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Revisit to sign-changing solutions for the nonlinear

Schrodinger-Poisson system in R? *

Zhanping Liang, Jing Xu, Xiaoli Zhu'

School of Mathematical Sciences, Shanzi University, Taiyuan 030006, Shanzi, P.R. China

Abstract

In this paper, we investigate the existence of solutions for the nonlinear Schrodinger-Poisson system
with zero mass. By introducing some new ideas, we prove, via the constraint variational method and the
quantitative deformation lemma, that the system has a sign-changing solution.
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1 Introduction

In recent years, the following Schrédinger-Poisson system,

—Au+V(z)u+ ¢u= f(u), x€R3,

(1.1)
~A¢p=u?, xcR3

has been investigated extensively, specially on the existence of positive solutions, ground state solutions and
multiple solutions, see for examples [4, 8, 9, 15]. For the mathematical and physical background of the
system (1.1), we refer the reader to the papers [5, 6] and the references therein. To the authors’ knowledge,
there are very few results on the existence of sign-changing solutions for system (1.1) except [12, 16].

In [16], by introducing the constraint variational method and the Brouwer degree theory, Wang and Zhou
successfully show the existence of sign-changing solutions for the following nonlinear Schrédinger-Poisson
system

—Au+ V(z)u+ ppu = [uP~tu, x € R3,

(1.2)
~A¢p=u?, xRS

where p € (3,5), {1 is a positive parameter. In [16], the authors define

HYR?) = {u € H'(R?) : u(z) = u(jz|)}, if V(z) is a constant,
{ue DV3(R3) : [os V(z)u? < oo}, if V(x) is not a constant

H =

and assume that

(V) V€ C(R3R,) such that H C H'(R?) and the embedding H — L9(R?)(2 < q < 6) is compact, where
R+ = [O, OO)
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They get a sign-changing solution of (1.2) by seeking first a minimizer of the energy functional I, over the
constraint
My, = {u€ H:u* 4 0,(I(w),u*) = (I},(uw)u") = 0)

and then showing that the minimizer is a sign-changing solution of (1.2) via degree theory, where

1 o 1
I I 2 2 Ll y 2 _ / p+1
s =3 [ vuP v+ 4 [ ot - [

and ¢, (z) = ﬁ Jps Ii;zfz)l dy,u € H. The difficulty and novelty of [16] is to explain M, # () and the minimizer
is a critical point of I,.
Inspired by above references, more precisely by [16], we are concerned in this paper with the existence

of sign-changing solutions for a class of nonlinear Schrodinger-Poisson system

—Au+V(zx)u+ ¢u=K(z)f(u), =€R3,

(1.3)
—A¢ =u?, xR,

where more general conditions involving the function V are assumed. Throughout this paper, we say that
(V,K) € K if the following conditions hold:

(Hp) V(z), K(z) > 0 for all z € R3 and K € L (R?);

(Hy) if {4, } € R? is a sequence of Borel sets such that the Lebesgue measure of A, is less than R, for
all n and some R > 0, then

lim K =0, uniformlyinn=1,2,...;
70 JA,NBe(0)

(Hz) K/V € L=(R3); or
(H3) there exists p € (2,6) such that

K(x)

41/(1‘)(6_1’)/4 =0, |z| — co.

The hypotheses (Hp)-(Hs) on functions V and K were firstly introduced in [1] and characterize system (1.3)
as zero mass. Nonlinear elliptic equations with zero mass have been studied by many authors, for instance,
[1, 2, 3, 7, 10, 11] and the references therein. As for the function f, we assume f € C*(R,R) and satisfies
the following conditions:

(f;) limgo f(t)/t =0, if (Hz) hold;

(f2) limy_o f(t)/]t|P~r = A € R, if (Hs) hold;

(f3) f has a “quasicritical growth”, namely, lim_, f(t)/t° = 0;

(£2) Lm0 F(t)/t* = 0o, where F(t) = [i f(s)ds;

(f5) the map ¢+ f(t)/|t|> is nondecreasing on (—o0,0) and (0, c0) respectively.

