t, xeR%

In particular, for any fixed t > s and x € RY, the sequence ((Gx(t,s)f)(x)) is nonincreasing. Hence, it converges to some
function u as n — +o00. To show that u = G(-, s) f, it suffices to use the same arguments as in the proof of Theorem 2.3. We
leave the details to the reader.

Step 3. We now complete the proof. Writing (3.9) with G, replacing G, we get

S1

(Gn(t,s1)1)(x) — (Gu(t, s0)1)(x) = /(Gn(t, 7)(cn(t, ) + o)) (X) dT

S0
S1 S1

> /(G(t, T)cn(T, 1)) (x) dT +co/(Gn(t,t)Il)(x) dr,
S0 So

for any sg, s € I such that so < s; <t and any x € RY. Since the sequence (c,) is increasing and G(t, 7) is a positive operator,
we can apply Fatou lemma to pass to the limit as n — +oco and get

S1
(G(t,s1)L)(x) — (G(t, o)1) (x) > /(G(t, T)c(t, )X dt.
S0

This completes the proof. O

Corollary 3.5. For any f € Co(RY) the following properties are satisfied:

(i) the function G(t, -) f belongs to C(I¢; Cp(RY)) forany t € I;
(ii) the function (t, s, x) — (G(t, s) f)(x) is continuous in A; x RY.

Proof. It suffices to prove the statements when f € C?O(Rd). Indeed, the case when f € Co(RY) follows by density, ap-
proximating f uniformly in R? by a sequence of functions f; € cx (RY) and taking into account that G(-,-) f, converges to
G(-,-) f uniformly in K x R? for any compact set K C A;.

(i) Formula (3.5) shows that

|Gt s1)f = G(t.s0)f|, < sup ]HG(r, NAT f 51— sol

r€[so0,51

< sup (e AM £ L )Is1 = sol,

refso.s1l

for any t < sp < s1, and this implies that the function G(t,-)f is locally Lipschitz continuous in (—oo,t] with values in
Cp(RY).

(ii) Using the classical Schauder estimates in [8, Theorem 3.5], we can show that, for any compact set [a,b] C I, any
m e N and any compact set K ¢ R?, G, ) fllcrvarzata s somyxk) iS bounded from above by a constant C; independent of
s € [a, b]. In particular, this shows that

|(G(t2,5) f)(x) — (G(t1,9) f) (x0)| < C1(It2 — t1] + X — xol). (3.10)

for any t1,t; € [s,s+m], any x, %o € K and any s € [a, b].
Let (t, s, x), (to, So, Xo) € A; x RY with s, 5o € [a, b] for some [a, b] C I. Assume that s < sp; by (3.5) and (3.10) we can
estimate

[(G(t,5) f)(x) — (G(to, s0) f) (x0)| < [(G(t, s) f)(x) — (G(to.,s)f)(x0)|
+|(G(to, 5) f)(x0) — (G(to, s0) f) (x0)|
< C1(It —tol + 1x — Xol) + Cals — sol,

where C; = sup,c(q p)(e @[ A®) f o). Hence,

lim (G(t.s)f)(x) = (G(to, So) f) (x0).

(t,5,x)— (to,Sq »X0)

Now, suppose that s > sg and |t — to| < 1. Then, (t, so) € A; and
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[(G(t, ) f)(x) — (G(to, 50) f) (x0)| < |(G(t,5)f)(x) — (G(t,50) f)(X)|
+|(G(t. s0) f) (x) — (G(to, 50) f) (x0)|
< C3ls —sol + | (G (¢, 50) f) (%) — (G(to, o) f) (x0)

where C3 := MaX¢e(ty—1,t0-+1] MaXsefa,p) (€O LA f [lo). Hence,

lim (G(t,5)f)(x) = (G(to, 50) f) (X0),

(t,5,x)— (to,Sq +X0)

)

and the proof is completed. O

4. Compactness of the evolution operator in Cp, (RY)

We now give sufficient conditions ensuring that the operator G(t,s) is compact. As we already remarked in the intro-
duction, in the case when ¢ =0 (i.e., in the conservative case) a sufficient condition for G(t,s) be compact in Cy(R%) has
been established in [14, Theorem 3.3]. For notational convenience, for any interval | C I, we set

/TJ :={(t,s)€]><]:t>s}. (4.1)

To begin with let us give the definition of tightness for a one-parameter family of Borel measures. We stress that in the
particular case of probability measures our definition agrees with the classical one.

Definition 4.1. Let 7 = {{t,: y € F} be a family of finite Borel measures on RY. We say that F is tight if, for any & > 0,
there exists M > 0 such that My(]Rd \ B(0,M)) < ¢ for any y € F.

We can now prove the following result.

Proposition 4.2. Let | C I be an interval. The following properties are equivalent:

(i) forevery (t,s) € Z,, G(t, s) is compact in Cp(RY);
(ii) for every (t,s) € Ay, the family of measures {g; s(x,dy): x € RY}, defined in (3.4), is tight.

Proof. (i) = (ii). Suppose that G(t,s) is compact and consider a sequence (fn) such that xpa\gni1) < fo < Xpra\go,ny fOr

any n € N. Clearly, f, converges to 0 locally uniformly in RY, as n — +o0. Using the representation formula (3.1) it is easy to
check that G(t, s) f, converges to 0 pointwise in RY. Since the operator G(t, s) is compact and the sequence ( f,) is bounded,
we can extract a subsequence (fy,) such that G(t,s) fp, converges to 0 uniformly in RY. This is enough to infer that the
whole sequence (G(t, s) f,) tends to 0, uniformly in RY, as n — +oo.

To complete the proof, it suffices to observe that

2s(x R\ B(0,m)) = (G(t, $) Xga\ (o.m) ®) < (G(t.5) fa1) (%),
for any x € R? and any n e N.

(ii)= (i). Fix s,t € I with s <t and r € (s, t). Further, consider the family of operators S, (n € N) defined as follows:

Snf =Gt,1)(xBom G, ) f), feCp(RY), neN.

Since G(t,r) is strong Feller (see Proposition 3.1(iii)), S, is a bounded operator in C,(R%). Moreover,

(Gt ) f)®) = SufH)| =

/ (G(rv S)f) (V) &e.r(x,dy)
R4\B(0,n)

<G 9 f || gur(x. R\ BO.m), (4.2)

for any x € RY, and the last side of (4.2) vanishes as n — 400, uniformly with respect to x € RY. Hence, to prove the
assertion it suffices to show that each operator S, is compact. This follows observing that the operator f +— (G(r,s) f )|Bom
is compact from C,(R%) into C(B(0,n)) for any n € N and, consequently, that the operator f — XBo,nG(r,s)f is compact
from Cp(RY) into By (RY). Indeed, the interior Schauder estimates imply that, for any bounded family F c C,(R%), the family
G :={(G,9)f)pomn: f € F} is bounded in C2+*(B(0, n)). Therefore, G is equicontinuous and equibounded in C(B(0, n))
by the Arzela-Ascoli theorem, i.e., the operator f + (G(r,s)f)|po,n is compact. Thus, S, is compact as well. Being limit of
compact operators, G(t,s) is compact. O
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In the following theorem we obtain a lower bound estimate for g s(x, RY) for every t > s and every x € R?, which is
crucial for the proof of Theorem 4.4.

