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and dimY > 2. Then we prove that any surjective isometry between two unit spheres
of Banach spaces X and Y has a linear isometric extension on the whole space if Y is a
Gateaux differentiability space (in particular, separable spaces or reflexive spaces) and
the intersection of “sharp corner points” and weak*-exposed points of B(Y*) is weak*-
dense in the latter. Moreover, we study the “sharp corner points” in many classical
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Asplund generated space &Y, co(I"), c(I"), £%°(I") or some C(£2).
Weakly compactly generated space © 2013 Elsevier Inc. All rights reserved.

Gateaux differentiable space

1. Introduction and preliminaries

The famous Mazur-Ulam theorem in [32] stated that any surjective isometry V between two real normed spaces with
V() = O (zero element) must be linear. In [31], P. Mankiewicz proved that any surjective isometry between the convex
bodies (i.e. open connected subsets) of two normed spaces can be extended to a surjective affine isometry on the whole
space.

In 1987, D. Tingley proposed the following problem in [37].

Problem 1.1. Let X and Y be real normed spaces with unit spheres S;(X) and S;(Y), respectively. Suppose that Vg : S;(X) —
S1(Y) is a surjective isometry. Is V necessarily the restriction of a linear or affine isometry on X?

We only consider the isometric extension problem in real normed spaces, since it is clearly negative in the complex case.
This problem is interesting and easy to understand. Moreover, it is very important. If this problem has a positive answer,
then the local geometric property of a mapping on the unit sphere will determine the property of the mapping on the whole
space.

However, it is very difficult to solve. As Professor E. Odell said (in a recommendation letter for the first author to apply
for a Science Award in 2012): “this is a very difficult problem that remains unsolved after 25 years”. In [37], D. Tingley
only proved that any isometry V,, between the unit spheres S;(X(,)) and S;(Y(m)) necessarily maps the antipodal points to
antipodal points, thatis Vo (—x) = —Vp(x) foranyx € S;(X(n)) (both X,y and Y(n are real finite-dimensional normed spaces).

For quite a while (about 15 years), there has been no progress at all on this problem, until it was solved in Hilbert space
and ¢P(I") space (1 < p < o0) (see [10,8,9,6,7]). In the past decade, the isometric extension problem was considered in

* Corresponding author.
E-mail addresses: ding_gg@nankai.edu.cn (G.-G. Ding), lijianze@yeah.net (J.-Z. Li).

0022-247X/$ - see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jmaa.2013.04.002


http://dx.doi.org/10.1016/j.jmaa.2013.04.002
http://www.elsevier.com/locate/jmaa
http://www.elsevier.com/locate/jmaa
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.jmaa.2013.04.002&domain=pdf
mailto:ding_gg@nankai.edu.cn
mailto:lijianze@yeah.net
http://dx.doi.org/10.1016/j.jmaa.2013.04.002

298 G.-G. Ding, ].-Z. Li / ]. Math. Anal. Appl. 405 (2013) 297-309

various classical Banach spaces and many good results were obtained, through studying the specific form of norm and a lot
of special skills (see [12]).

By now, the isometric extension problem has been solved affirmatively if X is any classical Banach space and Y is a general
Banach space (see [5,10-15,19,21,22,24,27-30,34,36,38-42]). However, little progress has been obtained if X and Y are
both general Banach spaces, even in the two-dimensional case. Recently, the isometric extension problem was considered
in somewhere-flat Banach spaces and polyhedral Banach spaces and some impressive results were obtained (see [2,25]).
Moreover, this problem was also considered in the F-spaces (see [1,20,35,43]).

In this article, we attempt to study the isometric extension problem in general Banach spaces through some geometric
properties of the Banach spaces including weak*-exposed points, Gateaux differentiability, and so on.

In Section 2, we mainly prove some important lemmas and give the definition of “sharp corner points” of the unit ball
B1(Y*), where Y* is the dual space of a Banach space Y, denoted by $C(Y*). We show that there exists no such kind of points
in B;(Y*) if Y is strictly convex and dimY > 2. Furthermore, for any Banach space Y, we prove that any smooth point in the
unit sphere S;(Y™*) is not a sharp corner point.

In Section 3, we give some basic definitions and well-known results concerning Gateaux differentiability space, weak-
Asplund space, Asplund generated space, and so on. These well-known results can be found in [3,4,16,26,33] and take an
important role in many corollaries of this article.

In Section 4, we prove the main result (Theorem 4.2) of this article.

Theorem 1.2. Let X be a Banach space and Y be a Gdteaux differentiability space. If P (Y*) is the set of weak*-exposed points in
B1(Y*) and P (Y*) N $C(Y™*) is weak*-dense in P (Y™*), then any surjective isometry between two unit spheres S1(X) and S1(Y)
can be extended to a linear isometry on the whole space.