Since (1.3) is a zero mass problem, it seems that the approprite working space should be

X:{uepl’Q(R?’);/w /RS wdxdy<w}

2 2 1/2
l|lull% = / |Vul? + (i/ / v @) (y)dxdy> .
JR3 Am Jgs Jrs |z — Y|

with the norm



By [13], we know that (X, ||-||x) is a uniformly convex Banach space. Let us define ¢, (z) = 7= [5s fi—(iﬂ dy,u €

X. Then, v € X if and only if both u and ¢, belong to DV2(R3). In such a case, —A¢, = u? in a weak

sense, and
/ |v¢u|2 = / ¢uu2 = / / dxdy (14)
3 3 R3 JR3 \x -

Using the expression of (1.4), we obtain that the system (1.3) is merely a single equation on wu.
The condition (V, K) € K is fascinating. It can be used to certify that the space E given by

E= {u € DM2(R?) : / Viul* < oo}
R3

endowed with the norm

Jul% = / (IVuf? + VIul?)
R3

is compactly embedded into the weighted Lebesgue space
LI (R?) = {u u is measurable on R® and / Klu|? < oo}

for some ¢ € (2,6), see Proposition 2.1 below. However, because of zero mass situation, we need to consider

2 2
B = {u € DM2(RY): / Vul? < oo, / / dedy < oo}
R3 s Jrs T =yl

/2
2 _ 2
e = [ s v+ (& [ [ R0 gg,)"

Since (X, - ||x) is a Banach space and (E,| - ||g) is a Banach space because of (Hp), (B,] - ||) is also a

a NnNew space

with the norm

Banach space. Denote the usual norm of LP(R?) by | - |,. By Sobolev embedding theorem, the embedding
E < DV2(R3) — LS(R3) is continuous. Let S’ > 0 be the embedding constant, i.e,

lulg < S ul|%, ueE. (1.5)
Define the energy functional J : B — R by
1 2 2, 1 2
Jw) == [ (|Vul*+Vu*) + = Pyt~ — KF(u), u€B. (1.6)
2 R3 4 R3 R3
The functional J is well-defined on B and belongs to C*(B, R). In addition, we have

(J'(u),v) :/]RS(VU-VU-FVUU)—F Dyuv — 5 Kf(u)v, wveB. (1.7)

R3

As is well known, a critical point of J is a weak solution of (1.3). If u € B is a weak solution of (1.3) and
u® # 0, we say that u is a sign-changing solution of (1.3), where

ut(2) = max{u(z),0}, v (x) = min{u(z),0}.

Motivated by [16], for the purpose of getting a sign-changing solution of (1.3), we first try to seek a minimizer
of the energy functional J over the following constraint:

M={ueB:uF#0,(J(v),u") = (J'(u),u) =0}, (1.8)

and then show that the minimizer is a sign-changing solution of (1.3).
The main result of this paper is stated below.



Theorem 1.1. Suppose that (V,K) € K and f satisfies (fi)-(fs). Then the system (1.3) possesses at least

one sign-changing solution.

In this paper, the main tools used are the minimization argument and the quantitative deformation
lemma. We must point out that the difficulty in the proof of Theorem 1.1 is still to show that M # 0 and
the minimizer is a critical point of J. To show M # ), we use the Brouwer fixed point theorem, which is
entirely different from the method presented in [16]; to prove the minimizer is a critical point of .J, we make
use of the quantitative deformation lemma which is introduced in [14]. There are some new ingredients in
the proof process of using the quantitative deformation lemma.

The paper is organized as follows. In Section 2 we give some propositions and lemmas for convenience.
In Section 3, we establish some technical lemmas which play a critical role in showing M # (). In Section 4
we accomplish the proof of Theorem 1.1 by the quantitative deformation lemma.

2 Preliminaries

In this section we give some propositions and lemmas for convenience. In order to recover compactness, for

q € [1,00), we define the weighted Lebesgue space L% (R?) with the norm

1/q
uuuK:(/ K\u\q) | we LR,
RS

By (Ho), L% (R3) is a Banach space. We firstly state two important consequences owing to Alves and Souto
[1, Proposition 2.1 and Lemma 2.2].

