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1. Introduction

In recent years, due to their important role to know more precise properties of functions and martingales,
some weak-type spaces have attracted more and more attention in harmonic analysis, martingale theory and
functional space theory, e.g. [6,19] for weak Hardy spaces wH,, [4,8,10,18] for Lorentz—Hardy spaces Hp, ,
and [1,2,11,24] for Orlicz—Lorentz spaces Lp . In particular, the study of the so-called weak Orlicz spaces
wLe as well as weak Orlicz—Hardy spaces wH ¢ was initiated in the fundamental paper [12]. Later on and in
particular in the very last years the theory has been developed rapidly. We refer to [7,9,13,16,22,23] and the
references given there. For one thing, the weak Orlicz space is a more extensive class than weak Lebesgue
space, classical Lebesgue space and classical Orlicz space; for another, it is also an extreme subclass of
Orlicz—Lorentz spaces.

The purpose of this paper is to characterize the dual space of weak Orlicz—Hardy space w?—[;" (B) for
Banach space-valued martingales, which is defined by the conditional p-variation s,(-) and associated with
a quasi-concave function ®. The results obtained here can be regarded as the extensions of that in Weisz
[19], Miyamoto, Nakai and Sadasue [14] and Jiao, Wu and Peng [9] from real-valued setting to vector-valued
setting, and that in Yu [21] from strong-type spaces to weak-type spaces.
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In the setting of real-valued martingales, the H,-BMO duality theory is nowadays classical. It was proved
by Herz in [3] and Weisz in [17,18] that the dual space of martingale Hardy space H,? defined by the
conditional square function for 0 < p < 1 is the a-ordered squared Lipschitz class £; o with o = % - 1.
Moreover, it was shown recently by Miyamoto, Nakai and Sadasue in [14] that the dual space of martingale
Orlicz-Hardy space Hy? is the generalized Campanato space L3 4 with ¢(z) = 1/(x®~1(1/x)), where ® is
equivalent to a concave function.

On weak-type martingale spaces, very recently, the Lorentz—Hardy—-Karamata spaces H;?q,b (including
Lorentz-Hardy spaces H,? as special case when b(t) = 1) and their dual spaces were investigated by K.-P. Ho
in [4] and Jiao, Xie and Zhou in [10]. For weak martingale Hardy spaces wH,’ = H2, an extreme subclass

o0
of Lorentz—Hardy spaces Hp?, let H 2 be the wH}? closure of H32, the dual space Z())f H o2 for 0 < p <1 was
identified by Weisz in [19] as weak Lipschitz space wLs o with o = 1% -1

As for the vector-valued case, it was proved by the author in [20] that the dual space of B-valued
martingale Hardy space H,”(B) for 1 < r < oo is the generalized Garsia space K¢ (B*) where % + % =1
and 1+ 1 = 1. Furthermore, recently, when 0 < r < 1, the dual space of Hardy space H;” (B) was identified
by the author in [21] as the so-called generalized Lipschitz space E;?B (B*) where § = % —1.

It is natural to consider the characterization of the dual space of B-valued martingale weak Orlicz—Hardy
space wHg’ (B) (including wH:;?(B) for 0 < r < 1 as a special case), where ® is a concave function.

In order to give the answer to this question, a new generalized weak Campanato space named wﬁi’: ¢(B)

will be introduced and a more generalized theorem of atomic decompositions will be established in this
paper.

2. Preliminaries and notation

Let (B, | - ||) be a real separable Banach space with norm || - ||, (2, F,P) a complete probability measure
space, and {F,, }n>0 a sequence of non-decreasing sub-o-algebras of 7. The expectation operator is denoted
by E(-), and the conditional expectation operator relative to F,, by E(-|F,).

Let f = {fn}n>0 be a B-valued martingale adapted to {Fy, }n>0 such that fo = 0. Denote its martingale
difference by df, = frn — fn—1 (n > 0, with convention dfy = 0).

For 0 < p < o0, the p-variation and the conditional p-variation of a B-valued martingale f are defined,
respectively, by

Spalf) = (Z 1) 5y = (i jar) g

()= (22 E<||dfi|p|fi1>)%, ()= (3 E<||dfi|p|fu>)%.

i=1 i=1

For the sake of convenience, L,(B) will denote the space of B-valued functions or martingales which are
defined on the probability measure space (2, F,P) with ||z, () = [E(IfIP)]Y/? < oo for functions or
Ifllz,®) = suanO[E(anHp)}l/p < oo for martingales.

Let G be the set of all functions ® : (0,+00) — (0,400) such that lim; ,o+ ®(¢t) = ®(0) = 0 and
lim; s 400 ®(t) = +00.

For any ® € G, we define the Orlicz space Ly = Lg (2, F,P) as the collection of all measurable functions
g such that ||g||L, < oo, where

llgllLe == inf{c> 0: E{@(%)] < 1},
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We define the weak Orlicz space wLe = wLe (€2, F,P) as the set of all measurable functions g such that
lgllwre < o0, where
. t
lgllwLe = inf {c >0: sup®(=)P(lg| > t) < 1}.
t>0 c

It is known (see [12]) that wLe is a quasi-normed space with

If + 9llwrs < Kol fllwie + gllwrs)

where kg > 1 is a constant only depending on ®.

