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1. Introduction

The motion of a viscous compressible fluid in R? can be described by the compressible Navier-Stokes
equations

pt + div(pu) =0,
(pu)t + div(pu @ u) + VP = div T, (1.1)
(pe)s + div(peu) + Pdivu — kAO = div(uT) — udiv T.

In this system, € R? is the spatial coordinate, ¢t > 0 is the time, p is the mass density, u = (u!,u? u3) €
R3 is the velocity vector of fluids, e is the specific internal energy, the constant & is the thermal conductivity
coefficient, P is the pressure satisfying

P = (y—1)pe = Rpb, (1.2)
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where 6 is the absolute temperature, v is the adiabatic exponent and R is a positive constant; T is the
viscous stress tensor given by

T =2uD(u) + Adiv uls, (1.3)
where I3 is the 3 x 3 identity matrix, D(u) = w is the deformation tensor, u is the shear viscosity

coefficient, A + %u is the bulk viscosity coefficient, p and A are both real constants satisfying
w>0, 3A+2p >0, (1.4)
which ensure the ellipticity of the Lamé operator L defined by
Lu=—divT = —pAu— (A + p)Vdivu. (1.5)
When x =0, from (1.2), system (1.1) can be written as

pr + div(pu) =0,
(pu)y + div(pu @ u) + VP =div T, (1.6)
P +u-VP+~Pdivu = (y — 1)(div(uT) — udiv T).

This paper is aimed at giving a blow-up criterion of strong solutions to the Cauchy problem of system (1.6)
with the following initial data

(p, 1, P)li=0 = (po(@), uo(x), Po(x)), = €R? (L.7)
and the far field behavior
(p,u, P)(t,z) — (0,0,0) as |x| = +o0, t > 0. (1.8)

Throughout this paper, we adopt the following simplified notations for the standard homogeneous and
inhomogeneous Sobolev space:

1Flls = W@y, 1 flp = 1fllee@s), 10 9)llx = [1Flx + llgllx
DM = {f € Lipe(R?) : [V*f| < 400}, DF=D"2 |flpre = || fllprrs),
Dy ={f € L°(R®) : [Vfl2 <00},  |flpy = Iflpyces)-

A detailed study on homogeneous Sobolev spaces can be found in [4].

As has been observed in Theorem 3 of Cho-Kim [3], in which the existence of unique local strong solution
for system (1.6) was proved, in order to make sure that the Cauchy problem (1.6)-(1.8) with vacuum is
well-posed, some compatibility condition on the initial data (pg,uo, Py) was proposed to compensate the
lack of a positive lower bound of the initial mass density pg.

Theorem 1.1. (See [3].) If the initial data (po,uo, Po) satisfy
(po, Po) € H' n W4, po >0, Py >0, ug € Dy N D?, (1.9)
and the compatibility condition

Lug + VP = \/poh, for some h € L?, (1.10)
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then there exist a positive time T, and a unique solution (p,u, P) to Cauchy problem (1.6)-(1.8) satisfying

p>0, P>0, (p,P)eC(0,T.); H nW"9),
u € C([0,T.]; Dy N D*) N L*([0, T.]; D*9),
uy € L*([0,Ty]; Dg), Vpur € L=([0,T.]; L?). (1.11)

The well-posedness of global classical solutions with small energy but possibly large oscillations and
vacuum for isentropic flow has been obtained for Cauchy problem or for initial-boundary value problem
in Huang-Li—Xin [8,9]. However, for the non-isentropic flow, when the thermal conductivity x vanishes,
the finite time blow-up of classical or strong solutions has been studied in Xin [14] and Xin—Yan [15] for
both Cauchy problem and initial-boundary value problem if the initial density is compactly supported or
vanishes in some local domain.

Then these motivate us to consider the mechanism of breakdown for the strong solutions and the structure
of singularities. The similar question has been studied for the incompressible Euler equation by Beale-Kato—
Majda (BKM) in their pioneering work [2] which showed that the L*-bound of vorticity rot « must blow
up if the life span of the corresponding strong solution is assumed to be finite. Later, Ponce [11] rephrased
the BKM-criterion in terms of D(u). The same conclusion as [11] has been extended to compressible isen-
tropic Navier-Stokes equations in Huang-Li-Xin [6], which can be shown as follows. If 0 < T < +o00 is the
maximum existence time for the strong solution, then

T
lim sup /\D(u)|Lm(Rs)dt = +4o00. (1.12)
T—T

0
Later on, also for the strong solutions to the compressible isentropic Navier—Stokes equations, Sun—Wang—
Zhang [12] proved that

lim sup |pl Lo (j0,7)xR8) = +00,
T—T

under the physical assumption (1.4) and A < 7u, which has been extended to non-isentropic flow with x > 0
in Wen—Zhu [13] that

lim sup (|p|L°°([O,T]><]R3) + |0|L°°([O,T}><]R3)> = +o0, (1.13)
T—T
under the physical assumption (1.4) and A < 3pu.
So it is interesting to ask what the blow-up criterion is for the case x = 0 compared with [13] for the
non-isentropic flow with £ > 0. Via introduce some new arguments and more accurate estimates, under the
assumption

>0, 2u+3XA>0, A<3pu, (1.14)

our main result in the following theorem shows that the upper bounds of (p, P) control the possible blow-up
for strong solutions, which means that if a solution is initially smooth and loses its regularity at some later
time, then the formation of singularity must be caused by losing the upper bound of p or P as the blow-up
time approaches.

