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1. Introduction

Recently, the random attractor and its various properties, including existence, dimension and upper-semi-
continuity, etc., for infinite dimensional random dynamical systems and stochastic evolution equations have
been studied by many authors, see [4,5,7,9-18,20-28,37-45] and the references therein. In this article, we
consider the random attractor for the following stochastic non-autonomous stochastic FitzHugh-Nagumo
system with multiplicative white noise

duy + (—Auy + quy + f(u1))dt = gi(x,t)dt 4 buy o dW (t)

in U , , € R, 1.1
dus + (oug — Buqy)dt = ga(x, t)dt 4+ bug o dW () - X (7, +00), 7 (1.1)
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where u; = wuy(x,t), ug = uz(z,t) are real-valued functions on U x [0,+00), U is an open bounded set
of R? with a smooth boundary dU, a, o, 8 > 0, b € R, g1(z,-) € Cu(R, L*(U)), ga2(x,-) € Co(R, HL(U)),
W (t) is a one-dimensional two-sided Wiener process on the probability space (Q, F,P), where Q = {w €
C(R,R) : w(0) = 0}, the Borel o-algebra F on {2 being generated by the compact open topology, and
P being the corresponding Wiener measure on F, “o” denotes the Stratonovich sense in the stochastic term.
The function f € C*(R,R) satisfies the following condition:

(H) there exist real constants cg,c1,ca2,c3,¢4 > 0 such that

[f)| <co+[uf’, flu)u>—ci, —co < f'(u) <ezu? +es, VueR (1.2)
For example, the function
f(u) = ap + ayu + au® + azu®, a3 >0,a; €R,i=0,1,2,3 (1.3)

satisfies (H).

FitzZHugh—Nagumo system is a model for describing the signal transmission across axons in neurobiology,
see [6,19,31,33]. The global attractor and inertial manifolds for the deterministic FitzHugh-Nagumo system
have been studied in the literature, see [28-30,34]. The existence of random attractor of the stochastic
FitzHugh—Nagumo system driven by white noise has been studied in [1,2,15,20-22,41]. Notice that “additive
white noise term” is independent of the state variable and “multiplicative white noise term” includes the
state variable, which implies that the impact of these two types of noise on the solutions of evolution
equations should be different.

Notice that equation (1.1) is a non-autonomous stochastic equation with the time-dependent external
term g and white noise. For this case, Wang have established a good abstract theory about the existence
and upper semicontinuity of random attractors by introducing two parametric spaces, and to prove the
existence and upper semicontinuity of random attractors for non-autonomous stochastic reaction—diffusion
equation and wave equations, see [37-40]. Motivated by the ideas of [13,15,40], we will consider the random
attractor for stochastic system (1.1) from the following two respects:

First we prove the existence of random attractor of the random dynamical system associated with (1.1).
The main problem here is the lack of “higher regularity” of second component uy of (1.1) which makes the
difficulty to construct a compact attracting set of the random dynamical system. We decompose the second
component us into a sum of two parts to overcome this difficulty like dealing with the wave equation in
[8,35].

Second, we are devoted to obtain an upper bound of fractal dimension of random attractor for a suitable
small coefficient b of the random term, which implies that the random attractor of (1.1) can be embedded
in a finite dimensional Euclidean space. It is known that there are some useful methods to estimate the
upper bound of Hausdorff and fractal dimensions of random attractors for random dynamical systems in
[12-14,25,42] but which are requiring the differentiability of random dynamical system or requiring that
the Lipschitz constant of system and the “contraction” coefficient of the infinite dimensional part of system
be independent of the sample points. However, a random attractor is generally not uniformly bounded
along the sample path of sample points. Based on the idea of [13], we give some conditions for bounding
the fractal dimension of a random invariant set for a random dynamical system, which doesn’t require
the differentiability of random dynamical system and just require the boundedness of expectation of some
random variables. And we apply these conditions to obtain the finiteness of fractal dimension of random
attractor.

Throughout this article, for simplicity, we identify “a.e. w € Q7 with “w € Q.
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2. Mathematical setting

Consider the initial boundary value problem of (1.1):

duy + (—Auy 4 aus + f(uy))dt = g1(x, t)dt + buy o dW(t),

dus + (oug — Buy)dt = ga(x, t)dt + bug o dW(t) in U x (1,4+00),
u(t, @)|zcov = u2(t, @)lecov =0, =7,

u(r,x) = u1 . (x), ua(r,z) =ug,(x), ze€l.

(2.1)

For any t € R, define §; on Q: Oyw(-) = w(t + ) — w(t), then (Q,F, P, (0)icr) is an ergodic metric
dynamical system [3,9], W(¢) acting at w € Q is identified with w(t), i.e., W(t,w) = W(t)(w) = w(t) for
teR, we.

The operator —A, where D(—A) = H2(U) N H}(U), is a self-adjoint positive linear operator with eigen-
values {A; }ien:

D<A <<l - < A<y Ap—>+00 as m— +x.