Unlike the classical Orlicz spaces, it was proved by [13] that each space wLg (even ®(z) = 2P with
1 < p < o0) has no absolutely continuous quasi-norm. Hence, let wLg be the set of all functions g € wlLg
having the absolute continuous quasi-norm defined by

wly = {g € wle: lim fgxalluwL, =0}.

li
P(A)—

It is easy to check that wLgs is a closed linear subspace of wLg, and a control convergence theorem in
wLg was shown by Liu and Wang in [13] as below:

Lemma 2.1. (See [13].) Let ® € Ay, fn,f € wle, |fn] < g (n>1) and g € wle. If {fn} converges to f
almost everywhere, then limy, o0 || fr — fllwre = 0.

For B-valued martingale, define the Orlicz—Hardy spaces and weak Orlicz—Hardy spaces, respectively, by

H(B) = {f = {futnzo s 1Fler ) = Ip(ll e < 00},
WH;IJ(B) = {f = {fn}nZO : ”f”wH;’P(B) = Hsp(f)HwLp < OO}

Define the closed linear subspace of wH’ (B), in which the conditional p-variation has the absolute contin-
uous quasi-norm, by

Wty (B) == {f = {futnzo € WH B): [ fllurzrmy = l5p(Fllwce < o0}

For any 1 < p < oo and any function ¢ : (0, +00) — (0, +00), we denote

1 1
t2(f,x) == ——x" % sup f=f ,
d)( ) gf)(l’) P(r<oo0)<z || HLP(B)

1
z=r  suplsp(f — f7 ;
(b(.’l?) P(r<o0)<z || P( )”LP(R)

where T is a stopping time and f7 is the stopped martingale. Furthermore, the generalized weak Campanato
spaces for B-valued martingales are defined by

AR
X

wcp,d)(B) = {f = {fn}nZO €L,: ||f||w£p,¢(B) : dz < oo},

)
ol (f,2)

WLy, (B) = {f = {futnz0 € Ly flyern, m) dw < oo}

]
]
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Remark 2.1. For real martingales, the space L2 4(R) was introduced by Miyamoto, Nakai and Sadasue in
[14] and the weak-type space wLlsz o(R) was introduced by Weisz in [19] as the dual spaces of Orlicz-Hardy
space Hg?(R) and weak Hardy space w:?(R), where ¢(z) = 1/(z®~'(1/z)) and o =  — 1, respectively.
However, it was proved by the author in [21] that the dual space of B-valued martingale Hardy space H,” (B)
(0 < r <1)isnot Ly z(B*) but LZ?B(B*) where % + % =1and 8 =1 — 1. For this reason, we introduce
the weak-type Campanato space wﬁff: ¢(B) as above. It will be seen in the final section that the relation
between wl, 4(B) and wﬁff: (p(B) is connected closely with the geometrical properties of the underlying
Banach space.

Let ag and «; be real numbers such that 0 < cg < a3. The class Q[ag, 1] consists of all functions ® € G
such that ®(¢)t~*° are non-decreasing and ®(t)t~** are non-increasing. Moreover, we say that ®(¢) belongs
to the class Q (o, 1], whenever ®(t) € Qo + €, a1] for some € > 0 (see e.g. Persson [15]).

Remark 2.2. Let ®(t) € Q[ap, ], it is easy to verify that ®(st) < max(s*,s*)dP(¢) for s,t € (0,400).
A slightly generalized class, which is called G[ag, @1] with 0 < o < a1, was introduced by Miyamoto,

Nakai and Sadasue [14]. Let G[a, a1] be the set of all functions ® € G, if there exists a constant cg € [1, +00)
such that

D(st) < cp max(s*, s )P(¢) for s,t € (0,400).
For the relation between Q[ag, @1] and Glag, 1], the following result was proved by Persson in [15].
Lemma 2.2. (See [15].) Let ® € G, the following conditions are equivalent:
(i) ®(st) < cp max(s*0,s*)P(t) for s,t € (0,+x), i.e. ® € Glap, az].

(ii) ®(t) is equivalent to some function ® € Qag, a1].

Remark 2.3. For any 0 < € < 1, we note the fact that if ®(t) € G[e, 1], then ®(¢) is equivalent to some
concave function ®(t) € Q[e, 1], ®(¢) is bijective and D(t) € Ay (see [14,15]).

The following elementary but useful lemma was also given by Persson in [15].

Lemma 2.3. (See [15].) Let ®(t) € Qlag,a1]. Then the inverse ®(t) exists and ®'(t) € Qlar", ag'l,
whenever ag > 0.

The well known lemmas below were proved by Hoffmann-Jgrgensen and Pisier in [5].
Lemma 2.4. (See [5].) Let B be a Banach space, 1 < p < 2. Then the following are equivalent:

(i) B is isomorphic to a p-uniformly smooth Banach space;
ii) There exists a constant C,, > 0 only depending on p, such that
P Y g

N

m

E(|fm = fal"170) < CoE( Y llafill”

1=n+1

ﬁn), Vo<n

for every B-valued martingale f = (fn,n € N).
(iii) For every B-valued martingale f = (fn,n € N), if E(3 0", ||dfal?) < oo, then {fn}n>1 converges
in probability.
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Lemma 2.5. (See [5].) Let B be a Banach space, 2 < q < co. Then the following are equivalent:
(i) B is isomorphic to a q-uniformly convexr Banach space;
(if) There exists a constant Cyq > 0 only depending on g, such that

m

B( Y lasl

i=n-+1

F) S CB(lfm = Fall1Z0), YO<n<m

for every B-valued martingale f = (f,,n € N).
(iii) For every uniformly bounded B-valued martingale f = (f,,n € N), S (f) < oo, a.e.

