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1. Introduction

Consider the following Hénon type biharmonic problem: for v = u(z),

Ay = |z|*v?, uw>0 in B, u=Au=0 on 0B, (1.1)
where a > 0 is a constant, p = Z—fj is the critical Sobolev exponent for the imbedding H? < LP*! and B

is the unit ball in R™ centered at the origin. The purpose of this paper is to establish the following:

Theorem 1. If o« > 0, n > 5, and p = "2 problem (1.1) admits infinitely many solutions.

n—4’

The above theorem originates from a striking result of Wei and Yan [32] who demonstrated that there
are infinitely many solutions of

—Au=|z[%u, v>0 in B, u=0 on JB, (1.2)
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when ¢ = Z—f%,a > 0 and n > 4. Based on Wei and Yan’s idea, recently we proved in [19] an analogous

result for the biharmonic equation (1.1), for the case n > 6. In both papers [19,32], the method does not
cover the critical dimension n = 3 for (1.2) and n = 5 for (1.1). Recently, in [20] we extended the result
of Wei and Yan to the critical dimension n = 3 for (1.2). The main purpose of this paper is therefore to
extend the result of [19] to the critical dimension n =5 for (1.1).

The original Hénon problem, modeling mass distribution in spherical symmetric clusters of stars, was
formulated in 1973 by Hénon in [21] in terms of the second order elliptic problem (1.2). In 1982, Ni [24], for
the first time proved rigorously the existence of radial solutions of (1.2) for each a > 0 and ¢ € (1, %)
Since then there are many works for (1.2) for either ¢ ~ Z—i‘% or a > 1; see, for example, [2,4,8-12,18,
20,24-29,31,32], and the references therein. In particular, Wei and Yan [32], using a finite dimensional

reduction argument (cf. [14,23,25,26,31]) equipped with a carefully chosen weighted L> norm, proved that

n+2
n—27

dimension n = 3 is left as an open problem in [32]. In [20], we solved the open problem.

(1.2) admits infinitely many solutions when n > 4, ¢ = and a > 0. The problem for the smallest

Following the study of (1.2), in recent years biharmonic equations with nonlinear source terms have
attracted quite a lot of attention; see, for example, [1,5,6,13,15-19,22,30,33-35] and the references therein.

In [30], Wang proved that problem (1.1) possesses at least one non-radial solution when n > 6, p = Z—J_ri,
and, additionally, « is large enough. With p = Z—fi, replacing |z|* by a positive smooth function K (z) and

B by a general bounded domain in R®, Ayed and Hammami [1] proved, among many beautiful estimates,
the existence of a solution under certain conditions on K. Figueiredo, Santos, and Miyagaki [13] proved that
(1.1) admits a classical solution if and only if 1 < p < 2E2£22 (see also [30]), and established the existence
of solutions of the form v = v(|y|, |z|) with y € RY,z € R*~* for (£, p) in certain ranges. Quite recently, in
[19] we developed the method of Wei and Yan [32] and proved that (1.1) admits infinitely many solutions
when p = Z—i‘j and n > 6. In this paper we shall further complete the method developed in [19,20,32] to
prove Theorem 1.

The solutions constructed in [19,20,32] admit arbitrarily prescribed large number of peaks evenly dis-
tributed on a circle with radius close to 1. The possibility of the existence of multi-peak solutions is due to
the local stability (modulo dilation and translation) of radially symmetric ground state in R™; see Bianchi
and Egnell [7] for the Laplace operator and Bartsch, Weth, and Willem [3] for polyharmonic operators. We
shall prove Theorem 1 by establishing the existence of a k peak solution for any large integer k.

Comparing with the original work of Wei and Yan [32], not only we provided a simpler, complete, and
systematic method, but also we introduced at least three new ingredients that are essential to the problem

solving:

1. A fundamentally different technique of local estimate for the difference R between approximation W
and the ground state Up; this new estimate, together with an explicit dependence of necessary estimates
on a function L(o), allow us to extend Theorem 1 to the critical dimension n = 5.

