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Abstract

In this paper, we consider the integral system with weight and the Bessel potentials:

ga(z—y)u(y)Pv(y)?
Jrn I dy,

— P q
v(z) = fRn Ja(® y?;‘(:’/) u(y) dy,

u(x) =

where u,v >0, 0 >0, 0 < a<n, p+qg=rv > 2and go(z) is the Bessel potential of order «a.
First, we get the integrability by regularity lifting lemma. Then we also establish the regularity of
the positive solutions. Afterwards, by the method of moving planes in integral forms, we show that
the positive solutions are radially symmetric and monotone decreasing about the origin. Finally, by
an extension of the idea of Lei[14] and analytical techniques, we get the decay rates of solutions when

Keywords: Bessel potential; Integral system; Integrability; Regularity lifting; Radial symmetry; Method

of moving planes; Decay rates.

1 Introduction

In this paper, we consider the following integral system with weight and the Bessel potentials:

u(z) = [, See=yu@ @ g ;
(x) fR [v] Y (1.1)

v(z) = fRn ga(wfy‘);f(w”U(y)q dy,

‘ o

where u,v >0, 0 >0, 0<a<n, p+qg=+>2and g,(z) is the Bessel potential of order . Here

Galt) = —— = /ooe ~Flel - ) pla-my/2 8t
()T (a/2) Jy ;

Integral system (1.1) is associated with the following partial differential equations(PDEs)

q

(I = 8)*u = 42, u >0, (1.2)
(I —A)*/2y = %70 > 0.



When o = 0, (1.2) becomes the following PDEs(cf. [23])

(I — A)*?y = uPv?,u > 0, (1.3)
(I —A)*/2y =Pyl v > 0.

When a = 2, PDEs (1.3) is associated with the nonlinear Klein-Gordon equations and the quintic
Schrodinger system (see [1,13,19]).

Lei [14] studied the uniqueness of the positive solution of (1.3) under some assumptions. In addition,
he proved the integrability and radial symmetry of positive solutions of integral system. By an iteration
he also obtained the estimate of the exponential decay of those solutions near infinity.

Another integral system with weight and the Bessel potential is the following

) = o 0 g, »

z—y)u(y)?
v(@) = [, SO dy,

where 0 < f < a <n, 1<p,q<"‘%ﬁand

1 1 n—ao
+ > b .
p+1 g+1 n
Chen and Yang [4] proved regularity and symmetry of this integral system and obtained that system was
actually equivalent to indefinite fractional elliptic system

—A+ 2= 20 w0,
( ) lwl? (1.5)

(—A +1)*/?y = %,v > 0.
If « =2 and g =0, (1.5) is the Hamiltonian type system [6]. In the special case, when p = ¢ and

u = v, system (1.5) becomes
uP
e

It was known from [17] and [18] that the dynamical behavior of bosons spin-0 particles in relativistic

(~A+D)2u (1.6)

fields can be described by the Schrédinger-Klein-Gordon equation

0y

ior = (CA+DI =9+ f(w,9). (1.7)

Equation (1.6) arises in finding the standing wave e®u(z) of the pseudo-relativistic wave equation (1.7)

with special f. For more papers, please see [5,7,9,19-22,25,26].
In particular, when o = 0, if the Bessel potential in (1.3) is replaced by Riesz type potential, then we

have
u(x) = [z xv(2), (1.8)

v(x) = |]*" * uP(x).



The solutions (u,v) of (1.8) are critical points of the functional associated with the well-known classical

Hardy-Littlewood-Sobolev (HLS) inequality (see [11,22]):

[/ @YD)y < €y ol Fllir lgllee, (1.9)
n SR =yl

where 0 < a <n; r,s > 1, such that % —+ % + =2 =2 feL"(R"), g L°(R").
The following weighted Hardy-Littlewood-Sobolev (WHLS) inequality was introduced by Stein and
Weiss (see [24]):

f(@)g(y)
/ / |2z — y|/\|y‘ﬁd$dy < Cagsanllfllellgllees,

where
1 A 1 1 1 A
1---2<%<1-=and 7+7+ﬂ:2.
T o mon r r n
We can also write the WHLS inequality in another form. Let Tg(z) = [, R Wdy Then
ITg(x)llzr < Copsanllg®)lle, (1.10)
where1+ +)‘+a+ﬁ71<sp<oo a+8>0,0<A<n %,%<%<%.
When p = ¢ = 222 and u(z) = v(x), the integral system (1.8) becomes (cf. [2] and [15])
u”(y) g
u(z) = /n Wdy, u >0, in R". (1.11)