3. Weak atomic decompositions

Definition 3.1. Let p > 1, a B-valued martingale a = {ay}n>0 is said to be a weak atomic martingale
relative to the conditional p-variation s,(-), if there exists a stopping time 7 such that (i) a,, =0, if 7 > n,
(if) flsp(a)lloo < +oc.

Definition 3.2. Let p > 1, a B-valued measurable function a is said to be a weak atomic function relative to
the conditional p-variation s,(-), if there exists a stopping time 7 such that (i) a,, = E(a|F,) =0, if 7 > n,
(if) flsp(a)lloo < +oc.

Remark 3.1. It is obvious that a weak atomic function is a wake atomic martingale, but the converse is not
true. So Definition 3.1 is a slight generalization of Definition 3.2. In the scalar-valued setting, atoms are
usually defined as functions. However, it will be shown in Theorem 3.2 that the existence of the decomposi-
tions as atomic functions essentially depends on the uniform smoothness of the underlying Banach space in
vector-valued case. In order to completely characterize the dual space of the weak Orlicz—Hardy space for
B-valued martingales, replacing the functions, it is more suitable to define the atoms as martingales.

Theorem 3.1. Let ®(t) € Gle,1] with 0 < & < 1, and let B be a Banach space, 1 < p < oco. Then for any
martingale f = {fn}n>0 € wHy (B), there exist a sequence of weak atomic martingales {a®) = {a,(f)} :
n > O0}rez and corresponding stopping times {7k }rez, such that

(i) frn=2kez a'P, ae. forn > 0.

(ii) sp(al®)) < A-2F for some A >0 and

inf{c >0: ilég@(%)[@(m < o0) < 1} < 0. (1)
(i)
ok
1/l gy = inf inf {c >0: b];lég(b(?)ﬂp(ﬂg < o0) < 1}, (2)

where the first infimum is taken over all the preceding decompositions of f.

(k)

Moreover, for eachn >0, the sum ), ., an’ converges to fy in w?—l;” (B).

Proof. By Lemma 2.2, since for every ® € G[e, 1], there exists some function P e Q[e, 1] such that ® is
equivalent to ® and the functionals || - ||z, and || - |lwr; are equivalent, it suffices to prove the theorem for
every ® € Qle, 1].

Let B-valued martingale f = {f,}n>0 € wHg’ (B). For every integer k € Z and n > 0, we define

7= inf{n > 00 spni(f) > 2%, al) o= free = £
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Then a*) = {ag,,k)}nzo is a B-valued martingale for any fixed k € Z, and we have

Za%’ﬂ) — Z(f;wrl — f7) = fn, ae. for n > 0.

keZ keZ

From s,(f™) = sp.-,, (f) < 2%, we get that

sp(a™) < sp(f7H41) + 5, (f7) <21 428 = 3. 28,

When 7, > n, a%k) = ot — f = f, — fu = 0. Then, a(®) = {a%k)}nzo is a weak atomic martingale and
(i) holds.
Since the set of {7y < oo} = {s,(f) > 2*} for each k € Z, we have
2k 2k X
@(7)P(Tk < o0) = @(—)P(sp(f) > 9ky < 1.

1l wrezr ) 1 lwrecr B

Then
2k
inf {c >0: sup®(—)P(r; < 00) < 1} < W llwrzr @)y < 0 (3)
kEZ c ¢

that is (1) and (ii) is proved.
On the other hand, suppose that (i) and (ii) are satisfied, and let

. 2k
D = 1nf{c >0: ilég@(?)ﬁ”(m <o0) < 1}.

Without loss of generality, set A = 2™4, where m4 > 0 is a nonnegative integer. For any A > 0, choose
j € Z such that 29 < A < 271!, Then

j—1 e’}
h= 3 S g 20

k=—o00 k=j
By the sub-linearity of s,(f), we have s,(f) < s,(g) + sp(h), and thus

P(sy(f) > 240) < P(s,(g) > AN) + P(s, (k) > AN). (4)
From (ii), we obtain that

j—1 j—1

sp(g) < Z Sp(a(k)) < Z A28 < A2 < AN,
k=—o00 k=—o0
hence P(s,(g) > AX) = 0.
Since af) = 0 on the set of {m > n}, thus s,(a'®)) = 0 on the set of {r;, = co}. From (4) and the
definition of the number D, we have

AN

<I><2A)\)IP(sp(f) > 24%) < @ (22 Blsy () > A

2D

By the assumption A = 2™4, we obtain 27 < 2m4+J < A\ = 2Mm4 )\ < 2ma+i+l Then we write
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o )retn > 200 < o(5) 3 a(5) " wa(p) 3= o)
=J =ma+J

= Il + 12.