Denote the inners and norms of L2(U) and HZ(U) as (-,-), || - || and (-,))1, || - ||1, respectively. Let E =
L?(U) x L?(U) be a Hilbert space with inner product

(’Ul,Ug)E = 5(1)11,1)12) + Oé(UQl, UQQ), Vvi = (Uﬂ, Uig) S E, 1= 1, 2. (22)

To show that problem (2.1) generates a random dynamical system, we transfer (2.1) into a random system
without noise term. Let z(6;w) = f 5(6;w)(s)ds (t € R) be an Ornstein—Uhlenbeck stationary process
which solves the equation dz + zdt = dW( ). From [3,7], for w € Q, t — 2(6;w) is continuous in ¢ and

t
0 1
TG C)) R, / (Byw)ds = lim e “|z(0_,w)| =0, Ve > 0. (2.3)
t—+oo |t‘ T 540 t t—+oo
0
Introduce a variable transformation
(01 (t,w, ), v2(t,w, ) = (e~ Oy (¢, 1), e 02Oy (8, 2)). (2.4)

Then (2.1) can be written as the following equivalent deterministic random system

% — Avyp — bz(0w)v1 + avg 4 e 7020w f(b2(0iw)y ) = o=b2(0w0) gy (1 1)t > T,

dstz - bZ(gtW)’UQ + ovg — ﬂ’l}l = eft’z(etw)g2($,t)7 t>T,

Ul(t’w? 'r)|ﬁf€3U = ’UQ(t,LU,ZC)LgeaU = Oa t 2 T,
vi(T,w, ) = e_bz(ef“’)uiﬁ(a:) =vr(w,z), TERzeU,i=1,2.

(2.5)

It follows from Galerkin method or [32] and Lemma 3.2 below that for any 7 € R, w € Q and ¢, (w) =
(v1,7(w, x),v2 - (w,x)) € E, (2.5) has a unique global solution ¢ (-, 7,w, ¢, (w)) € C([r, +o0); L*(U) x L*(U))N
L} ([r,+00); H}(U) x L*(U)), which defines a continuous random dynamical system:

P:R"xQOxE—E,

(I)(tv T, W, Pr (w)) = @(t, T, W)Wr(w) = @(t +7,7,0_rw, 07 (G—Tw))
= (t+7,7,0_rw, 0 (0_rw)),v2(t + 7,7, 0_rw, o (0_rw))

over R and (Q, F,P, (0¢):er) [39], where (0, 7,w)p-(w) = @ (0_rw).

Please cite this article in press as: S. Zhou, Z. Wang, Finite fractal dimensions of random attractors for stochastic
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3. Existence of random attractor

First we prove the existence of random attractor for ®. Let D = D(FE) be the collection of the tempered
families B = {B(1,w) C E : 7 € R,w € Q} of nonempty subsets of E with respect to (6;)icr, where
limy_, o e €It SUDyueB(r4t.00) |PllE = 0 for any ¢ > 0, 7 € R and w € Q. A family A = {A(r,w) :
T € Ryw € Q} € D is called a D-pullback random attractor for ® if (i) A(T,w) is measurable in w with
respect to F and compact in F for all 7 € R, w € Q; (ii) A is invariant, i.e., for every 7 € R and
w € Q, Ot,T,w, A(T,w)) = A(t + 7,0:w), ¥Vt > 0; (ili) A attracts every B € D: for 7 € R and w €
limy s oo A (®(t, 7 — t,0_4w, B(T — t,0_4w)), A(T,w)) = 0.

As a direct consequence of [9-11,39], we have the following existence criteria of random attractor for &.

Lemma 3.1. If ® has a compact measurable (w.r.t. F) D-pullback attracting set K in D such that for all
TER, weQ and for every B € D, limy_yy oo dyg (®(¢t,7 — t,0_w, B(t — t,0_4w)), K(1,w)) = 0, then ® has
a unique D-pullback random attractor A in D given by

Alr,w) = (U @t 7=t 0w, K(T —t,0_w)), VreR,weQ.

r>0t>r

For the estimates of bound of solutions for (2.5), we have the following lemmas.

Lemma 3.2. For any 7 € R, w € Q and B € D(E), there exist T(t,w, B) > 0 and a tempered positive valued
random variable

0
2ﬁ a — z w 0 z w T 58
Mg(w) =14+ <)\_1||gl|2 + 5”92”2 +261U|ﬂ) / e—2b2(0s )+, 2bz(0rw)dr+5 ds (3.1)

such that the solution p(r,7,w, ¢, (w)) € E of (2.5) with p,(w) € B(T,w) € B satisfies:
lp(m, 7 = ,0 7w, or1(0—7w))|| < Mo(w), Vt=T(7,w,B). (3.2)
Proof. For any 7 € R, w € Q, t > 0, let o(r) = (v1(r),v2(r)) = @(r, 7 — t,w, or—+(w)) € E (r > 7 —1) be a

solution of (2.5) with initial value @,_;(w) € E. Taking the inner product of the first equation and second
equation of (2.5) with v, and aws, respectively, and by

o~ b2(0rw) / F(&2 Oy yorde > —c|[U]e™ 22209 (by (1.2))
U
2 A
Ze_bz(e"'w)(glavl) < /\—G_sz(o"w)HngQ + 71H01||2a
1

2e 020 (g, v5) < —e P20 go |2 + o v,

al~

we have

d 2 2 2 OQ 2 —2bz(6,w)

g 19l + (p = 262(0rw)) Il + Bl Vur |l + —lva]]” < ese ; (3.3)
where

273 « 1 .
s = (Bl + LlonlP +20(018) . p= gmin Ohna) P = sup o] = 1.2

Please cite this article in press as: S. Zhou, Z. Wang, Finite fractal dimensions of random attractors for stochastic
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By applying Gronwall inequality to (3.3) on [r — t,r] (r > 7 —t) and replacing w by 6_,w, we have

lo(r, ™ = .07, 071 (6_rw))||f < elre 25O bmp D 0 (60|

+ s / e—2bz(9577w)+fsr 2bz(9377w)ds—p(r—s)ds, (34)