Theorem 1.2. Let (1.1/) hold. Assume that (p,u,P) is the unique strong solution to Cauchy problem
(1.6)-(1.8) with the initial data (po,uo, Po) satisfying (1.9)-(1.10). If 0 < T < +occ is the mazximal time of
existence, then
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lim sup (|p|ze(jo,71x&3) + |PlLo=(j0,7]xr8)) = +00. (1.15)
T—T

In other words, the strong solution (p,u, P) exists globally if (p, P) is bounded from above.

Remark 1.1. It is worth mentioning that, compared with [13] for the non-isentropic flow with « > 0,
according to the criterion obtained in Theorem 1.2, the L* bound of # is not the key point to make sure
that the solution (p,u, P) is a global one, and it may go to infinity in the vacuum region within the life span
of our strong solution.

Remark 1.2. Due to the appearance of the quadratic term

Q(u) = div(uT) —udivT

3 3
=2u Z(aiui)z + A(diva)? + p Z(aiuj)2 +2u E (Oiuj)(05uq)
i=1 ij i>j

in (1.6)3 and the lack of smooth mechanism for the regularity of the pressure P, the arguments used in [12]
or [13] cannot be applied to our case directly. For example, if we want to control the norm |V P|,, unlike the
estimate for |[Vp|, which can be totally determined by || divul|z1 (0,71 (rs)) due to the scalar hyperbolic
structure of the continuity equation (1.6)1, here we need the upper bound of |||Vu||V2u||| L2(jo,77; L4 (r2))-
However, the latter is not easy to be obtained before we get the upper bound of |V P|, because of the strong
coupling between u and P in the momentum equations (1.6)s.

The rest of this paper is organized as follows. In Section 2, we give some important lemmas which will
be used frequently in our proof. In Section 3, we give the proof for the blow-up criterion (1.15).

2. Preliminary

In this section, we show some important lemmas that will be frequently used in our proof. The first one
is the well-known Gagliardo—Nirenberg inequality.

Lemma 2.1. (See [10].) Let p € [2,6], | € (1,400), and r € (3,400). Then there exists some constant C > 0
that may depend on l and r such that for

fe HY(R?), and gec L'(R* N DV (R,
we have

115 < CLAETPPIV AT,
19]o0 < C|g‘§(7“—3)/(37”+l(7"—3))‘vg|§r/(3r+l(r73))' (2.1)

Some commonly used versions of this inequality can be written as
1 1
uls < Clulpr,  |uloe < Clulg[Vulg,  [uleo < Cllullwrr (2.2)

The ellipticity of the Lamé operator L is very important in our analysis. Consider the following boundary
value problem:
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{—MAV— (u+NVdivV =F, inR3, 23)

V(t,z) -0 as |z| = +o0,
where V = (V1 V2 V3, F = (F', F? F3). It is well known that (2.3); is a strongly elliptic system under
the assumption (1.4). If F € W~12(R3), then there exists a unique weak solution V' € D} (R3). Moreover,

we have the following estimates for this system in LP(IR?) spaces, which can be found in [1].

Lemma 2.2. Let p € (1,400) and u be a solution of (2.3). Then there exists a constant C depending only
on A, u and p such that the following estimates hold:

(1) if F € LP(R3), then we have
[VIp2» < C|F|p; (2.4)
(2) if F e W LP(R3) (ie., F =div f with f = (fij)sx3, fij € LP(R®)), then we have
[Vipre < Clflp. (2.5)
The following lemma is about the positiveness of the quadratic term Q(u). The proof can be found in [14].
Lemma 2.3. (See [1/].) If u(z) € D§ N D?, then Q(u) > 0.

Finally, we state the following Beal-Kato—Majda inequality which will be used later to prove the upper
bound of |(Vp, VP)|,. The proof can be found in [7].

Lemma 2.4. (See [7].) Let p € (3,400). Then there exists a constant C = C(p) such that the following
inequality holds for any Vu € L?> N DYP(R3):

[Vulpee®s) < C ((|divule + [ rot ulo) In(e + [VZul,) + [Vulz + 1) . (2.6)
3. Proof of blow-up criterion (1.15)

For any given T € (0,T], we first show the classical energy estimates of the unique strong solution to
(p,u, P) the Cauchy problem (1.6)—(1.8) obtained in Theorem 1.1. Hereinafter we use C' to denote a generic
constant which may vary each time when it appears.

