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1. Introduction

The Hardy-Littlewood-Pélya-Rado majorization theorem (cf. [3]) says in particular that for an n x n doubly stochastic

matrix W = (wy) and x = (x4, ...,X,) € R", y = Wx is a convex combination of the n! vectors x, = (X51), - - - » Xo(n))
where o varies over the permutation group S” = {071, ..., on} of n-letters (Rado’s theorem), that is,
n!
Wx = Z MiXo, (1.1)
k=1
for some probability vector & = (u1,..., um) € R™, and equivalently (Hardy-Littlewood-Pélya theorem), for every
continuous convex function f defined on an interval I containing x; and y;,i =1, ..., n,
n n
D Fo) <Y Fx). (1.2)
i=1 i=1

Furthermore for every continuous convex function f : I" — R invariant under the permutation of coordinates (Schur’s
convexity),

fO1, ) S Fa, .. ). (1.3)

Embedding R" into the space of n x n diagonal matrices and applying the exponential function, we may restate these
beautiful results equivalently for the n x n positive diagonal matrices, where we replace the arithmetic mean by the
geometric mean and a convex function by a geodesically convex function, f(a'~tb%) < (1 — t)f(a) + tf(b), t € [0, 1]. For

instance, Rado’s theorem is equivalent to the statement that for a positive diagonal matrix diag(ay, ..., a;), the diagonal
matrix whose ii-th entry is the @' = (wj, ..., wj,)-weighted geometric mean of positive reals a, ..., a, is the diagonal
matrix whose ii-th entry is the p-weighted geometric mean of the n! positive real numbers d,, gy, - - - , Gy )-
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The main purpose of this paper is to extend these results on diagonal matrices to the non-commutative setting of positive
definite matrices by taking a multivariable weighted geometric mean of positive definite matrices, a multivariable extension
of the weighted geometric mean A#.B = A'/?(A~'/2BA~1/2)tA1/2 of two positive definite matrices A and B, and a geodesically
convex function which satisfies f (A#,B) < (1 — t)f (A) + tf (B). There is no formal definition of a weighted geometric mean
of finite number of positive definite matrices and defining multivariable geometric means is a non-trivial task that has been
arecent topic of interest in core linear algebra. However, the open convex cone PP, of m x m positive definite matrices has
various Finsler structures where the curve t — A#:B on [0, 1] acts as a minimal geodesic between A and B, which provides
various types of geodesically convex sets and functions.

There are infinitely many multivariable weighted geometric means of positive definite matrices that are independent of
martrix size and number of variables that satisfy the weighted version of the ten Ando-Li-Mathias properties [ 1]. Specifically,
a weighted geometric mean G consists of maps

Gy Ay X P — Py

such that each G satisfies the weighted Ando-Li-Mathias properties, where A, is the simplex of positive probability vectors
convexly spanned by the unit coordinate vectors and P, is the convex cone of m x m positive definite matrices. The weighted
Karcher mean based on the Riemannian trace metric and the weighted Bini-Meini-Poloni mean defined by induction using
a symmetrization procedure are standard examples of weighted geometric means. In fact, a currently interesting problem
for the Karcher mean is to find properties that distinguish it from other geometric means [6,24,29,23,25].

Let G be a weighted geometric mean and let W = (wjj)nxn be a doubly stochastic matrix. A variant of Rado’s theorem for

positive definite matrices would be stated in the following from: for an n-tuple A = (A, ..., Ap) of m x m positive definite
matrices, the block diagonal matrix whose ii-entry is G;'(w'; A), ' = (wj, ..., wiy) can be realized as a G,"-weighted
mean of the n!-block diagonal matrices A” = diag(Av1), - - . , Asy(n)), that is, there is a probability vector 4 € R™ satisfying
Gl (w'; A)
— Gm|ﬂ(u A“) A(”!))
(s ey .
Gyl (o"; A)
Rado’s problem in the preceding form gives an important notion of geometric mean majorization for positive definite
matrices. Let G be a weighted matrix geometric mean. For A = (A, ...,An),B = (By, ..., By) € P, we define A < B if
there exists a doubly stochastic matrix W = (wjj)nxn such that foreachi =1, ..., n,

Ai = G(wir, - . ., win; B).

We construct infinitely many weighted geometric means such thatif A <®B, then {A, ..., Aa} € [B1, ..., By], the geodesic
convex hull of {By, .. ., B,} in the Riemannian manifold of positive definite matricesand Y"1, f(AT") < "1 f(B") forany
continuous geodesically convex function f (Jensen inequality). We further establish Rado’s theorem and Schur’s convexity
theorem for the Karcher mean, among other weighted geometric means.

2. Invariant metrics

Let H = H,, be the space of Hermitian matrices of a fixed size m, and P = P, the corresponding convex cone of positive
definite Hermitian matrices. For X, Y € H, we write X < Y if Y — X is positive semidefinite, and X < Y if Y — X is positive
definite. For A € H, 1;(A)’s are denoted by the eigenvalues of A in non-increasing order: A1(A) > A,(A) > -+ > An(A).

ForA,B € Pandt € R, the t-weighted geometric mean of A and B is defined by

A#B = AV2(ATV2BAT YA,

The following properties for the weighted geometric mean are well-known [17].