(1.11) arises as an Euler-Lagrange equation for a functional under a constraint in the context of the
Hardy-Littlewood-Sobolev inequalities (see [16]). In [16], Lieb classified all the maximizers of functional
(1.9) under the constraints || f||l. = ||g||s = 1 in the critical case where v = 22 and thus obtained the
sharp constant in the HLS inequalities in that case, he then posed the classification of all the critical
points of the functional, the solutions of the integral equation (1.11) as an open problem. In [3], Chen, Li,
and Ou solved the open problem by using the method of moving planes. In particular, the corresponding
PDE becomes

“Au=urta, u>0, in R". (1.12)

(1.12) is also of practical interest and importance. The classification of solutions of (1.12) has provided an
important ingredient in the study of the well-known Yamabe problem and the prescribing scalar curvature
problem.

Han and Lu [10] considered the following system without weight:

(A + 1)/ =P, u >0,
(1.13)

(—A+ )Py =i v >0,
where o, > 0 and p, ¢ > 1. By virtue of the integral form and the decay estimate for the Bessel kernel
both at the origin and the infinity, they proved the L* and Lipschitz continuity of the positive solutions

to the system (1.13). Obviously, (1.2) is very different from (1.13).



To the best of our knowledge, there are no results about (1.1). In this paper, we will prove the
integrability, the regularity, radial symmetry and decay rates of the positive solutions of (1.1).

Before we state our main results, we give two propositions which will be useful in the proof of main
results.

Proposition 1 (See [23]). Let 0 < « < n. The kernel g, satisfies

Cla|=" T 4+ o(|x|7"T%), when |z| — 0,
Jolz) = (1.14)

lz]

O(e™ =), when |z| — oo.
Here C is a constant.
Proposition 2 (See [14]). For 8 € (0, @], then we can get

Bo(f)(x) < Clg(f)(), = € R", (1.15)

where C' > 0, Ba(f)(@) = (9o /) (x) = [ga ga(@—y) f(y)dy and Ts(f) (@) = 55 Rl P~ f(x) ave
the Bessel potential and the Riesz potential of a positive function f € LP(R") (1 < p < 00) respectively.

Now we state the main results as follows:

Theorem 1.1. Let 0 >0, 0 < a < n, p+g=~ > 2. Forall 8 € (o, min{”*é",a}), assume (u(x),v(z)) €

n(y=1) n(y=1)

L75= (R") x L™#== (R") is a pair of positive solutions of (1.1), then

R-1) u,v € L"(R™) for any r € [1,00).
R-2) (u(z),v(x)) is uniformly bounded in R".

(R-1)

(R-2)

(R-3) (u(z),v(z)) is continuous.

(R-4) u(z) and v(x) are radially symmetric and monotone decreasing about some point 7 € R™.
(R-5)

R-5) We can get the decay rates

1 uPv
lim ——u(x :/ —dy,
|zl o0 ga(T) (@) n Jylo

lim Lv(:r) = / @dy.

e =00 ga () re |yl
Remark 1.1. Since the Bessel kernel does not have singularity at infinity, we can extend the integrability
interval to the whole [1, 0o], the result is the same as the case o = 0. Note that u(x) is monotone decreasing
about some point Z € R" means that u(z) is monotone decreasing about |z — Z|.
Remark 1.2. When o > 0, both u(x) and v(x) are radially symmetric and decreasing about € R". In
particular, when o # 0, we can prove that T must be the origin.
Remark 1.3. We only treat the case p 4+ ¢ > 2, the case 1 < p + g < 2 can not be handled in the same

way, we will exploit the corresponding questions in the future.



2 Integrability

In this section, we use the method of regularity lifting lemma to prove (R-1) of Theorem 1.1.

Proof of (R-1). Step 1. We first show u,v € L"(R"),

n—_3"
Let w = u + v, for A > 0, define
w(x), if lw(z)] > Aor|z| > A,

wa(z) =
0, elsewhere.