Proposition 2.1. Assume (V,K) € K. If (H2) holds, then E is compactly embedded in L% (R?) for every
€ (2,6); if (H3) holds, then E is compactly embedded in L (R3).

Proposition 2.2. Suppose that f satisfies (f1)-(fs) and (V,K) € K. Let {v,} be such that v, — v in E.
Then

KF(v,) — KF(v) / K f(vn)vn — Kf( Jv.
R?

Secondly, we consult a proposition for the sake of proving Lemma 3.3 below.
Proposition 2.3. [13] Given a sequence {u,} in X, u, — v in X if and only if u,, — u in DV2(R3) and
Jrs Jps © u? (2)u® (y)dfcdy is bounded. In such a case, ¢, — ¢y, in DL2(R3).

lz—yl

Finally, we need to introduce some lemmas which will play a crucial role in the proof of Lemma 3.1 below.

Lemma 2.4. Assume that (V,K) € K and f satisfies (f1)-(fs). Then, for any u € E\{0},

K
lim Kf(tuju = 0. (2.1)
|t] =00 JR3 t3

Proof. First of all, by the conditions (f;) and (f5), we have that
t
W 10

= 0. 2.2
[t|—oo 3 > (2.2)

Suppose that (Hz) is true. It follows from (2.2) that for any given M > 0, there exists R > 0 such that
ft = Mt*) |t| > R.
By the condition (f), we get

— Mt*
lim L8 = M
t—0 t2

=0. (2.3)



It follows from (2.3) that there exists C' > 0 such that

_ 4
M > -C |t| c (0 R}_
t2 b b
Therefore we can conclude that
f)t = Mt* —Ct?, teR. (2.4)
From (2.4), we get
Kf(tu)tu > Mt* | Ku*—Ct* | Ku®. (2.5)
R3 R3 R3

Dividing by ¢* and letting |t| — oo, we deduce (2.1). Here, we used the integrability about Ku* and Ku?.
In order to show its rationality, we need to prove that [, Ku* < oo and [, Ku? < oo. In fact, since (Hy)
holds, [z Ku® < |K/V|xl|lul|3 < oo. By Proposition 2.1, we know that E < L% (R?) is compactly for
q € (2,6). Hence [, Ku* < Cllull} < oc.

Next, supposing that (Hjz) is true, we divide the proof process into three cases. Consider the case
p € (2,4). Similar to the argument about (2.4), it follows from (fs) and (2.2) that

fOt = Mt* - Clt|P, teR. (2.6)

From (2.6), we get
K f(tu)(tu) > Mt* | Ku' - C\t\p/ K|ulP. (2.7)

R3 R3 R3
Dividing by t* and letting |[t| — oo, we can also deduce (2.1). In the following, we still need to illustrate
that [ps Ku* < 0o and [i; K|ulP < co. Indeed, by (Hs3), we know that E < L; (R?) is compact. Hence
there is C’ > 0 such that [, K|u|? < C'||ul|; < co. By the interpolation inequality and (1.5), there exists
some 0 < A < 1 such that

/ Ku*
RB

/ (K ) A (E )
R3

(L) (L)

(Cl[ull)! A (1K oS 2 [[ull)* < co.

N

N

We now consider the case p = 4. By the condition (fz), we get

p—1
A R A O U yy (2.8)
t—0t t3 t—0+ |If|p_1 3

Thus, from (f5) and (2.8), there exists C' > 0 such that

% >-C, teR, (2.9)

namely, f(t)/t* is bounded from below. According to Proposition 2.1, [ps Ku* < co. Thus, by (2.2), (2.9)

and Fatou’s Lemma, it follows that

K K
lim Kf(tuju = lim f(tu) ut = oo. (2.10)
[t| =00 JR3 t3 [t| =00 JRr3 (tu)3

We consider the case p € (4,6). By the condition (f2), we get

f) o @) RPTT
10+ 3 tl—lgli [tp—t 3 0 (2.11)

Thus, it follows from (f5) and (2.11) that

f(t)
520, teR. (2.12)
From (2.2), (2.12) and Fatou’s Lemma, (2.10) also holds. The proof is completed. O



Lemma 2.5. Assume that (V,K) € K and f satisfies (fi)-(fs). Then, for any u € E\{0},

KF(tu)

[t| =00 JR3 4

Because the proof is analogous to that of Lemma 2.4, we omit it here. In fact, it is sufficient to transform
f(®)t into F(t) in the proof process of Lemma 2.4.