Lemma 2.1. Let A,B,C,D € Pand let t € R. Then

(i) A#,B = A'"'B' for AB = BA;
(ii) (aA)#:(bB) = a'~tb'(A#B) for a, b > 0;
(iii) (Lowner-Heinz inequality) A#;B < C#;D for A< C,B<Dandt € [0, 1];
(iv) M(A#:B)M* = (MAM*)#,(MBM*) for non-singular M;
(v) A#;B = B#,_A, (A#:B)"' = A~ '#,B1;
(vi) MA+ (1 = L)B)#,(AC + (1 — 1)D) > A(A#,C) + (1 — L) (B#:D) for A, t € [0, 1];
(vii) det(A#,B) = det(A)'~‘det(B)‘;
(viii) (1 =DA ' +tBH 1 <A#B< (1—t)A+tBfort € [0,1];
(ix) (A#:B)#;(A#,B) = A#(1_sryuBforanys,t,u e R.
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Anorm @ onR™ is called a symmetric gauge function if it is invariant under permutations and sign changes of coordinates.
Every symmetric gauge function @ induces a unitarily invariant norm on H
||A||¢ = ®()"1(A)7 )"2(A)a ey )"m(A))s

and conversely all unitarily invariant norms arise in this way by a theorem of von Neumann. Let @ be a symmetric gauge
norm. For A € P, we define a norm on the tangent space To(P) = {A} x H = Hby [|X|lx = ||A~/2XA~1/2||. This yields a
Finsler metric on P. For a path y : [0, 1] — P, we define its length as

1
Lo(y) = f ly =2y Oy 2(O) lodt (2.4)
0

and for A, B € P, its distance
de (A, B) = inf{Ly (y) @ y is a path from A to B}. (2.5)

Theorem 2.2 ([4]). We have dy (A, B) = || log(A~"/>BA="/?)|| and do is a complete metric distance on P such that for A, B € P
and for invertible matrix M,

(i) do(A,B) = do(A~', B™") = dp (MAM*, MBM*);

(i) do (A#B, A) = do (A#B, B) = 3dy (A, B), where A#B = A# 1 B;
(iii) do (A#;B, A#B) = |s — t|do (A, B) forallt,s € [0, 1];
(iv) de (A#:B, C#:D) < (1 — t)ds(A,C) + tds (B, D) forall t € [0, 1].

By the triangular inequality,
de (A#:B, C#:D) < (1 — t)de (A, C) + tde (B, D) + |t — s|ds(C, D) (2.6)
foralls, t € [0, 1]. Indeed,
de (A#:B, C#D) < dg (A#.B, C#.D) + do (C#.D, C#D)
< (1—-1t)de(A,C)+tdp(B,D) + |t —s|de (C, D).

Example 2.3 (Schatten p-Norms). For 1 < p < o0, let @, be the [,-norm, which is a symmetric gauge function. The
corresponding unitarily invariant norm on H is known as the Schatten p-norm and is defined by

1
p

IX1l, = [Z xxmoﬂ} :

i=1

where [X| := (X?)2. The corresponding Finsler distance metric is given by dy(A, B) = || log(A~2BA="/2)]|, on P. In [10]
C. Conde has proved that

R A#B) < 22 A+ LB - P A <2
p(a )_Ep(v)—i_ip(a)_Tp(’)(p_)

1 1 1
d)(X. A#B) < S5 A) + S dB(X.B) — o db(A.B) (p=2)
for all X > 0. (The formulas actually extend to the setting of compact operators on a separable Hilbert space.)
Example 2.4 (Riemannian Trace Metric). The Frobenius norm || - ||, gives rise to the Riemannian structure

X,Y)a =Tr(A"'XA7Y),

where A € Pand X, Y € T4(P) = H. In this case, the curve t +> A#,B is the unique minimal geodesic (up to parametriza-
tion) from A to B and A#B is a unique midpoint between A and B. One important property of the metric 6(A,B) =
| log A=/2BA=1/2||, is the semiparallelogram law

2 1o 1o 1o
83(Z, X#Y) < 55 Z,X)+ 55 Z,Y) - 25 X,Y)
and its general form for any t € [0, 1]

82(Z, X#:Y) < (1 —)6%2(Z,X) + t8%(Z,Y) — t(1 — t)8%(X, Y). (2.7)

The metric space (P, §) is an important example of a Hadamard space, a complete metric space satisfying the semiparallel-
ogram law.
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Example 2.5 (Thompson Metric). For p = oo, the metric on P arising from the spectral norm || - ||, is given by d (A, B) =
| log(A='/2BA~1/?)|| , and coincides with the Thompson metric
d (A, B) = max{log M(B/A), log M(A/B)}, (2.8)

where M(B/A) = infla > 0 : B < aA} = A(A”'/?BA~1/?) = X{(A"'B). We note that do,(A, B) = max{logi,(A"'B),
log A1(B~1A)}.

3. Convex sets and functions

Definition 3.1. A subset C C Pis called geodesically convex (occasionally, in context, convex) if A#,B € C forallt € [0, 1]
whenever A, B € C. A function f : C — R on a geodesically convex set C is called geodesically convex if for any A, B € C
andt € [0, 1],

fA#B) = (1-0)f(A) +tf(B).

Remark 3.2. Alternatively f : P — Ris geodesically convexifand only if for allA, B € P, the compositionfy, s : [0, 1] = R
is convex in the usual sense, where y, p(t) = A#;B.