From (1.1) and the definition of B, (f), we know that

uP (y)v vP (y)ul w? w?
ww) = [ gl =) (PRI Oy [ g )y = oo ().
Rn Iyl ly] " lyl [yl
Now set R(z) = %7 then 0 < R(z) < ¢, and
TuT™
w (y
w(z) = R(m)/ Jo(z — 1) |y|(a)dy. (2.1)
Let f € L"(R™) for all r > 25, define an operator T by

— R(z z 4 WA l(y)
@ﬂ@»—ﬂ)/;%< D )y

and write

F=R@) [ golo =y =200,

ly|

Clearly, w is a solution of the following equation
f=Tf+F. (2.2)
By (1.10), (1.14) and the Hoélder inequality, we have

~v—1
wy f
ITfllr < CHI/B(W)HU < ellw) " fllm < CHWII”M: y [1fllzr
L

n(y—1)
From w € L™ 7=+ (R"), we can find a large constant A, such that

1
ITflle- < §||fHLT

Then for r > the operator T is a contracting map from L"(R") to itself. Similar to the argument

ﬂ?

above, for any r > nﬁ—ﬁ, there holds

[FllLr < Cfl(w —wa)”|

LRFE=o)
In view of the definition of w4 (z), we have F' € L"(R™). Using (2.2) and the regularity lifting lemma

[11], we can get

we L"(RY), Vr > %/3 (2.3)



Step 2. In this step, we need to prove

/ W) 4 < (2.4)
R

nlylo

Y Y Y
[ ay - [ Wy [ ey
Yl Br 1Yl rR\Br Yl

Take k1 = #7 it follows that vk; > n2—_”ﬁ > nf—B, then by using the Holder inequality, we obtain

1 -
Y k1 1 1
Il = / w (3) dy S (/ w’)’kl (y)dy) / —okldy S C
Br Yl Br Br |y|Fi-T

For all 8 € (o, min {®$%,a}), there exists 3y < k2 < %5, then by Hélder inequality, we can get

L 1—-L
~y ko 1 ko
pe[ W[ wkga) ([ —oa) <o
R™\Bg ] R™\Bg R™\Bp |y|F2=T

Step 3. In the final step, we improve the integrability of v and v from (2.3) to

Clearly,

u,v € L"(R™), for r>1.
Since [p. e~mel*/tdy = /2 Fubini’s theorem applied to ga () shows

1 % dt
o dr = —t/47rta/2_ —1.
/ L gal@)dr = e T2 /0 ‘ t

Now by virtue of (2.4), we can get

/,,,w(x)d“’:/" R(m)/n ga(m—y)ﬁ;ff)dydx

w(y)
<e [ (] sata=yan Ty

o i,

)
—cf ﬂguy@o.
n Y

So

u,v € L*(R™). (2.5)

Combining (2.3) with (2.5), for all m € (1, 5], we have

/ whdr < / wdm+/ wmB Ty
n o<w<1 w>1

< / wdﬂc—l—/ wnB T dr < o0.
RTL n

Thus we get

u,v € L"(R™), Vr > 1. (2.6)



3 Regularity

Based on the integrability of solutions obtained in the previous section, we will prove (R-2) and (R-3)

of Theorem 1.1.
To prove the conclusions, we need the following lemma.

Lemma 3.1. For all x € R™, we have

1
/ —de < ct" P,
By (x) "l/|

Proof. When x € R™ \ B2(0), for y € B.(x), we have |y| > %", and hence ﬁ < 5.
So
1 1
——=dy < c/ —dy = ct" P,
/Bt(z) ly|? By (2) 1°
When 2 € By(0), for y € By(z), we have y € By(z) C B3(0).

Therefore,

1 1
/ —ﬁdy < / —ﬂdy < ct" P,
By (x) lyl B3¢ (0) |yl

Thus, Lemma 3.1 is proved.
Proof of (R-2). By (1.14), we can get

wY

w(z) = R(x)BJ—)(m)SCIﬁ(%)(x)

lyl”
W) [ et
= C(n— 7" —)d
m-o) [ e
© [ Tl dy g
- Ct-p) | Jo Bt

Thus,

d [ CIC)R /P < [ W gy

Bi(x) |yl Bi(x o

wz) < C<n—5>/<‘§n—_‘2‘>7+cm—ﬁ>/ (P )T
0 d

—- C(n 2 B)(Jl + JQ)

By the Holder inequality, we get

¥ % 1\ 71 -
/ w(yz dy < / w(y)*dy / (—U> dy :
By(x) lyl By(x) By(x) lyl

Here k > g”—. From (3.1), (3.2) and w € L", Vr > 1, we have

a W) ;
le/ (M)ﬂ<c/ p—
0 tn—>_ t o ¢

By (2.4), we can obtain

- ww) -
o i dt 1 dt

J2:/ (fo,<‘>_|z;| )79/ L e
4 tn t g At



From the estimates of J; and .J, we can get w(z) < ¢ for all . Hence, u(x) and v(x) are uniformly
bounded in R".