2. Instead of using fixed norms || - ||, and || - ||+, we use variable norms || - ||, and || - || p+-4 for p € [T, n — 4],
where ||« [l« = || - [lm+r and || - [sx = || - [lmatr+a with m = (n —4)/2 and 7 = (n — 4)/(n — 3). This
modification is essential to the proof of Theorem 1 for the case when n > 20 (or n > 10 for (1.2)).

3. Differently from [32], our proof shows that the parameter o is the solution of a transcendental equation
L(o) =0, instead of an explicit expression.

The rest of the paper is organized as follows. In Section 2, we construct a two dimensional k-spike
approximate solution manifold and prepare all necessary estimates needed for the existence of a k-spike
solution of (1.1). In Section 3, we follow a routine technique (cf. [32]) using the estimates established in
Section 2 to prove the existence of a k-spike solution, for each large enough integer k.
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2. Multi-peak approximate solution

In this section we construct multi-peak approximation solutions of (1.1), following ideas that we developed
n [20] for (1.2). The approximations are essentially the same as that in [19] which are constructed based
on the original idea of Wei and Yan [32]; however, the estimates are different.
2.1. The approzimate solution manifold

In the sequel we use the following notation:

n? —4)(n — 4)]’”/4
(L4 |z>)™

n+4 n—4 n—4 ! [n(
= — = = — = —_— (b =

Note that A2® = ®? in R™. We denote by (\*,0*) the unique positive root, for (A, o), of

L(o) =0, a\"t = AL/ (o), (2.1)
where
1 1 1 , > 2mo
1) =3 (o~ prem) A YO L e 02
A= =" foriga, a-2 [e0wpay (2.3)
Rn Rn

Note that L'(¢) > 0 for o € (0,00), L(0+) = —oo and L(co) > 0. Hence, (2.1) admits a unique root.
In the sequel, (A, 0, k) are independent parameters and (g, r) are dependent parameters satisfying

1

"o T

A€ [%/\*, 2)\*], o€ [%U*, 20*}, EeNN[l+20,00), ¢ (2.4)

o
.
For each positive integer k, the two-dimensional approximate solution manifold is parameterized by (A, o)
with element W = W (-, A, 0, k) defined by

W= [Ui U, — g} (2.5)
i=0
where
r¢ T —re; r¢ T —€; 2mi . 2w
U, = —<I>( ), Ui = —@(7), e; = | cos —,sin —, 0" | , (2.6)
gm € gm € k k

and ¢; is the unique solution of
A%, =0in B, G =0, AG=AU —AU;, on 0B.
In the sequel, we shall suppress the dependence on (A, 0, k), writing W (z, A, o, k) simply as W (x). Note that
AU; =r°UP, AU =r*™UP in B, Uy =Us, AU =r"2AU, on 0B;

here the boundary values are derived from the identity |rz — e;|? — |z — re;|* = (1 — r?)(1 — |z|?).



Y. Zhang et al. / J. Math. Anal. Appl. 441 (2016) 844-861 847

2.2. Idea of the construction of a k-spike solution

We work on the following spaces of functions with symmetry:
= {(b €eC(B) : ¢(sei(i9+%), z') = ¢(se?, |2'] ,0,- - ,0)},
={¢peHNC?*B) : $=A¢=0 on 9B, (¢,A°W,)=0, (p,A*W,)=0}.
Here we have used (Re'’,2’) € C x R"2 2 R" and (f,g) = [, fgdz. We consider, for (cy,cs,v),
(c1,co,v — W) € R? x Ho, A2y = |z|*v|P + 1 AWy + AW, in B. (2.7)

Note that uw := v is a solution of (1.1) if ¢; = ¢ = 0. We shall choose appropriate A and o such that
¢y = cg = 0. Let ¢ = v — W. The above equation for (c1,ce,v) can be written as the equation for

(c1,c2,0) € R* x H, Lo — i AWy — coA*W, = F + N(¢), (2.8)
where
Lo=N¢—pla|*WP ', F=—AW+|z|*WP, N(¢)=|z|*{|W +¢[P — WP —pWP 1} (2.9