Proof. Since by Lemma 2.1 (ix)
Ya((1 = 0)s + tu) = A#t(1_psyuB = (A#:B)# (A#yB) = ya p(S)#cyap(W),
we have
fras((1—0)s + tu) = f(yap©#cyasW) < (1 —6)f yap(s) + tfvap()
if f is convex. Conversely letting s = 0 and u = 1 in the first equation yields
f(A#B) = fyas(O#fyap(1) = (1 —Ofyap(0) + tfyap(0) = (1 —0)f(A) + tf(B)

if fya p is convex in the usual sense. O

Remark 3.3. By the Hermite-Hadamard inequality of convex functions on real intervals, which says that for a convex
function g on [a, b],

g<a+b> 1 b g(a) +g(b

< — dx < —————
2 _b_aag(x)x_ 2

we have

fA) +f®B)
2

1
f(A#B) < f f(A#B)dt < (3.9)
0

for any geodesically convex function f on . See [11].

For C C P, let M(C) = {X#Y : X,Y e C}. Note C € M(C) since X#X = X. Inductively set M"*1(C) = M(M"(C)).
Then it is easy to see that M*°(C) := [, M"(C) is the smallest midpoint-convex set containing C. It turns out [7,15] that
the closure of M®°(C) is the smallest closed, convex set containing C. We call it the closed convex hull of C and denote by [C].
It is straightforward to see that [[C;] U [C;]] = [C; U C;]. We denote the closed convex hull of a finite set {X;, ..., X,} by
X1, ..., Xal.

Proposition 3.4 ([15]). We have A4 [C] = A, C for any subset C of P and any symmetric gauge function @, where A4 C denotes
the dg-diameter of the set C.

We list some examples of geodesically convex sets and convex functions.

Proposition 3.5. (1) Every dg-ball is geodesically convex;

(2) Every Lowner order interval [X, Y] :={Z €e P: 0 < X < Z < Y} is geodesically convex;

(3) Every closed subset of P, which is stable under the arithmetic ’% and harmonic mean 2(A~'+B~") " is geodesically convex;
(4) For a non-singular M, the sets

{X >0: MXM* =X}, X>0:MXM*=X"1

are geodesically convex;
(5) The map d% (-, Z) is geodesically convex for any o« > 1;
(6) The trace and determinant functions are geodesically convex;
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(7) The log-determinant function X +— log det(X) is geodesically convex;
(8) If f is operator monotone and convex and g : P — R is monotone and convex, then g o f is geodesically convex; and
(9) If ¥ : M, — My is a strictly positive linear map and g : P, — R is monotone and convex, then g o ¥ is geodesically convex.

Proof. (1) and (5): From Theorem 2.2.

(2),(6) and (7): From Lemma 2.1.

(3) and (4): See [21,22].

(8) Let f be an operator monotone and convex function and let g : P — R be monotone and convex. Then f (A#,B) <
f((—=0A+tB) < (1—1t)f(A) + tf(B) forallt € [0, 1]. Since g is monotone and convex,

(g o f)A#B) < g((1 = O)f(A) +1f(B) = (1—-1)(gof)A) +t(gof)B),

which implies the convexity of g o f.
(9) Follows from ¥ (A#,B) < W (A)#,W¥ (B) (cf. Theorem 4.1.5 of [5]). O

See Example 2.2.1 of [5] for a family of positive linear maps and also [22] for a one-parameter family of geodesically
convex sets which covers the space P. We note that any map satisfying f (A#;B) < f(A)#.f(B) = f(A)'~*f(B) forallt € [0, 1]
is geodesically convex.

Remark 3.6. We have by Example 2.3 that dﬁ(-, Z) is uniformly convex for 1 < p < 2 and dg(~, Z) for p > 2 is uniformly
convex. Here amap f : P — R s called uniformly convex with respect to on a complete metric d on PP if there is a strictly
increasing function ¢ : [0, co) — [0, co) such that

1
f(A#B) < EU(A) +f(B)) — ¢(d(A, B))

forallA, B € P. Alower semicontinuous uniformly convex functionf : P — R thatis bounded below has a unique minimizer
arg miny.pf (X) (see [28, Proposition 1.7]). We further note that (P, §) is a p-uniformly convex Cartan Hadamard manifold
forany p > 1(see[12]).

4. Geometric means

Once one realizes that the matrix geometric mean G, (A, B) = A#B is a metric midpoint of A and B for the metric d, it is
natural to use an averaging technique over this metric to extend this mean to a larger number of variables. M. Moakher [26]
and Bhatia and Holbrook [7] suggested extending the geometric mean to n-points by taking the mean to be the unique
minimizer of the sum of the squares of the distances:

n
An(As, ..., Ay) = argmin Y 8% (X, Ay).

XeP i=1

Another approach, independent of metric notions, was suggested by Ando, Li, and Mathias [1] via a “symmetrization
procedure” and induction. The Ando-Li-Mathias paper was also important for listing, and deriving for their mean, ten
desirable properties for extended geometric means that one might anticipate from properties of the two-variable geometric
mean. The Ando-Li-Mathias mean proved to be computationally cumbersome, and Bini, Meini, and Poloni [9] suggested an
alternative with more rapid convergence properties, which also satisfied the ten axioms. One notes in particular that while
the axioms characterize the two-variable case, this is no longer true in the n-variable case, n > 2.