T—1

thus,

0
lio(r, 7 = .07, pr—e(0—rw)) | < = 22 E B0 00w

0
+ 5 / 672bz(95w)+f: 2bz(9,.w)dr+psds' (35)
By (2.3) and ¢,;_(0_,rw) € B(T —t,0_4w),
0
/ e—2bz(05w)+f50 2bz(9rw)dr+psd8 < 400, tl}_,'_moo e-fgt 2bz(0sw>ds_pt||<Pr—t(9—7—w)H2 -0.
—o0

Choose My(w) being as in (3.1), then My(w) is independent of 7 € R and is tempered and (3.5) implies
(3.2). The proof is completed. O

Lemma 3.3. For any 7 € R, w € Q and B € D(E), there exist Ti(7,w, B), To(w,B) > 0 and tempered
random variables

0
M%(w) — 1+ 0567 fEl 2bz(0sw)ds+p / 672bz(05w)+f:J 2bz(05w)ds+psds7 (36)
1 2 /
M) = (04 262 + 2] oo (0wl + 22 ) 22 4 gl [ 00as, 1)

-1

0
Vgol|? X
M32(LU) =142 <BCS + @) / e—2bz(97~w)+fr0 2bz(95w)db+prdr7 ||v92||2 — i‘éﬂg vag(l‘,t)||2,

(3.8)

such that the solution o(r,T —t,w,or_¢) = (v1,v2) € E of (3.1) with ¢,_+(w) € B(t —t,w) € B has the
following properties:
(i) the first component vy satisfies:

|V (7,7 — t,0_rw, v, —(0_rw))|| < Ma(w), ¥Vt > Ti(1,w, B); (3.9)
(it) the second component vy can be decomposed into a sum ve = Vo1 + Voo, where
V91 (7, 7 — ,0_rtw, 974 (0_pw))||2 < /20 205Csdds=oty (@)%, VE >0, (3.10)
and

Voo (T, 7 —t,0_rw, or—t(0_;w))|| < Ms(w), Vt>To(r,w,B). (3.11)

Please cite this article in press as: S. Zhou, Z. Wang, Finite fractal dimensions of random attractors for stochastic
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Proof. (i) Applying Gronwall inequality to (3.3) over [t — 1,7] and by (3.4), we have

T

T (672
/ efs 2b2(0s—rw)ds—p(r—s) (ﬂHVU1(S7 T = ta 0,,,-&), (P'I'*t)||2 + 7””2(5’ T = tv 9,7w7 @Tft)|‘2) ds

T—1
0
Sefft 2bz(95w)dS*PtH()OT_t(o_Tw)HQ+C5 / 672bz(05w)+f£ 2bz(05w)d5+psds.
—oo

Thus, there exists Ty (7,w, B) > 1 such that for all t > T3 (7,w, B), we get

T

/ (BHVvl(s,T — 10w, o (0_,w)|]* + %va(s, T—t,0_ w, <p7_t(9_rw)|\2) ds

T—1
0
<14cse” fEl 2bz(0sw)ds+p / e—2bz(95w)+f50 2bz(95w)ds+psd8 - Mf(w) (312)

Taking (formally) the inner product of first equation of (2.5) with —Aw; in L?(U) (which can be made
rigorous by considering the Galerkin approximation) and by

e_bZ(GT‘T“’)/f(ebz(gr‘f‘“)vl)Avldx < 02||V111||27 (by (1.2))
U

20(vg, Avy) + 2¢7 =) (g1, —Awy) < o®||vg[* + € 2* O gy |12 + 2| Ay |7,
we have

%nvm\? < (262(0y—rw) + 262) || V01 || + a®|[va][? + e~ 25O gy |2 > 7 —t. (3.13)
Take t > Ty (7,w, B) > 1 and s € [t — 1, 7]. Integrate (3.13) over [s, 7] to get

Vo (T, 7 —t,0_rw, or—t(0_rw)) ||2

T

<Vor(s, 7 = t,0-rw, or—¢(0—7w))|* + 91> / e ds
T7—1

T

+ / (20b]|2(05—rw)| + 2¢2) | Vv1 (8,7 — t,0_rw, 0r _+(0_rw))||*ds
T—1

o? / va(s, T —t,0_rw, pr_+(0_rw))||*ds. (3.14)
T—1

Again, integrating (3.14) with respect to s over [T — 1, 7], we find that for ¢t > T (r,w, B),

IV01(7, 7 = £,0_rt0, 9r o (0_r0)) 2

< / (20|2(05_7w)| + 2co + 1)||Vor (5,7 — t,0_rw, or 1 (0_rw))||ds

T—1
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T

+a? / l[va(s, T — t,0_rw, or_i(0_rw))||?ds + || g1 / o—2b2(0s—rw)

T—1
0

2c
(1+260-+.20] g, 0.0 + 22 ) M) + ? [ 20
—1

(w), (3.15)

where M2 (w) is tempered.
(ii) Decompose vy = va1 + va2, where

dUQl (t)

i + [0 = bz(Biw)|var = 0,  va1(T) = va(T,w, ) = e 20Dy (2), t>7 (3.16)
and
dvga(t
f;’t( ) 1o — be(B)vaa(t) = Bur(t) + O g2, 1), vaa(r) = 0. (3.17)