From this theorem, we deduce a result (Theorem 4.11) concerning the isometric extension of isometry between unit
spheres S;(X) and S1(Y), where X is a general Banach space and Y is an Asplund generated space.

Theorem 1.3. Let X be a Banach space and Y be an Asplund generated space. Suppose that Vy is an isometric mapping from the
unit sphere S1(X) into S1(Y), which satisfies the following condition:

(%) Forany x1,%, € $1(X) and X\, Ay € R,

IA1Vox1 + AaVoxa|| = 1 == A1Vox1 + A2Vox2 € Vo[SX)].
Let Z = span{Vox : x € S1(X)}. Suppose that P(Z*) N $C(Z*) is weak*-dense in P (Z*). Then Vy can be extended to a linear
isometry on the whole space.

Consequently, we obtain thatif Y = (¢£1), co(I"), c(I"), £°°(I") or some C(£2) (for example, the set of “Gs-points” is dense
in £2), then the answer for the isometric extension problem is also affirmative.

It is worthwhile to say more about the geometric methods used in this article. In our former papers on this problem, we
had to use different kinds of methods in various classical Banach spaces, because we mainly use the analytic methods which
concerns the specific form of the norm. However, we can discuss two kinds of spaces together in this article because we use
the geometric methods here.

Before we start, let us first set some notations and recall some definitions. In this article, all normed spaces are over R
and Y* denote the dual space of a normed space Y. S;(Y)(B1(Y)) denotes the unit sphere (unit ball) of a normed space Y.

Notation 1.4. Let Y be a normed space and y§ € S1(Y*):
A(yp) = {y € S1(Y) 1 y5(») = 1};
AYT) = {y* € Si1(Y") 1 AY") # 0}
P(yg) =1{y € S1(Y) : yo(») = 1,y*(y) < 1 forany y* € Si(Y*) with y* # yg};
PY*) ={y € Si(Y): POY") # 0}

Remark 1.5. Let Y be a normed space and y§ € S1(Y*). A(y) is the set of “norm-attaining points” of y5. A(Y*) is the subset
of S1(Y*) in which any y* norm-attains at some point in S;(Y). P(y}) is the set of “peak-functions” J(y) € Y**, which have
(only) a peak at y§ (where J is the canonical mapping from Y to Y**). y§ € £ (Y*) is called the weak*-exposed point of unit
ball B{(Y*). It is evident that any y, € P(yy) is a smooth point of S;(Y). Conversely, if y, is a smooth point of S;(Y), there
exists a unique yj € P (Y*) with y§(yo) = 1 (see [4,23]).

2. Some lemmas

We first introduce Lemma 2.1 in [41] as follows.

Lemma 2.1. Let X and Y be normed spaces. Suppose that Vy is a surjective isometry between S1(X) and S;(Y). Then we have

IX1 + %2l =2 &= [[Vox1 + Voxall = 2, VX1, % € S1(X).
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Proof. We only need to prove the “=" part, because VO_l is also a surjective isometry from S; (Y) onto S; (X). Suppose that
llx1 + x2|| = 2. By the Hahn-Banach theorem, there exists x; € S1(X*) such that xj;(x; 4+ x2) = ||x; + ;|| = 2. Hence

2 = Ix1 +x20l = Ixg(x1 +x2)| < Ixg(x)| + [xg(x2)| < 2,
and we have
xp(x1) = x5(x2) = 1. (2.1)

Letx, = (1 — 1) x; 4+ 1x, (¥n € N). By Eq. (2.1), we get a sequence {X,}  S;(X).Foreachn € Nand x € S;(X), suppose
that

%, +x[l = 2. (2.2)

By the Hahn-Banach theorem and the similar method, there exists X>(kn.x) € S1(X*) such that X?n.x) (X, +x) = 2, which implies
that

an,x) (*1) = Xrn,x) (x2) = X?n,x) x) =1
Therefore, we obtain

lIx2 + x|l = 2, (23)
since

2 =Xy (2 +%) < llxg +x[| < 2.
Note that

IXn — Vo ' (=VoXn) | = VoXn + VoXall = [12VoXall =2, VR eN. (24)
By the similar methods we used to deduce (2.3) from (2.2), we have that

Ix; = Vo ' (=VoXa)| =2, VneN (2.5)
by (2.4). Note that Vj is isometric and (2.5). We can obtain

[Voxa + VoXall =2, VneN.
Let n — oo. We get ||Vox, + Vox1|| = 2 and complete the proof. O

To get Lemma 2.3, we need to prove the following lemma.

Lemma 2.2. Let X and Y be normed spaces. Suppose that Vj is a surjective isometry between S1(X) and S1(Y). If y§ € P(Y™),
then Vo_l[A(yé)] C $1(X) is convex.