The ten properties originating from [1] may be generalized to the setting of weighted geometric means of n-positive
definite matrices, where the weights w = (w4, ..., w;,) vary over A, the simplex of positive probability vectors convexly
spanned by the unit coordinate vectors. We define a symmetric weighted geometric mean of n positive definite matrices to
beamap G : A, x P" — P that satisfies the following properties: For A = (A1, ...,A;),B=(By1,...,B,) € P",o0 € S"a
permutation on n-letters,a = (ap, ..., a;) € R}, (R4 = (0, 00)), these are

w1

1) (Consistency with scalars) G(w; A) = Ay ' - - - Ay™ if the A;’s commute;

2) (Joint homogeneity) G(w; a14y, ..., GA;) = a’{” < aynG(w; A);

3) (Permutation invariance) G(wg; Ay) = G(w; A), where wy = (Wo (1), - - - » Wom)) aANd Ay = (As(1y, - - -, Asm));

4) (Monotonicity) If B; < A; forall 1 < i < n, then G(w; B) < G(w; A);

5) (Continuity) The map G(w; -) is continuous;

6) (Congruence invariance) G(w; M*AM) = M*G(w; A)M for any invertible matrix M, where M(A4, ..., A,)M* =
MA1M*, ..., MA,M*);

—_

(P7) (Joint concavity) G(w; AA 4+ (1 — A)B) > AG(w; A) + (1 — A)G(w; B) for0 < A < 1;
(P8) (Self-duality) G(w; A™")™! = G(w; A), where A" = (A7, ..., A1)
(P9) (Determinantal identity) DetG(w; A1, ..., An) = ]_[?zl(DetAi)wi; and

(P10) (AGH weighted mean inequalities) (3", wiA7 )™ < G(w; Ay, ..., Ap) < D0, wiA;.
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We call a map G satisfying (P1)-(P10) except for (P3) a weighted geometric mean. We note that the two-variable weighted
geometric mean G, (w1, wy; A, B) = A#,, B satisfies (P1)-(P10) and is uniquely determined by (P1) and (P6).
The following result is valid for any map G satisfying (P2) and (P5); see [18].

Proposition 4.1. Every weighted geometric mean is “contractive” for the Thompson metric d..;

oo (G(@; A), G(@; B)) < ) widoo (A, By).
i=1

Lemma 4.2. If G and H are weighted geometric means, then G#.H is a weighted geometric mean for all t € [0, 1], where
(G#:H)(w; A) = G(w; A)#H(w; A).

Proof. One can directly show from Lemma 2.1 that G#.H satisfies (Pk) whenever G and H satisfy (Pk); that is, if G and H are
weighted geometric means then G#,H is also. O

Definition 4.3 (Weighted Inductive Mean). For w = (w1, ..., w,) € Apand A = (Aq, ..., A,) € P", define
S1(1; A1) = Ay,
Sn(@: A) = Sq_1(&: A#y,An, (0> 2),

where @ = ﬁ(w], Wy, ..., Wn1) € An_qand A = (A, ..., An_1). We call S,(w; A) the w-weighted inductive mean
(convex combination) of Aq, ..., A,.

Proposition 4.4. The weighted inductive mean is indeed a (non-symmetric) weighted geometric mean.
Proof. By induction and Lemma 2.1. O

The w-weighted Karcher mean, also called the least squares mean, of n positive definite matrices A, ...,A, and v =
(w1, ..., wy) € A, is defined as the unique minimizer of the sum of squares of the Riemannian trace metric distances to
each of the A;, i.e.,

n
A(@; Ay, ..., Ay) = argmin Y wis® (X, A). (4.10)
XeP i=1

From [7,26] the Karcher mean coincides with the unique positive definite solution of the Karcher equation

n
> wilog(X'?A'X"?) = 0. (4.11)
i=1
Theorem 4.5 ([17]). The Karcher mean is a symmetric weighted geometric mean.
We note that the weighted Karcher mean exists on any Hadamard space. (cf. [28]).

Remark 4.6 (Fixed Point Means). Let G : Apyi x P""* — P be a weighted geometric (n 4 k)-mean. Let w = (w1, ..., w,) €
Apand A = (Aq, ..., Ay) € P". Then for each t > 1, the equation

Glwrik; A1, A X, o0, X)) =X
— —

k

has a unique positive definite solution, where w; = (%, e, “;", % e, %) € Apti, denoted by G; x(w; A). Indeed,
one can see by using Proposition 4.1 that the map

X Gloek; Aty oo A X, o, X)
——
k

is a strict contraction with the Lipschitz constant less than equal to % with respect to the Thompson metric. One can show
(cf. [20]) that G; x is a weighted geometric mean and that the Karcher mean and the weighted inductive mean coincide with
their respective fixed point means.
Remark 4.7 (Geometric Power Means, [23]). Let G be a weighted geometric mean. For t € (0, 1], the following equation