Taking the inner product of (3.16) with —vy; in L?(U), we obtain (3.10). Taking the inner product of (3.17)
with —Awgy in L2(U), we find that

d 23 2 o
T 1Tonll? + [~ 220Vl < 20D + 20w (3.18)
Applying Gronwall Lemma to (3.18) and (3.3) on [r — ¢, 7], respectively, we find that
||Vv22 (Ta T = t7 9_7—(.0, ¢T—t(0—7w)) ||2

I 232 2
< [ et (B0 7 0@+ 2 PO T
g g

and
/ el 22 Osr)ds=p(T=0) 3|7y, (r, 7 — £, 00, 07— (0_rw))||2dr
T—1
< el B o (6 )y 5 [ €O 0o,
T—t
thus,

||VU22(77 T —1, 97700, Sﬁrft(efrw))”z

0
26 Vgall?
< ?ﬂejft 2b2(95w)d5—13t||<p7__t(0—7-w)||2E + 2 (ﬁCS 4 || 32” ) / 672bz(0,«w)+fro 2bz(05w)ds+prd,’“.

— 00

So, there exist Tz(w, B) > 0 and a tempered random variable M3 (w) defined by (3.8) such that (3.11) holds.
This completes the proof. O

By the Lemmas 3.1-3.3, we have the existence of random attractor for ®.
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Theorem 3.4. For any 7 € R and w € Q, the RDS ® possesses a D(E)-pullback random attractor A(r,w) C
By(w) € D(E) with

sup  ||v1llm vy < Ma(w), sup ||v2||ma ) < Ms(w). (3.19)
(v1,v2)EA(T,w) (v1,v2)EA(T,w)

Proof. For any 7 € R, w € Q, let A;(w), A2(w) be two balls of H}(U) centered at 0 with radius Ma(w) and
M3(w), respectively, then by the compactness of embedding H(U) x HY(U) — L*(U) x L?(U), By(w) =
A;(w) xAg(w) is a compact measurable set of E. From Lemma 3.3, for any 7 € R, w € Q and B(7,w) € D(E),
it holds that for ¢ > max {7} (w, B), Ta(w, B)},

A (@(r, 7 — t,0_rw, B(r — t,0_4w)), Bi(w)) < /2 27Oedds=ot| ) (9 w)||2 5 0,

thus, B;(w) is a compact measurable D(F)-pullback attracting set of ® in E. By Lemma 3.1, ® possesses
a D(E)-pullback random attractor A(7,w) C By (w) satisfying (3.19). The proof is completed. O

4. Fractal dimension of random attractor

In this section, we prove the boundedness of fractal dimension of A(7,w) for ® based on the following
result.

Theorem 4.1. Let {¥ (¢, 7,w) }+>0.rer.weq be a random dynamical system on a separable Banach space X over
R and ergodic metric dynamical system (2, F,P,{0iw}icr). Assume that there exists a family of bounded
closed random subsets {x(T,w)}rer,wea of X satisfying the following conditions: for any T € R and w € Q,

(H1) there exists a tempered random variable R,, (independent of T) such that the diameter ||x(7,w)||x
of x(7,w) is bounded by Ry, i.e., SUP, cg SUDy ey
t e R;

(H2) invariance: x(t + 7, 0;w) = V(t, 7, w)x(7,w) for all t > 0;

(H3) there exist positive numbers A, §, to, random variables Co(w) > 0, C1(w) > 0 and m-dimensional
projector P, : X — Pp, X (dim(P,,X) = m) such that for any 7 € R, w € Q and any u, v € x(1,w), it holds
that

ro |Jullx < Ry < 00, and Ry, is continuous in t for all

1P T (to, 7, w)u — P W(to, 7,w)v||x < elo® Colawdds) |y y|| (4.1)
and

(I = Po)W(to, 7wt — (I — Po)W(to, 7,w0)o]|x < (e~ Mo+ C1(0u)ds | 5o Col@uddsy iy

(4.2)

where \, 0, tg, m are independent of T and w.
(H4) A, to, 9, Co(w), C1(w) satisfy conditions:
0<E[CiW)] <A to> s—giory > O
0 < E[C3(w)] < oo, (4.3)

_ 2 42 20, w
0 < < min {2107 %e i 3 o (BIC ()T ABIC( )])}

n S
2 )

where “BE” denotes the expectation.
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Then for any T € R, w € Q, the fractal dimension of x(r,w) has an upper bound:

i
. . N ((rw)) _ 20 (57 +1)
dims x(7,w) = lim sup < <
e—0+ —Ine In 3

< 00, (4.4)

where N (x(T,w)) is the minimal number of balls with radius € > 0 covering x(7,w) in X.

(For the proof of this theorem, see appendix.)
It is easy to see that A(7,w) satisfies conditions (H1) and (H2) of Theorem 4.1. Now we show the Lipschitz
property of ® on A(r,w). For any 7 € R, w € Q and ¢, (w) = (vgi) (w),véi) (w)) € A(T,w), 1 =1,2, let
#i(r) = 057w, o (@) = (0 (1), 05 (1), j=1.2

y(r) = 1(r) — pa(r) = (y1(r),92(r)), 7>,
then

b Ay — bz(Biw)ys + ays + e PO [F(b2 0D (1)) — feb* DB ()] =0, >,
o pr(Ow)ys + oyo — By1 =0, t>T,
y’i(taw7 m)'mEOU = 0; t> T, 7= 17 2,

yi(T,w,z) = vfi)(w,x) — v,ff)(w,x), TeRzel,i=1,2.