Based on (R-2) of Theorem 1.1, we can deduce the following corollary.
Corollary 3.1. (u(z),v(x)) converges to 0 when |z| — oo.

Proof. Since u and v are bounded, Ve > 0, there exists d € (0,1) such that

d w(y)"’d
/O(thm i Y dt

tn—>p r =
and for z € By(x), by virtue of B(z) C Byya(z) with ¢ > d, we get

/“(M)dt < / JBeeats) "Wl (t+d>"ﬁ“d(t+d)
i < .

tn—~8 t t+d" B t t+d
_ C/ fBAz) S dy)dt
tn—>B t

< Cfﬂ(| |(,)( z).

Then from (R-2) of Theorem 1.1, we get w(x) < Ce + CI(%%)(2). When 7 > 1, we have

lyl®
<><ce+c(%qwxa)

Integrating on By(x) and multiplying by |Bg(z)| ™!, we can obtain

T ‘s — w’y s
w'(z) < Ce" + C|Bg()] 1||Iﬁ(w)||y(3d(z))- (33)

From w € L"(R™) and % > 1 for all » > 1, we have

w?
HI»B(W)HLT(Bd(x)) < CHwWHW < o0.

Therefore,

. w?
lim

|| =00 Bua(z) [Iﬁ(w)} (Z)dz =0 (34)

By (3.3) and (3.4), we have

lim w"(x) =0.
|z|—o00

Thus (u(zx),v(z)) converges to 0. Corollary 3.1 is proved.
Proof of (R-3). Let u(z) —u(z) = Ky + K>, here

u(y)Poy)?
ly|”

I

K, :/BR(@[ga(w—y)—ga(z—y)}

_ o) — o (s — oy )0 (y)
O I A e

When y € Br(z) and |z — z| — 0, we have go(x — y) — ga(z —y) — 0.

Now we estimate K :

lim K;= lim e (@ — 1) — galz — ) M0 W)

|z —z]—0 [2—2]=0 ) By (2) lyl”



:/B lim [ga(x_y)_ga('z_y)]w

r(z) |z—2z|—0 ‘y|g

dy.

Based on the result of (2.4), we can get

lim K; =0.

|z—z]|—0

As |x —y| > R, by virtue of (1.14) and (2.4), we can get

uP (y)vi(y
Ky = / [ga(w*y)*ga(zfy)}#dy
R"\Bg(x) \?J|
uP (y)vi(y
< / ga(z—y)#,()dy
R"\Bgr(x) |yl
: Y
< et wly)
e2 JRn\Bg(z) ]
Y
< LR w? (y)
ez Jrn |yl7
1
S C—fx-
ez

Letting R — oo, we obtain

lim Ky =0.

|z—2z]|—0

Therefore, u(z) is continuous. Similarly, we can get another conclusion about v(z).

4 Radial symmetry and monotonicity of solutions

In this section, we prove (R-4) of Theorem 1.1 by using the method of moving planes in integral forms
which was established by Chen et al.[3].

For any real number A, define
Sy ={z=(r1,22, -, 2,) € R"|z1 > A} = (2N — 1,29, ..., y);

U)\(I) y U(I)\)7 T)\ = {CE = ('T17I27 e 71:”) € RTL'Il = >\}

Firstly, we give a lemma which will be useful in the proof of (R-4) of Theorem 1.1.

Lemma 4.1. We have

ur(a) = u(w) = |

1
(9o —y) = ga (@ — ¥)) 57z (uaPor? — uPo?)dy
3 |y ‘

1
Iyl [y*r|”

*/ (ga(z = y) = galz* — y))(
PN

oa(@) = v() = / (0a( —9) — gala* - y>>ﬁww o)y
_f z—1q) — g (x> — N Pyl
/E (9= 9) = 0al ~ (5~ )y



A

Proof. By go(z —y*) = go(2* —y),

[ galz = y)uP(y)v(y) go (2 — y)uaP (y)va’(y)
ule) = / P et / P17 .