To solve the nonlinear problem (2.8), we first investigate the linear problem: given f € H, find (¢, ¢2,¢) €
R? x Hg such that L¢ — ci A2Wy — caA2W, = f in B. After showing the invertibility of £ and the smallness
of F, we can use Newton’s method to obtain a locally unique solution of (2.9). Differently from [32], for the
smallness of F', we shall fully utilize the cancelation in U; — Uy, when k|x — re;| > 1.
For convenience, we introduce the following:

r —regl? re —e;|?
dz(l‘) - 1 + ‘ 6‘2 | 5 dz*(x) == 1 + |€—2|7 X; = ’I"ei7
k—1 k—1
1 1 | (@)l
wp() = ;o wple) = o Lfllp = sup ===
! ; di(z)" ° ; dz, (x) P B w(z)

In the sequel, we shall use the following basic facts (first summarized in [20]):
1. For each g € (0,n) and p >n — p,

X — Y| (1+|X[)nme=r if p<n,
/ REN o)< (A +I[X)~¢m[2+|X]] if p=n, (2.10)
(L+|X[)~e if p>n;
Woto—n(x) if p<m,
we(x)Ink if p=mn, (2.11)
wo(z) it p>mn;

Wp(y) _
P

d?*pg( 0) lfp<n
1
it p= 2.12
/dp( )dS () En d;.f(x0) Ink if p=mn, ( )
d;.f(xo) (k)P if p>n.

1k

Here and in the sequel, O(f) = f where O(1) is a function or a constant bounded by a constant
depending only on «, n, p, and o.
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2. Denote by (—A)~2 the inverse of A? subject to the Navier boundary condition on B. Since the Green’s

function is bounded by O(1)|x — y[*~™, for any n > 0, by (2.11) with o = n — 4,

H QfH { 11l p+4 if 0<p<n—4,

min{|flln 0k, [[fllntq} if p=n—4.

3. Since 1 < d; <2/eand Ne"k=1,forany p > 7, o = 7, and n > 0,

(k)P if p>1, wp'? if o< p
w,=0(1)q eklnk if p=1, w, = 0(1) wéé%z if p<o,
elk if p<1; 1 if p=r;

2\"
55 19l < Wollzmzy = Ol 16l < I8l < (2) 61
4. Denote Q; := {z € B: |v — x;| < |z — x;| Vj}. Then, for p € R,

) 11 oQ1)
— < d; <diw < [1420]d;, & & gt

< v B\ Q,.
ek ! TE€B\L

2.3. The decomposition W = Uy + R

Forz € Qg ={z € B:x-ey =min; x - e;}, we define

k-1
:Z(Ui_Ui*_Ci) —Up—C = W=Uy+R,
i=1
k-1

N
—

M
I

5kd (ekd;s )™~

gmAn— 4k
=1 1

I
o

Lemma 2.1. For x € Qq, there is the decomposition W = Uy + R where R satisfies

k—1

IR+ Rl + R} = & dg*4 DI dn k5,

=1

V&®VR
" KIR| +|VR| + %} —o(1).

; R(z) = L ZCZ'

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

Proof. Since A?¢; = 0 < A?U;, in B and A¢; = [r~2 — 1]JAU;. on 0B, by comparison, 0 > A(; >
[r~2 —1]JAU? in B. As {; = 0 < U;x on 0B, by comparison, 0 < (; < [r~2 — 1]U;, in B. Consequently,

m

k
5 o1 . &
) § Uix = O(‘Sm)UO* = % in €.
i=1 (0F3

k
R
=1

Next, using Green’s function for (—=A)~! and (2.10) and (2.14) we find that

k
V), _ O) [ wialy) dy
m =0 - -
T el o Z/ G [
= B

= Oy 0 ey = %.