Proposition 4.3. Assume that Hypothesis 3.3 holds. Let | C I be an interval and suppose that there exist i € R, R > 0 and a positive
and bounded function W € C2(R?\ B(0, R)), such that infxeRd\B((),R) W (x) > 0and

(ADOW)X) —uWx) >0, (t,x) € ] xR\ B(0,R). (43)
Then, for any so, T € ], such that T > sg, there exists a positive constant Cr s, such that

/gt,s(xa dy) > CT 505 (4.4)

Rd

foranys,t € R, withsg <s<t<T,andany x € RY.

Proof. We first assume that ¢ > 0 and introduce the function v defined by
v(t,x) =e M0 (G(t,s0)1)(x), t>=50, xR

Since G(t,sp)1 is everywhere positive in RY, the minimum of v over [so, T] x B(0,R) is a positive constant, which we
denote by «.
Let z: [so, T] x R? — R be defined by z(t, x) = v(t,x) — y W (x) for any (t, x) € [so, T] x R%, where

y=«k/ sup W(X).
xeRI\B(0,R)

Clearly, z belongs to Cp([s0, T] x RY) N C12((sp, T] x RY) and solves the following problem:
Dez(t,X) > A, (D)z(t, %), te(so, T, xe R4\ B(0, R),
z(t,x) >0, te[sg,T], x€0B(0,R),
2(s0, %) >0, xe R4\ B(O, R).
The maximum principle in Proposition 2.2 implies that z >0 in [sg, T] x R\ B(0, R) or, equivalently,
e MGt s0L) ) =YW =y inf  W(y),
yeRA\B(0,R)
for any t € [so, T] and any x € R¢ \ B(0, R). It thus follows that G(t, so)1 > Cs,,7 in R4, for any so <t < T, where
Cso.T :min{l,e“(T’SO)}min{K,y inf W(y)].
yeRA\B(0,R)

Let us now fix s such that so <s < t. From formula (3.9) we infer that the function (G(t, -)1)(x) is increasing. Therefore,
(G(t,9)1)(x) = (G(t,s0)1)(x) > Cso,7 for any x € R4, and this accomplishes the proof in the case when ¢ > 0, since by the
representation formula (3.1) and (3.4), g s(x, RY) = (G(t, s)1)(x) for any s,t € I, with s <¢t, and any x € R?,

In the general case when cg < 0, let (P(t, s)) = (e G(t,s)) be the evolution operator associated with the second-
order elliptic operator

d d
A=Y qijt,x)Dij+ > _bj(t,x)Dj — (c(t,x) — co).
i,j=1 j=1
Clearly, the operator A_, satisfies Hypotheses 2.1(iv) and 3.3 with the same A; and ¢;. Moreover, it fulfills also assumption
(4.3) with u replaced with cg + . Hence, from the above arguments, it follows that for any sg, T there exists a positive
constant C;D!T such that (P(t,s)1)(x) > C;U,T for any xe RY and any T >t > s > s¢, and (4.4) follows with Cso.1 = C;O!T. The
proof is complete. O

Adapting to our situation the technique in [16], we give a sufficient condition which ensures compactness of the opera-
tors G(t,s) for t > s in the non conservative case.

Theorem 4.4. Assume that Hypothesis 3.3 is satisfied and there exist R > 0, d1, d € I, with d1 < d», a positive function ¢ € CZ(RY),
blowing up as |x| — +oc, and a convex increasing function h : [0, +-00) — R such that 1/h € L' (a, +00) for large a and

(A)2)0) < —h(¢ (), seldy,da], x| >R. (4.5)

Finally, let the assumptions of Proposition 4.3 hold true with | = [d1,d>]. Then, G(t, s) is compact in Cp(R?) for any (t, s) € A; such
thats <dp, t >dyandt#s.
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Proof. Of course we can limit ourselves to proving the compactness of G(t,s) for (t,s) € /T[deZ] (see (4.1)) since for the
other values of (t, s) it suffices to recall that (G(t, s)) is an evolution operator.

Let us first assume that ¢ > 0. We will prove that for any (t,s) € Ag, 4,) the family of measures {g;s(x,dy): x € RY} is
tight. First of all we prove that the function ¢ is integrable with respect to every measure g; s(x,dy) (t >s, x € RY), so that
(G(t, s)@)(x) is well defined for such t, s and x. For every n € N choose v, € C2([0, +00)) such that

(i) Yu(r) =r for r € [0,n],
(ii) Yn()=n+3 forr=n+1,
(iii) 0< ¥/, <1 and ¥ <O0.

Note that the previous conditions imply that v, (r)r < ¢, (r) for every r € [0, 400). The function ¢, := v, o ¢ belongs to
C2(R%) and is constant outside a compact set for any n € N. By Lemma 3.4(ii), the differential inequality Yn (N1 < Y (r) and
the positivity of the function G(t, s)¢, we get

&%) = ta(x) — (G(t, )En) (%)

t

- /(G(t, 0)A(0)n) (x) do
t

=— f(ca, ) (Vn(0)AW0)E + ¥, (0)(QVE, VE) + c(¥n(2)E — tn))) (x) do
t

- / (G(t. o) (Y(0) A7) (0 do. (46)

N

for any x € R%. The right-hand side of (4.6) can be split into two parts as follows:

t t
/ (G(t, ) (Y(0) A©@)¢)) 0 do = / do / VL ED) (A©@)C) () g (. dY)

s AL

/ do / Un(C())(AW©)2) (1) 810 (x.dy), (4.7)

s A_(o)

where A4 (0) = {y e R%: (A(0)¢)(y) > 0} and A_(0) = {y € R%: (A(0)¢)(y) < 0}. Since (,(¢(y))) is nonnegative, increas-
ing in n and converges to 1 for each y € RY, the first integral in the right-hand side of (4.7) converges by the monotone
convergence theorem to

t

f do / (A©0)¢)(¥)gr.o (x.dy),
s AL

which is finite since the sets A (o) are equibounded in RY (note that (A(c)¢)(x) tends to —oo as |x| — +oo uniformly
with respect to o € [dy, d2]). Now, using (4.6) and (4.7) we get

t
/do / Yn () (AW0)C)(¥) 80 (x,dy)

t

<o) + / do / Yn(C) (AW0)C)(¥) 80 (%, dy).
s A0

Letting n — 400 we deduce that the integral fstdofAi(g)(A(o);“)(y)gt,g(x, dy) is finite as well as the integral
f;(G(t, 0)A(0)¢)(x)do. Moreover, since

t
(Gt $)n) ) < / G(t, o) (V1O A©0)F))X) do + Gn(X),
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letting n — 400 we also deduce that (G(t, $)¢)(x) is finite for every (t,s) € A4, 4,) and any x € RY. Next, starting from the
inequality