Lemma 3.1. For 0 <t < T, we have
WAt + POl <C and P(t) > 0,
where C' depends only on (po,uo, Po), p, A\, v and T.

Proof. First, multiplying the momentum equations (1.6)2 by u and the continuity equation (1.6); by %,
summing them together and integrating over R? by parts, we get the classical energy equality

1d
% p|u|2dx—/udiv'ﬂ‘dx = /Pdivudx. (3.1)
R3

R3 R3
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Second, from the pressure equation (1.6)3, we have
. -1 . . .
Pdivu = po— (P: + div(uP)) + div(uT) — udiv T,
v —
which, together with (3.1) and Lemma 2.3, implies that

d 1 P
R3

Finally, again from equation (1.6)3 and Lemma 2.3, P can be expressed by

P(t,z) = exp / — 1) divu(s,U(s,t x))ds) (PO(U(O;t,x))
0

-|—0/t( 1)Q(s,U(s,t,x)) exp O/ v—1) dlvuTU(Ttx))dT)ds)ZO,

where U € C([0,7T] x [0,T] x R3) is the solution to the initial value problem

iU(s;t,:v) =u(s,U(s;t,x)), 0<s<T,

ds m|
U(t;t,z) =z, 0<t<T, zecR>
Now we assume that the opposite of (1.15) holds, i.e.,
lim sup (|P\Loo([o,T}xR3) + |P|L°°([O,T]><R3)) = Cp < +oc. (3.3)

T—T

Then based on (3.3), we can improve the energy estimate obtained in Lemma 3.1.
Lemma 3.2. Let (1.14) hold. Then we have
T
/p|u(t)|4dx +//|u|2|Vu\2dxdt <C, for0<t<T, (3.4)
R3 0 B3
where C' depends only on (po, uo, Po), Co, pt, A, v and T'.
Proof. For any (A, i) satisfying (1.14), there exists a sufficiently small constant c, > 0 such that
A< (3= axu)p. (3.5)

So we only need to prove (3.4) under the assumption (3.5).
First, multiplying (1.6)2 by 7|u|"~2u (r > 3) and integrating over R3, we have

dt plu|” dx+/H dz

=—r(r—2)(p+ A /div uul" 3w - Vu|de + /TP div(|u|""?u)d, (3.6)

R3 R3
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where
H, = rlu|" 2 (| Vul® + (i + N dival]? + u(r — 2)|V]ul[?).

For any given €; € (0,1) and ¢ € (0,1/4), we define a nonnegative function which will be determined in
Case 2 as follows

-1 4 2(p4 A
(476,u)61(7“ )rz( 2’ if_( ol S ) >0,
Peo,e1,7) = 3(— FH5E — A+ DY) 3 4(r —1)

0, otherwise.

We prove (3.4) in two cases.
Case 1: we assume that

Jul”

V(%)’de>¢(eo,ehr) / " 2|V |ul|*d. (3.7)

R3N{|u|>0} R3N{|u|>0}

A direct calculation shows for |u| > 0 that

v
Jul

which plays an important role in the proof. By (3.6) and Cauchy’s inequality, we have

2
2
|Vul? = |ul? + |V]ul|7, (3.8)

%/pw’”dx—i— / H.dx
R3 B3N {[u|>0}

= —r(r—2)(u+ N / divu|u|%2 \u|%4u - Vl]u|dz + /rPdiv(|u|’°_2u)dx

R3N{|u|>0} R3
—2)2(p + A
<r(p+\) / |ul"~2| div ul?dz + % u|"=2|V|ul|*dz
R3N{|u|>0} R3N{|u|>0}
+ / rP div(|ul"~2u)dz. (3.9)

R3

From Hoélder’s inequality, Lemmas 3.1 and 2.1, and Young’s inequality, we have

J1 = /rPdiV(\uV_zu)dx
R3

2

<Cr(r—1) /|u|T_2|Vu|2d:r /|u|7"_2P2dx
R3 RS

1 2(r—2)

2 127

r— r\6
< Cr(r— 1)|P|% /|u\ 2| Vu|?da /(|u|z) dz
R3

<Cr(r—1) /|u|T_2|Vu|2dx /|V|u|§{2dx
R3
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Hreg / |’U,|T72|V’u|2d$ +C(COHU‘7T7 60),

R3N{|u|>0}

where ¢y € (0,1/4) is independent of r. Combining (3.8)—(3.10), it is obvious that

d
9 oz + / (1 — o) ul™|Vu] Pde

dt
R3 R3N{|u|>0}
u |? 2
+ / ur(1 — €g)|ul” Vm dz + / pr(r — 2)|u|“2|V|u\| dz
R3N{|u|>0} R3N{|u|>0}
—2)2 A
< W |u|’°_2|V\u|’2dm—|—C’(C’o,,u7r, €0)-
R3N{|u|>0}