X = G(w; X#Aq, ..., X#Ay)

has a unique positive definite solution. In fact, the map X — G(w; X#:A1, ..., X#.Ap) is a strict contraction on P with least
contraction coefficient less than equal to 1 — t for the Thompson metric. Define by G;(w; A1, ..., A,;) the unique solution.
Then each G; is a weighted geometric mean. Moreover,

lim+Gt(a);A1,...,An) = A(w; Ay, ..., Ap). (4.12)
t—0
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Remark 4.8 (Weighted BMP Mean). In [19] Lee, Lim and Yamazaki have found via the induction argument and appropriate
symmetrization procedures a continuous map I" : [0, 1]" x A, — A, satisfying

o I'(1; w) =wforallw € Ay; and
e (i) =11, 1,=(1,1,..., ) eRr"
forallt € [0, 1]",andamap & : [0, 1]" x A, x P" — P satisfying
(I'1) &(t; w; A) = H?:lAiF(t;w)" for commuting A;’s;
I'2) (Joint homogeneity) &(t; w; a1As, . . ., apAy) = [, @
(Permutation invariance) &(t; wy; Ay) = &(t; w; A);
(Monotonicity) If B; < A;forall 1 <i < n,then &(t; w; B) < &(t; w; A);
(Continuity) The map &(t; w; -) is continuous;
(Congruence invariance) &(t; w; M*AM) = M*6(t; w; A)M;
(Joint concavity) &(t; w; -) is jointly concave;
Self-duality) &(t; w; A~ ™1 = G(w; A);
Determinantal identity) det® (t; w; A) = ]_[:7:} (detA) T ®»i: and
(I"'10) (AGH mean inequalities) (3_{_; I'(t; ®)iA[') < &(t; w3 A) < Y1 T'(t; w)iA.
Fort € [0, 1]", the map &(t; -; ) : A, x P" — P satisfies the weighted geometric mean properties and each of these
means interpolates between the weighted ALM (t = 0, = (0,...,0)) and BMP (t = 1,) means [1,9]. We note that
&(t; %1n; -) is a (un-weighted) geometric mean for all t € [0, 1]" with

1 1
& (0; —1,; ) = Alm,,, & (1; —1y; ) = Bmp,.
n n

We note from I" (1,; w) = w that the weighted BMP mean is indeed a symmetric weighted geometric mean; satisfying all
the properties (P1)-(P10) and that the weighted BMP mean is constructed by induction and the following symmetrization
procedure:

(1) Forn = 2, Bmp, (w1, wy; A1, Az) = Ar#y,As.
(2) Assume that Bmp,_;(-; -) : Ap_1 x P! — Pis defined. Let {Ai(r)}fio be the sequence defined by; A,.(O) = A;and

r
i

e (t; w; A);

—_—

Wi
Ai(r+1) = A§r)#17wiBmpn_1 ( j > ; (A;r))jsﬁi , 1= i =n, (413)
T=wi/j
where (a))jz == (a1, ..., Gi—1, Qit1, . . ., Gy). Then lim, _, o Ai(r) exists and has the same value for every i; we denote the
common limit by limHooAfr) = Bmp,(w; A1, ..., An).

See [15] for the weighted BMP mean in a general setting of metric spaces.

Definition 4.9. Amap G : A, x P" — Pis called stable on a subset 2 C Pif G(w; A1, ...,Ay) € 2 forallw € A, and
Aie,i=1,...,n

Lemma 4.10. Let 2 C P be a closed geodesically convex set and let G : A, x P" — P be a weighted geometric mean. If G is
stable on £2, then its geometric power mean and fixed point mean are stable on 2.

Proof. Let w € A, and let A = (Ay,...,A;) € £2". By Remark 4.7, the map f(X) = G(w; X#:A1, ..., X#:A,) is a strict
contraction for the Thompson metric whose unique fixed point is G;(w; Ay, ..., Ap). By the §2-stability of f and X#,A; € §2
foralli=1,...,n, f maps £2 into itself. Pick Xo € £2. Since £2 is closed,

Ge(@; Ay, ... An) = lengof"<xo> €f.

This shows that G; is stable on £2.
A similar argument holds for the fixed point means G . O

Theorem 4.11 (Stability). The weighted inductive, BMP and Karcher means are stable on any closed geodesically convex set.

Proof. It is easy to see that the weighted inductive and BMP means are stable on a geodesically convex set £2 from the
closedness of §2 and their symmetrization procedures and induction.

For the case of the Karcher mean, we let G be either the inductive mean or BMP mean. Let X; = G;(w; A1, ..., Ap), Where
Aie2,i=1,...,nandt € (0, 1]. Applying the previous lemma and the first paragraph yields X; € 2 forall t € (0, 1].1t
then follows from (4.12) and closedness of §2 that

Ap(w; Aq, ..., Ay) = lim X; € 2.

t—0t

That is, the weighted Karcher mean is stableon 2. O
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Remark 4.12. The stability of the weighted Karcher mean, in particular the result that

Ap(w; A1, ..., Ap) € [A1, ..., Anl (4.14)
forallw € A, and (Aq, ..., A;) € P", which was shown by Bhatia and Holbrook [7], can be proved alternatively by Sturm’s
Strong Law of Large Number [28,16,8] or by Holbrook’s no dice theorem [13] for un-weighted case w = (1/n, ..., 1/n).The

key step in the proof of Bhatia and Holbrook [7] is the so called Pythagorean inequality for Hadamard metric spaces (see
[5, Theorem 6.2.7]); see also [14, Theorem 2.3.3] for a nice proof of this result.

It is typically non-trivial to show that the stability theorem, equivalently (4.14), holds for a given weighted geometric
mean. Alternatively, this property provides a new class of weighted geometric means, those satisfying the stability theorem
or (4.14).