(G, 9)tn) %) — (G(t, 1) En) (%) = — /(G(t, 0)A@)G)®)do, r<s<t, xeR?
and arguing as above, we can show that
(G(t.9¢)®) = (Gt NE) (%) > — / (G(t,0)A(@)¢) () do, (4.8)

T

for every r <s <t and x € RY. Now, we prove that (G(t, s)¢)(x) is bounded by a constant independent of x. Without loss of
generality we can suppose that (A(s)¢)(x) < —h(¢(x)), for any s € [dq, d2] and any x € R%. Indeed, if this is not the case we
replace h by h — C for a suitable constant C. We can also assume that h vanishes at some point x, > 0.

From the Jensen inequality for finite measures we get

1
h sx,dy) ) < ————— | h s(x,dy), t>s, xeRY,
( R[ C(¥)8ts(x y)) 2 RD) R{ (c)grsx.dy), t>s, xe

since 0 < g s(x, RY) = (G(t,s)1)(x) < 1 for everyt >s and x € R4, and h is increasing. We have thus obtained that

h((G(t, )¢) () < (Gt 9)(ho0)) (),

1
gt,S (X7 Rd)

or, equivalently,

(G, 9)(ho0))(®) > ges(x. ROA((G(t,5)0) ), t>s, xeR™
Fix so < T. Then, by Proposition 4.3 it follows that

(G(t,)(ho©))(x) > Cay .a,h((G(t,$)¢)(x)) foreachd; <s<t<da, x€ RY.

Note that the function (G(t,-)(h o ¢))(x) is integrable in [dq,t] for any t € (d1, d2] since it can be bounded from above by

—(G(t, )AGX).
Let us now fix x € RY, t € [dq, d>] and define the function B :[0,19) > R, where rp € RU {+o00} satisfies t —rg =infl, by
setting

B(r) = (G, t—n¢)(x), 1€[0,10).

Then, B is measurable since it is the limit of the sequence of the continuous functions r +— (G(t,t — r)&;)(x) (see Corol-
lary 3.5).

Fix b =t — d;. From estimate (4.8), the condition (A(s)¢)(x) < —h(¢(x)), for any s € [d1, d2], and all the above remarks,
we deduce that

t

) — BO) < — / (G(t 0)(ho ) (x) do

t—b
t
< —Caya / h((G(t.0)¢) ) do
t—b
b
:—Cdl,dZ/h(ﬁ(a))do.
0

Let y(-) = y(-; x) denote the solution of the following Cauchy problem
{y/(r): _Cdl,dzh(y(r))a r>07 (49)
y(0) =¢(x),

which is defined for all the positive times since h is increasing. Then, (i) 8(r) < y(r) for every r € [0, b] and (ii) y(-;x)
is bounded from above in [8, +00) for every § > 0, uniformly with respect to x € R?, that is there exists y = y(8) > 0,
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independent of the initial datum ¢ (x), such that y(r; x) <y for every r > 8. To establish these properties it suffices to argue
as in [14, Theorem 3.3] and [4, Theorem 5.1.5]. For the reader’s convenience we provide here some details. To prove (i) one
argues by contradiction and supposes that there exists so € (0, b) such that S(sg) > y(sg). Then, there exists an interval L
containing sp where 8 > y. It suffices to observe that the inequality

52
B(s2) — B(s1) < —cdl,dth(ﬂw))do, 51,52 €[0,d],
S1
implies that the function s+~ B(s) + Cq, ¢,ms, where m := (ming, h), is decreasing. Thus,

SliH;_ (B(s) + Cqy ams) = B(so) + Cqy,d,MS0
5o

> y(so) + Ca,.d,MSo

= lim (y(s) + Cq, 4,mS).

S‘)SO
so that 8 > y in a left neighborhood of sg. If we set a =infL, then B(a) < y(a). We get to a contradiction observing that
N N
B(s) — B(a) < —Cdl,dZ/h(,B(O’))d07 J’(S)—J’(a)=—cd1,d2/h(}’(0'))d0',
a a
which yields
S
B(s) — y(s) < Cay ., f(h(y(O)) —h(B(0)))do, sel,
a
which is a contradiction since the left-hand side is positive while the right-hand side is negative.
To prove (ii) we rewrite problem (4.9) into the following equivalent form:
y(t:%)

dz
— —=C t. 410
/ i = G (4.10)
¢ (x)

Suppose that ¢(x) > x; (where, we recall, x;, is the unique positive zero of h) and fix § > 0 and t > 4. Since 1/h is integrable
in a neighborhood of +o0, using the above formula we conclude that

+oo ¢(x)

dz dz
— > —>=C t>C, S. 411
/ h(z) / hz) =~ b7 hd (410

y(&:x) y(t:%)
Since h is convex, 1/h is not integrable in a right neighborhood of x;. Therefore, there exists a unique M > x; such that

+00
dz

M

From (4.11) and (4.12) it follows that y(t; x) < M for any t > §.

Suppose now that ¢(x) < x,. Then, from (4.10) it follows that y(t; x) < x;, for any t > §. The proof of property (ii) is now
complete.

The properties (i) and (ii) now imply that (G(t,t —r)¢)(x) < y for every r € [6,t —dq]. Let R > 0 and assume that
se[dy,t —8]. Then, (G(t,s)¢)(x) < y. Hence,

8e.s(x. RY\ B(O,R)) = / ges(x, dy)
R4\B(0,R)
1

<— d
inf(z(y): 1yl > R} f {gesx.dy)

R4\B(0,R)
- inf{;“(y)t_lyl =R}
inf{¢(y): |yl = R}
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Since inf{¢(y): |y| > R} tends to +o00 as R — o0, it follows that, for any € > 0, g s(x, R4\ B(0, R)) < &, for any x € RY, if
R is sufficiently large and s € [dq, t — §]. The arbitrariness of § > 0 allows us to conclude through Proposition 4.2.

Let us now consider the general case when the infimum co of c is negative. We introduce the evolution operator
(P(t,s)) = (e°=9G(t,s)) which is associated with the elliptic operator A_c,. Note that A_, satisfies assumption (4.5)
with h replaced by h — cg. Moreover, A_¢, ()W — (co +u)W >0 in [dq, d2] x R? \ B(0, R). Since Hypothesis 3.3 is trivially
fulfilled, we conclude that the operator P(t, s) is compact for any s, t € [d1, d>] with s < t. As a byproduct G(t, s) is compact
in Cp(RY) for the same values of s and t. This accomplishes the proof. O

Remark 4.5. In the conservative case treated in [14], the existence of the function W as in Proposition 4.3 is not needed,
since g s(x, RY) =1 for every t > s and every x € RY. Hence, (4.4) is trivially satisfied.