(4.5)

By the invariance of A(7,w), the cocycle property of ® and Theorem 3.4, for » > 7, it holds that vy (r),
va(r) € A(r,0,w) C By(0,w) and by (3.19),

o)l < Ma(6,w), Vrz7, j=12 (4.6)
Lemma 4.2. For any 7 € R, w € Q, t > 0 and any ¢, (w) € A(T,w), j = 1,2, it holds that

t
o1 (t+ 7,7, 0_rw, 017 (0_rw)) — @a(t + 7,7, 0_rw, P2, (0_rw))|| g < elo IP=Elldstent || oy |5,
(4.7)

Proof. Taking the inner product of the first equation and second equation of (4.5) with fy; and ays,
respectively, and summing them, and by

o0 [7( @) — fe= 0D grdo > ~eallin ()|,
U

we have
d 2 2
Iyl < 2[b2(6:0) + eoflly(llz,  vr =7 (4.8)

Then by Gronwall inequality to (4.8) on [7,7] (r > 7) and w — 0_,w, r — t + 7, (4.7) holds. The proof is
completed. O

Let {e;}jen C D(—A) be the eigenvectors of operator —A corresponding to the eigenvalues {\;},en with
—Aej = \je; for j € N, then {e;},en form an orthonormal base of L?(U) and H}(U). Write

L2(U) = span{ej, e, --,en}, L2(U)*Y =span{eni1,enyn,---}, neEN,
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and let
P,:L*(U) = L2(U), Q.,=I1-P,:L*U)— L2(U)*
be the orthonormal projector defined by
Pw=uw, for velLl*U) with v=uv,+vl where v, € L2(U),v;} € L3(U)*,

then

AarillQuol|* < 0llE, Vv € Ho(U). (4.9)

Lemma 4.3. Let n be large enough such that A\py1 > o + 1, then for any 7 € R, w € Q, t > 0, there exist
a random variable C3(w) > 0 and a n-dimensional finite dimensional projector P,: L*(U) — L2(U) such

that for any ¢;-(w) € A(T,w), j = 1,2, it holds that for t > 21In (1 + %ﬁ),

(I = Po)®(t, 7, 0rw)p17(0—rw) — (I — Po)®(t, 7, 0_rw)par (0—-w)|

< (e FEHR Pl g, s CoOie) o, — oy | (4.10)
and
[[Pn®(t, 7, 0—rw)p17(0—rw) — P ®(t, 7,0_rw)p2- (0 w)|| < ef(f CS(esw)ds”‘pl‘r — 2], (4.11)
where
afy B
Op = <1 + —) \/5/\"'H (4.12)

Proof. Taking the inner product of the first equation of (4.5) with y1,, = Quy1 in L?(U), and by
le=? O f( 00 (1)) — F( DD @2 g

< e 270 (0D G,00) +1) - [la(0) — 2(0)] 3

20(y2,y1,n) < <2\/3 = Vallya|| - \nylH_w le1(t) — w2112,

and

we have that

2/ e PO (i (1)) — F( o) (1)) 1y da

U
< 2H6—bz(0tw) [f(ebW(t),U%l)(t)) _ f(ebW(t)v?) (t))]HL% Ny1,nllLe

< coe ) (DO N (0,0) +1) - [pn(t) — w20 + vl

and
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d
Zlyiall® + Pagr = 262(000)] g1,
a
< (1[5 + e O (0,0) + cae 0 ) lor(0) - a0l (4.13
where ¢g is a positive constant. By Gronwall inequality to (4.13) on [r,7+1t] (¢ > 0) and (4.7), we have that

[12.0(7 + 87,00,y (0—rw) ||
< | |y1 n(T) ‘ |2€j:+t(sz(asfﬂ'w)_kn+1)ds

T+t

(0% —2bz —rw
+ / <,/E + e O M0, _rw) + coe 22 Or—r )) Nl (r) = @2 ()|l

: ef:H(QbZ(QS*TW)*AnJrl)deT
< ||y1 n(T)‘|26f0t(2bz(esw)*>\n+1)ds

T+t
a T
+ ||501‘r i ‘PQT”%‘) / ( /E + 6662bz(97'77w)M§(9r77w) _’_C6e2bz(9,,,.,w)> 2 ST (b2(0s—rw)+ca)ds

T

. ef:+t(2bz(9577w)7)\,L+1)dsdT

<| |yl,n(7') | |2ef0t(2bz(95‘*’)*/\n+1)ds

t
+le1r — <Pzr||%E€f°t(2bz(93“)+202)ds/ <1 /% + ¢ ) M (0,w) + cge‘sz(@rw)>
0

ceAnrt (=) g (4.14)