Because the function ® € Q[e, 1] with 0 < e < 1, then ®(¢)¢t~! is non-increasing and ®(¢)t~ is non-
decreasing. Thus

ma+j (b(ﬂ) ma+j ma+j 441 ma+1
D AN 2maTy ma
<> 5D < = 2"t .= O,

= Z Q(zi) ok = Lo 2k T 1271
k=3 D k=j k=j
and
= o(4) AN masiine S (1VE 1
L= > o(2) © > (5r) s ¥ (5) =immeCe
k=ma+j+1 D k=ma+j+1 k=ma+j+1

Let Cp := C} + Cs, it is easy to see that Cy > 1. Then I; + I> < Cy and

2A\ 1 2A\ 1
S —— P 2AN) < — O — |P 24A)) < — - = 1.
(G55 Pesl) > 240 < o (G )Pen() > 240 < - Go
This means that
1/e. 2k
||f||w7-ﬁp(13) = [[sp(f)lwre < 2C, mf{c >0: sup®(—)P(7 < 00) < 1}. (5)
® kezZ c

Combining (3) and (5), we get (2) and (iii) is proved.
To verify that the sum of »_, a'k converges to f, in wHy (B) for every n > 0. For any k € Z and
n > 0, by the equality

Spalf = 170 = 5pn (£ = spn(F™V,

we have

spn(f = ™), spn(f™) < spnl(f),

and
Spn(f— f™), 8pn(f7%) = 0, a.e. as k — oo.

The martingale f € w’HfIf (B) implies that s,(f) € wle has absolutely continuous quasi-norm. Thus, by
Lemma 2.1, for each n > 0, we obtain

N

1w = > @l lugier @y = l5pm(F = £+ £ iy
k=—M

< Kellspn(f = ™ )wre + [8pn(f7)lwrs) = 0, as M, N — oo,

which shows that ), atP converges to f,, in wHg’ (B). The proof of the theorem is complete. O

Moreover, replacing the weak atomic martingales, if the martingales in w?—lflf(B) are asked to be decom-
posed as weak atomic functions, we have the result as below.
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Theorem 3.2. Let ®(t) € Gle, 1] with 0 < e < 1, and let B be a Banach space, 1 < p < 2. Then the following
statements are equivalent:

(a) B is isomorphic to a p-uniformly smooth Banach space.

(b) For every B-valued martingale f = {fn}n>0 in wHg (B), there exists a sequence of weak atomic
functions {a® }rez such that (i), (i) and (iii) in Theorem 3.1 hold. Moreover, for any 0 < r < p we have

||a(k)||r <A-C,- QkP(Tk < oo)% forall k € Z. (6)

Proof. (a) = (b). Let B be isomorphic to a p-uniformly smooth Banach space. By Theorem 3.1, the only
two things need to be proved are that every a(*) is a weak atomic function and the inequality (6) holds.
Applying Lemma 2.4, as the consequence of (ii) in Theorem 3.1, for any fixed k € Z, we have that

la®|, = sup e, < Cpllsp(a®) - Xre<oo}llp
S CPHSP(Q N |ooP (7 < OO)% <A-C,-2"P(ry, < oo)% < o0.

So, al®) = {aglk)}nzo is a L,-bounded martingale. Since the uniformly smoothness implies Radon—Nikodym
property, the almost sure convergence of the martingale {a%k)}nzo follows at once from the classical mar-
tingale theorem of Doob, and we still denote its limit function by a*). Noticing that 1 < p < 2, it is clear
that ol = E(a™|F,) and X {r,>n} E(a™|F,) = 0 for all n > 0. Hence, a'*) is a weak atomic function.
Furthermore, by Holder’s inequality and the previous estimate of ||a(®)||,,, for all k € Z, we have

1

11 1
la® [l = 2™ X (ry<o0t I < a™ |y - P(7 < 00)7 77 < A~ Cp - 2°P(7, < 00)7,
which proves (6).

(b) = (a). Suppose (b) is true. Let f = {fn,}n>0 be a B-valued martingale and satisfy that
Soo y ldfr P < oo. Then we have

oDl < I Pll = [E( 3 Bl #ar))]”

[(Zldfnllp)jl HZdeanH < oo,

So, the martingale f € H{*(B) C wHy’ (B). Consequently, f has the weak atomic decomposition of (i) in
Theorem 3.1, hence

1
P

fo = Z,ukag“) = ZpkE(a(k)|fn), a.e., Vn>=1

kEZ keZ

In consequences of (6), on the one hand, noticing {7, < 0o} = {s,(f) > 2*} and by Abel’s transformation,

we have

S M < A-Cp > 2 P(r < 00) = A-C, Y 2FP(s,(f) > 2F)

keZ keZ keZ
= A-Cp Y (2 = 2M)P(s,(f) > 2F)
kEZ
=24-C, Y 2 IPRM ! < sy (f) < 2F)
kEZ

<2A-C,E[sp(f)] =24- Cp”fHHjP(B) < 0.