Lemma 2.6. Assume that (V,K) € K and f satisfies (fi)-(fs). Then, for any u € E\{0},

lim K f(tu)u
t—0 R3 t

= 0.

Proof. First of all, suppose that (Hs) is true. It follows from (f;) and (fs) that for any given € > 0, there
exists C: > 0 such that
[F(®)] < elt] + Celt]®, teR.

It follows from (1.5) that

< € Ku?>+C. Ku®
R3 R3

< elK/V sollullg + Cel K|ooS" 2 ||ul|%. (2.13)

Kf(u)u
R3

Next, by assuming that (Hs) is true. From [1], there is a constant C), > 0. For every given ¢ € (0,C),), there
exists R > 0 large enough leading to

/ Klul|P < s/ (Vu? +u°), uekE. (2.14)
|z|ZR |z|ZR
From (f3) and (f3), there are Cy,Cy > 0 such that

IO < CLltP~ + Calt]®, teR.

By (1.5), (2.14) and Hoélder’s inequality, we obtain

K f(u)u
R3

< Cl/ K|u|p+C’2/ Ku6
R3 R3

(6—p)/6 p/6
< 015/ (Vu? +ub) + ¢4 / K6/(6=p) / u® +CQ\K|OO/ u®
|z|>R |z|<R lz|<R R3

< o (lul + 8l + 1K oo 582 ully) + Cal KlooS ul (2.15)

Consequently, either (Hy) or (Hs) holds, there exist Cs, Cy, Cs > 0 such that

K f(tu)tu

R3

< Cset?Jullfy + Cat®||ullip + Cs |t [[ull-

Dividing by ¢? and letting ¢ — 0, we deduce that

lim
t—0 R3 t

The proof is completed. O



3 Technical Lemmas

In this section, we prove some technical lemmas related to the existence of sign-changing solutions of (1.3).
To this end, for u € B with u* # 0, we define G,, : RZ = R by G, (t,s) = J(tu™ + su™).

Lemma 3.1. Assume that (V,K) € K and f satisfies (fi)-(fs). Then,
(i) The pair (t,s) is a critical point of G, with t,s > 0 if and only if tu™ + su™ € M.

(i) The map G, has a unique critical point (t4,s_), with t4 =ty (u) > 0 and s_ = s_(u) > 0, which is
the unique maximum point of G,.

Proof. Since
VGu(t,s) = (J(tut +su),u™), (J (tut + su”),u”))

- (%(J’(tu+ +su”), tut), E(J’(tu*' +su”), su_))

= <%gu(t7s),§hu(t,s)> ’
where
gultes) =l o [ o+ [ oo [ Kpt) o) o
RS R3 R3

mits) = st [ o+ [ o= [ KiO) o), 62)

we can prove the item (7).
By (1.4) and Fubini theorem, we see that

¢u* (u+)2 = i ¢u+(u7)2'
R3 R3

Now we prove (ii). First we prove the existence of a critical point of G, namely, M # (). For u € B with
u® #£ 0 and sy > 0 fixed. By (3.1) and Lemma 2.6, we obtain

aultson) = (101 42 [ unun? st [ oo - [ KON
R3 R3

RS t
and that g, (¢, so) > 0 for ¢ small enough. At the same time, by (3.1) and Lemma 2.4, we get

K f(tu+)u+)