Proof. Since y; € £ (Y*), there exists yo € P(y;) (S A(yp)). Therefore, for any x;, x, € V(;][A(y(’g)] and A € [0, 1], we have
2 = y;(yo + Vox1) < llyo + Voxill <2,

that is [y + Vox1|| = 2. By Lemma 2.1, we have that ||V, 'yo + ;|| = 2, and there exists x} € S;(X*) such that
X; (Vg 'yo +x1) = 2,

by the Hahn-Banach theorem. Note that |XT(V(;1yo)| < Tand |x{(x1)| < 1. We get that

Xj(Vy o) = Xj(x1) = 1,

and thus
2 =x] (V()]J’o + W) < Vo 'yo+ W <2,
that is
Vo 'yo + 7V‘;]y;+x1 =2

By Lemma 2.1, we obtain

v! X
Yo + Vo (0 y;+ ‘)” =2
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Therefore, there exists y] € S1(Y*) such that

V’ly +x
Vi) + i |:V0 <°;]>} =2,

by the Hahn-Banach theorem. From the similar arguments as above, we get that
¥ N Vo 'yo +x1
Vo) =i |:V0 (02 =1 (2.6)

Note Eq. (2.6) and yo € P(y;). We have y] = yj and

-1
s (2 |- 27)

. -1 " " Vg 'yotx _ T Vo 'yotx _
Since x; € V; [A(y})], we get that y§ | Vox, + Vo | 25— = 2, which implies that ||Vox; + Vo | 45— = 2.By

2

Lemma 2.1, we get that

Volyo +x1

X2 + 2

=2,

and there exists x; € S1(X*) such that

Vo lyo +x
X; (XZ + Oyg—’—]> — 2’

by the Hahn-Banach theorem. Note that |x3(x2)], |x§(V0’1y0)|, [x5(x1)| < 1. We have
X5 (Vg 'vo) = X5 (1) =x5(6) =1,
and
X5V o + (1 + (1= Mxp)] = 2.
Therefore, we get that ||V0_1y0 + (Ax1 4+ (1 — A)x2)|| = 2, which implies that
Yo + Vo(Ax1 + (1 — Mx2)|| = 2, (2.8)
by Lemma 2.1. Then, from (2.8) and the similar argument we used to deduce (2.7), we can also obtain
YolVorxi + (1 = M)x2)] = yo(vo) = 1,
thatis Ax; + (1 — A)x; € Vo_l[A(yé)]. Thus VO_I[A(yé)] is convex and the proof is completed. O

Lemma 2.3. Let X and Y be normed spaces. Suppose that Vy is a surjective isometry between S1(X) and S;(Y). If y5 € P(Y™),
there exists x§ € S1(X™) such that

Vo) = £1 = (V5 'y) =5 0,
foranyy € S1(Y).

Proof. Ify € S1(Y) and y§(y) = 1,theny € A(y). By Lemma 2.2, VO_1 [AW$)] < S1(X) is convex and does not meet with the
interior of B; (X). (It is evident that the interior of By (X) is not empty.) Therefore, by the Eidelheit Separation theorem, there
exists xj € 51(X*) such that

sup{xg(X) : X € B1(X)} < inf{x5(x) : x € Vo_l[A(yg)]},
which implies that
1< infixg(x) : x € Vg AT < inf{llxg |l - 1]l x € Vo 'TAGD)1) = 1,
thatisxj(x) = 1foranyx € VO’1[A(y*)]
Furthermore, if y € S;(Y) and y’g&) = —1,then -y € A(yp). Since yj € P (Y*), there exists yo € P(yy) (S A(y3)), and

we have that

—1~

2> Ve 'y = Vo yoll = 1Y — yoll = vg(V — yo)| = 2,
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that is ||V0_1y0 + (—VO_W)H = 2. By Lemma 2.1, we have |yo + Vg(—Vo_ly)H = 2. Therefore, there exists y; € S1(Y*) such
that

Yio + Vo(=Vy ') =2,
by the Hahn-Banach theorem. Then we have

Vi) = yi(Vo(=Vg ') = 1. (2.9)
Note that Eq. (2.9) and yy € P(yg). We have that y; = y; and thus yé[Vo(—VO’]T/)] = 1. By the conclusion in the previous
part of this proof, we obtain immediately that x§(—V, %) = 1, that is x5 (Vo %) = —1. Thus the proof is completed. O

We will give the definition of “sharp corner points”. These points play an important role in our result concerning the
isometric extension problem in Gateaux differentiability space (in particular, separable spaces or reflexive spaces).
Definition 2.4. Let Y be normed space. Then y§ € S;(Y*) is called a sharp corner point of B; (Y*), if it satisfies the following
conditions:
(i) Foranyy € S;(Y) with |[y§(¥)| < 1and ¢ > 0, there exists Ve € S1(Y) such that
Vo) =1 and [y £yl <1+ [y;0) +e.