On the other hand, it is easy to see that, for any k € Z, a%k) —a® in Ly as n — 0.
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Therefore, for any € > 0, there exist an integer kg > 0 such that Elk\>ko |a®]]; < £, and a natural

1
number N > 0 such that sup;<g, ||a7(q]§) - a%k)||1 < Iregm When m,n > N. Thus
1 = Falls = 1D (@) —al)lh <D llafy) = ol

keZ kez

= 3 e~ aPlit Y faff) — oy

‘k|>k0 |k|§k0

<2 Z la®]]; + Z ( sup ||al®) —aﬁlk)||1> <e (m,n>N),

[kl ko Ikl<ko ~ IKISho

which implies that {f,}n>0 is a Cauchy sequence in Banach space Li(B). Hence {f,}n>0 is convergent in
probability. By Lemma 2.4, B is isomorphic to a p-uniformly smooth space. O

Remark 3.2. Take note of the differences between Theorems 3.1 and 3.2. From Theorem 3.1, it is known
that if we only ask the atoms to be martingales then no geometry of Banach spaces is requested. However,
if we want additionally the atoms to be functions, Theorem 3.2 shows that the p-uniform smoothness of the
Banach spaces must be employed.

4. Duality theorem for weak Orlicz—Hardy spaces

The main result of this section is the identification of the dual space of weak Orlicz—Hardy space for
B-valued martingales. To prove that the dual spaces of wHy (B) are the generalized weak Campanato
spaces w£2?¢(B*), we use the atomic decompositions obtained in the previous section. We start with two
simple but useful lemmas in preparation.

Lemma 4.1. Let ®(t) € G[e, 1] with 0 < e < 1, and let B be a Banach space, 1 < p < co. Then H,?(B) is
dense in wHy (B).

Proof. Firstly, it is known that H,"(B) C Hg" (B) C wHy (B).
For every martingale f = {f,}n>0 € wHg’ (B), by Theorem 3.1, there exist a sequence {a™} ez of weak
atomic martingales and the corresponding stopping times {74 }xez, such that, for any n > 0

fo=>_all) =D (f7 = f74) in whg (B).

kEeZ kEZ

For any natural number N, define martingale ¢(N) = {ggN)}nzo by

N
g = Z a®, forn > 0.
k=—N

On the one hand, since s, ., (f™) = s, (f7*) < 2*, we obtain
N

spng™) =5 D0 ) = s, ( S (g — 1) = s = £

k=—N k=—N

< sp(faN ) +sp(fn™) < 2N+ L 97N < 5o forall n > 0.

Hence [|g™]| yor () = [sp(g™M)|Iz, < 2N+t 4+ 27N < o0, therefore, gV) € H,?(B) for each fixed N € N*.
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On the other hand, for every n > 0, by Theorem 3.1, we have that gﬁLN) — fo in wHF (B) as N — oo.

In other words, the martingale sequence {gV)} y>1 converges to f in wHy? (B), this is desired. O
5 Sp * ~ LJSa * 1,1 __
Lemma 4.2. (See [21].) Let B be a Banach space, 1 <p < co. Then (Hp"(B))* ~ Hy"(B*), where ;44 = 1.

Theorem 4.1. Let ®(t) € Ge, 1] with 0 < & < 1, and let B be a reflexive Banach space, 1 < p < co. Then
(wHy (B))* ~ wﬁziﬁ(B*), where % + % =1 and ¢(t) = m.

Proof. (i) To prove that wﬁZ‘j(b(B*) C (wHg (B))*. Given a B*-valued martingale g = {gn}n>0 €
wEZ‘f(ﬁ(B*), then s,(g) € Ly(R), and for every B-valued martingale f = {f,},>0 € Hp"(B), then s,(f) €
L,(R). Since (L,(B))* = L,(B*), and for any 4,5 € N, df; € L,(B), dg; € L,(B*), df; - dg; := (dfi, dg;)
makes sense and satisfies that

|E(dfi - dg;)| = |E((dfi, dg;))| < lldfillz,®) - [|dg;ll, B~ < +oo.

Moreover, by Holder’s inequality, for n > 0, we have that

E(fugn)| = ]E[(gdfi) (;dgj)]\ - \E[(gdﬁ dgi) ]|
_ ;E[(imﬁ g F) |

n

< B[( D (Bl 1F-0) " - (Bldg1F-)) )]

< B[(X BtlanlPiz-) " (3 Bl 7o) ]
= Blspn(£)50n(0)) < oDl 3@y < +o0. )

Thus, we can define a bounded lineal functional [,(-) on H,”(B) by
ly(f) = E(fg) = lim E(fng,), forall fe H»(B).
n—oo

On the other hand, for any B-valued martingale f = {f,},>0 € Hp"(B) C wHy (B), owing to Theo-
rem 3.1, there exists a sequence of weak atomic martingales {a(k)}kez and corresponding stopping times
{7k }kez, such that

fn = Zaglk), a.e. for n > 0,
kez
and
2k

Sp(a(k)) < A2k, ¢<W
wHg (B)

)P(Tk <o) <1, forkeZ. (8)

Hence, E(fngn) = > ez E(a%k) - gn) for n > 0. Moreover, by Holder’s inequality, similar to the proof of (7),
for k € Z, we have

|E(a,g€) “gn)l = ‘E(agﬂ)(gn - ngLk))| < ||3p,n(a(k))||p( / Sq,n(g - ng)qu) E- 9)