1
aultoso) =t (Gl T+ [ o+ 38 [ ooty >
R3 R3 R3

and that g, (t, s9) < 0 for ¢ large enough. From continuity of ¢, (t, so), there is a tg > 0 such that g, (t, so) =
0. We claim ¢y is unique. In fact, supposing by contradiction there are 0 < t; < to such that g, (t1,s0) =
gu(t27 80) = 0. Then

llut 1%

Kf(tuﬁ)
t—Q R S
1

. +32 ﬁ +\2 _ +\4
+ s ¢u+(u ) +t% - (Zsu*(u ) - (t1u+)3 (u )

R3

and this identity is also true if ¢4 is substituted for ¢;. Hence,

() (w1t o) = 1) ] o

which is absurd in view of (f5) and 0 < ¢; < t3. Therefore, there exists a unique t; > 0 such that

gu(to, s0) = 0. Let @1 (s) := t(s), where t(s) satisfies the properties as it mentioned before with s in the place
of sp. Then, the map ¢ : Ry — (0,00) is well defined. According to the definition of G, /dt, we have

oG,
ot

(p1(s),8) =0, 5=>0,



that is,

@t I+ o) [ o P+ a8 [ oo @ = [ Ki@utet, sz @3)

In the following, we prove some properties of function ;.
(a) ¢1 is continuous. In fact, let s,, — s¢ as n — oco. We firstly prove that {¢;(s,)} is bounded. Suppose,
by contradiction, that there is a subsequence, still denoted by {s,}, such that ¢1(s,) — oo as n — co. So,

for n large, we have ¢1(s,) > s,. From (3.3), we get,

ut 2 . L2 Ferlsaut) o
ol Lo s [ o= [ KA (3.4)

From Lemma 2.4, passing to the limit as n — oo, we have a contradiction. So {p1(s,)} is bounded.

Therefore, there exists a ty > 0 such that, passing to a subsequence,
©1(sn) = to. (3.5)

Passing to the limit as n — oo in (3.3) with s = s,, and using (3.5), we obtain

tollut |2+ £ / Gur (u)? + to52 / fue(uh)? = / K f (tou Ju
R3 R3 R3

The last equality shows
oG,

ot

As a result, tg = p1(sp) implies that ¢ is continuous.

(t(), 80) =0.

(b) ¢1(s) is bounded below form 0. Suppose that there exists a sequence {s, } such that ¢1(s,) — 0T as
n — oo. Then by (3.3) and Lemma 2.6, we have

lu* |3 < lim / el _
n—oo Jpa P1(sn)

This is absurd. Hence, there exists C' > 0 such that ¢ (s) > C.

(c) ¢1(s) < s for s large. In fact, if there exists a sequence {s, } with s,, — 0o such that ¢;(s,) > s, for
all n € N, then it follows from (3.3) that (3.4) holds. This is a contradiction to Lemma 2.4. Thus, ¢1(s) < s
for s large.

Analogously, for h,(t,s), we can define a map o : Ry — (0,00) by @a(t) = s(t) satisfying (a), (b) and
(c)-

By (c), there exists C; > 0 such that ¢1(s) < s and @a(t) < ¢ respectively when ¢,s > Cy. Let

Cy = ’ -
5 max{ maX]<p1(8) teﬂ[%flgl]WZ( )}

s€[0,C1

Let C = max{C},C>}. We define T : [0,C] x [0,C] — R2 by T(t,s) = (¢1(s),¢2(t)). Now we show
T(t,s) € [0,C] x [0,C] for all (¢,s) € [0,C] x [0,C]. In fact,

@a(t) <t < C, t>Cy,
©2(t) < maxepo,cy) p2(t) < C2, t <O,

that is to say @2(t) < C. Similarly, we have ¢1(s) < C. Note that T is continuous. Then, by Brouwer fixed
point theorem, there exists (t4,s_) € [0,C] x [0, C] such that

(p1(5-),p2(ts)) = (t4,5-). (3.6)



Since ¢; > 0, (3.6) implies ¢4, s_ > 0. By the definition, we have

9G., G, -
En (ty,s-) = g(ths—) =0.