According to (3.7) and (3.11), we then obtain that

d
< [ oulrda 4 rfle, e ,7) L/' " 2|V |u] 2da
R3 R3N{|u|>0}

2
+ / pr(1 — eg)ea|ul” ‘V% dz < C(Co, p, 7, €0),

R3N{|u|>0}

where

(r =22+ )

fleos €1, €2,7) = (1 — €0)(1 — e2) (€0, €1,7) + p(r — 1 —€o) — 1

ptA)

Subcase 1: 4 € {r —@ - A+ T:((T—_l) > O}, ie, A+ eu > 0. It is easy to get

U—cdu ,  r*(u+))
4, { —_—— A —— > 0}.
[4,+00) © rl=—3 Ry
Therefore, we have
per(r —1)
oo, €1,7) = , forr e [4,+00).
3 (_ (4—§0)M — A+ 7":((::"1/3))

Substituting (3.14) into (3.13), for r € [4,00), we have

f(€0,€17627’f')
e (l—eo)(1—eg)(r —1)

- 4—e r2(\+
3 (_( 30)# -+ 4((7“71/;))

—I—,u(r—l—eo)—(r_z)i#.

Taking (e1,€2,7) = (1,0,4), we have

(A —a1p)(A — azp)
A+ e

3(1 — eo)p?

1,0,4) =
f(E(), 3 Uy ) )\+€0,u

+20—A—ep=—

829

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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where

0,1(60) =1- €y + \/4 - 360,
(12(60) =1- €0 — \/4 - 360. (317)

Since A — az(eg)p = A+ eopr + (\/4 — 3eg — 1) @ > 0, so to make sure that f(ep,1,0,4) > 0, it suffices to
assume that

—eop < A < ay(eg)p. (3.18)

Due to the fact that a1(0) = 3 and a)(ey) < 0 for ¢y € [0,1/4], we can choose some €y € (0,1/4) small
enough such that a;(ep) <3 — an,.

Since f(eo, €1, €2,4) is continuous with respect to (€1, €2) over [0, 1] x [0, 1], there exists (e1,€2) € (0,1) x
(0,1) such that

f(€o,€1,€2,4) >0,

which, together with (3.12) (letting r = 4), implies that

d
T plul*dz + 4u(1 — €g)en / [ul?|Vul*dz < C(Cy, p, €o)- (3.19)
R3 R3N{|u|>0}

Subcase 2: 4 ¢ {r T:((:‘_JFS) - (47§0)“ — A > 0}, ie,, A < —eou. In this case, for r = 4, it is easy to get
from (3.13) that

4f(eo,€1,€2,4) =4 (u(3 —€0) — (1 +N))
>4<%M—(u+/\)) :4(%“—0 24(%4—60“) > Tu, (3.20)

which, together with (3.12) (letting r = 4), implies that

d
S [ olultaz + 7 / (2| Vul2dz < C(Co, i, o). (3.21)
RS R3A{]u|>0}

Case 2: we assume that

2
/ fuf" v(%) dz < dleo, e1,7) / 2|V Jul*da. (3.22)

R3N{|u|>0} R3N{|u|>0}

A direct calculation yields for |u| > 0 that

u

u - Vul
+
Jul Jul

divu = |u| div (3.23)

Combining (3.23) and (3.9)-(3.10), we have
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d
< [ oluraz + / (1 — €)™ Vulda
R3 R3N{|u|>0}

+ / r(p -+ N |u| 2| divul|*dz + / ur(r—2)|u|r72‘V\u|’2dx

R3N{|u|>0} R3N{|u|>0}

=—r(r—=2)(p+A) / |u|r72u~V|u|diV% + |u|r4|u~Vu|2> dz.

R3N{|u|>0}

This gives

d
T plu|"dz + / rlu|""1G dz < C(Cy, p, 7, €0),
R3 R3N{|u|>0}

where

. 2
Gy = (1 = eo)|[ul’|Vul® + (p+ N)ul* divul® + p(r — 2)|uf*| Vul]

+ (= 2)(p+ N)uf*u - Vu| div |—Z‘ +(r = 2)(p+ Nl Viul]*.

(3.24)

(3.25)

(3.26)

Now we analyze how to get the positiveness of the term with G, in (3.25). Substituting (3.8) and (3.23)

into (3.27), we get

2

u 2
Vil b =1 = eo)lul[ V|| + (r = 1) (1 + X)|u - Vul?