Remark 4.6. Theorem 4.4 gives a sufficient condition for the compactness of the operator G(t, s). Assuming only Hypothe-
sis 2.1, in general one does not expect that the operator G(t,s) is compact. A very easy counterexample is provided by the
operator Au = Au — cu, where c € Cff (R'9) for some « € (0, 1). A straightforward comparison argument shows that the
associated evolution operator (G(t, s)) is positive and satisfies

e 1 EIT(t—5)f <Gt,5)f <e OCIT(—s5)f, feCy(RY), f>0, (4.13)

for any s < t, where cp and c; are, respectively, the infimum and the supremum of the function c, and (T(t)) is the Gauss—
Weierstrass semigroup. It is well known that this semigroup preserves Co(RY). Take a sequence of (smooth) compactly
supported nonnegative functions (f,) converging to 1 locally uniformly in RY. If G(t, s) were compact, up to a subsequence,
G(t,s) fn would converge to G(t, s)1 uniformly in RY (take Proposition 3.1(ii) into account), which, in view of (4.13), satisfies
G(t,s)1 = e <19 and, hence, it does not belong to Co(RY). This is a contradiction since G(t, s) fy, € Co(R?) for any n € N.

4.1. A consequence of Proposition 4.3 and the compactness of G(t, S)

Let us prove the following result.

Theorem 4.7. Let the assumptions of Proposition 4.3 be satisfied. Further, assume that, for some s, t € J withs < t, the operator G(t, s)
is compact in Cp(RY). Then, G(t, s) preserves neither Co(RY) nor LP (RY) (p € [1, +00)).

Proof. Let (f,) be a sequence of smooth functions such that xpon) < fn < XB©,2n) for any ne N, and fix s,t € I with s <t.
From formula (3.1) and the dominated convergence theorem, it follows immediately that G(t, s) f, converges pointwise in
R? to G(t,s)L as n — +oo. Since G(t,s) is a compact operator, G(t,s) f, actually converges uniformly in RY to G(t,s)1.
Since G(t,s) is bounded in Cp(RY), if it preserved Co(R?) the function G(t,s)1 would tend to 0 as |x] — +oo, but this is
not the case. Indeed, formula (4.4) shows that G(t, s)1 is bounded from below by a positive constant.
To prove that G(t,s) does not preserve LP (RY), we denote by K any positive constant such that 8r.s(X, RY) > K for any
x € RY. By Proposition 4.2, we can fix R > 0 such that 8t .s(X, R4 \ B(0, R)) < K/2. By difference it follows that
d d K d
(G(t.9) xB0.R)) ®) = gr.s(x. RY) — g¢.s(x, R“\ B(0, R)) > 50 X€ R
Hence, G(t, s) xp(o,r) does not belong to LP(RY). O

4.2. An extension of Corollary 3.5 to Cp,(R%)

An insight in the proof of Theorem 4.4 shows that, if ¢ > 0 and

(ABZ)X) < —h(¢x), te], X >R, (414)
for some interval J C I and some R > 0O, then
Mjps=  sup  (G(t,$)¢)(®) <400, (4.15)
(t,s)eA ) ,t—s>6
[Xl<p

for any 6, p > 0.

Actually, as in [12], slightly modifying the proof, we can improve (4.15), removing the condition t — s > §. For this
purpose, in fact, we just need a weaker assumption than (4.14). More precisely we will assume that the following hypothesis
is satisfied.

Hypothesis 4.8. For every bounded interval | C I there exist a positive function ¢ = ¢; € C2(R%) diverging to +oo as
|x| = 400 and a positive constant M such that

(ADe) ) <My, (t,x e ] xR
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Proposition 4.9. Let ¢ > 0 and assume that Hypothesis 4.8 holds. Then, G(-,-)¢ is bounded in A; x B(0, p) for every p > 0.

Proof. We can repeat the proof of Theorem 4.4 until formula (4.6), so that we have

t

n(x) — (G(t, )en) (x) > — / do / Un(9(0) (AW0)9) (1) &0 (X, dy),
N Rd
for any (t,s) e A; and any x € RY, where ©n = ¥y o @. Since (¥}, (¢(y))) is nonnegative using the assumptions we get
t
() — (G(t, $)gn) (X) = —M /do / Yn(0() 8o (x.dy). (4.16)
S Rd
Letting n — 400 in (4.16) we get

(G(t,9)9) (%) < PX)+ M (t —s),

for any s, t € J, such that s <t, and any x € RY. The claim follows. O
As a consequence of Proposition 4.9 we obtain the following result.

Proposition 4.10. Assume that Hypotheses 3.3 and 4.8 hold. Then, for every bounded interval | C I and every R > 0, the family of
measures {g; s(x,dy): (t,s,x) € Aj x B(0, R)} is tight.

Proof. In the case when cp > 0 the proof is similar to that of [12, Lemma 3.5]. If ¢ < 0 we can consider the evolution
operator (P(t,s)) = (e©0C=9)G(t,s)) associated with the elliptic operator A_c,, whose potential term is nonpositive and
satisfies Hypotheses 3.3 and 4.8. Then, the family of measures {p;s(x,dy): (t,s,x) € Aj x B(0, R)} associated with (P(t, s))
satisfies the claim as well as the family {g; s(x,dy): (t,s,x) € A; x B(0, R)} since p(x,dy) = e‘oa—s)gt,S(X, dy) for every
(t,s,x) e A; X RY. O

The following result allows us to extend the continuity property of the function G(-,-)f, stated in Corollary 3.5 for
f € Co(RY), to the case when f is merely bounded and continuous in R¢.

Proposition 4.11. Assume that Hypotheses 3.3 and 4.8 hold. Let (fy) C Cp(R?) be a bounded sequence converging to f € Cp(R%)
locally uniformly in RY. Then, G(-,-) f, converges to G(-,-) f locally uniformly in A; x R,

Proof. The proof can be obtained as the proof of [12, Proposition 3.6], taking Proposition 4.10 into account. O
Theorem 4.12. Under the assumptions of Proposition 4.11, the function G(-,-) f is continuous in A; x R, for every f € Cy(RY).

Proof. Let f e C,(R%), by Proposition 411 we can find a sequence of bounded functions f, € C?o(Rd) converging to f
locally uniformly in R? such that G(-,-) fy converges to G(-,-)f locally uniformly. Since any function G(-,-) f is continuous
in A; x R? for any n € N by Corollary 3.5, the assertion follows at once. O

5. Invariance of Co(RY) and L? (RY)

In Section 4.1 we have obtained some conditions which imply that neither Co(R?) nor LP(RY) is preserved by G(t, s).
Here, we provide sufficient conditions for Co(RY) and LP(RY) be preserved by G(t, s).