Now we need to show the uniqueness of (¢4, s_). Assuming that w € M, we have,

VG,(1,1) = (agt (1,1), ag: {, 1))

(" (w* +w),w*), (' (wh +w7),w™)) = (0,0),

which indicates that (1,1) is a critical point of G,. In the following, we prove that (1,1) is the unique
critical point of G, with positive coordinates. Assume that (tg,sg) is a critical point of G,,. Without loss

of generality, we assume that 0 < tg < sg. Then,

Bl b+ [ our P45 [ 0w @R = [ Kftout) (), (37)

and
sollw™ll% + 55 /R L Gu- (W) 155G / b (w)? = /R K f(sow™)(sow™). (3:8)
By (3.8) we get
spllw™ 1% + 55 /R Puw(w™)* = /R K f(sow™)(sow™).

Hence,
lw™ |1 )2 flsow™) 14
w > K . 3.9
a2t [ outw e [ R ) (39)
On the other hand, since w € M, we have
_ _ w _
o+ [ ouw= [ K (3.10)
R3 rs (W)

From (3.9) and (3.10), we have

(F-1) > [ x [ o) Sy

From the last inequality and (f5) we conclude that 0 < tp < so < 1. Now we prove that to > 1. In fact, from
(3.7) and 0 < to < sp, we have

|‘w+||2E+ ¢w(w+)2</ KM(M+)4 (311)
R3 R3

2 (tow™)?

For another hand, since w € M, we have
fw®)
||w+||12‘3 + /R3 (bw(er)Q = /]RS K (wh)3 (w+)4' (3.12)

From (3.11) and (3.12), we obtain

(=)t < e ~ o

If tg < 1, the left side of this inequality is positive. But from (f5), the right side is negative. Thus we must

have tg > 1. Consequently, ty = sg = 1, which implies that (1,1) is the unique critical point of G,, with
positive coordinates. Now, assume that v € B,u® # 0 and (t1, s1), (t2, s2) are the critical points of G,, with
positive coordinates. From item (i), we conclude that

wy =tuT Fs1u” EM, wy =touT +squ” € M.



Therefore,

t S t S
Wy = (—2> tiut + (—2> siu” = (—2> wf + (—2> w, € M.
31 $1 ty S1

Since that w; € B with wf # 0, we have that (Q %) is a critical point of the map G,,, with positive

178
coordinates. Since w; € M, we have that
ta 89
2_2_q
t1 s1

)
which implies that ¢; = to, 517 = so.

Finally, we prove that the unique critical point is the unique maximum point of G,. By Lemma 2.5, we
deduce that G, (t,s) — —oo as |(t,s)| — co. So it is sufficient to check that the maximum point cannot be
achieved on the boundary of Ri. Without loss of generality, we only prove that (0,5) is not a maximum

point of G. In fact, since

- e 2 4, 1PE 2
Gu(t,5) = Flutllp+ 7 [ Gur(u?) = [ KF({tu")+— Gu-(uT)
R3 R3 R3
2 s+ 2 )2 — | KF(su~
+5 vz + Gu-(u™) (5u”)
2 4: ]RB RS

is an increasing function with respect to ¢ if ¢ is small enough by Lemma 2.6, the pair (0, 5) is not a maximum
point of G, in ]R%r. O

Lemma 3.2. Assume that (V,K) € K and f satisfies (fi)-(fs). If v € B with u™ # 0 such that g,(1,1) <0
and hy(1,1) < 0, where g, (t, s), hy(t,s) are given by (3.1) and (3.2), then the unique pair (t4,s_) obtained
in Lemma 3.1 satisfies 0 < t4,s_ < 1.

Proof. Without loss of generality, we suppose that ¢, > s_ > 0. Since tyut +s_u~ € M, we have
Al g+ [ oo+t [ ouh?
R3 R3
O T R Y R U
JR3 R3
= Kf(tiu™)(tiu™). (3.13)

R3

The assumption g¢,(1,1) < 0 gives that

[ lg# [ ouwh?+ [ o @< [ Kpatr, (314)

Together (3.13) with (3.14), we then get

() wte > [ [ - G e

If t; > 1, the left side of this inequality is negative. But from (f5), the right side is positive. Thus we must

have ¢, < 1. Then the proof is completed. O

By Lemma 3.1, we may define
m = inf{J(u) : u € M}. (3.15)

Lemma 3.3. Suppose that (V,K) € K and f satisfies (f1)-(fs). Then m >0 can be achieved.