_ _ 4
GT _M(l 60)|u| \U|

u

+ (4 N |ul?u - V]u| div ]

2
+ (4 N ul* (div %)

2

u 2
=l = )lul! [V 4t 1= e)lu

2
+(r—-Dp+A) <u - Vu| + %MF div i)

(r—1) |ul
+ (i ) (div %)2 - %W (div %) i ,

2

2
which, combining with the fact (div |UT|) < 3’V|“T| , implies that

2
1—
Gr > wmﬁ (div Z|) +pu(r—1- eo)\u|2|V|u||2

+ <u +A— rj((?’f—jf))) Juf* <div %')2

Thus, from the definition of ¢(eg, €1,7) and (3.22), we get

(3.27)

(3.28)
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rlul""*Grdx > pr(r — 1 — €) / |u|T72|V\u||2dz

R3N{|u|>0} R3N{|u|>0}
(4—eo)p (4 ) / o\’
—_— A "ldiv— ) d
+r ( 3 + 0= 1) |ul iv ] z
R3N{|u|>0}
> ur(r—1—ep) / |u|T*2|V\uH2dx
R3N{|u|>0}
(4 —eo)p r?(u+ ) / r—2 2
+ 3r ( 3 + A 4(7’—1> ¢(607617T) |U| |V‘UH dz
R3N{|u|>0}
—gleoerr) [ |Vl (3.20)
R3N{|u|>0}
where
4 — 2 A
g(eg, €1,7) = 3r (% - %) ¢(eg,€1,7) + pr(r—1—e) > 0. (3.30)

Here we need that €y be sufficiently small such that g < (r — 1)(1 — €;). Then from (3.8), (3.25) and
(3.29)-(3.30), when r = 4, we have

d
e /p|u|4dﬂc + g(eo, €1,4) / |u|?|Vu|?dz < C(Cy, i, €0). (3.31)

R3 R3N{|u|>0}

Combining (3.19), (3.21), and (3.31), and using Gronwall’s inequality, we conclude that if A < (3—ax,)u,
there exist positive constants C; and Cs depending only on Cjy, u, A, and y such that

dt
R3 R3N{|u|>0}

d

— | plu)*dz + C4 / |u?|Vu|?dz < Cs. (3.32)
Integrating (3.32), it is shown that there exists a positive constant C' depending only on (pg, ug, Po), Co, L,
A, v and T such that (pg, uo, Po), Co, i, A, v and T such that (3.4) holds. O

The next lemma will give a key estimate on Vu.

Lemma 3.3. Let (1.1/) hold. Then we have

T
|Vu(t)|3 + / |\V/pug|adt < C,  for0<t<T,
0

where C' is a positive constant depending only on (po,uo, Po), Co, t, A, v and T.
Proof. It follows from the momentum equations (1.6) that
AG = div(pu), uAw =V x (pu), (3.33)

where f = f; + u - Vf stands for the material derivative of f, and
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G=_2u+Ndivu—P, and w=rotu

are the effective viscous flux, and the vorticity, respectively.
Applying the standard LP-estimates in Lemma 2.2 to the elliptic system (3.33), we have

VG2 + |Vwlz < Clpila < C (Iy/puelz + |volul[Vull,) - (3.34)

Multiplying the momentum equations (1.6)s by u; and integrating over R? lead to

1d
od% (| Vul® + (A + p)(diva)?)dz + /p\ut|2d:v
R3 R3
= / (P divus — p(u - V)u - ut)dx =A+ B. (3.35)
R3

From the definition of G we have

A= /Pdivutdx: %/Pdivudm—/Ptdivudx
R3 R3

]Rfi
d 1 1 d
= —/Pdivud:z:f /Ptdef 7—/P2dx
dt 21+ A 22+ ) dt
R3 R3 R3
= A1 + A2 + Ag. (336)
Denote
1 9 P
E= §P|U| + ST

and it is easy to show from (1.6) that

E; + div(Fu + Pu) = div(uT). (3.37)
Then we have
1 v—1 1 9
Ay = — P, =— E, — - Gd
2 2u+>\/ 1Gdz 2u+/\/< ¢ = 5 lul )t> v
R3 R3
= A21 + A22. (338)

From (3.37) we get
A 71 /EGd
=—— x
21 ST t
R3
v—1 1 2 g
— ——Pu—uT |- VGd
2Iu+>\/(2p|u|u+7_1 u u) VGdz
R3

v—1 1
<2 | oluu- Ve + CIVGLa (ulalPla + 1l Vall,) (3.39)
R3
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From (3.3), Lemma 3.2 and (3.34), we have

[vVplul[Vull2 < C|p%u|4\Vu|4 < C(|Gla + |wls + 1)
< C(G VG + |wl3 [Vwls +1)
< (VG2 + [Vwla) + Ce)(|Gla + wl2) + C
< e(lVpuila + [Vplul[Vull2) + C(e)([Vulz + 1),

(3.40)

where we used Holder’s inequality, Gagliardo—Nirenberg’s inequality (Lemma 2.1) and Young’s inequality.