{me<oo}
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From (8), we get

2k -3
55 (@ ) lp = 150X o) lp < A 2B(7y < 00) b < A2 p( ) 0 (10)
||f||wH;P(B)
. -1
For every k € Z, denote A = (I)(Hf\l 2;: ) , then Ay > 0 and the sequence {Aj}rez is decreasing.
wH;If’(B)

From (9) and (10), thus

1
1E(alf) - gn)| < A28 A2 |[5g0(9 — 97) * X{rp<ootlla

2k 1 )
< A||f||wH;P(B)mAzf [54(9 = 9™) - X{re<oo}llq
Wity

1 N
= Al fllwrzr 8y @ 1(A_k)Ak [5¢(9 = 9™) * X{re<ootla

1

- %_1 T
= A”f”wnf;’m) - Ap® 1(A_k)Ak ||3q(g -9 k) 'X{rk<oo}||q

1 g Tk
= Allfll e 8y —¢(Ak)Ak “llsq(g —9™) - Xqri<ootlq

1 _1
<A op A g
< Al fll e ® A L, 5P, l[sq(9 —9™)lq

= A”f”wq-[;P(B)uZ;(Qa Ap).

Since ®(t)t~° is non-decreasing, we have

()
Ak+1 HwaH:;p(B) ( ok

S 1 e
= < — - )
FTa 7)) = (5) foralkez
HwaH';p(B)
Thus

= > u gvAk 1 0 Uq(g,Ak)

Ag) Lol AR A < Ul Ak)
kZX_:OO 97 k) Z Ak_Ak+1 k k-‘rl)— 1—2—¢ kzz_:oo Ak ( k k+1)

q
It is easy to see that the function u¢(f Do - (1)~ a SUDp(r, <o)<z 15¢(9 — 9™ )|l is non-increasing,

noticing that limg_, o, Ay = 0o and limy_, o, A = 0, then

o) o) A q
1 ug(9,x)
> e < == > [
k=—o00 kf OoAk+1
1 [ulle, 1
e oy
1—2-¢ T 1- wlyls(BY)
0

Consequently, we have
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Since Hp"(B) is dense in wHy’ (B) by Lemma 4.1, I;(+) can be uniquely extended to a bounded linear
functional on wHy’ (B). That is‘wﬁz?(b(B*) C (wHy (B))*. ‘

(ii) Conversely, to prove (wHy" (B))* C wEZ‘jd,(B*). Given a bounded linear functional I(-) € (wHg (B))*,
since Hp"(B) C wHy (B), I(-) is also a bounded linear functional on H,”(B). As the consequence of
(H,? (B))* ~ H,?(B*), there exists a B*-valued martingale g = {g, }»>0 in Hg?(B*), such that

) = 1) = E(fg) = lim_ E(fug,) for f e Hy(B).
For any stopping time 7, set b= g — ¢g”, then b € Hy;*(B*), too.
On the one hand, by the reflexivity of B and applying Lemma 4.2, we have (H,*(B*))* ~ H,”(B**) ~

H,"(B). Hence, for any § > 0, there exists some B-valued martingale as € H,"(B) with lasll gzr ) < 1+,
such that

||bHH§‘1(B*) =o— bTHH;q(B*) = E[(b - bT)aa} = E[b(a5 - aE)]-
In particular, there exists a B-valued martingale a € H,"(B) with llall gz gy < 2, such that
”bHH;q(B*) = E[b(a - aT)]-
Let 7, be stopping times satisfying
P(7, < 00) < 27% for k€ Z,
and define B-valued functions by
W = (2_k)%<l>_1(2k)(a —a™) for keZ.
For any fixed k € Z, the function £) is not necessary a weak atom, however, §£Lk) = E(¢W|F,) =0 on the
set {mx > n}.

For any A > 0, choose j € Z such that 2/ < A\ < 2/+1, Let the martingales f, ¢ and A" (N € N) be
defined by

N
V= >0l gl = Z &P, and h) = Zf(’“ (n>0).
k=—N

We will show that || V|| B) < Cpa (N €N), where the constant C,¢ > 0 is independent of N. We

w’H
have
j—1 -1 )
Isp(@™) o < > lsp€ )l < D2 (2797871 (29)|[sp(a — a™)],
k=—N k=—
j—1
<4 Y @ MreTieh).
k=—N

Applying Lemma 2.3, from & € Q[a 1], we have @~ € Q[1, 1], then M g non-decreasing. Since 2% <

) t
2/ < Xwhen k<j—1, we have 2 5= (( ))_Z;.Thus
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Denote K; := (2max{Cp.s,1})¢, then

(I)((I);{EA)>]P’(51)(QN) > (I)*l(/\)) < (_)6 Y ~]P’(3p(gN) - (I)fl()\))

< ! A
~ 2max{C, e,1}

Noticing that £ = 0 on the set {7k > n} and P(73, < 00) < 27F, we get

N
P(s,(hN) < &1 <ZPTk<oo <Y 2h <2l =4.270D g X7
=Jj k=j

Denote K5 := 8%, then

1

)" AP, () > 971 () <

N =

@(%EA))P(SP(W) >0 (\) < (

Applying the sub-linearity of s,(-), we have s,(fV) < s,(¢g") + sp(h"V). Thus
P(sp(f) > 2071 (V) < Psp(g™) > 7H(N)) + P(s,(hY) > @71(N)).
Consequently, taking Ky := 2max{Kj, K2}, from (11)-(13), we have

o (22 MY, (%) > 2071 ()