(ii) Forany y € S1(Y) with 0 < |[y§(»)| < 1and ¢ > 0, there exists y, € S1(Y) such that

vy Yo

and Iy, —yll = 1—IyoW)| +e.

These sharp corner points of B;(Y*) are denoted by §C(Y*). Then we will give an important lemma as follows.

Lemma 2.5. Let X and Y be normed spaces. Suppose that Vy is a surjective isometry between S1(X) and S1(Y). If y; € P(Y*) N
8C(Y*), then we have

% (Vo 'y) =y Yy eSiy),
where X € S1(X*) is the functional obtained in Lemma 2.3.

Proof. We take two steps to complete the proof:

@) lys W) = Ix5(Vy 'y)| forany y € Sy(Y).

Indeed, for any y € S1(Y), we can assume that |y§(y)| < 1 (otherwise we can immediately get (a) by Lemma 2.3). Note
V5 € 8C(Y*) and Lemma 2.3. For any ¢ > 0, there exists Y. € S1(Y) such that

XE(VO_]?E) =y36;5) =1,
and
15V 'y) = [ £ 1=x5Vy 'y = Ix5(Vy ' (£e) — x5 (Vg ')
< Vo '(&EYe) = Vo Il = Ve £ yIl < 1+ lyg@)| +e.
Since ¢ is arbitrary, we obtain that
x5 (Vo'W < lys0)l, Yy € Si(Y).

If [y; ()| = 0,itis clear that [x;(V, 'y)| = 0. Otherwise, note that y; € $C(Y*) and Lemma 2.3. For any & > 0, there exists
Y. € S1(Y) such that

x5 (Vo 'Yl = lyg o)l = 1,
and
1= 1x5(Vy "W = x5 (Vg Tl — Ix5 (Vg ')l
< x5 (Vg 'Y — x5(Vy ')
< Ve 'y — Vg
=y, =yl <1-ly;0)| +e.
Therefore, we get that
eI < Ix5(Vo '»I, Yy e Si(Y)

and complete the first step.
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(b)y3() = x5(Vy 'y) forany y € Sy(Y).
Indeed, if y§(y) = 0, then we have xg(Vqu) = 0 because of (a). Otherwise, note that y; € $€(Y*) and Lemma 2.3. For
any ¢ > 0, there exists y, € S1(Y) such that

1 _ Yo
Xg(Vy Vo) =y 0) = o,
o\'o & oVe |y00/)|
and
1= 1y@)l = x5 (Ve ¥l < x5 (Vo'W + Ix5 (Ve V) — x5V 'yl
< WO+ 1K (Vg 5. = Vo ' < lys )]+ 1IVy 'y — Vg 'yl
= oI+ 11y =yl < 1+e.
We can get
0 < Ix5(Vy '5e) — x5 (Vo "Wl — (x5 (Vo Tl — x5 (Vo 'w)) <&,
that is
Yo _ AZ16%) _
0= |2 —x5(Vy '] — | |22 — x5 (Vo '] ) <e.
[y W1 2462]
Since ¢ is arbitrary, we have that xj; (V(;ly) and y§(y) have the same sign because y§(y,) = {ﬁ gi‘ .The proofis completed. O
0

Remark 2.6. In Section 4, we will show that if Y is one of the spaces (¢£'), (co) or C(K) (K is a compact metric space), then we
have that 2 (Y*) C 8C(Y*).IfY is one of the spaces co(I"), c(I"), £°°(I") (I is an infinite index set) and some C(£2) (£ is a
compact Hausdorff space), then we have that £ (Y*) N $C(Y™*) is weak*-dense in & (Y*). Therefore, we will apply our main
result Theorem 4.2 to these spaces and get a positive answer to the isometric extension problem. Here, the corresponding
results for spaces co(I"), c(I") and C(£2) are new.

Proposition 2.7. Let Y be a strictly convex Banach space and dimY > 2. Then we have that $C(Y*) = &.

