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1. Introduction
In the present paper, we investigate weakly subquadratic functions, that is, solutions of the inequality

fx++fx—y)<2f)+2f(y) *ye0), (1)

in the case when f is a real-valued function defined on a group G = (G, +). Our aim is to prove regularity theorems for
functions of this type. Our studies have been motivated by classical results of the regularity theory of convex and subadditive
functions.

A fundamental result of the regularity theory of convex functions is the theorem of F. Bernstein and G. Doetsch [13]
which states that if a real-valued Jensen-convex function defined on an open interval is locally bounded from above at one
point in its domain, then it is continuous (cf. also [16] and [17]). It is easy to prove and is well known that, in the case
of subadditive functions, local boundedness does not imply continuity. However, as R.A. Rosenbaum proved in [19], if a
subadditive function defined on R" is locally bounded from above at one point in R" then it is locally bounded everywhere
in R". Furthermore, if a subadditive function f :R" — R is continuous at 0 and f(0) =0 then it is continuous everywhere
in R" (see [16] and [17], too).

Strongly related to these results, we investigate regularity properties of weakly subquadratic functions. After giving some
hints on the terminology we use, in Section 3, we present some examples and basic properties of weakly subquadratic
functions. In Section 4, we investigate the lower and upper hulls of weakly subquadratic functions, which play a key role in
the theory of convex and subadditive functions. We prove, that, similarly to the case of convex and subadditive functions, the
lower and upper hulls of a weakly subquadratic function, under quite general conditions, are weakly subquadratic, too. In
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Section 5 we prove Bernstein-Doetsch type results for weakly subquadratic functions. We show some theorems concerning
the local boundedness of weakly subquadratic functions. As a consequence of these, we obtain an analogous theorem to
Rosenbaum’s main regularity result for subadditive functions mentioned above.

2. Terminology

The subquadraticity concept we use in this paper is related to the notion of subadditivity. A real-valued function defined
on a group G is called additive if it satisfies the equation

fx+y=fO+fy) &yeh6),
it is said to be subadditive, if it fulfils

fR+E<fO+ ) *xye6) (2)

and it is superadditive, if

fx+y =2 f®O+fy) *xye6).

It is easy to see that a function f :G — R is superadditive if and only if —f is subadditive, therefore, it is enough to
investigate one of these types of functions.

Analogously to these concepts, we may define subquadratic and superquadratic functions. Our definition is based on the
well-known concept of quadratic functions: a real-valued function defined on a group G is called quadratic, if it satisfies the
quadratic (or parallelogram or square-norm or Jordan-von Neumann) equation

f+N+fx=—y)=2f0+2f(y) & yeGC).

A function f:G — R is called weakly subquadratic if it satisfies inequality (1), it is said to be weakly superquadratic if in-
equality (1) is valid in the opposite direction. Obviously, between weakly subquadratic and weakly superquadratic functions
there is a similar connection as between subadditive and superadditive functions, therefore, it is enough to consider one of
these concepts, too. Weakly subquadratic functions, in this sense, were studied, among others in the papers [15,20,21].

We note that, recently, another concept of subquadraticity has also been investigated. In their paper [7], S. Abramovich,
G. Jameson and G. Sinnamon introduced this concept, calling a function f : [0, co[ — R subquadratic if, for each x > 0, there
exists a constant cx € R such that the inequality

f) —FO <y —x+ f(ly —xI)

is valid for all nonnegative y. (More precisely, in the paper above, superquadratic functions were considered, but here is
an analogous relation between the concepts as above.) Subquadratic (or superquadratic) functions have been investigated
by several authors in this sense (cf, e.g., [1,2,4-6,8-12,18]). As a result of the study of the connection between the two
different concepts of subquadraticity (cf. [3] and [14]), it turned out that if a function f : [0, co[ - R is subquadratic in
the sense of Abramovich, Jameson and Sinnamon, then its even extension f:R — R satisfies inequality (1). On the other
hand, there are solutions f : [0, co[ — R of inequality (1) which are not subquadratic functions in the other sense. This is
the reason why we use the notion of ‘weakly subquadratic function’ for a solution of inequality (1).