Remark 4.13 (Block Diagonal Matrices). Let p; € N with Zle pi=m.ForP; € Pp,,i =1, ..., k, the block diagonal matrices

diag(Pq, ..., P;y) € P,. Obviously the set P(pq, ..., pr) of such positive definite block diagonal matrices forms a closed
geodesically convex subset of P,, and hence the Karcher mean is stable on it. Let A; = diag(P;y, ..., Px) € P(p1,...,px) C
Pn,i=1,...,n 0One can see by the Karcher equation that

Ap(w; Ay, ..., Ap) = diag(An(w; Pi1, ..., Po1), ..., Ap(w; Pigy . ., Pri)).
5. Convex geometric means

Definition 5.1. A weighted geometric mean G : A, x P" — P is called convex if

n

FG(@; Ar, .. AD) <) wif (A)

i=1
forall w = (w1, ..., wy) € Ay, (A1, ...,A;) € P" and continuous geodesically convex functions f : P — R. We denote by
C, the set of all weighted convex geometric n-means.

Proposition 5.2. Let G : A, x P" — P be a convex weighted geometric mean. Then foranyoa > 1,X € P, w = (wq, ..., wy) €
Apand A = (A4, ..., Ay) € P",

n
(X, G(@; Ar, ... A) < ) widfy (X, A) (5.15)
i=1
for all symmetric gauge functions @. In particular for all X € P,
n
4 (X, G(@; Ay, ., A) < ) widy (X, A). (5.16)
i=1

Furthermore, G is stable on any dg-balls.

Proof. The first part of proof follows by the convexity of the map X +— dJ(X,Z) and the observation that sums and
nonnegative scalar multiples of convex functions are again convex. Let A, ..., A, € By (Ao, 1), the dp-ball of radius r
and centered at Ag. Then by (5.15),

n
do (Ao, G(@; Ar, ..., A) < ) wido (Ao, A)) < T,
i=1
which shows that G(w; A1, ..., A,) liesintheball. O
Remark 5.3. By (5.15), one can derive that
n n
do(G(@; Av, ..., An), G(@; By, ..., Bo) < ) w [Z wido (A, B;»)] :
i=1 j=1

This is weaker than the corresponding result for the Thompson metric (Proposition 4.1).

Theorem 5.4. The set G, is closed under the geometric mean G#.H, the fixed point mean and geometric power mean operations.
Moreover the weighted inductive mean S,, the weighted BMP mean Bmp,, and the Karcher mean A, belong to Cy,.
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Proof. Let G, H € C,. Then G#.H is a weighted geometric mean by Lemma 4.2. Let f be a continuous geodesically convex
function. Then

fU(G#H)(w; A)) = f(G(w; A)#H(w; A))
= (1= 0f (G(w; A)) + tf (H(w; A))

< D wf (A,
i=1

Therefore G#:H € C,.
Next, we will show that S, and Bmp,, are convex. Suppose that S,_; is convex. Then for a continuous geodesically convex
function f,

FSn(@; A)) = f(Sn—1(@; A)#,,An)
< (1 — w)f (Su_1(@; A)) + waf (Ay)

n—1 i
= (1= w) Y [ () + wif (A)
i=1 n

1—
=Y f@.
i=1

By induction, S, is convex. Similarly one can show that weighted BMP mean is convex from the fact that it is defined by
induction and a symmetrization procedure.
Let G € G, and lett € (0, 1]. Let X = G;(w; A). Then for a continuous geodesically convex function f,

fX) = f(Glw; X#Ay, ..., X#An))

< D wif (X#A)
i=1

< D wil(1 = Of X) + tf (A))]
i=1

= (1=0fC)+t Y wf(A)
i=1

which ensures that f (X) < Z?:l wif (A;). That is, the geometric power mean G; is convex whenever G is.
Similarly each fixed point mean G; x belongs to C¢,. O

Remark 5.5. The convexity of the Karcher mean holds on any Hadamard space (Sturm, [28]).

Definition 5.6. A weighted geometric mean G : A, x P" — P is called Schur-convex if G € G, and
G(w; Ay, ..., Ap) €[A1, ..., Al (5.17)

forallw € A, and (A4, ..., A;) € P". We denote by §C, the set of all Schur-convex weighted geometric n-means.

Theorem 5.7. The set $C,, is closed under the geometric mean G#.H, the fixed point mean and geometric power mean operations.
Moreover the weighted inductive mean Sy, the weighted BMP mean Bmp,, and the Karcher mean A, belong to $C,.

Proof. LetG,H € 8C,.Fort € [0, 1],
(G#H)(w; A) = G(w; A)#H(w; A) € [Ar, ..., Ayl

by the convexity of [Aq, ..., Ay]. That is, G#:H € 8C,. By Lemma 4.10, the geometric power mean G; and the fixed point
mean G;  are stable on [A4, . .., Ay].
The remaining part of proof follows by Theorem 4.11. O

Corollary 5.8. Let G € C, and H € 8C,,. Then
de (H(w; A), G(w; A)) < Ap(A) = max de (Ai, Aj)
<ij<n

for all symmetric gauge functions &.
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Proof. Let G € C, and let A = (A4, ..., A,) € P". By Proposition 3.4, the dg-diameter of {A;}L; is Ap(A) = mMaxXi<jj<n
de (A, Aj). Applying (5.16) with X = H(w; A) leads to

@ (X, G A) < Y widy (X, Ay).

i=1

By Theorem 5.7 and (5.17), do (X, A})) < Agp(A) foralli=1,...,n. O

Remark 5.9. We note that the weighted inductive mean S,, the Bmp,, and the Karcher mean A, can be extended continu-
ously into nonnegative weights w € A, from the symmetrization procedures and the Karcher equation.