Proof. For every u € M, we have (J'(u),u) = 0. Then by (2.13), we get

iy < [ (9P + Ve + [ ot = [ Kpu < AR/V Il + CR S ully. (316)
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Choosing € < 1/|K/V |, there exists a constant a; > 0 such that ||ul|% > a;. Similarly, by (2.15), we have

2 < / (IVuf? + Vu?) + / pui?
R3 R3

/ K f(wu < Crellullf + C18" (e + Cal Koo) [ullh + K Lo/6- 05"l (3.17)
R3

Choosing & < 1/Cy, there exists a constant ap > 0 such that ||ul|% > ag. In a word, there exists a constant
a =max{ay,as} > 0 such that ||ul|% > a. By the condition (f5), we have

Fit)* =3f)t >0, teR. (3.18)

Therefore
H(t):= f(t)t —4F(t) 2 0, t €R, (3.19)

and H is increasing when ¢ > 0 and decreasing when ¢ < 0. Hence,
1 /
Jw) = J) = (I (uv),u)

= g+ /K wu — AF ()

This implies that m > /4 > 0.

Let {u,} € M such that J(u,) — m. Then |lu,||g < C. Hence, we may assume that there exists u € E
such that u, — u, uf — u® weakly in E. By Proposition 2.2, we know that [; KF(u,) — [z KF(u).
Hence { [s KF(uy,)} is bounded. From (1.6), we get 1 [ps Gu,u2 + [lunll% = J(un) + [gs KF(uy), which
implies that {u,} is bounded in B. Choosing a subsequence necessarily, by the uniqueness of the convergence,
we deduce u;f — u® weakly in B. Since u, € M, we have (J'(u,),ul) = 0, that is,

gl + [ ou b= | Krd)u (3:20)
R3 R3
By (3.20) and Proposition 2.2, we get
0<asluilp+ [ on = [ Kfhut = [ i) o),
R3 R3 R3
where o(1) denotes the quantity tending to zero as n — oo. Thus, ut # 0. Since u,, — u weakly in B, from

Proposition 2.3, we have ¢,, — ¢, weakly in D12(R3). By the weakly lower semicontinuity of norm and

Fatou’s lemma, we have
)

s+ [ 0w < imant [l + [ o (). (3.21)

Then from Proposition 2.2 we get
IIuiH%wL/ bu(uF)? < | Kf(u)u*. (3.22)
R3 R3

From (3.22), Lemmas 3.1 and 3.2, there exists (Z,5) € (0, 1] x (0,1] such that
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By (3.19), we then have

mo< I - @),

1
=l [ Ki@a-ar@)

- 1<||t*u+|\%+u§u-||%>+§ ABK[f(fu+)(fqt+)f4F(fu+)]+i Kf(su™)(5u7) ~ 4F (su")]

4 RS
1
< gl +g [ K= 4r@
< liminf {J(un) — = {(J (un), un }
n— o0
By the above inequality we deduce that ¢ = 5 = 1. Thus @ = v and J(u) = m. O

4 Proof of the main result

The main aim of this section is to prove that the minimizer u for (3.15) is indeed a sign-changing solution
of (1.3) using the quantitative deformation lemma from [17].