3. Examples and basic properties
Examples 3.1.

1. It is easy to see that if B: G x G — R is a biadditive function and b is a nonnegative real number, then the function
f:G—>R
fX) =Bx,x)+b (xeG)

satisfies (1).
As a special case of the example above, we obtain that if a; : G — R and a; : G — R are additive function, ¢ is an
arbitrary and b is a nonnegative real constant, then the function f:G — R

f)=cai®ax(x)+b (xeG)

solves (1), too.
In the class of continuous real functions, the example above gives the weakly subquadratic functions f:R — R

f(x):cx2+b

where c is an arbitrary, b is a nonnegative real constant.
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2. A simple calculation yields that if a: G — R is an additive function and b and d are nonnegative constants then the
function f:G — R

f@®=blax|+d (x€G)

is weakly subquadratic.
3. The function f:G — R

_ b ifxz#0,
ﬂ”‘{diuza

where b and d are nonnegative constants such that d < 3b, is weakly subquadratic.
4. The function f:R—> R

b ifxe[-1,1],
d otherwise,

ﬂ@={

where b and d are nonnegative constants such that % < d < 3b, is weakly subquadratic.
5. An arbitrary function f :G — R satisfying the inequality

sup f(x) <2 inf f(x)
xeG xeG
is weakly subquadratic.
6. The function f:R" — R
0 ifxeQ",
X) = .
Fe {b otherwise,

with an arbitrary nonnegative constant b, is weakly subquadratic.

Remarks 3.2.

1. The structure of inequality (1) shows that a linear combination of its solutions with nonnegative real coefficients also
yields a solution. Therefore, such linear combinations of the examples above are weakly subquadratic functions, too.

2. It is easy to see that an even and subadditive function is weakly subquadratic. To show this statement, let f be a
real-valued subadditive function defined on a group G and suppose that f is even, that is, it satisfies f(x) = f(—x) for
each x € G. Writing —y instead of y in inequality (2) we obtain

fx=—y<f®O+f(=y) &*yeG).

Adding this inequality and (2) side by side and using the evenness of f, we obtain the statement.
3. It is also obvious that a non-positive, weakly subquadratic function defined on a 2-divisible abelian group is Jensen-
concave. In fact, writing u =x+ y and v=x—y in (1), we obtain

u+v u—v
fW)+fW)<2f(—5—>+2f<—§—) (u,veG),
which, using the non-positivity of f, implies

f(u)+f(v)<f(u+v
2 2

) (u,veo),
that is, the defining inequality of Jensen-concavity.

Lemma 3.3. If G is a group and f : G — R is a weakly subquadratic function, then we have

Flx) <K f(0 (x€G)
for each positive integer k.
Proof. The statement was proved by Z. Kominek and K. Troczka in [15] in the case when the domain of the function

considered is a linear space. Essentially the same argumentation yields the validity of the theorem if the domain is a
group. 0O
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4. Lower and upper hulls

The lower and upper hulls play a very important role in the regularity theory of convex and subadditive functions (cf.,
e.g., [13,19,16,17]). Motivated by and related to these results, in this section, we will investigate the lower and upper hulls
of weakly subquadratic functions in a general setting. We will consider real-valued functions defined on a topological group.

In a topological space (X, O), we denote by U(x) the family of all neighborhoods of an element x € X (that is, the class
of all open sets containing x). For a function f: X — R, the mapping my : X — [—00, oo[

mg(x)= sup inf f(u) (xeX)
Uell(x)ueU

is called the lower hull, while M¢ : X — ]—o00, c0]

sup f(u) (xeX)

Mf(x) = inf
&) UeU®) yeU

is said to be the upper hull of f.
A topological group is a group endowed with a topology such that the group operation as well as taking inverses are
continuous functions.

Theorem 4.1. The lower hull of a real-valued weakly subquadratic function defined on a topological group is weakly subquadratic, too.

Proof. Let G be a topological group, f : G — R be a weakly subquadratic function and let xg, yg € G be fixed. Obviously, if
mg(xo + yo) = —00 or mg(xg — yo) = —oo, then the desired inequality holds. Thus, we may assume that my(xo + yo) > —00
and my(xo — yo) > —o0. Let, in this case, «, 8 € R be such that

a<ms(xo+yo) and B <ms(xo— yo). 3)
By the definition of the lower hull, there exist open sets W1 € U(xg + yo) and W5 € U(xg — yo) such that
o < inf f(s) and inf f(t).
<56W1f() ﬂ<t€W2f()

There exist neighborhoods U € U(xp) and V € U(yo) with the properties U+ V € W; and U — V € W3 and, since f is
weakly subquadratic, we have

at+p<fu+v)+ flu—v)<2fw)+2f(v)
for arbitrary elements u € U and v € V. Therefore,
o+ B <2inf f(u)+2inf f(v),
uel veV
thus,

a+pB<2 sup inf f(u)4+2 sup inf f(v),
Uel(x) Ul Vel(yg) VeV

that is,

o+ B < 2my(Xo) + 2my(Yo).