Therefore,

|Valul[Vull, < ely/purls + C(e)(|Vuls + 1),

where € > 0 is a sufficiently small constant. Substituting (3.41) into (3.34), we have

VG2 + [Vwlz < Clypuel2 + [Vulz + 1),
which, together with (3.39), implies that

-1

v
Ay < —
21 2+

R3

Now we consider Ass. From the continuity equation (1.6); and Lemma 3.1, we have

v—1 1 9
Agg = -
22 2ﬂ+)\/2(p|u\ ), Gdx
R3
y—1 [1 9 7—1/
= — [ Splu?Gd uGd
2u+)\/2pt|u| SRS AR
R3 R3
v—1 1 . 9 ) / o
< - Z
= 2u+/\/2dw(p“)|“| Gdz + e /purlz + Cle) [ plul”|GI"dz
R3 R3

v—1 v—1 1 9
-Vu - uGd = -VGd
2N+)\/pu Vu-u x+2u+>\/2p\u|uv x
R3 R3

+elvpuli +C() [ PGPz

R3

-1 [1 :
S ETEDY / solulu - VGdz + el /oudl + C(e) (|v/plull Vull; + 1) .
]R3
which implies that
Ap < 21 /lplulzu-vc:dwrel\/ﬁu 3+ (o) (|lulVull; + 1)
=2+ ) 2 - 2 |

R3

Then substituting (3.43) and (3.45) into (3.38), we deduce that

Ay < ely/puf3 + C(e) (1Vul} + [lul|9ul2 +1)

1 2
/ Solulu - VGdz + el ypudl3 + C(o) (Il + [lullvul3 +1)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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For the term B, we have

B= /—p V- udr < ely/puls —I—C'(e)‘\/ﬂuHVqu

R3

2
< elypul3 + C(e)||ul|vul 3 (3.47)

Then from (3.35)(3.36) and (3.46)(3.47), by letting € > 0 be sufficiently small, we have

1d
s [Vl + O aiv?)de + [ plufas
R3 R3
2 2
<C (|Vu|2 + || Vul|2 + 1). (3.48)

From Gronwall’s inequality and Lemma 3.2, we obtain the desired conclusions. O
In the following two lemmas, we give the estimates on [Vuls and |u|pe (o, 7]xR3)-

Lemma 3.4. Let (1.1/) hold. Then we have

T

|\/Eu(t)|§+/|u|2D1dt§C, for0<t<T,
0

where C only depends on (po, ug, Po), Co, pt, A, v and T'.

Proof. We will follow an idea due to Hoff [5]. Applying @/[0/0t + div(u-)] to the j-th component of (1.6),
and integrating by parts, we get

%% plu?dx = —/ (ui (0; P, + div(9; Pu)) + pi! (Au{ + div(uAuj)))dx
R3 R3
3
+ A+ p) /dj (9; divuy + div(ud; divu))dz =: Z L;. (3.49)
i=1

R3

According to Lemmas 3.1-3.3, Holder’s inequality, Lemma 2.1 and Young’s inequality, we have

Li=— /ui (@Pt + div(aqu))dm = / (83-11th + akufajpuk)dx
R3 R3
= / (- ;i uF O, P — v P divudji? + (v — 1)Q(u)d;u + akuijPuk)da:
R3
= / (—yPdivud;i + (v — 1)Q(u)d;i + PO (9507 u”) — Paj(akﬂjuk))dx
R3

< C(IVal|Vulz + [Val2|Vuli) < e[Val3 + Cle)(|Vuli + 1),
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fa = /mlj (Au{ * diV(UAuj))dx == /N(aiﬂjaiug + Al Vuj)dx
R3 R3
T /,u(|Vu|2 — Qi ut ! — Oy Ou Oy’ + L u - Vi )da
R3
T / H(IVaf? + 0y O D! — 051 O Dy — D! Oy Oy’ da
R3

< —LIVil3 + C|Vuli,

and similarly, we have

, A
Ly =(\+p) /uﬂ (9; divuy + div(ud; divu))dz < f%|VU\§ + C|Vuly.

R3

Letting € be sufficiently small, from (3.49)-(3.51), Lemma 2.2 and (3.33) we have

d . )
" pla?dz + u|h < C (|Vulj +1) < C (|G]] + lw|i +1)
]RB

5 3 5 3
< C (1613 IVGI§ + lwl3 | Vewld +1)
3
<C (|vu|§ + 1) < elVal2 + O,
which implies that

t
/p|u|2(t)dm + / W2, <C, for0<t<T. 0O
R3 0

Based on Lemma 3.4, we have the following estimate.
Lemma 3.5. Let (1.14) hold. Then we have

T
|wavmwbﬂwmm+wmu+/0wwi+Mwwsa
0

for 0 <t < T, where C only depends on (po,uo, Po), Co, pt, A\, v and T

Proof. From Lemmas 2.2, 3.1-3.4 and noting (3.33), we have

VG2 + [Vwls < Clpulz < Cl/pilz < C,
‘VG|6 + |Vw|6 S C|p’ll|6 S O|U|6 S C’|Vu|2,

which imply that

[Vulg < C(|Gl6 + |Pls + lwls) < C(|IVGla + |[Vw|z + 1) < C.