5.1. Invariance of Co(R%)

Theorem 5.1. Fix a, b € I such that a < b. Assume that there exist a strictly positive function V € C2(R%) and A > O such that
limxj— 400 V() =0and 1oV (x) — (A(t) V) (x) > 0 forevery (t, x) € [a, b] x RY. Then, G(t, s) preserves Co(RY) for any (t, s) € Afa,b)-

Proof. Fix s € [a, b]. It suffices to prove the statement for f € C.(RY) since we may approximate an arbitrary f € Co(RY) by
a sequence (f;) C Cc(RY) with respect to the sup-norm in R¢, and G(t, s) f, converges uniformly to G(t,s) f for every t > s.
It is not restrictive to suppose f > 0 otherwise we consider its positive and negative part. Fix R > 0, assume that supp f C
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B(0, R) and consider the unique bounded classical solution u of the Cauchy problem (2.1). Let § = infxep(o,r) V (x) > 0 and
z(t,x) = e 0y (t, x) — 571 flloe V (x). Then, the function z € Cy([s, b] x R%) N C1-2((s, b] x RY) satisfies

{ Dez(t, %) — Asy (0)z(t, %) <0, (t,X) € (s,b] x RY,
2(s,x) <0, x e R

Therefore, applying Proposition 2.2 (with A replaced with A,,) we get z<0, i.e,
0 <u(t,x) <ePI57 1 flloV(x), s<t<b, xeRY, (51)

which implies that u € Co(RY). O

In the autonomous case it is known that, under Hypothesis 2.1, T(t) f tends to f uniformly in R? as t — 0T, for any
f € Co(RY), where (T(t)) is the semigroup in Cp(RY) associated with the operator .A. Typically this result is proved, first
for functions f € CC2 (RY) and, then, is extended by density to any f € Co(R?). In the former case when f € C? (RY), one can
show that

t

(TOF)x) — fx) =/(T(S)Af)(x)ds, t>0, xeRY, (5.2)
0

since A commutes with the semigroup (T (t)). Using this formula it is immediate to show that T(t)f tends to f, uniformly
in RY, as t — 0%, (See e.g. [4, Proposition 2.2.7], [15, Proposition 4.3] for further details.) When A depends on t, in general
G(t,s) does not commute with A. This prevents us to write a formula similar to (5.2). Hence, it is not clear, in general,
if the function G(t,s)f tends to f uniformly in RY as t — s*, when f e Co(RY). This turns out to be the case when the
assumptions of Theorem 5.1 are satisfied, as the following corollary shows.

Corollary 5.2. Under the assumptions of Theorem 5.1, for any f € Co(R%), the function (t, s) — G(t, s) f is continuous in Afq,b) With
values in Co(RY). In particular, if for any I 5 a < b there exist A = Agp and V = Vg, with the properties in Theorem 5.1, then the
restriction of (G(t, s)) to Co(R?) gives rise to a strongly continuous evolution operator.

Proof. We split the proof in two steps.

Step 1. Here, we prove that the map G(-, o) f is continuous in [so, b] for any so € [a,b) and any f € Co(RY). We first
assume that f € C.(RY) and prove the continuity of the map G(.,so)f at to. It is not restrictive to assume that f is
nonnegative and it does not identically vanish in RY. Indeed, if this is not the case we split G(t, s) f = G(t,s) f* — G(t,s) f~,
where, as usual, f™ and f~ are the positive and negative parts of f, respectively.

Let R and & be as in the proof of Theorem 5.1, fix & > 0 and choose R > 0 such that V (x) < ese 40~ I fllzL for any

[X| > R. Then, estimate (5.1) implies that (G(t, so) f)(x) < & for any |x| > R and any ¢ € [sg, b]. Therefore,

|G(t.50)f — Gto. 50) | . < sup |(G(t. 50) F)(x) — (G(to.50) ) )]

[X|<R
+ sup [(G(t, s0) f) () = (G(to, 50) f) (%) |
[X| =R
< sup [(G(t,50) f) (%) — (G(to, 50) f) )| + 2e. (53)
[X|<R

Since the function (t,x) — (G(t, so) f)(x) is continuous in [sg, +00) x R?, G(t,so) f tends to G(tg,so)f as t — to, locally
uniformly in RY. Hence, from (5.3) we obtain that

li?wtupHG(t, s0)f — G(to. s0) f| , < 2e.
—lo

The arbitrariness of & > 0 allows us to conclude that G(t, so) f tends to G(to, so) f as t — to, uniformly in R,

The continuity of G(-,sg) f when f € Co(RY) follows approximating f by a sequence of compactly supported functions
and taking (2.4) into account.

Step 2. Here we complete the proof. We assume that f € CCZ(Rd). As in Step 1, the general case then will follow by a
standard approximation argument and estimate (2.4).

So, let us fix f € Cf(Rd), (S0, t0), (5, t) € Agp; and prove the continuity of the map G(-,-) f at (o, So). For this purpose
we observe that, if t > tg, we can split

G(t,s)f — G(to,s0) f = G(t, to)(G(to, ) f — G(to, s0) f) + G(t,to)G(to, s0) f — G(to. o) f-

Therefore, using (2.4) we can estimate
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|G(t.s)f = G(to.s0) f|| o, < e~ G(to,s) f — Gto, s0) f | .
+ ||G(t. to)G(to. s0) f — G(to.s0) f| .-

Step 1 and Corollary 3.5(i) show that the right-hand side of the previous inequality tends to 0 as s — sg and t — tar.
We now assume that t < tg and split

G(t.s)f — G(to.s0) f = G(t,s)f — G(t,s0) f — (G(to. )G (to.S0) f — G(to.50) f)
— G(to. t)(G(t. s0) f — G(to. s0) f) + (G(t. s0) f — G(to. 50) f).

Hence,

|G(t.s)f —G(to.so) f|| <[ G(t.s)f —G(t.s0)f] o, + | G(to.)G(to.50) f — G(to.50) f |,
+ 0| G(t,50) f — G(to. 50) f || o, + [|G(t.50) f — G(to.50) f | .-

Using Step 1 and Corollary 3.5(i), we conclude that the right-hand side of the previous inequality tends to 0 as t — t; and
s — sg. This completes the proof. O

5.2. Invariance of LP (R%)

We now study the invariance of LP (RY) under the action of the operator G(t, s).