Ko

()
Ky

co(* ) 5p(9™) > B ) + sy (hY) > 271 ()]
(5

g") > 071 (N) + B S P(s, (V) > 271 (V)

which implies there exists a constant C' = C}, ¢ depending only on p and ®, such that ||fNHw7{f;(B) <

q
On the one hand, noticing that @ is non-increasing on (0, +00), then
4 0 2~ (k=1) q
g (g, x) ug (9, )
¢ ¢
olocin o = [ de= Y[ de
b
a ) x e o0, x
= ul(g,2") =

83

(12)

C.
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On the other hand, we have

e’} N
1) =E(deN dgn) = B( Y. Y el - dg,)
= n=1k=—N
N o) N N
- > E(Z Vdg) = Y BEW )= Y BEW(g-g™)]
k=—N n=1 k=—N k=—N
N
= ;NE Z E[ % a—am)b}
N d-1 k N d-1 k

= Z ¢ “lisalg = g™l

- ¥

k=—N

¢ “ilsalg = 9™)lo-

Taking over all N € N and the supremum over all of such stopping times satisfying P(7, < oo) < 27F
(k € Z), we obtain

oo

Crolltl 2 sup (AN 2 30 u8(9.27) 2 Nallucs, ey

k=—oc0
This means that (wHg (B))* C wﬁzz’qﬁ(B*). O
5. Relation between wLl, 4(B) and 'w[, *»(B)

In this section, we discuss the embedding between wLly, 4(B) and w£;p¢(B). As a consequence, we give
a new characterization of the geometrical properties of a Banach space.

Theorem 5.1. Let B be a Banach space. Then, for any 1 < p <2 and function ¢ : (0,+00) — (0, +00), the
following statements are equivalent:

(i) B is isomorphic to a p-uniformly smooth Banach space.

(ii) wE;fd)(B) C wLly ¢(B) and there exists a constant C = Cp, > 0 such that

[ fllwe, ,m) < CHwag:{f’d)(B) (14)
for every B-valued martingale f = {fn}n>0 in wﬁffy’d,(B).

Proof. (i) = (ii). Let B is isomorphic to a p-uniformly smooth Banach space and martingale f = {f,}n>0 €
£ (B) Then by Lemma 2.4, for any stopping time 7, we have

1f = flle,®) < Collsp(f = Fllz, )

Consequently, for any x € (0, +00) we have
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1 1
p _ ~p _fT
t¢(f,x)——¢(x)x P(Tilif)g:cllf fly
<Oyt ah sup Isp(f = f7)lp = Cp - uly(f, ).

¢( ) P(r<oc0)<z

This implies that w[,;””qs(B) C wl, 4(B) and ||f||wz:,,,¢(B) < C||f||w£2{’¢(B)'
(ii) = (i). Suppose the inequality (14) is true, let f = {f,}n>0 be a B-valued martingale and satisfy
D ldrnll® ¢ 7, -

Set fn => df" , then f: {};}nzo is also a B-valued martingale, and then

[

s = i = 3 | = 2 Ml e
n=1 n=1

For any stopplng time 7, S, (f )< (f) + 5 (fT) < 25,,(]7), then Sp(]?— f7) € Loo. Noticing that
(f fT) = (f f )X{T<oc}, we have

lsp(F = F)lp = 195 (F = F)llp = [B(SulF = )" X(rc0e1)]”
<ISp(f = F) [P (r < 00)7 < 2[|S,(f)]|wcP(r < 00)7. (15)

Particularly, taking ¢(z) = 2% on (0,+00), by (15) and noticing ||sp(]?— ]?T)Hp < 2||Sp(]?)||oo, we have

[ ub(f. )
e, = [ e

X
0

oo

B s s(F- F)lde+ [aF sup (P Flds
P(r<o0)<z 1 P(r<o0)<z

I
S S~ _

IN

L T 1 1 ~ =
25 s [sp(F - )BT < o) vdﬁ/fﬂ S sup s(F — ) pde
1

P(r<o0)<z P(r<o0)<z

oo

1
< 2|S,(f Hoo /mﬁfldx—k/x*ﬁ*ldx)
0

1
= 2], (F) oo (2P 7 | = 2027 2 [17) = 8P|, (f) o0 < 00
So f e wEZ%(B) with ¢(z) = 2% . By (14), we have
1 lucys8) < Coll Flugen, ) < 8CollSp(Flle < o0 (16)

For any stopping time 7 and 0 < z < 1, we have

IF=Fle< sw If=Flp+  sw  [f=F,

P(r<oo)<z z<P(T1<00)<1

. 11 o 1 1 ,
Since [y 22 ‘dz = [" 2" % “dr=2pand 2 » > 1 when 0 <z <1, from (16), we have
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1