Since @ and B have been arbitrarily chosen in (3), the theorem is proved. O

Theorem 4.2. The upper hull of a real-valued weakly subquadratic function defined on a topological abelian group uniquely divisible
by 2 is weakly subquadratic, too.

Proof. Let f : G — R be weakly subquadratic and let xg, yo € G be fixed. Analogously to the first step in the proof of the
previous theorem, if M (xg) = 0o or M¢(yq) = oo, then the desired inequality holds, so we may consider the situation when
M (x0) < oo and My(yo) < oo. Let now «, 8 € R satisfy the properties

2Mf(x0) <a and 2Mf(yo) < B. (4)

According to the definition of the upper hull, there exist open sets U € U(xg) and V € U(yg) such that

2sup f(u) <a and 2sup f(v) < B.

uel veV
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Since G is uniquely divisible by 2, there exist neighborhoods W1 € U(xo + yo) and W» € U(x9 — yo) such that

Wi+ W Wi —-WwW
WitWs g Wi We gy,

Being f weakly subquadratic and G commutative, the substitutions x = ST“ and y = ST_t in inequality (1) give

f(S)+f(t)<2f<sTH>+2f<sT_t> <a+B

for all elements s € W4 and t € W5.
An analogous argumentation as in the proof of the previous theorem yields that

Mg (xo + yo) +Myg(xo — yo) < o + B.

Thus, since o and 8 have been chosen arbitrarily in (4), we obtain our statement. 0O

Theorem 4.3. Let G be a topological group, f : G — R be a weakly subquadratic function and let my and My denote the lower and
upper hull of f, respectively. Then we have

M§(x) —mg(x) < 2My(0) (5)

forall x € G for which my (x) # —o0.

Proof. Let xo € G be fixed. It is easy to see that, by the definitions of the upper and the lower hulls of f, for each fixed
positive &, there exist neighborhoods U € U(xg) and V € U(0) such that

fW<KMpO)+¢e (veV)
and
fu—v)>mysxg)—¢ (uelU,veV).

Obviously, (xg — V) € U(xg), thus, (xo — V) NU € U(xg). Therefore, by the definition of the lower hull of f, there exists a
ug € (xo — V)N U, such that

fuo) <my(xp) + €.

In this case, (ug + V) € U(xp), so the definition of the upper hull of f implies the existence of a vy € V, for which

fug+vo) = Mr(xo) —&.

Since f is weakly subquadratic, we get that

f(uo+vo) + f(uo —vo) <2f(uo) +2f(vo).
Combining the 5 inequalities derived in this proof, we obtain
My (X0) — & +myg(xg) — & < 2myg(Xg) + 28 + 2M¢(0) + 2¢,
that is,
M (x0) —my(xo) < 2My(0) + 6¢.
Since xg € G and € > 0 can be chosen arbitrarily, our statement is proved. O
Remark 4.4. Obviously, inequality (5) is also valid if we write constants ¢ > 2 instead of 2 on the right-hand side of the

inequality. However, as the functions in part 4 of Examples 3.1 show, ¢ =2 is an “optimal” constant here, i.e., c =2 is the
smallest number for which inequality (5) is generally valid.
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5. Bernstein-Doetsch type theorems

In the following, we present regularity theorems for weakly subquadratic functions. As several examples in 3.1 show
(e.g., part 6 of Examples 3.1) the local boundedness (or even boundedness) of a weakly subquadratic functions does not
imply its continuity. Therefore, a ‘literal’ analogue of the Bernstein-Doetsch theorem is not valid here. However, we can
prove regularity theorems which are similar to Rosenbaum’s results on subadditive functions (cf. [19]).

Theorem 5.1. Let G be a uniquely 2-divisible topological abelian group which is generated by any neighborhood of 0 € G. If a weakly
subquadratic function f : G — R is locally bounded from above at one point in G, then it is locally bounded from above at every point
inG.

Proof. At first we prove that the local boundedness of f from above at a point X9 € G implies its local boundedness from
above at 0. Due to the local boundedness of f from above at xy € G, there exist a neighborhood U € U(xp) and a real
number K such that

fa)y<K @el). (6)
Since G is (uniquely) 2-divisible, we may replace x by 2"02J and y by 2"02—"’ in (1). Using the commutativity of G, we obtain
that

2x0 + Vv 2x0—V

f@x0) + f(v) < 2f< > ) +2f( > ) (Ve

that is,
2%0+ Vv 2%0—V
f(V)<2f<T> +2f< > >_f(2XO) (veqG). (7)

Obviously, the sets Vi =2U — 2xg and V, = —2U + 2x( are open sets containing O, thus, V = V1 NV, also has these
properties, that is, V € U(0). If v € V, by the definition of V, we have

2%x0+ Vv 2X0— Vv
0 eU and 0

eU.
Therefore, using (6) and (7), we obtain

f(v) <2K + 2K — f(2x0)

for v € V, which implies that f is locally bounded from above at 0.
Since G is generated by any neighborhood of 0, Lemma 3.3 implies that the local boundedness of f from above at 0
gives its local boundedness from above everywhere in G. O

Theorem 5.2. Let G be a uniquely 2-divisible topological abelian group which is generated by any neighborhood of 0 € G and let
f : G — R be a weakly subquadratic function. If f is locally bounded from above at one point in G and locally bounded from below at
one point in G then it is locally bounded at every point in G.