Theorem 5.3. Fix a, b € I, with a < b. Suppose that the diffusion coefficients q;; and the drift coefficients bj (i, j=1,...,d) are

continuously differentiable in [a, b] x RY, with respect to the spatial variables, and the derivatives Dijqij (i, j=1,...,d) exist in
[a, b] x RY. Further, assume that there exists K > 0 such that
c(t,x) +divy B(t,x) > —K, (t,x) €[a,b] x RY, (5.4)
where
d
Bit.x) =bi(t,x) = Y Djqi(t.x), (t,x)el xR i=1,....d. (5.5)
j=1

Then, for every 1 < p < +oo, LP(RY) is invariant under G(t, s) for any (t, s) € Afq,p)- Moreover,
|G ) f || ey <P Nfllpgsy, a<s<t<b, (5.6)
where pKp =K — (p — 1)co.
Proof. Fix s € [a, b]. We prove the assertion for nonnegative f € C?o(Rd). The density of C?o(Rd) in LP(RY) (p €[1, +00))
combined with the estimate |G(t, s) f| < G(t, s)| f| (see (3.1)) then allows us to extend the result to any f € LP(RY).
Let u=G(-,s)f and, for any n e N, let u, = G,?(», s) f be the classical solution of the Cauchy-Dirichlet problem (2.2). By

Theorem 2.3(ii), u, is nonnegative in [s, +00) x RY and therein converges to u pointwise as n — +oo.
Let us prove that

lun ) 1o somy <P (s I o g om) = I lLr@omy: (5.7)
for any t € [s, b] and any n € N such that supp(f) C B(0,n). We first assume that p # 1 and set u; = u, + ¢. Then
d p p—1
i |un (.| LPBOm) ~ P / (un (6. ))"  A@un(t, ) dx.
B(0,n)
Integrating by parts and observing that u§ = ¢ on 9B(0,n), we get
& p—1
/ (up(t,))"  A@®uu(t, ) dx
B(0,n)
=gP™! / (Q (&, ) Vaun(t, ), v)dH" " (x)
3B(0,n)

~(p-1 f (W&, 9)P2(Q(E, ) Vattn e, ), Vittn(t, -))dx
B(0,n)
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1
+5 / (B(t, ), Vx(ub(t, )P )dx — / c(t, ) (ug (¢, )’ dx
B(0,n) B(0,m)

+e f c(t, ) (¢, )" dx

B(0,n)

p
<Pl /(Q(t,.)vxun(t,.),u)dH”—1(x)+% / (B, ), v)dH" (%)

9B(0,n) 0B(0,n)
1 .
-2 [ i) (et + divepie. ) d
B(O,n)
+e f c(t, ) (u§ (e, )" dx,
B(O,n)

where v = v(x) is the outward unit normal at x € dB(0, n). We now observe that

pe(t, ) +divy B(t, ) = p(c(t, ) — co) + pco + divx B(t, )
> (c(t,-) —co) +divy B(t, ) + pco > —pKp.

Hence, from (5.8) we get

/ (i(t, )"~ A@®)un(t, -) dx

B(0,n)
p
<el! / (Q(t,-wxun(t,~),v)dH”‘1<x)+% / (B(t. ). v)aH " ()
dB(0.n) 3B(0,n)
+Kp f (uf(t,)) P dx+e / c(t, H(uE(t, )P dx,
B(0,n) B(0,n)

for any t € [s, b]. If we set

gn P (t) ;= peP™! / (Q(t, ) Vxun(t, ), v)dH" (%)

9dB(0,n)
e / (B(t. ). v)dH " (o) +ep / ot ) (us (e, )" dx,
dB(0,n) B(O,n)

from (5.9) we get

d
i lunce. )] fP(B(O,n)) <&’ (® + pKp[up(. ) ||€P(B(O,n))’ t € [s, b].

Hence, we easily deduce that
t
& p pKp(t—s)|,,& p pKy(t—7) ;&P
Juzc. ')HLP(B(O,H))ge P uncs, ')|‘LP(B(O,H))+/6 e (D),
N

and, by dominated convergence, (5.7) follows at once.
To prove (5.7) for p =1 it suffices to write it for p > 1 and, then, let p — 17 since

plifgh ¥ lleBo.ny) = ¥ 1111 Bo.n))»

for any i € C(B(0, n)).
Now, let v, (t, X) = up(t, X) Xp(o,n) (X). Then, limp_, 400 Va(t, X) = u(t, x) for (t,x) € (s, +00) x R? and

””(tv ) ”fP(Rd) < klinﬂg” Vn(t,-) “fP(Rd) = Lig_&g({”un(t, ) ” fp(s(o,n))

Pean Kp(t— p Kp(t— p
< liminfe? @ 17y 0.y =€ NI g

143

(5.8)
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for any t € [s, b]. Therefore, G(t,s) € L(LP(R%)) for 1 < p < +oo and t € [s, T], and it satisfies (5.6). This completes the
proof. O

The condition assumed in Theorem 5.3 is a sort of compensation between the diffusion coefficients, the drift and the
potential of the operator .A. Note that in the case when c =0 and g;; (i, j=1,...,d) are constant with respect to the spatial
variables, such a condition reduces to the request that the spatial divergence of the drift b is bounded from below. Slightly
modifying the proof of the previous theorem, we can give another sufficient condition for LP(R?) be preserved by the action
of the evolution operator (G(t, s)), which applies to some situation where condition (5.4) is not satisfied (see Remark 6.7).

Theorem 5.4. Fix p > 1, a,b € I with a < b. Assume that the diffusion coefficients q;; (i, j =1, ..., d) are continuously differentiable
with respect to the spatial variables in [a, b] x R, the function n(t, -) in Hypothesis 2.1(i) is measurable for any t € [a, b] and

B P /
ap—Dnen  CEVSK

(see (5.5)) for some positive constant I(I/,. Then, LP (RY) is invariant under G(t, s) for any (t,s) € Ajg,p)- Moreover,

(t,x) €[a,b] x RY (5.10)

1G9 f]l o gy <P fllppgey, a<s<t<b. (5.11)
Proof. The main difference with respect to the proof of Theorem 5.3 is in the estimate of the term

[ = / (Wat, )P B, ), Vxun(t, ) dx
B(O,n)

Using Holder and Young’s inequalities we can estimate

21
(€, ) (up(t, )2 [Vaun(t, ) ()
(/ ATl e Nl

3 3
<( / n(r,-)(uﬁ(r,-))"‘2|vxun(t,->|2dx> ( / 'ﬂ((tt ))'( t,)"d )
B(0,n)

b
2 d

(un(t,))* d

B(0,n)
& 1 |ﬂ(t7 )|2 & p
<38 / n(t, H(EE, )P [Viun(t, )| dx+ = / BTSN (ui(t, )" dx
B(0,n) B(O,n)

for any § > 0. Hence,

/ (WE(E, )P A©un(t, ) dx < 627! / (Q (€, ) Viun(t, -), v)dH" (%)

B(0,n) 9B(0,n)
1Bt ) P P
B(0,n)

~(p-1-9) / 0, ) (U (€, )" | Vaun(t, [ dx
B(0,n)
4 / ot H(ul(t, )" " dx
B(0,n)

The optimal choice § = p — 1 gives

/(ui(t,~))p_1A(t)un(t,-)dX<8”‘] f(Q(t,-)qun(t,~),v)dH”‘l(X)

B(O.n) 9B(0.n)
+ K, / (ui(t, ) dx+e / c(t, ) (ui (e, )" dx
B(0,n) B(0.m)

Now, we can conclude arguing as in the proof of Theorem 5.3. O
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Remark 5.5. We stress that conditions (5.4) and (5.10) are not comparable to each other. The one-dimensional nonau-
tonomous Ornstein-Uhlenbeck operator A(t)y = v + (t + 1xy’ (t € R) satisfies condition (5.4) but it does not satisfy
condition (5.10). On the other hand, as we show in Remark 6.7, there are situations where condition (5.10) holds and (5.4)
is not satisfied.