Proof. It is clear that if y§ € S;(Y*), there exists at most one element y, € S1(Y) such that y§(yo) = 1. Otherwise, if there
exists y; € S1(Y) such thatyo # y; and y§(y1) = 1, then for any A € (0, 1), we have that

1=y;(0y0 + (1 =y < llygll - IAyo + (1 = Dyl < 1,

which is impossible. Assume that C(Y*) # @ and yj € $C(Y*). Note that kery; # {0} since dimY > 2. For any
y € S1(Y) Nkeryg,y # 6 and ¢ > 0, there exists unique y such that

Vo) =1 and |lyoxyll <1+ +e=1+e.
Since ¢ is arbitrary, we get that ||yo £ y|| < 1and

2=|lyo+y+yo—yll = lyo+yll +llyo—yll =2,
that is

Iyo +y +yo =yl = lyo + ¥l + lyo = ¥II-

Since Y is strictly convex, we get that yo + y = yo — ¥y, which is impossible. O

Proposition 2.8. Let Y be a real Banach space. Then any smooth point of S1(Y*) is not a sharp corner point.

Proof. Suppose that fy is a smooth point of S;(Y*). There is a unique y;* € S;(Y**) such that y;*(fo) = 1.1f there does not
exist yo € S1(Y) such that g(yo) = y;*(g) forany g € Y*, thatis, A(f) = &, f is clearly not a sharp corner point.

Ifyo € S1(Y) given above exists, we assume that f; is also a sharp corner point. Forany y € S;(Y) with0 < fo(y) < 1and
e > 0,weseethat ||y —yoll <1—fo(y) + ¢, that is,

ly = yoll = 1=fo¥) =fovo) — fo(¥).
Note that fo(vo) — fo(¥) < |ly — ¥ol|. We have that

ly —yoll = foo) — fo@) = foo — ¥),

which implies that

h <M) 1
ly — yoll

However, it is impossible since fy € S1(Y*) is a smooth point. O
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Remark 2.9. Note that (¢2) is strictly convex and (£?)* = (£2). By Proposition 2.7, there exist no sharp corner points in
the unit ball of (¢2)* and so does (¢2). More generally, for any self-conjugate and uniformly convex Banach space Y, we can
prove that $C(Y*) = @ by Proposition 2.7 since any uniformly convex Banach space is strictly convex. Moreover, we can
also get that $C(Y*) = @ by Proposition 2.8 since Y* is uniformly smooth.

3. Some well-known results for Gateaux differentiability spaces

In this section, let us recall some results for Gateaux differentiability space, separable space, Asplund generated space,
and so on (see [3,4,16,26,33]).

Definition 3.1. A Banach space E is said to be a Gateaux differentiability space (weak-Asplund space) if for any continuous
convex function f on it, there exists a dense (dense G;) subset Eg C E such that f is Gateaux differentiable at any xy € Eq.

Remark 3.2. Since the Gateaux differentiability condition for a norm is homogeneous, a norm is differentiable at x if it is
differentiable at Ax for some scalar A. Consequently, if E is a Gateaux differentiability space, there exists a dense subset of
the unit sphere S;(E) where | x| is Gateaux differentiable.

Proposition 3.3. A Banach space E is a Gdteaux differentiability space if and only if any weak* compact convex subset of E* is
the weak* closed convex hull of its weak*-exposed points (see [26]).

Proposition 3.4. Let E and E; be Banach spaces. Suppose that T : E — Eq is linear and continuous. If E is a Gdteaux differentia-
bility space and T (E) is dense in E, then Eq is also a Gdteaux differentiability space. In particular, if a Banach space F is the image
of a Gdteaux differentiability space by a linear continuous mapping, then F is also a Gateaux differentiability space.

Definition 3.5. A Banach space E is called Asplund generated if there exists an Asplund space X and a linear continuous
operator T : X — E such that T(X) is dense in E.

Remark 3.6. Recall that a Banach space E is called an Asplund space if for any continuous convex function f on it, there exists
a dense G; subset Ey C E such that f is Fréchet differentiable at any x, € Eo. Moreover, we have the following important
facts:

(i) A Banach space E is an Asplund space if and only if E* has the Radon-Nikodym property.
(i) All the reflexive spaces and cq(I") space (for any index set ") are Asplund spaces.

Proposition 3.7. Any weakly compactly generated space is an Asplund generated space. Any subspace of an Asplund generated
space is a weak-Asplund space.

Proposition 3.8. Any separable Banach space is a weak-Asplund space. Moreover, if a Banach space E whose dual space E* admits
a strictly convex norm, then E is also a weak-Asplund space (see [3]).

Definition 3.9. Let £2 be a compact space. Then t; € £2 is called a Gs-point if there exists a countable collection of open
subsets {G, C £2 : n € N} such that {t} = ﬂ;; Gy. £2 is said to be scattered if any subset of £2 has an isolated point.

Proposition 3.10. Let $2 be a compact space. Then C(§2) is Asplund if and only if £2 is scattered (see [16]).