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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From Lemma 2.1, we have

[(divu, w)|eo < C (|Gl + |w|oo + 1)
< C(IVGls + |Vwls + |Gls + wle)
< C(1+ |Vit]a),

which, together with Lemma 3.4, implies that
T
/ (|divul + |w|2)dt < C. O
0

Next we will show the estimates on |(p, P)|pt.a.

Lemma 3.6. Let (1.1/) hold. Then we have

T
|(p, P)(t)|prapta + |pe(t)|L2npe + | Pe(t)]2 + / |Vu|sodt < C,
0

for 0 <t < T, where C only depends on (po,uo, Po), Co, pt, A, v and T

Proof. Noting that Lu = —pus — pu- Vu — VP, for any 2 < r < ¢, from Lemma 2.2 we have

[V2ul, < C(|pul, +|VP|,) < C(1+ Vil + [VP,).
Applying V to (1.6); and multiplying by r|Vp|" =2V p, we have

(IVpI")e + div(|Vpl™w) + (r — DIVpI diva
= —r|Vp|""2(Vp) " Vu(Vp) — rp|Vp|""2Vp - Vdiv u.

Integrating (3.60) over R3, we get
d 2
a‘v/ﬂr <C (|vu|0<>|v/0|r + \V u|7") >
which gives
d 19
3 Vel < C (1 + [Vuloo)([Volr + [V Plr) + Vil +1)
Next, applying V to (1.6)s and multiplying by r|VP|" "2V P, we have

(IVP|")¢ + div(|[VP|"u) + (ry — 1)|VP|" divu
= —r|VP|""3(VP) ' Vu(VP) — ryP|VP|"2VP - Vdivu
+r(y = 1)VQ(u) - VP|VP|" "2

Integrating (3.63) over R3, we then get

d . . .
E|VP|; < C (|Vuls|VPIL + [V2ul:[VPI ™! + |Vauloo|ul p2r [VPLTT)

837

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)
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which means that

d
SIVPL < C (A + |Vulo)| VPl + (1 + [ Vuloo) [ul i)
< C((1+ [Vuloo)(1 + [VP]) + [Vi]2 + |Vu|o|Vii2) . (3.65)

According to Lemma 2.4 and (3.59), we obtain

IVulpe®s) < C ((|divulos + |wloo) In (e + [VZulg) 4+ [Vulz + 1)
< C((|divulo + wloo) In (e + [Vlz + [VP|,) + 1)
< C((|div t|oo + |wloo) (In(e + |VE|2) + In(e + |VP]y)) +1). (3.66)
From Lemma 2.1 we have
_3 3 3
Vuloo < C|Vuly *|V2uld < C(1+ |Vals + [VP|,)7 (3.67)

which leads to

IVl |Vitly < C (1 + |Vitly + [VP|,) 7 Vil
< C((1+4|Vila)(1+|VPly) + [Val3) . (3.68)

Combining (3.62), (3.65)—(3.66) and (3.68), we easily have

d . .
3 Vele+1VPl) (1 + [Vuloe) (1 + [VPlg +[Vplg) + Va3 + [Vl | Viil2)

<C

< O((1+]div ] + |olc) In(e + [ Vil2)(1+ [V P, + [Vpl,)
+ (1 + |divu|e + \w\oo) In(e + |VP|) 1+ |VP|,+ [Vply)
+(

1+ |Val2)(1+|VP],) + |vu|§). (3.69)

Using the notations
f=e+Vplg+|VPlg, 9= (14 |divuls + [wls) In(e + [Vila),
(3.69) yields
fr<Clgf +gfInf+|Vals + (1+|Vils)f),

which, together with Lemma 3.4 and Gronwall’s inequality, yields

Inf(t)<C, forO0<t<T.
Thus we have

Vol +|VP|, <C, for0<t<T,

which, along with (3.66) and Lemma 3.4, implies that
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t
/|Vu\oods <C, for0<t<T. (3.70)
0

Combining (3.62), (3.65) and (3.70), it is not hard to have
Vol +|VP|, <C, for0<t<T.
Finally, the estimates for p; and P; can be obtained easily by noting the following relations:
pt =—u-Vp—pdivu, P, =—u-VP—~Pdivu+ (v — 1)Q(u), (3.71)
and the estimates obtained in Lemmas 3.1-3.6. O

According to the estimates obtained in Lemmas 3.1-3.6, we deduce that

Lemma 3.7. Let (1.1/) hold. Then we have

T

u®)le + [VFur(t)le + VP, + [ (s +lufbe)dt < C,
0

for 0 <t < T, where C only depends on (po,uo, Po), Co, pt, A, v and T
Proof. From the momentum equations (1.6)2, Lemmas 2.2, 3.1-3.6 and estimate (3.59), we have
fulps < (14 [pils + [VPL) <€, Julpea < C(1+ Vi)

which, together with (3.71) imply that

T
/ 2eadt <C, [Py < C(1+1Qu)ly) < C(1+ [Vully) < C.
0

According to Lemmas 3.2-3.3 and 3.6, we quickly have

Vula < C (1y/pil + [/pu- Tuls) < C (1+ |ptuls|Vuls) < €.