Since v/z < e® for all z > 0, it follows that

t
/ < /% + CGesz(Qrw)Mé(erw) + CGG_QbZ(GTw)> 'C_A"'H(t_r)dT
0

t 2 % t 2
< / < /% + C6€2bz(97\w)M§L(9Tw) + 066—2172(07«1)) dr /6—2X,L+1(t—r)d,r
0 0
2
S 1 ej()t (\/%_FCGGNJZ(GTLU)M24(6Tw)+c6672bz(97~w)> dr
\V4 2)\n+1
and by (4.14),
Hyl,n(T +t,7, 9770.), 9017'(9*70‘)))”2
< [[y1n(r)[[2ef0 2ROIINnsst o L RO CuOlis| o o |2 (4.15)
’ 2)\n—i-l
where
o 2
Cy(w) = 2¢2 + <1 /E + c6e?* @) M (w) + cﬁe%z(“’)> . (4.16)

Please cite this article in press as: S. Zhou, Z. Wang, Finite fractal dimensions of random attractors for stochastic
FitzHugh-Nagumo system with multiplicative white noise, J. Math. Anal. Appl. (2016),
http://dx.doi.org/10.1016/j.jmaa.2016.04.038




Doctopic: Partial Differential Equations YJMAA:20377

12 S. Zhou, Z. Wang / J. Math. Anal. Appl. e e o (e e ee) o0 e—00e
Taking the inner product of the second equation of (4.5) with yo, = Q,y2 in L?(U), we have that

d 32
E\Iyzmll2 + o — 2b2(0u)] 2.l < Fllyl,nl\? (4.17)

For A\,4+1 > 0+ 1, by (4.15), we have
20 (7 + £, 707w, yr (0—rw)) ||*
< [y (7)| |2l (2020 w)—0)ds

62 T+t
T (202(0,— rw)—0)dr
+ ra / ||y1,n(377—a H—vayT(e—‘rw))”Q celd @) ma)dr g g

T+t W—o)ds
< lyan (7|2l (2020 rw)=0)d

t

ﬁQ ® 2b2(0,w)dr— s 1 °[2bz(0,w w)]dr
4+ 2 g nrpipes 2oromrrns | L oiamomsciomlino, gy |3

\Y 2)\n+1

0

. ef;(2bz(9Tw)fa')d7’d5
< 2 /3_2 2 [ 2bz(0rw)dr—ot
< {2 (DI + lyn (DI | e

g1 [£[2b2(8,w)+Ca (8yw)|dr—ot 2
—5 —=—=¢/0 " ' llo1r — w2r|lE (4.18)

" o? V 2)\n+1

thus,

ﬁ”yl,n(T + t7 T, 9—7‘“; y‘r<9—7’w)) H2 + 04||2U2,n(7' + t; T, H—Tw7 yT(e—‘rW))”2

< (14 2) e E Bl aIP + (D ) el

" (1 + %> o (4.19)
g

V 2)\n—i-l

For t > 21In (1 + C:T—ﬁ), that is, (1 + 0‘75) e~ %t < 1, we have

Hyn(T +t,7,0_;w, y'r(efrw))H?E

< (efg(zbnz(erwng)dr n (1 + if) B e Cs(ermdr) lorr — o2, (4.20)

B o2 \Y 2>\n+1

i.e., (4.10) holds, where C3(w) = [b||z(w)| + 3C4(w). From (4.7) and C3(w) > [b]|z(w)| 4+ c2 > 0, it follows
that (4.11) holds. The proof is completed. O

To show the finiteness of the expectations of C3(w) and C3(w), we have recourse to the following result
in [16].

Lemma 4.4. (See [16].) The Ornstein—Uhlenbeck process z(6ww) satisfies

E [e'y I ‘Z(as‘”)‘ds} <e, for0<~4?<1, TeR,t>0; (4.21)
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()
E[|z(6;w)|"] = \/j_r , Vr>0,teR, (4.22)

where I' is the Gamma function.

Lemma 4.5. If the coefficient b of the random term of (2.1) is small such that

Io| <min{%,§\/7_r}, (4.23)
then
0 <E[C3(w)], E[C3(w)] < oco. (4.24)

Proof. By the property of Gamma function T,
(z)=vm, T'(n)=Mn-1), T(r+1)=rC(r), VreR. (4.25)

By the recursion,

1+2k, (2k—1)(2k—3)---3-1 1+ (2k+1)
P(—5—) = 0 VA, D(——5—) =M, ¥keN. (4.26)
For any |q| < 1, by (4.22) and (4.26),
B S B 14 Sl + @)l 4+ o la@)? o+ o
= 21 Al (2k)!
FB @) + gl @) + gle@) +o @) P
31 51 2k + 1)
<1 1 11 11
= +2_2+§2_4+.“+H2W+
PR R ! +
N3 31 3-4-5 (k+1)-(k+2)-(2k+1)
S T I S I L L
FRAVE 4F N 2l " 3l k!
1
= M. (4.27)
NG
By (4.16),
C3(w) = ¢ (1 + |2(w)] + €802 4 em4x() 4 M216(w)) : (4.28)
and
C2(w) = e7 4 b?|2(w)|? + cge'%%(@) 4 ¢e™802(@) 4 ) M52 (w), (4.29)

where ¢, ¢z, cg, cg, c1o are positive constants. Now let us prove the boundedness of the expectations of each
term in the expression of C3(w) in (4.29). From (3.6) and (3.7), we have that

0
Mg’z(w) <ci1+ 612M164(w) + c13 Jnax, \z(@sw)\gz + c14 /6_3%2(95“’)0{5, (4.30)
_s_
1

and
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0
— 0 p—
M164(w) < e15 4 crge 128]_1bz(95w)ds+cl7 / e 256bz(€sw)+32psds

—00

0
+ 18 / e-[so 128bz(95w)d8+32p5d8, (431)