Proof of Theorem 1.1. Tt is clear that (J'(u),u™) = 0 = (J'(u),u”). It follows from Lemma 3.1 that, for
(t,5) € B2 and (t,5) # (1,1),
Jtut +suT) < J(ut +uT) =m. (4.1)

Set & = |uts, & = [u~|g and € = min{&;,&}. We denote S the imbedding constant of B < LS(R?), that
is, [ule < S||ull,u € B.
By contradiction, we assume that J'(u) # 0. Then there exist r, A > 0 such that

[T @) = A, o =ull <7 (4.2)

Choose 6 € (0, min{¢/(25),r/3}) and ¢ € (0,min{1/2,6/(v2|u|)}). Let D=(1—0,1+0) x (1 —0,1+0)
and ¥(t,s) :=tu™ + su~,(¢,s) € D. It follows from (4.1) that

m = I%%XJ o < m. (4.3)
Let 0 < & < min{(m —m)/2,A\§/8} and S := {v € B,||v — u|| < }. Then it follows from (4.2) that
Il (v)|| = 8¢/6, ve J ([m—2e,m+2e])N Sas. (4.4)

Applying (4.4) and [17, Lemma 2.3, p.38], there exists a deformation n € C([0, 1] x B, B) such that
(a) n(1,u) = u if u ¢ J~L([m — 2g,m + 2¢]) N Sas;
(b) n(1,JmteNS) C Jm s,
(c) lIn(1,u) —ul|| <6 for all u € B.
In the following, we firstly show that

max_J(n(1,9(t,s))) < m. (4.5)
(t,s)eD

Indeed, by Lemma 3.1, we know J(3(t,s)) < m < m + ¢, that is, ¥(, s) € J™T¢. Moreover,
< 2( =Dt + (s = 12 u”|)
< 202 ul?
< &%

9 (t, s) = ul®
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which yields that (t,s) € S for all (s,t) € D. Therefore, by (b), we have, J(n(1,9(t,s))) < m — e. Hence
(4.5) holds.

Next, we claim that
n(L,p(D)) N M # 0. (4.6)
In fact, let us define (¢, s) := n(1,v(t, s)) and

(I)O(ta 3) = (<Jl(w(t7 S))atu+>7 <J/(¢(t7 S)), Su7>) = (<Jl(ttpL + Sui)atu+>7 <<]/(LLUJr + Sui)a Su7>)a
D(t,5) = ((J'(v(t,5)), (v(£: )T (T (A (L, 8)), (4(t,8)) 7))

We will utilize the degree theory to prove the result (4.6). From (3.1) and (3.2), by a direct calculation, we
have

W1y = Jubff+3 / @+ [ b — [ KF @),
ot R3 R3 R3

99u _ 12
B = 2 ot
ahu
ot

Ohy o —2 —\2 —\2 =Y (u—)?
Ten = s [ oe @ [ o) = [ K@

(1’1) = 2 ¢u+(u7)2’
R3

Set the matrix

o [ 90(1,1)  O24(1,1) ] |

From (3.18), we have
T = Nt s [ st [ oo [ Kpahh?

R3

< s [ o [ o @R =3 [ Kptr

R3
= Al —2 [

Similarly,
Ohy, _ _
LD <2 -2 [ G )
S R3

Thus, we conclude that

detM > 4

b+ [ dutP] [l [ o ?

“i [ [ o >0

Since ®g belongs to class C* and (1,1) is the unique isolated zero point of ®¢, we know that

deg(®o, D,0) = ind(®Py, (1,1)) = sgnJs,(1,1) = 1.

It follows from m < m — 2¢, (4.3) and (a) that v = v on dD. Thus, deg(®o, D,0) = deg(®1,D,0) = 1.
Hence, there exists a pair (tg, so) € D such that ®4(to,s¢) = 0. Since |ui\6 > ¢ and (to, s0) € D, we have
|(¥(to, 50)) |6 = toluTls > £/2 and |(1(to, 50))"|6 = solu~[6 > &/2. By (c), we get |v(to, s0) — 9 (fo, s0)l6 <
S|y (to, s0) — ¥ (to, so)|| < S6. This implies that |(v(to, s0))E — (¥(to, s0))E|s < [7(to, s0) — ¥(to, s0)|6 < S6.
Thus we have |(v(to, 50))* |6 = |(¢(to, 50))F |6 — S8 > €/2 — 56 > 0. That is to say (y(to,s0))* # 0. Hence,
n(1,%(to, s0)) = v(to, S0) € M, which is a contradiction with (4.5). Hence, w is a critical point of J, that is,
a sign-changing solution for the problem (1.3).

O
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