Remark 3.11. It is still an open question: What additional properties should £2 have such that C(£2) is a Gateaux
differentiability space (a weak-Asplund space)? We only know the following result: if C(£2) is a Gateaux differentiability
space (a weak-Asplund space), then 2 is sequentially compact, and for any closed subset F C 2, the set Fy of Gs-points of
F is dense in F (Fy contains a dense G; completely metrizable subset of F) (see [16, Theorem 2.2.3]). Therefore, we have to
point out that a Banach space E may not be a Gateaux differentiability space if the set of Gateaux differentiable points of
S1(E) is a dense subset.

4. Main theorems
In this section, we first introduce a result which can be seen in [17,43] (in [43], the proof was simplified).

Theorem 4.1. Let X and Y be normed spaces. Suppose that Vy is an isometry from S;(X) into S1(Y) and
IVox — [A[Voyll < lIx — Alyll, VX, y€S51(X), A €R.

Then Vy can be extended to an isometry on the whole space. Moreover, if Vj is surjective, then Vg can be linearly extended too.
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Sketch of proof. For integrating this paper, we write the main idea of the proof as follows: Let

X
_ v (—) X0
Vx= O\l

0, x=20

Then we have that ||[Vx — Vy|| < |lx — y|| forany x,y € S1(Y) and ||[Vx — Vy| = |x — y| if |x]| = |lyl,x = 6 ory = 6.
Indeed, V is an isometry. Otherwise, there exist xg, yo € X with ||yo|| > ||Xol| > 0 such that ||Vxo — Vyoll < |lxo — Yol|. We
can take zy € X such that ||zg|| = ||yoll and zy € yo_xB (the semi-line with the starting point y, and crossing xp ). Then we get
the following inequality:

lzo — yoll = llzo — Xoll + lIX0 — Yol > [IVzo — Vol + [[VXo — Vyol|
> [[Vzo — Vyoll,
which is impossible. If Vj is surjective, we can also get a linear isometric extension by the Mazur-Ulam theorem. O

We can now show our main result as follows.

Theorem 4.2. Let X be a Banach space and Y be a Gateaux differentiability space. Suppose that Vy is a surjective isometry between
S1(X) and S1(Y). If P(Y*) N 8C(Y™) is weak*-dense in £ (Y*), then V, can be extended to a linear isometry on the whole space.

Proof. For any xq, x, € S1(X) and A € R, we have that

[Vox1 — [AVoxall = sup  |y*(Voxq — [A[Vox2)|.
y*esi(Y*)
By Proposition 3.3, we get that
[Vox1 — [AVoxal = sup  [y5(Voxs — |A|Voxy)]
y5EP(Y*)
= sup lyo (Vox1 — [A[Vox2)]. (4.1)

VeEP(YH)NSC(Y*)
By Lemma 2.5, for any yj € £o(Y™), there exists xj € S1(X*) (x is obtained in Lemma 2.3) such that
vo(Vox1 — [A[Vox2)| = [yg(Vox1) — yo(IAlVoxa)| = [x5(x1) — X5(|A]x2)]
= lx1 — [Alx2|l. (4.2)
Note Egs. (4.1) and (4.2). We get immediately that
IVox1 — [A[Voxz || < lIX1 — [Alx2ll,  Vx1,%2 € $1(X), A €R,

and complete the proof because of Theorem 4.1. O

Corollary 4.3. Let X be a Banach space and Y be a separable Banach space (more generally, Y* admits a strictly convex norm).
Suppose that Vy is a surjective isometry between S1(X) and S1(Y). If #(Y*) N 8C(Y*) is weak*-dense in #(Y*), then V, can be
extended to a linear isometry on the whole space.

Proof. Note that any weak-Asplund space is a Gateaux differentiability space. We get the conclusion immediately by
Proposition 3.8. O

Corollary 4.4. Let X be a Banach space and Y = (£'). Suppose that Vy is a surjective isometry between S;(X) and S;(Y). Then
Vo can be extended to a linear isometry on the whole space.

Proof. Note that Y is separable and Corollary 4.3. We only need to check that 2 (Y*) C $C(Y*). It is easy to see that
PY*) ={{6,} : {6} € (£2°),0, = +1,n € N}.

Letys € P(Y*) andy € S1(Y) with |y;(¥)| < 1.1fy} = {6} and y = {y(n)}, we can take y = {J(n)} such that
y(n) =60%y(n)|, VneN.

Then we have that {y(n)} € S1(Y), ;) = 1and

Tyl = Fo £yml = [62ym]| £y

n=1 n=1

Dyl £6%ym] =Y ly(m| + > 67y(n)
n=1

n=1 n=1

Ty, = 1+ yoW)l.
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Moreover, if yj(y) # 0, we can also take y = & ég;l -y and have that
0
o0 3 o0 3
_ Yo 0 Yo ) 0
ly —yll = ——— O ly(m| —ym)| = ly(m)| — ———= - 6,y(n)
—llyyml " ,; sl "
o] * o] *
Vo) 0 B X
= ly(m| — E O,y(n) =1— Vo) = 1=yl
; e =" ye!I™° 0

Then we complete the proof. O

Corollary 4.5. Let X be a Banach space and Y = (cp). Suppose that Vy is a surjective isometry between S;(X) and S1(Y). Then
Vo can be extended to a linear isometry on the whole space.