Similarly, from Lemma 3.4, we have

T T
0 0

At last, in view of the estimates obtained in Lemmas 3.1-3.7, we know that the functions (p,u, P)|,_7 =
lim, ,+(p,u, P) satisfy the conditions imposed on the initial data (1.9)—(1.10). Then, we take (p, u, P)|,_7 as
the initial data and apply the local existence Theorem 1.1 to extend our local strong solution beyond t > T.
This contradicts the maximum assumption on T. Therefore, the blowup criterion showed by Theorem 1.2
is proved.



840 Y.C. Li et al. / J. Math. Anal. Appl. 431 (2015) 822-840

Acknowledgments

The research of the authors was supported in part by National Natural Science Foundation of China
under grant 11231006, Natural Science Foundation of Shanghai under grant 14ZR1423100. Shengguo Zhu
was also supported by China Scholarship Council under grant 201206230030.

References

[1] S. Agmon, A. Douglis, L. Nirenberg, Estimates near the boundary for solutions of elliptic partial differential equations
satisfying general boundary conditions. I, Comm. Pure Appl. Math. 12 (1959) 623-727.

[2] T. Beale, T. Kato, A. Majda, Remarks on the breakdown of smooth solutions for the 3D Euler equations, Comm. Math.
Phys. 94 (1984) 61-66.

[3] Y. Cho, H. Kim, Existence results for viscous polytropic fluids with vacuum, J. Differential Equations 228 (2006) 377-411.

[4] G. Galdi, An Introduction to the Mathematical Theory of the Navier—Stokes Equations, Springer, New York, 1994.

[5] D. Hoff, Global solutions of the Navier—Stokes equations for multidimensional compressible flow with discontinuous initial
data, J. Differential Equations 120 (1995) 215-254.

[6] X. Huang, J. Li, Z. Xin, Blow-up criterion for viscous barotropic flows with vacuum states, Comm. Math. Phys. 301 (2011)
23-35.

[7] X. Huang, J. Li, Z. Xin, Serrin-type criterion for the three-dimensional viscous compressible flows, SIAM J. Math. Anal.
43 (2011) 1872-1886.

[8] X. Huang, J. Li, Z. Xin, Global well-posedness of classical solutions with large oscillations and vacuum to the three-
dimensional isentropic compressible Navier—Stokes equations, Comm. Pure Appl. Math. 65 (2012) 549-585.

[9] X. Huang, J. Li, Z. Xin, Global well-posedness for classical solutions to the multi-dimensional isentropic compressible
Navier—Stokes system with vacuum on bounded domains, preprint, 2012.

[10] O. Ladyzenskaja, N. Ural’ceva, Linear and Quasilinear Equations of Parabolic Type, American Mathematical Society,
Providence, RI, 1968.

[11] G. Ponce, Remarks on a paper: “Remarks on the breakdown of smooth solutions for the 3D Euler equations”, Comm.
Math. Phys. 98 (1985) 349-353.

[12] Y. Sun, C. Wang, Z. Zhang, A Beale-Kato—Majda blow-up criterion to the compressible Navier—Stokes equation, J. Math.
Pures Appl. 95 (2011) 36—47.

[13] H. Wen, C. Zhu, Blow-up criterions of strong solutions to 3D compressible Navier—Stokes equations with vacuum, Adv.
Math. 248 (2013) 534-572.

[14] Z. Xin, Blow-up of smooth solutions to the compressible Navier-Stokes equations with compact density, Comm. Pure
Appl. Math. 51 (1998) 0229-0240.

[15] Z. Xin, W. Yan, On blow-up of classical solutions to the compressible Navier-Stokes equations, Comm. Math. Phys. 321
(2013) 529-541.


http://refhub.elsevier.com/S0022-247X(15)00558-2/bib646439s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib646439s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib54424Bs1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib54424Bs1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib434Bs1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib67616E6469s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib686F666631s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib686F666631s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib687570s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib687570s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib68757071s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib68757071s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib485831s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib485831s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib6F6172s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib6F6172s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib7063s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib7063s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib7A6966s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib7A6966s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib6A69616E677A6875s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib6A69616E677A6875s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib7A78s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib7A78s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib7879s1
http://refhub.elsevier.com/S0022-247X(15)00558-2/bib7879s1

	Blow-up criterion for the 3D compressible non-isentropic Navier-Stokes equations without thermal conductivity
	1 Introduction
	2 Preliminary
	3 Proof of blow-up criterion (1.15)
	Acknowledgments
	References