Proof. According to Theorem 5.1, the local boundedness of f from above at one point in G implies its local boundedness
from above everywhere in G. Therefore, we have to prove that the assumptions of the theorem yield the local boundedness
of f from below at each point in G. Similarly to the proof of Theorem 5.1, in the first step, we show that the local
boundedness of f from below at a point xg € G implies its local boundedness from below at 0. The local boundedness of f
from below at xo means that there exist a U € U(xg) and a real number K such that

fwy =K wel). (8)

Writing x = x¢ in (1), we obtain

Fo+y)+ fxo—y) <2f(x0) +2f(y) (yeb),
that is,

fGo+y)+ fxo—y)—2f(x0) <2f(y) (ye€G). (9)

It is easy to see that, for H = U — xp, we have H € U(0). By one of the basic properties of topological groups, there exists a
symmetric neighborhood V € U(0) such that V C H. Let V be a set satisfying this property. If y € V, then xo +y € U and
Xo — y € U, thus, by (8) and (9)
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1
EM+K—2ﬂmD<ﬂw

for each y € V, which yields the local boundedness of f from below at 0.

Now we prove that the local boundedness of f from below at 0 together with its local boundedness from above at a
point in G implies its local boundedness from below at an arbitrary wg € G. Since f is locally bounded from below at 0,
there exist a neighborhood S € U(0) and a constant ¢ € R such that

f&)=c (se9). (10)

Since f is locally bounded from above at one point in G, by Theorem 5.1, it is locally bounded from above everywhere in G,
specifically, it has this property at wq. Therefore, there exist a neighborhood T € U(wg) and a real constant C such that

fOo<C (teD. (11)

Let us consider the sets R =2T — 2wg and H = S N R. It is obvious from this construction that H is a neighborhood of 0.
Let V € U(0) be a symmetric subset of H. Since V C S, property (10) implies that

fwy=c (veV). (12)

Since G is uniquely 2-divisible, we may consider the set W = % + wo, which is, obviously, a neighborhood of wg with the
property W C T. Thus, by (11), we have

fw)<C (weW). (13)

The definition of W also gives that if v € V, then M’T_V € W. Therefore, using inequality (13), we get

f(ﬂ%;l><c vev). (14)
Since f is weakly subquadratic and G is commutative, writing x = 2""% and y = MT_" in (1), we obtain

rawo + 1w <25 (295 ) 125 (2970 weo
that is,

rawo + fw -2 (2= ) <27 (P95 weo. (15)
Inequalities (12), (14) and (15) imply

S(f@wo) +c-20) < f(ZWO%> (vev).
Finally, by the definition of W, for an arbitrary w € W, there exists a v € V such that w = 2“"’% Therefore, the last

inequality above gives

%(f(ZWO) +c=20) < f(w) (weW)

which yields the local boundedness of f at wg. O

Theorem 5.3. Let G be a uniquely 2-divisible topological abelian group which is generated by any neighborhood of 0 € G and let
f : G — R be a weakly subquadratic function. If f is continuous at 0 and f (0) = 0, then f is continuous everywhere in G.

Proof. The continuity of f at 0 implies that it is locally bounded at 0, therefore, by Theorem 5.2, f is locally bounded from
below everywhere in G, which yields that m(x) # —oc for every x € G. The property f(0) =0 and the continuity of f at 0
imply that M (0) < 0. Thus, Theorem 4.3 gives that ms(x) = M (x) for all x € G, which yields the statement. O

Remark 5.4. It is remarkable that if we omit one of the assumptions for f in the theorem above, it does not remain true.
In fact, according to part 5 of Examples 3.1, there exist weakly subquadratic functions f : G — R, which are continuous at 0
but not continuous on the whole G. Obviously, f(0) =0 does not imply any continuity properties for f. Furthermore, the
assumption of the continuity of the function f above at a point other than 0 does not imply its continuity everywhere (cf.,
e.g., part 3 of Examples 3.1).
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