Remark 5.10 (Un-Weighted Case). We consider the geometric mean, convex function and Schur-convex function for the
un-weighted case w = (1/n, ..., 1/n). Then the previous results hold and the un-weighted ALM mean is Schur-convex.

Problem 1. Is any weighted geometric mean (Schur) convex?

Problem 2. Extend (3.9) to (un-weighted) Schur-convex geometric means. We note that the following multivariable
Hermite-Hadamard inequality holds true [2]:

f<pl+"'+pn>§ 1 ffif(P1)+“'+f(Pn)
Vol(S) Js

n n

for any convex functionf : S — R, where S = [p1,...,ps] C R". An appropriate Hermite-Hadamard inequality for a
Schur-convex geometric mean would be the following:

f(G(w; A))dw < fAD)+---+f(An)
m—1D! Joea, .

for any continuous geodesically convex function f : P — R.

f(GM) =

6. Geometric mean majorizations

Definition 6.1. LetG € C,andletA = (Aq,...,A;), B = (B4, ..., By) € P".Wesaythat A is G-majorized by B (abbreviated,
A <% B) if there exists a positive doubly stochastic matrix W = (Wij)nxn such thatforalli=1,...,n,

Ai = G(wiy, - . ., Wip; B).

Remark 6.2. If G € G, can be defined on A, (e.g., Sy, A,, and Bmp,, see Remark 5.9), then the positivity condition of
G-majorization can be excluded.

Remark 6.3 (n = 2). Since the map (t, A, B) — A#.Bis the unique weighted geometric mean forn = 2, (A1, A;) < (By, Bo)
ifand onlyifA; = B1#:B, and A, = B#,_;B, = B,#:B, forsomet € [0, 1]ifand only if A; and A, lie in the geodesic segment
between By and B, and d¢ (A1, B1) = do (A2, By) for some (all) symmetric gauge function @.

Example 6.4. We have (G(A), ..., G(A)) <C Aforall A € P"and G € G,. Use

11 - 1

111
W=—
n

1 1 1

Proposition 6.5. Suppose that A <° B.

1) MAM* <¢ MBM* for any non-singular M.

YATI<OB

) log detA < log detB, where det(A) = (detAq, ..., detA,).

) If Gis symmetric, then A, <° B, for any permutation o.

) If G € {An, Sy, Bmp,}, then for any strictly positive unital linear map &,

(
2
3
(4
(5

@ (A) <2 & (B)
where @ (A) = (P (A1), ..., D(Ay)).
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Proof. (1)-(3) follow by the congruence invariancy, self-duality and determinantal identity of G.
(4) Let o be a permutation. Let W, = (W ()0 (j))nxn- Then W, is a positive doubly stochastic matrix and

As )y = C(Wo1,...,weens B) = C(Woo)s - - - » Woom; Be)

where the second equality follows from the permutation invariancy of G. This shows that A, < B,.
(5)Use @(Ap(w; A)) = An(@; P(A1), ..., P(An). O

The next theorem is a partial extension of Hardy-Littlewood-Pélya Theorem to convex geometric means of positive
definite matrices.

Theorem 6.6. If A <CB, then I, f(AF") < Y, f(BE") for any continuous geodesically convex function f.

Proof. This follows from that

D fA) = fGwi, ..., win; By, By))
i=1 i=1

< Zzwijf(Bj) = Z
1 —

i=1 j= j=1 i=

n

wyf (B) = ) _f(B).
1 =
The proof follows from A~' <¢B~!. O

Corollary 6.7. Let G € C,, A<®B, a > 1and let & be symmetric gauge function on R™.

(1) Zl§i<j§n dg(Ai’Aj) = Zlgiq’sn d‘é(Bi’ Bf)-
(2) Forany X € P,

(d3 (A1, X), ..., dg(An, X)) <w(d%(B1, X), ..., dg (By, X)).
(3) Forany X € P and symmetric gauge norm ¥ on R",

U (dy (A1, X), ..., d3 (A, X)) < W (dg(B1,X), ..., d%(By, X)).
(4) If G € 8Cy, then {Aq, ..., Ay} C [By, ..., Byl

Proof. (1) Let fi(X) = de (A;, X) and g;(X) = de (B, X). Set f = Z?Zlfi“ andg = Z?:l g.Then f and g are continuous and
geodesically convex functions. By Theorem 6.6,

o dALA) =) D A=) fA)
1<i<j<n j=1 i=1 j=1
<> f@B)= Y dyA,B)
j=1 1<i<j<n

=22 5@

i=1 j=1

> e < 2B
i=1 i=1
> d5(BiB.

1<i<j<n

(2) Let f be a continuous nondecreasing convex function defined on [0, co). Then f o d (-, X) is a continuous geodesically
convex function on P. By Theorem 6.6,

D FdG (AL X)) < D f(d(Bi, X))
i=1 i=1

The conclusion then follows by the characterization of weak majorization on real numbers (M. Tomic and H. Weyl).
(3) This follows from (2).
(4) By Schur-convexity of G, A; = G(wj1, ..., Win; By, ...,By) € [By,...,B,]. O
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7. Schur’s convexity for the Karcher mean

We note that P" is a Hadamard space with the product metric

i(sz(/‘\i, By).
i=1

We also note that amap f : P" — R is geodesically convex if
f(A'l#tB17 o aAn#[BTl) S (1 - t)f(A'la .. 7An) + lf(B]7 DRI Bn)

8(A,B) =

forallt € [0, 1]and (A4, ..., As), (By, ..., By) € P" and that the Karcher mean on the Hadamard space P" is given by
Ap(w; Aq, ..o, A) = (A5 Arr, .. Ak, . Ar(5 Aty .. Al)) (7.18)
where A; = (Aj1, ..., Ap) € P
Let
S"={o;:1<i<n!},
the set of all permutations of n-letters. For o € S" and A = (Aq, ..., A,) € P", we denote

A = Aoy, - -5 Acm) € P".