[ galzt —y)uP (y)vi(y) ga(x — y)urP (y)va(y)
w@= [ M v+ T o

then we have

ux(z) —u(z) = /E (ga(z —y) = galz* — y))ﬁ(w%" — uPv?)dy
1 p’Uq
- /E R A e e L

Similarly, v has the same property. Lemma 4.1 is proved.

Proof of (R-4). Step 1. One can claim that there exists an N > 0 such that for A < —N,
w(z) > ux(x), v(z) > vx(z). (4.1)
Define

5§ = {2 € Safu(e) Sur(@)}, 5 = {o € Safoe) <val@)}, Ty =5\ (SFUSY).

By virtue of go(z —y) > ga(2* —y) on Xy, we get

L) — o — (L
(9o (T —y) — gal y))(|y|a |wa) > (4.2)
then
ux(z) —u(z) < /EA ga(z —y) — ga(a™ — y))ﬁ(w’wq —uPv?)dy

= Jlo

1 1
‘ A‘U o (ur? —Up)dy‘F/, (ga(ﬂﬁ—y)wup(wq—vq)dy-kﬂ

v
N EA

here

I= [ (ole=9)=go e =) b=+ | (g (r—9) =g =) =0y

A A

1 1
_/ ga(l)\ - )| Alo ( uy\? — up)dy / ga(xA - y) ‘y/\|a-up(v>\q - vq)dy <0.
u E’U
A

A

From (1.14) and above,

ur () —u(z) < / e —y>ﬁv§<w ) (y)dy + / el ) ‘yir,upw —u7)(y)dy

u
A

§c/uga(x )| 1|0‘v)\u)\ (U’}\*u)(y)dijc/ ga(‘rkf )‘ i'aupvg\ l(kav)(y)dy

v
A

1 1
< c/ T (un—u)(y )dy+c/ 5t o (ua—v) (y)dy.
su [y |z —ynmf AR sy [yt —y[np

10



Let m = %, by (1.10), (2.6) and the Holder inequality, we can deduce that

1 —1
(@) = () < el (r =), s ) + o 03 = 0], iy

-1 -1
< clloallTm luallZom lux = wllpm(sy) + elullpmlloal T lox = vllom sy (43)

One can choose a sufficiently large N > 0, such that for A < —N < 0,

1
cloall lluallz' < 7.
4
and
_ 1
Cllullf oAl 72 < 5
Then (4.3) implies that
1 1
lux(z) — u(x)||Lm(E;) < ZHU,\(x) —w(@)||pm(su) + ZHv,\(x) = ()| Lm(sy)- (4.4)
Similarly, we have
1 1
loa(@) = v(@)|m(zy) < flloa(@) = v(@)Ememg) + ;llua(z) = u(@) | m(my)- (4.5)

Combining (4.4) with (4.5), we can get [[ux(z) — u(z)|[Lm(sy) = 0. So the measure of XY, X} must be
zero. This means (4.1).

Step 2. Now we start from this neighborhood of ;1 = —oo and move the plane to the right as long as
(4.1) holds to the limiting position and argue that the solution w must be symmetric about the limiting

plane. More precisely, define
Ao = sup{pu|(4.1) holds for any A < u}.

One can see that Ao < 400 by using the similar to step 1 and starting the plane T near x; = +o0.

We will show that u and v are symmetric about the plane T),:
u(z) = uy, (x) and v(z) = vy, (x) a.e. Vo € Xy,. (4.6)
Suppose for such Ay < 0, we have, on X,
u(z) > ux,(x) and v(x) > vy, (z), but u(z) # uy,(x) or v(z) Z vy, (z), a.e. Vo € Xy,; (4.7)
we show that the plane can be moved to the right. More precisely, there exists an ¢ > 0 such that
u(z) > ux(z) and v(x) > va(x) a.e. Yo € Xy, VX € [Ao, Ao +€). (4.8)

This contradicts to the definition of Ag.

11



In the case that u(x) # uy, (z) in 3y,, we can get that u(x) > uy(x) in the interior of 3y, .
Let

%o = {2 € Dy Jul@) S un(2)} and 8, = {2 € Ty, Jv(z) < oy (@)}

Then obviously, flﬂ;fo has measure zero, and limy_, 5, XY C <I>§f0. The same is true for that of v. Again the
integrability conditions u, v € L™(R™) ensure that one can choose € sufficiently small, so that for all A

in [Ag, Ao + €), by the step 1, we have
H’U,)\ — UHLM(Z’;’) =0 and ||U>\ — UHL"‘(EK) = 07

hence the measure of 3% and XY must be zero. This verifies (4.1) and hence (4.6).