Proof. Note that Y is separable and Corollary 4.3. We only need to check that 2 (Y*) C $C(Y*). It is easy to see that
P(Y*) ={+xe} :n e N},
where e; = (0,...,0, (T, 0,...) € (¢") forany n € N. Let e,’;o e £(Y*)andy € S1(Y) with |e,’;0(y)| < 1. We can take
y = en, € S1(Y). Then we have that
IV £ Il = li{en, (M) £y} = sup |eny (M) £ y(n)]
1+ ly(mo)| = 1+ ey, W)

Moreover, if &} (y) # 0, we can take

IA

e
F=y+ ( ol enoty>> eny € S1(Y),

thatis,y = {y(n)} with

y(ng) N o
¥ =3 lymo)l’ -
y(n), if n # ny.
We can get that
17—yl = sup [y -yl = | 20— ying)
n ly(no)|

1= ly(mo)| =1— ey W

Then we complete the proof. O

Corollary 4.6. Let X be a Banach space and Y = C(K) (K is a compact metric space). Suppose that Z C Y is a linear closed
subspace, and there exists a dense subset T C K such that all the “peak functions” whose peak ist € T are in Z. If V, is an
isometric mapping from S;(X) onto S(Z), then V, can be extended to a linear isometry on the whole space.

Proof. Note that C(K) is a separable Banach space and

PY*) ={x8; : ke K} (8;,(y) =y(ko) foreveryy = y(k) € Y).
It is easy to see that

{(£87: teT}C PZY)

and {£6; : t e T}is weak*-dense in #(Z*). By Corollary 4.3, we only need to prove that 8;; € 8C(Z*) forany tg € T
(because it is similar to prove that —8[*0 € 8C(Z*) forany to € T).

For any 5?‘0 e P(Y*),z € S1(Z) with |8;B(z)| = |z(tp)] < 1,and ¢ > 0 (if z(ty) # 0, we also assume that ¢ < @),
there exists an open neighborhood G(ty) of to in K such that
lz(k) — z(ty)| <&, VkeG(ty). (4.3)

By Urysohn’s Lemma we can get y(k) € C(K) such that
yto) =1, yk)=0 (VkeK\G(t))
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and
0<yk) <1, VkeKk.

Then we can make a “peak function” p,, (k) € C(K) (whose peak is ty and py, (tp) = 1), which is equal to 0 on K \ G(tp) and
takes non-negative value on K. Let

Z (k) = min(y(k), peo (k).

It is easy to see that Z, (k) is also a “peak function” on K whose peak is ty and 0 < Z,(k) < 1, and thusZ, € S;(Z) by the
hypotheses of Z. By (4.3), we have thatZ, &z € Z and

IZe £ z|| = max < max |Z,(k) £z(k)|, max |z(k)|>
keG(ty) keK\G(to)

< max(max |Ze (k)| + max |z(k)|, max |z(k)|)
keGl(to) keGl(to) keK\G(to)
< 1+ (lz(t) + &) = 148 (2) +&.

Moreover, if 5;; (z) = z(to) # 0, we first change above “peak function” py, (k) into p,, (k) which may be very sharp in above
neighborhood G(tp), and let it satisfy the following condition:

_lz()] — |z(to)

2] Vk e G(to). (4.4)

By, (k) < 1

When we take

_ 8, (2) _
zg=z+( 0 —5;‘;(2))17[0,

18, (@)1
by the hypotheses of Z, we have thatz, € Z and
#(t) if k = to;
_ |z(to)|
200 =120+ (- IZ(to)I)%ﬁm(kL ifk € G(to) \ {to}:
z(k), ’ if ke K\ G(tp).

Note that both z(k) and (1 — |z(tp)]) éﬁfﬁi\ﬁm (k) have the same sign because of (4.3). By (4.4), we obtain that

z(k) + (1= IZ(fo)I)ﬂﬁf (k)
|z(to)|"

Then we have thatz, € S{(Z),z, —z € Z and

) 5@\
e =2l = H <|6§g @ 5f°(2)> Po

Then we complete the proof by Corollary 4.3. O

= lz()| 4+ (1 = |z(to) )Py, (k) < 1.