~ o 1 L 1,7 rzd
I1F = Flly = 55 [ a7 1F = Fludo
0
1 1
1 1 T A rarz
<o ([oF s (F-Fldot [o57 sup  [F- o)
p 0 P(r<oo)<z 0 z<P(r<o0)<1
1 1
1 a1 r L ras
o [a57 sw F- Flhdes [aF7 s |F- o)
p P(r<oo)<z P(1<o00)<1
0 0
1
1 1 rs T ra e
— o ([e57 s |- Pl sp |F-F,)
P 0 P(r<oo0)<z P(r<o00)<1
1 e}
1 a1 r — L T T
— oo ([e7 s (- Fldot [a 57 sp [F- )
14 0 P(r<oo)<z | P(r<o00)<1
1 [e'e}
1 1 s S =
= ([a%7 s - Flpdet [a7F s |F - Flyde)
p 0 P(r<o0)<z 4 P(r<oo)<z
1 [e%e}
v o L o
<o ([t s |- Fldes [25 70 sup |F - Fludo)
p P(r<o0)<z P(r<o0)<z
0 1
(o]

1 [th(f) 1~ _
- %/ dr = %anwﬁp,(b(B) < 4CP||SP(f)||oo < oQ.

Especially, taking 7 = 0, a.e., we have

1fllp = 1F = F7llp < 4C511Sp(Pllse < o0

Therefore, f, = > 7_; % converges almost everywhere as n — oco. From Kronecker’s Lemma, %" — 0, a.e.

By Lemma 2.4, this implies that B is isomorphic to a p-uniformly smooth Banach space. O
Theorem 5.2. Let B be a Banach space. Then, for any 2 < q < oo and function ¢ : (0,+00) — (0, +00), the
following statements are equivalent:

(i) B is isomorphic to a g-uniformly convex Banach space.
il) wly 4(B) C wL’ (B) and there exists a constant C = C, > 0 such that
9. 7,4 q

ez, 8y < Cllflhwe,, . 8) (17)
for every B-valued martingale f = {fn}n>0 in WLy 4(B).

Proof. (i) = (ii). Let B is isomorphic to a g-uniformly convex Banach space and martingale f = {f,}n>0 €
wly 4(B). Then by Lemma 2.5, for any stopping time 7, we have

[sq(f = F Mg < Cllf = fTlgs

furthermore, for any = € (0, +00) we have
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1 a1 .
ui(ﬁ T) = Mm a P(Tilig)gx lsq(f = g
1 o |
< CqMa: a p(TiliE)gm 1f = fTllg = Cq - th(f, ).

This implies that wL, 4(B) C wEZ‘jd,(B) and ||f||w£:‘1¢(B) < Ol fllwe, . B)

(ii) = (i). Suppose (17) is true. Let B-valued martingale f = {fn}n>0 be uniformly bounded, that is,
[ flloo = supP, >0 || fnlloo < M < co. Then for any stopping time 7, we have

1 = 17llg = [B(IS = I 17 reoep)]* < 1F = I BT < 00)3
< 2| fllooP(7 < 00)7 < 2M < 0. (18)
Particularly, taking ¢(z) = 7% on (0,+00), by (18) and ||f — £7|lq < If = F7llse < 2[f|lsc, we have

oo
th(7.2)
1o, o) = [ =5 da

0

oo

o s [f - ldet [oF T s (7 e
P(r<o0)<zx P(r<oc0)<z

/ 1
/

o0
p2i 1 sup ||f—fT||oodx+/xiﬁ71 sup  ||f = [T leodz
P(

P(r<oc0)<z T<o0)<lz

IA

1

1 oo
<2[flloo /xﬁ* dx—s—/af?lfldx)
0
= 2| flloo (20277 |y — 22727 [°) = 8q||fl0 < 8gM < oo.
So, f € wLly 4(B) with ¢(x) = @ Moreover, by (17), we get

||f||wc§j?¢(13) < Clfllwe, @) < 8¢CM < oo. (19)

Since fol z2 g = f 272 g = 2q and =z~ i >1when 0 <z < 1, from (19), for any stopping time 7,
we have

1
15a(f = g = llsa(f = F)lla = ;—q/x%_lllsq(f = f)llgdz
0

1 oo
1 - _a_ -
Soc([at swn sy = f)lde s [a T s sy (f = 7)gde)
P(r<o0)<z P(r<o0)<z
0 1
1 00
14 _1 - a4 _1 -
§ /xQQ a sup ls(f = f )qux"’/IQ“ 'z7a  sup [sq(f — f )“qu)
A P(r<o0)<z 1 P(r<o0)<z

QQ

[

1 u
]
0

||f||wgq ¢(B) = 2 -8qC M =4C; M < oo.
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Especially, take 7 = 0, a.e., we have

1Sa(Nla = 154(f = fT)llq < 4C;M < oo

Therefore S,(f) < 00, a.e. By Lemma 2.5, it is shown that B is isomorphic to a g-uniformly convex Banach
space. 0O

Corollary 5.1. Let B be a Banach space. Then, for any function ¢ : (0,+00) — (0,4+00), the following
statements are equivalent:

(i) B is isomorphic to a Hilbert space.

(i) wla,4(B) = wLy’(B) and there exist constants C1,C2 > 0 such that

Cillfllwzs.,8) < ||f||wc;?¢(B) < Col|fllwes o (B)

for every B-valued martingale f = {fn}n>0-
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