— 00

where ¢;, i = 11-18, are constants. By (4.21), (4.22), (4.23) and (4.27), we have
E (6—12817_[21 z(ﬁsw)ds) <E (6128|b|_[31 |z(93w)|ds) < 12800 0,

0

E / o= 256b2(0:w)+32ps o 4\/_ + 3e < o
0 0 )
E f? 128bz(0sw)ds+32ps | / (32p+128|b‘)sd I
/ ’ =) S 5, 128 <
N .
15-13-...-3-1
32\ __ 32\
E (012582(1 |2(6sw)] ) =E (J2(0:w)[*?) = B T E— < 00,

0

0
E /6—32bz 0.w) g /E [e=326(0:)] g < 4\/%4—36.
- 37

—1

-1

So, by (4.30),

4\/_+36 1
E[M32 < 128/
[M57(w)] < e11 + c12 <015+0166 tar WS 325 32,1 128]b)]
15-13-...-3-1 4/7 + 3e
+ c13 516 + c14 NG
< 00
and by (4.29),
b? 4y/m + 3e

E[C3(w)] < o7+ 5 + (e +¢o) + e10E[ M (w)] < . (4.32)

3V

The proof is completed. O

As a consequence of Theorem 4.1 and Lemma 4.3, Lemma 4.5, we have the following main result of this
section.

Theorem 4.6. Suppose (H) and (4.23) hold. Then for any 7 € R, w € Q, the fractal dimension of A(r,w)
has finite upper bound:

1
vV 2n0)\30+1
(+2)%

1
ln3

4ng In

dimy A(1,w) < 00, (4.33)
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where
1
_1 T2 1 1 ——2,42(E[C2(w)]+2E[C5(w
nO:min{n:)\n_&l < ((1+i—f) %) min{2—0,§e g 68 (BIC3 (@) + 4 E(Ca( )1)}} <o (434)
and
Ind
to = max ! ) In{1+ of >0 (4.35)
p_ 10 o
1~ n
Proof. From (4.23) and (4.32),
0 < Bt s(w)] = o < 7 (4.36)
NS
and
0 < E[C2(w)] + gE[C’g(w)] < . (4.37)
Take ¢ as in (4.35). Comparing (4.2) and (4.10), we see that
0<6= (1 + aﬁ) An;1 i) (4.38)
Then by Theorem 4.1, (4.33) holds. The proof is completed. O
Appendix A
Proof of Theorem 4.1. Let 7 € R and w € Q, by (H1), taking ug € x(7,w), then
X(7,w) C B(ug, Ry,). (A1)
For any u € x(7,w) = x(7,w) N B(ug, Ry), by (4.1)-(4.2), we have
1P ®(to, 7, w)u — Pp®(to, 7, w)ug||x < elo® Colbswldsp (A.2)
and
(T = Pu)®(to, 7,0 — (T — Pr)®(ty, 7, w)uglx < (¢ Mot CalOuids 4 5ofi0 o0ty (A 3)
By Lemma 1.2 in [13], there exist vgy, ..., v(; € P, X such that
ny
Bp, x(Pn®(to, 7,w)ug, elo” Colbsw)ds g 1y <y Bp, x (vd;, 5l Co0ew)ds p (A.4)
j=1
where Bp, x(v,r) denotes the ball in P, X of radius r and center v, and
m
e (E)" "
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Take

udy = vy + (I — Pp)®(to, 7yw)up € X, j=1,...,n, (A.6)
then there exists a j € {1,...,n;} such that

| (to, 7, w)u — udy || x
< ||Pm®@(to, Ty w)u — v61||x + (I = Pp)®(to, 7,w)u — (I — Pp)®(to, 7, w)uol| | x
< ( )\t0+f00 Ci(0sw)ds + 26edo 0 Cy (0, w)ds) R,. (A?)

Thus, by (A.7) and (H2), it follows that

X(to + 7, 0t,w) = P(tg, 7, w)(x(T,w) N B(ug, Ry,))

C (U Bludy, (70" Or0:ds . 9ge” Cotvulds) ), (A.8)
Making the recursion to the inclusion (A.8), we have

X(kto + 7, Oy w) = ®(kto, 7, w)x(T,w) C U (ul,, Hal >1, (A.9)

where

ko (A10)

g ..

o < ({? N 1) o e—/\to-i-f(lltgnto C1(0sw)ds n 256‘[{;’31)% Co(%w)ds’ 1=1

Thus, by (A.10), the minimal number N, (x(kto + 7, 0t w)) of balls with radius r;, = (Hf:1 o1)R,, covering
X(kto + T, Okt,w) in X satisfies

\/ﬁ km
Ny, (x(kto + 7, 0peow)) <mg - .ooomy < 5 +1 . (A.11)
Set
1
J=dweaq: / (Col6sw) — Cr(Bu)lds + Ao > Tn o (A.12)

(a) If 01y, w € J, then we have

Ito Ito
/ Co(0s)ds — / C4 (Bo)ds + Mo
(I-1)to (1-1)to
to
= [ 106 6-100) = Ca(0u(Br-1y0))ds + Mty
0
1
> In %5 (A.13)
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that is,
85€f(llt91)t0 Co(8sw)ds > e—At0+f<"lt31)t0 Cl(GSw)ds7 (A14)
thus, by (4.3), (A.10) and (A.14),
o = e_MO"".f(lztEntO C1(0sw)ds + 25ef(lzt31)t0 Co(Osw)ds < 10(56'{(?21”0 Co(Osw)ds S %e.f(thBUtO Co(gﬂﬁ'J)dS7 l Z 1
and
: 1 s 0 o | Co(Baw)d
HUZ < Q_kezlzl (@ (zq)zow)'f(,_l),,o 0(0sw) 57 (A.15)
=1
where
1, weJ
— ) ) A.16
Grw) {o,wgéj. (A.16)