Since z direction can be chosen arbitrarily, we deduce that u(x) and v(z) must be radially symmetric
and monotone decreasing about some point T € R".

If o # 0, we claim that T = (Z1,T2,...,%,) must be the origin. Otherwise, there exists k €
{1,2,---,n} such that T), # 0. Without loss of generality, suppose T}, < 0. For any x satisfying x > Ty,
we denote the reflection point of z about the plane x = Z by 2*. Thus, by Lemma 4.1 and the symmetry,

we obtain

1

lyle  Jy*lo

0= u(e") - u(z) = - / (90 — ¥) = galz® — ) JuPvidy < 0.

{y; yr>Tr}

It is impossible, so the claim is verified.

5 Decay rate

In this section, we will prove (R-5) of Theorem 1.1.
We first need a lemma which makes it possible to get the the decay rates of u and v.

Lemma 5.1. Under the same conditions of Theorem 1.1, there exist ¢,C' > 0, such that when |z| — oo,
cga () <u,v < Cgq(x).

Proof. Step 1. We first prove that u,v > cgqo(z).

When |z| > 2, for u,v > 0, we have

p q
/ PO 4y > o5 0.
B1(0)NB||(z) |yl

Therefore, for sufficiently large |z|,

— P q
u(z) = / go(z — y)u(y)"v(y) dy
lyl”
e(—mlw—y[2/t) @)
lyl”

Rn
o) fR" 7(y)dy dt
“J, et/ (Am) (n—a)/2 N

12




- P (y)v (y)
/ fBl(O)ﬂBm(m) PG dy gt
0

e(rlzl?/at+t/(Am)) p(n—a)/2 ¢

> cga(z).

Similarly, for sufficiently large |z|, we can get v(z) > cgq ().
Step 2. In this step, we show that u,v < Cg, ().

For n € (0,1/3), take a sequence

k
1
50:17 Ek:n2277 k:1:2a"'7
j=1
then
li =n.
\k|1£>noo£k n

Write w = u + v, then (2.1) leads to

_ ¥
w(z) < c/ —ga(m yw (y)dy:h + Iy + I3,

ly|”
where
— Y
11:/ ga(z ?/2“) @), 7
Br |Zl|
L :/ 9ol —9)u(y)
(RM\Br)\B(z,£12]) Yl
— Y
13:/ ga(z yzw W g,
B(a.&1la)) ly|
Where R > 0.

For fixed R > 0, When y € Bg, there holds

-1/ =0.

Thus, by virtue of (2.4), we can get

.
I < 29a(96)/ w(yz dy < cga(z).
Br lyl

Since g, is decreasing, when y € (R"\ Bg) \ B(x,&1|z|) and |z| — oo, we have

gu(x - y) < ga(£1|x|) <1

Therefore,

N
IzS/ w(y) dy.
rRe\Br |Y[°

Based on Corollary 3.1 and the monotonicity of w, we can get, when |z| — oo,

w (1= &)x) <

N | =

13

(5.2)



Thus, we have

(1 €)) 1w —g)) 1w - &)
S /B(x,glu.)g“( DS 5 (bl S O = 5 [ e

Combining the results above, we have

w () W) 1 w((l-&)e)
w('”)gg“(x)/m Iyl dy*/m\BR W YT ) (5:3)

and furthermore,

w? (y)

w? (y) L eNg—
ga((L =&z —y) PG dy

w((lffk)w)é/ (1~ &)z — ) dy+/
B |yl (R"\Br)\B(x.&xs1]2])

w’Y
+f 0a((1— &)z — )W g,
B(w,&xs1 o)) lyl

o [ W) W) Tw(l=ge)s)
< 20a((1=4) )/BR e */RW\BR P AR A

Inserting these estimates into (5.3) we can get that

290((1 — &1)2) 20((1 - &))
w@) < Roal) S gl T 52 [0 - &)L - &)l
. 290 ((1 — &m)x) w (y)
T e = gl [ — el /B gl

1 1
(&)l 2[0 - &lal [~ &)l

1
+[+2

1 w (y)
* *2m[<1—a>|mu<f[<1—g2>|mu<f---[(1—§m>|xnv}/fzn\33 e Y

" w((1 = &ni1)7)
+(2) (A =&)fa)7 - [(1 = &nyn)le]”