Theorem 7.1 (Rado’s Theorem). A <" B if and only if A = Ap(w; By, ..., By,) for some w € Ay

Proof. Let w = (w1, ..., wn) € An. Suppose that A = Ap(w; B, , ..., Bs,). We shall construct a doubly stochastic
matrix W = (pjj)axn such thatforalli=1,...,n,

Ai = Aw(Dits -+, Pins B1, - .., By)
which would imply A < B. Set

aij:{ok :Uk(i):j}s 1 El»,]fn
and p; = ngeaij wy = Zok(i):j wy. One can check that W = (p;) is a doubly stochastic matrix. By the permutation
invariancy of the Karcher mean,

Ai = An(w; By (s« -+ 5 Boy (i)

A”(Z Wy, ..., Z wk;Bl,...,Bn>

ok (i)=1 ok(i)=n
= An(Di1, -+, Pins B1, ..., Bp).

Conversely, suppose that A <" B. By Birkhoff's theorem on doubly stochastic matrices, the doubly stochastic matrix W
is a linear combination of permutation matrices; there exists a probability vector © = (uq, ..., uy) such that

n!
W = (wij)nxn = Zukpkv
k=1

where Py is the permutation matrix induced by the permutation o. By hypothesis and the property of permutation matrices,
we have

Wij = Z Mk

ok (i)=j
and

n
A; = arg min Z w;8%(X, Bj)
RS ——

= arg mini |: Z /Lk:| 8°(X,B)

XeP =t Lo)=i

= arg mini Z w8 (X, By)

XeP st )=

n!
= argmin ) _ 18> (X, Boyp).
XeP k=1

By (7.18), A = (A1, ..., A;) € P"is the u-weighted Karcher mean of B, ..., B,,. O
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Remark 7.2. We note that A <“" B if and only if there exists w € Ay such that
A; = An(w; Boyiys -5 Boy@y), I=1,...,1,
that is,
diag(Ay, ..., Ay) = diag(An(@; Boy(1ys - - - Boyy(1))s - - - » Ant(@; Boyys - - -5 Boyym)))-
By Remark 4.13, the right-hand of the equality coincides with
An(@; Q1 - -+, Qn),
where Q; = diag(By;1), - - -, Bs;)), i = 1, ..., n! This shows that A <4 B if and only if
diag(Aq, ..., An) = Ap(w; Qq, ..., Qn)

for some w € Ay, where Q; = diag(Bo;(1), - - - » Bo;ny), which extends Rado’s theorem on (positive) real numbers.

Corollary 7.3 (Schur’s Convexity). If A <4" B, then

(1) f(A) < f(B) for any continuous geodesically convex function f : P" — R invariant under the permutation of coordinates;
(2) A lies in the convex hull of the n! permutations of B in the product space P".

Proof. Follows from A = Ay (w; By, ..., By) € P" and
f(A) = f (An!(w; Bap s Ban!))
n!
< Y wif(By) =f(B)

k=1
where the inequality follows from the convexity of the Karcher mean on the Hadamard space P" (Remark 5.5). O
Remark 7.4. Our Rado’s theorem is new and holds on any Hadamard space by the same method of the proof of Theorem 7.1.
In [27] Niculescu and Roventa have recently obtained several results along the same lines of this section for the setting of

finite probability measures on Hadamard spaces. The Schur’s convexity on a Hadamard space appears in [27] with a proof
forn = 3.

Remark 7.5. The set of all weighted Karcher means A (w; B, , ..., B,,) varying over w € Ay is contained in the convex
hull [By,, ..., B,,] C P". It seems that the set of all weighted Karcher mean values in P" is a proper subset of the convex
hull [B;,, ..., Bs,] C P".

Corollary 7.6. Let A <“" B. Then
n n
DX, A) <Y d (X, By)
i=1 i=1
foralla > 1, X € P and all symmetric gauge functions &. In particular,
n n n
Y 8 (A3 A),A) < D 8 (A B),A) < ) 5% (A(w; B), B) (7.19)
i=1 i=1 i=1

foralw € A,.

Proof. For a fixed X € P, the map (Yq,...,Y,) — Z?:I d% (X, Y;) is a geodesically convex. By the previous corollary,
A <“n B ensures the desired assertion. O

Remark 7.7. We know that the Karcher mean A, (w; A) is the unique minimizer of the objective function
n
fu00 =) wis® (X, A).
i=1

By the previous result, we have a nice relationship between the Karcher mean majorization A <" B and the minimum
values of f; and f as following: A <“* B implies that mingep fs(X) < mingep fz(X).

Problem 3. Does Rado’s (Schur’s convexity) theorem hold for any G € 8¢, or for G = Bmp,? Alternatively, this property
would provide a characteristic property of the Karcher mean among other symmetric weighted geometric means.
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