Since (6¢)ter is measure-preserving and ergodic on (2, F, P), by Birkhoff ergodic theorem [36], we have that

E[Ci(0.w) = E[C;(w)], E[CZ(8.w) =E[Ca(w)], VsecR,i=0,1

and for all w € Q (in fact, for a.e. w € Q),

1 k lto to
EZQ(e(l_l)tow)- / Co(fsw)ds — E gJ(w)./co(esw)ds as k — oo.
=1 (I-1)to 0
By (H4),
E[Co(w)] < (1 + B[C3(@)) < oo.

Thus, for every w € €, there exists a large integer ko(w) € N such that

k lto to
Z(J(H(l_l)tow) . / Co(fsw)ds < 2kE | (5(w) - /CO(HSoJ)ds ,  Vk > ko(w).
1=1
(1-1)to 0

By (A.12), (A.16) and Hoélder inequality, we have

E (¢ w) / Co(B,)ds
0

Cr(w) [0 CoBsw)ds ( J0 [y (Byw) — C (Byw))ds + )\to)

—E
[3°[Co(Bsw) — Cr(Bsw)]ds + Mo
to 2 to to to
Cr(w) (0 CO(QSw)ds) — [ Co(Bw)ds [10 Cy(Bsw)ds + Mo [° CoBsw)ds
<E
- 1n%

(A.17)

(A.18)

(A.19)
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t() 2 to
< L Blow / Co(B.w)ds | + Mo / Co(B,)ds
In %5 ) )
t() t()
< 11 E (tg/Cg(@sw)ds+)\to/C’O(st)ds
ln 35
0 0
1
< T to (E[C5(w)] + AE[Co(w)]) - (A.20)
8

Thus, by (4.3), (A.15) and (A.20), we have

(M)

k

1 k—2t2(E[CZ(w)]+AE[Co(w 1
HUlS 2_ke E%o( [Co (w)] [Co(w)]) < 2_kek1n
=1

()" a)

(b) If O_1yp,w & J, by (A.12), we have

lto
[Co(Bsw) — C1(85w)]ds + Ao < In % i, 26elu i Coldsw)ds ie—”ﬁﬁ’fﬁ’w C1(@sw)ds
(I=1)to
(A.22)
then by (A.10) and (A.22),
5 It k 5 k k It
o < ZG_MOJFI(“U% Crl0eeo)ds, Ho’l < (1) e Mo [ GO, (A.23)
I=1
By the ergodic theorem and (A.17), for any w € Q,
Lk lto to
z Z / Ci(0sw)ds — E /C’l(@sw)ds =tE[Cy(w)] as k — oo. (A.24)
=1 Dy 0
It follows that for every w € €, there exists k;(w) such that for k& > k;(w),
e lto .
> / C1(0sw)ds < Skto (B[C1(w)] + ). (A.25)
=10t

Thus, by (4.3), (A.23) and (A.25), for all k > ky (w),

: 5\* ( _so-mci@n) - (3)"
< (= ~ztoA-BlC W <(=). .
ll:llal_<4) <e : ) _(4) (A.26)

Therefore, combining (A.21) of (a) and (A.26) of (b), for every w € Q and k > ko(w) = max{ko(w), k1 (w)},

we have

k 3 k
[[o < (Z) M2, (A.27)
=1

Note that the right side of (A.9) is independent of 7, replacing w by 6_j¢,w in (A.9), we have
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ni...Ng ) k
X(r,w) = ®(kto, 7 — kto, 0_e,w)x(T — kto,0_reow) © | Blupy, (o) Ro_p)s k> 1.
j=1 =1
(A.28)

By (H1) and [3], there exists a tempered random variable b, (>0) such that

Ry < boe? ™5, Yk > k(w). (A.29)
By (A.27) and (A.29), we have
k 3 k* k 4 - k 4k
0 < rip(w) = <11:[1 Uz)Re_ktOw < (Z) boe2 ™3 =p e 205 "I, (A.30)

Now let us estimate the upper bound of fractal dimension dimjy x(7,w) = limsup,_,q, w of
x(T,w).
Let 0 < e < 1 and let n. = n.(w) € N be an integer such that r,,__1(w) <& < r,_(w). Then n. — +oo

as £ — 0. Taking e small such that n. — 1 > ko(w), then by (A.30),

1 1 1
< < — (A.31)
—lne = —Inr,_(w) %Ing —1Inb,
and by (A.11),
(ne—1)m
m
N(x(r)) £ N,y () S < (G0 41) (A32)

Then it follows from (A.31)—(A.32) that

In N, w :
dlmf X(va) = hm sup M S hm sup n ns—l( )(X(T w))
e—0+ —Ine ne—s-+oo —Inr,, (w)
(ne —1)mIn (@ +1) 2mIn (@—1—1)
0 =

<lim sup
ne—+00 o5

_ < 0. A.33
n% —1Inb, ln% > ( )

The proof is completed. O
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