To conclude this section, let us prove the following consequence of Theorems 5.3 and 5.4.

Corollary 5.6. Let the assumptions of Theorem 5.3 (resp. Theorem 5.4) be satisfied. Then, G(t, s) f tends to f in LP(R%) as t — s, for
any f € LP(RY) and any s € [a, b). Moreover, for any t € (a, b], G(t, ) f € C([a, t]; LP (RY)).

Proof. It suffices to prove the first assertion in the case when f € C? (RY). The general case then will follow by a standard
density argument through estimate (5.6) (resp. (5.11)).
So, let us fix f € C?(Rd), s,t € I with s <t. Since f = G(t,t)f, from formula (3.5) it follows that

t

(G, ) f)x) — fx) = / (G, NAMf)xdr, xeRY.

Hence, using estimate (5.6) (resp. (5.11)) we can infer that

t
|Gt 9)f = e < sup ||A(r)f||Lp(Rd)/eMp(t—r) dr
rela,b)

N

= sup JAD)f |y gy My (7 = 1), (512)
rela,b)

where M =K, (resp. Mp = K;,). Estimate (5.12) clearly shows that G(t,s)f tends to f in LP(RY) as t — s+.
The last assertion of the corollary can be proved likewise. O

6. Examples
In this section we exhibit some classes of operators to which the main results of this paper apply.
6.1. A class of operators to which Theorem 4.4 applies

Let A be the differential operator defined by

(AOY)0) =w®(1+ |X|2)kA1/f(X) + (bt %), V@) —ct. 0 (1+ x?) "y (x). (6.1)
for any (t,x) € I x R%, on smooth functions v : RY — R.
Hypothesis 6.1.
(i) k,meN,;

(i) we Cl‘f)éz(l) satisfies infie; w(t) > 0, b € Cgéz‘a(l x R R and c e Cﬁ‘f’“(l x RY) is positive and bounded;

(iii) there exist I € N such that [ > (m+2) vk, R > 0 and a continuous function C; : I — (0, +00) such that

(b(t, %), < —C1@®)(1+x?), (€x) el xR\ BO,R).

Under such assumptions the operator G(t, s) associated with the operator A in (6.1) is compact in C,(R?) for any t,s € I
with s < t. To check the claim it suffices to show that, for any bounded interval J C I, there exist a positive and bounded
smooth function W : R — R, with positive infimum, a positive smooth function ¢ : R — R, blowing up as |x| — +o0, an
increasing strictly convex function h : [0, +00) — R, with 1/h being integrable in a neighborhood of +o00, and ;4 € R, Ry >0
such that

(i) (AOW)® —pW® >0, (t,x) €] xR\ B(O,Rp),
(i) (AD® <-h(E®), €0 e] xR (6.2)
We have also to show that Hypothesis 3.3 is fulfilled. For notational convenience we set wo = sup;c; @(t).

To prove the first condition in (6.2), we set W(x) =1+ 1+1W for any x € R%. Then,
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(AOW) () — pW (%) = —2do(®) (1+ x12) 7 + 8w Ix*(1 + x2)<

(bt x),x) 2\m ( 1 )
2(1+|X|2)2 (ctt. 0 (1+1x1°)" + ) 1+—1+|X|2

> 2(1+ %) ?{C1(0) — do@) (1 + x12)<
—ct, 01+ X)) (14 x2)* )

-2 _ _ _
>2(1+ xP) {10 — doo RF — [uIRE = RIHH sup ce,w ),
(t,x)e ] xRd

for any (t,x) € J] x R?\ B(0, Rg) and any Ry > R. Hence, condition (6.2)(i) follows for any u € R, provided we take Ry
sufficiently large.
Let us now check condition (6.2)(ii). For this purpose, we set ¢(x) = 1+ |x|? for any x € RY. Then,

(ADE) (%) = 2de(®) (1+ x2)* +2(b(t, 0, X) — c(t, 0 (1 + 1x2) ™

<2do(t) (1+ |x|2)k —2C1((1+ IXIZ)I
= (14 x2) {=2C1.(0) + 2de(t) (1 + 1x12)* )
<2(1+ XP)'{=C1 0 + wod(1+ 1x2) ',

where in the last inequality we have used the fact that [ > k + 1. We now observe that, for any € > 0, any a > 0 and any
p eN, p > 2, it holds that

ar<e+e' " PpP(p— )P laPrP =g+ Ced?rP, >0
Applying this inequality with
1

r=———"—+, a=wod, =[>2,
1+ x2 0 b

we can estimate
(ADE) (0 < =2(C1(t) —e)(1+ IXIZ)I +2Ce(wod),  (t,x) € ] x R™.
Fix 2¢ < infiej Cq(¢) =: y. With this choice of ¢ we get
l 1 ’
(AO) 0 < =y (14 X1%) +2Ce(@od) =: =y (14 X*) + C;.

Now, we introduce the function h : [0, +00) — R defined by h(t) = yt' — C; for any t > 0. Clearly, h is strictly increasing,
convex and 1/h is integrable in a neighborhood of +oco. Moreover, (A(t)¢)(x) < —h(¢(x)) for any t € | and any x € RY ie.,
condition (6.2)(ii) holds true.

Note that, in fact, we have shown that

!
(A-c@8) 0 < —y(1+IKP) +C;, te ], xeR™
In particular, this implies that (A_(t)¢)(x) < C,¢(x) for any (t,x) € | x RY, which clearly implies Hypothesis 3.3.
6.2. Aclass of operators to which the results of Section 5 apply

Let A be defined by
(AOY)® = (14 1x12)" Tr(Q ¢, 0Dy (0) + (1 + 1x12) b©O)(x, VY (%)) — c(t, 0¥ (%), (6.3)

where m,r are nonnegative constants. We assume the following set of assumptions on the coefficients of the operator A,
onm and r.

Hypothesis 6.2.