Note that when &, < &,,, we have

9o ((1 = &k)x) < ga((1 = &m)),

1 _ 1
(1= &e)ll]” = [(1 = &m)ll)”

Thus we get
wle) < 2080~ &)+ g+ e T B ey T
+HUt g e e T P e S T
(3) R
So

2[(1 = &m)lll” / w”(y)dy

wlw) < 200 (=6 510 =g Sl =1 Ju, ol

14



+

2[(1 - fm)|x|]a -1 2

Letting m — oo, we have (5.1) and

r\Br |YI°

w(z) < 2ga((1 —n)z)

dy +

2[(1=m)ll” =1 Jp, Iyl 2[(1=n)l=f]” -1

Letting R — oo, we can get

w(z) < 2g4((1 —n)z)

2((1— n)l])” w(y)
2[(1—n)lxl]”—1/n e Y

Letting n — 0, we obtain the upper bound of w from (2.4).
Therefore,

u, v < Cyq(x).

Combining Step 1 with Step 2, we prove Lemma 5.1.
Proof of (R-5). Clearly,

u@) _ / ga(z — y)uP (y)v(y) dy = H, + Hy + H,

9o (T) 9o (@)[y|°
here
_ p q
I, :/ ga(@ — y)uP(y)v (y)dy’
Br ga(@)|yl°
_ P q
H, :/ ga (2 — y)uP (y)v (y)d
(R™\BR)\B(z,|e|/2) 9o )|yl
_ 4 q
Hy— go(z — y)uP (y)v(y) dy.
B(a,|z]/2) ga(T)|yl®
Where R > 0.

For fixed R > 0, when y € Bg, we have

and

From (2.4), we have

uP (y)v?(y) w(y) .
/. 7 dyg/m gl W=

Then when |z| — 0o, by the Dominated convergence theorem, we can get

Py —
|/ w92l =) _ 1qu1 2 0, as [a] - oo.
Br W7 galz)

This result leads to

Pyd
lim lim le/ YU g
R

R—00 |z|—00 w ylo v

15

2[(1 — &m)l=[]” / w(y) dy+(1)m+1 . w((1 = &my1))

1= &))"

2[(1 —n)[]” / w(y) 2[(1 = n)[]” / w”(y)dy

rR\Br |YI°

I

(5.5)



Next we consider
e | sule vt
(R\Br\B(x,J21/2)  9a(@)|yl7
According to the Lemma 5.1, Proposition 1 and (5.2), when |z| — oo and |z —y| > %, we can get

|z|

_ Pya Y
/ galz —y)ure? 1 / %‘@)dy
(RM\Bp\B(z,|o/2)  Ja(®)  |y|” IRI” Jr\B, 2

1 1zl
“Tpre / - \z—y*(\y) dy
|R| R"\Br € 2

[Ed]

1 / ez d
= c—— —dy.
IR|” Jrm\Bg 7% . o4 /

IN

£
e 2
le—yl |
e 2 e

As |z —y| + |y| > ||, then < 1.

NG

Clearly, when R — oo,

ga(z — y) uPv?

Hy — /
(RM\Bp)\B(x.|z|/2) 9a(®) |yl

dy — 0.

Finally, we consider

_ p q
i, :/ go(z — y)uP (y)v (y)dy'
B(z,|z|/2) 9o (T)|y|”

(R-4) of Theorem 1.1 implies w is radially symmetric and decreasing about origin o. Therefore, if we

denote the point o N dB(x, |z|/2) by xo, then |z¢| = |z|/2. By the result, (1.14) and (5.5), we know

- p q
Hy = / ga (7 = y)uP (y)v(y) dy
Ba.Ja|/2)

ga()|y|”
w7 (o) /
<e—r il Jo(z — y)dy
lz0P 90 () JB(a,jz1se) "
l|
w” (z0) 92 (o) =

<c <c <c .
g = Telgala) = ajrelin
Hence, when p+ ¢ =+ > 2, and |z| — o0,

e — 9o (2 — y)uP (y)v(y)
e =
B(z,|z]/2) Jo(T)|yl”

dy — 0.

Combining all the estimate of Hy, Ho and Hs, we get

1 Py
lim ——u(x) :/ udy.
|z =20 ga () n lylo

Similarly,

1 Py
lim v(z) = / ﬂdy.
o]0 ga() e (Yl

Thus, we complete the proof of Theorem 1.1.
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