=115, @)

We write Corollary 4.6 in such a form as above because it will be used in Theorem 4.7. As we stated in Remark 3.11, C(£2)
(£2 is a compact Hausdorff space) may not be a Gateaux differentiability space even if the set of Gs-points of §2 is dense in
£2. However, we can also get the conclusion of Corollary 4.6 by the similar methods.

Theorem 4.7. Let X be a Banach space and Y = C(£2) (§2 is a compact Hausdorff space). Suppose that there exists a dense subset
T C £2 such that T contains all the Gs-points of §2. If a linear closed subspace Z C Y contains all such “peak functions” whose
peak ist € T and Vy is an isometric mapping from S1(X) onto S;(Z), then Vi can be extended to a linear isometry on the whole
space.

Proof. It is the case that {£§; : t € T} € L (Y*) and §] € 8C(Z*) for any t € T by the similar arguments of Corollary 4.6.
There exists x{ € S1(X*) such that

8 2) =x(Vy'2), YzeSi@),
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by Lemma 2.5. Note that T = £2. We have
[Vox1 — |A|[Voxall = sup [(Vox1) (@) — [A|(Vox2) (@)
we

= sup |(Vox1)(t) — 4] (Vox2) ()]

= sup |6 (Vox1) — |A|8] (Voxa)|
teT

sup [x; (x1) — [A]x; (x2)]
teT

A

llx1 — [Alx2ll,  Vx1,% € 51(X).

Then we complete the proof by Theorem 4.1. O

Remark 4.8. Both Corollary 4.6 and Theorem 4.7 generalize the corresponding results in [18].
In Remark 3.11, we stated that (£°°) is not a Gateaux differentiability space. However, we can get the conclusion of
Corollary 4.5 in (£°°) by the similar methods.

Theorem 4.9. Let X be a Banach space and Y = co(I"), c(I") or £°°(I") (I' is an infinite index set). Suppose that Z C Y is a
linear closed subspace and {e, : y € I'} C Z.If Vy is a surjective isometry between S (X) and S1(Z), then Vy can be extended to
a linear isometry on the whole space.

Proof. Note that {+e} : y € I'} € P(Y*) where
* )1, ity =y
€0 (&) = {0, if ¥ # yo;
for any y € I'. By the similar arguments of Corollary 4.6, we have that ejj € $C*(Z*) for any y € I'. Therefore there exists
x; € S1(X*) such that
e @) =x5(Vy'2), VzeS5Q2),
by Lemma 2.5. We can get that

Vox;: — [A|Voxa || = SUE [(Vox1) (y) — [A(Vox2) (y)]
ye

= sup|e (Vox1) — |Ale), (Vox2)]
yell

= sup x5 (%) — [AIXS (x2))
yell

llx1 — [Alx2ll,  VX1,% € 51(X).

IA

Then we complete the proof by Theorem 4.1. O

Remark 4.10. By Remark 3.6, we see that co(I") is an Asplund space and thus a Gateaux differentiability space. Therefore,
we can also get the conclusion of Theorem 4.9 for cy(I") by Theorem 4.2.

Theorem 4.11. Let X be a Banach space and Y be an Asplund generated space. Suppose that Vy is an isometric mapping from the
unit sphere S1(X) into S, (Y) which satisfies the following condition:

(x) Forany x1,x; € S1(X) and Aq, Az €R,
|A1Vox1 + AaVoxo || = 1 == A1Vox1 + AxVox, € Vo[S(X)].

Let Z = span{Vpx : x € S1(X)}. Suppose that P (Z*) N $C(Z*) is weak*-dense in P (Z*). Then Vy can be extended to a linear
isometry on the whole space.

Proof. We first prove that S{(Z) = V,[S1(X)]. Note the condition (x) and the equality

n n—1 n—1
A
Z)»kVOXk = Z)\kvoxk Z - - Voxi + AnVoXy.
k=1 k=1 k=1 Z }"kvﬂxk
k=1

By induction, we get that

n
Z )\kVOXk

k=1

n
=1= Zxkvoxk eVo[Si0]; YxeeSi(X), e R(1<k<n), neN.
k=1
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Therefore, we have that
51(2) = Vo[S1(X)].

Note Proposition 3.7 and that Z is a closed subspace of Y. The conclusion is clear by Theorem 4.2. O

Corollary 4.12. Suppose that Y in Theorem 4.11 has dual space Y* with RNP (in particular, Y is either reflexive or co(I")-space).
Then the conclusion is also valid.

Proof. It is the direct consequence of Remark 3.6 and Theorem 4.11. O

Corollary 4.13. Suppose that Y in Theorem 4.11 is weakly compact generated. Then the conclusion is also valid.

Proof. It is the direct consequence of Proposition 3.7 and Theorem 4.11. O

Corollary 4.14. Suppose that Y = C(82) ($2 is a scattered compact space). Then the conclusion is also valid.
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