(i) be Ca/z(l), b(t) <0 for any t € I;

loc
(ii) ce Ca/z’a(l x R?) and, for any bounded interval J C I, there exist C;>0and g=q; > 0 such that c(t,x) > C;(1+ |x|2)4

loc

for any (t,x) € J x RY;
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(iii) there exists a positive constant ng such that

(Qt.0E.&)>nolel?. £eRY, (t.x) el xR

Moreover,

M= sup  |Q(t.%)|pe < +oo,
(t,x)e JxRd

for any bounded interval J C I;

(iv) for any bounded interval J C I one of the following conditions is satisfied:
(@Q)r>m—1and b(t) <0in J;
(b) gj>m—1and C; >0;

(v) there exists a compact set [a, b] C I such that Cigp; > 0 and qq p) > max{r,m — 1, 1}.

Under the previous conditions, Hypothesis 2.1 is satisfied. Of course, we have to check only Hypothesis 2.1(iv). For this
purpose we take ¢ (x) =1+ |x|? for any x € RY. As it is easily seen

(AD@)®) = 2Tr(Q (£, x)) (1+ [x2)™ + 26O X2 (1 + 1x1%)" — c(t, %) (1 + [x]?).
for any (t,x) € I x RY. Hence,
(A®@)®) < 2v/AM (14 x2)"™ +2b@) %2 (1 + 1x2)" = € (1+ 1x2) T,
for any (t,x) € J x R? and any bounded interval J C I. It is now easy to show that, under Hypothesis 6.2(iv-a) or 6.2(iv-b)

Rj:= sup (AM)¢)x) < +oo.
(t,x)eJ xRd

Hence, Hypothesis 2.1(iv) is satisfied with A =R v 0.
We now consider the function V : RY — R defined by V (x) = (1 + |x|2)~! for any x € R?. A straightforward computation
shows that

(AOV)x) =8(Q (€, )x, x)(1 + |x|2)'"‘3 —2Tr(Q (¢, 0)(1+ |x|2)’”‘2
—2b)IxP(1 4 x12) 2 —ct, 0 (1+ 1xP) 7,
for any (t,x) € I x RY. Hence,
(AOV) @) <8M, P (1+ 1K2)" 7 + 211bll ey %2 (1 + [%12) ™% = Clapg (1 + [x12) ",
for any (t, x) € [a, b] x RY. Therefore, taking Hypothesis 6.2(v) into account, we can conclude that

lim  sup (A(t)V)(x) =—o0.

[X|=+00 te[q,b]
In particular, there exists R > 0 such that (A(t)V)(x) <0 for any (t, x) € [a, b] x R?\ B(0, R). Therefore, the condition
(AOV)®) <hoV®), (€ x) ela,b] xR,

is satisfied with 1o = (1+ Rz)(Sup(t,x)e[a,b]xB(O,R) (A V)(x)T. Here, (-)* denotes the positive part of the quantity in brack-
ets. As a byproduct, we get the following:

Proposition 6.3. Under Hypothesis 6.2 the evolution operator (G(t, s)) associated with the operator A in (6.3) preserves Co(R?) for
any s,t € Ag,p-

Let us now compute the divergence of the vector field 8 defined in (5.5) for the operator .4 in (6.3). For this purpose,
we assume the following additional assumptions on the coefficients of the operator .4, on m, q and r.

Hypothesis 6.4.

(i) The diffusion coefficients q;j (i, j=1,...,d) are continuously differentiable in I x RY with respect to the spatial variables
and Vyg;;j is bounded in [a, b] x R? (where [a, b] is as in Hypothesis 6.2(v)) for any i, j =1, ..., d. Moreover, the second-
order weak spatial derivatives Dj;q;; (i, j=1,...,d) exist and are bounded functions in [a, b] x RY;

(ii) qq,p) > max{r,m, 1}.
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Under such additional assumptions we get

d d
. -1
divk B(£, %) +¢(t, %) = —am(1+ [xI*)" " Y~ Digij(t, 0% — (1+ |x1)™ Y Dijqij ¢, %)
i,j=1 i,j=1

—am(m —1)(1+ X" 2(Q ¢, 0%, x) — 2m (1 + x*)" " Tr(Q (¢, %))
+bO(1+ X 7 (d+ @r+d)xP) +c(t, %),
for any (t,x) € I x RY. Hence, we can estimate

. -1
divy B(t, ) + c(t, %) > —4mM{D IXI(1+ 1X1%)"™" " = (1+ k%) "M,
—1 1 -1
—4am(m — DMy, (1+ x2)"™ " —2mvdM(), (1+ [x2)"

— Ibllzeqany (1+ x12) 1 (d + @r + d)x12) + Clap (1 + 1¥2)7,

for any (t, x) € [a, b] x RY, where

d / d 2\ 3 d
Mﬁ)b] = sup <Z<Z|Diq1~j(t,x)|) ) , Mﬁ)b] = Z sup | Djjqij(t, x)|.

(t,x)ela,b]x R4 j=1\i=1 i j=1 (t,x)€la,b]x R4

Due to the conditions imposed on m,q,r, divy B(t, x) + c(t,x) tends to +oco as |x| — +oo, uniformly with respect to
t € [a, b]. We have so proved the following:

Proposition 6.5. Under Hypotheses 6.2 and 6.4 the evolution operator (G(t, s)) associated with the operator A in (6.3) preserves
LP(RY) forany p € [1, +o0) and any s, t € Afa,p)-

Finally, observe that, arguing as above, one can easily verify that, if
qja,b) > max{m, 2r + 1 —mj}, (6.4)
then the condition (5.10) is fulfilled. Hence,

Proposition 6.6. Let Hypotheses 6.2(i)-(iv) and condition (6.4) be fulfilled. Further, assume that the diffusion coefficients q;; (i, j =
1,...,d) are continuously differentiable with respect to the spatial variables and assume that Ciq ) > 0. Then, the evolution operator
(G(t, 5)) associated with the operator A in (6.3) preserves LP (R?) for any s, t € Aa,p)-

Remark 6.7. In this example, condition (6.4) trivially implies Hypothesis 6.4(ii). Hence, the difference between Proposi-
tions 6.5 and 6.6 is just in the smoothness of the coefficients. In general, as claimed before Theorem 5.4, even for smooth
coefficients, condition (5.10) may hold also in some situations where condition (5.4) is not satisfied. Consider for instance
the operator A defined by

t2 42 .
(AD9)(x) = Ap(x) — m(2 +sin(|x1*))(x, Vo) — (2 + 1) (1 + 1x1) 0 (0),
for any (t,x) € R'*¢, on smooth functions Q.
A straightforward computation shows that operator .4 satisfies Hypothesis 2.1. On the other hand, condition (5.4) is
satisfied, by any [a, b] C I provided that q[q ) > 2, whereas condition (6.4) is satisfied (by any p > 1 and any [a, b] as above)
provided that qpq p) > 1.
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