(2.21)
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In particular, since ¢; = 0 on 9B, we find that

[1 - |x0|] - O}S). (2.22)

0< e S o) = e SV
i=1 i=1

Also, using LP estimate we have, for any p > 1, with O(1) depending only on n, a and p,

Le(B)

T veval,,, - 29 3
i=1 =1

LP(B) - k

OW)llw ol -
= o = 0(1)(ek)" T =

OWE™ | 5~ aar|
i=1

L>(B) Tk L>(B)

o)
ko

Finally, using Schauder estimates we can derive || Zle Cillgsrz(gy = O(1)k® for some s > 0. We then can
use interpolation to bound the L> norm by the L? norm and the C''/2 norm with p > 1 to obtain

%Hi:vewg 0(1).
=1

Le=(B) N

The estimates for R, VR,V ® VR then follow from (2.16) and (2.14).
Next, when x € 0B, (;» =0,(;, = 0, and
AQy 0 Al 0

Ar = gy AU UL =00),  TE = oAU = Ui = O(1).

Hence, by comparison,
Gr =016 =0k VWi, (o =0(1)G =0kl in B.

Note that, since e ! = AkY/™ and r =1 — ok~ 1,

mUi 2 2mUi re; —xr €; ag O(Ul)
ix = — — 1 =0(U;), ="\ "3 o (= ) 2.2
Uin="3 {dg } oW, U ek { e & 2mr} ek d; (2:23)
mUs (2 2mU;, (10 —€; as O(Uix)
A = — — 1, = i) ko = ——— T T o = . 2.24
Uien = =3 {df* } OWs), U ek { e &2 2mr} ckd;. (224)

The estimates for Ry and R, then follow from (2.16). This completes the proof. O
2.4. The residue F = —A?W + |z|*WP

Lemma 2.2. Let F = —A?W + |2|*WP and L(-) be as in (2.2). Then for each p € [0,n) and x € Qq,

e"PF(z) = 353 { 'Lg’)' + (ekymintn=in=ot L, (2.25)
0

Consequently, for p € [0,n), ||e™PF|,+4 = O(1)(ck)**) where pu(p) = min{n — 4,n — p}.
Proof. Assume that z € Qg and p € [0,n). Using W = Uy + R and A?Uy = r*U}, we obtain

F=(lz|* = r*)UL +plz|*UY 'R — AR+ Fy, Fy = [z|*(WP — U} — pUS ' R).
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1. Since (r* — r4+*) ¥ UP < 20UF,, we obtain from (2.16) and (2.14) that

Y LN
N’R=r*3"UP - MZ _ {d”+4+z dn+5}

i=1 i=1

o) 1 — (k)71 ~0(Q1) (ek)n=r
ol L o

2. Since di. " < dy,/d} 07" for 6 € [0,n — 4), by (2.19) and (2.14), we derive that

le™ R 7 V0 e [0,n—4). (2.26)
0
(i) Suppose n > 12. Then 1 < p < 2, so setting 0 = ”T = %(n —4) in (2.26) we obtain
1)(ek)™—*
Fy = o()|RJr = QWER""

1
emrdg)

(if) Suppose (a) 8 < n < 11, or (b) n =5 and p € [3,n), or (¢c) n =6 and p € [2,n), or (d) n = 7 and
p € [1,n). Then, p > 2 and n + p > 8. Using (2.26) with 6 = (n + p — 8)/2, we obtain

O(1)(ek)™ P O(1) (ek)>=H=20  O(1) (k)" *

F; = O(1)|R|P HUY?R* = -
L= OMIRI +OWUs "R = = ¥ go=n o 0 em d

(iif) Suppose n =5 and p € [0,3), or n =6 and p € [0,2), or n =7 and p € [0,1). Then 12 —n > p+ 4. By
(2.19), we have

Fy = O(1)|R” + O(1) UL R?

01 (k)" O(1) 1 1 1 q2
o oemp dgj4 + emp d(l)Q—n {dg*—z; +;skd?*_3]

OW[(h)™* + (k2] _ O(1)(ckymintn-sn-r)
emp gt a empdht! '

For later application, we write our estimate as, taking p = 2 and using e™R(z) = e™R(xg) + O(e)dy and
™R = O(1)k~! for the special case n = 5 to obtain

O(1)(ek)—2

2.27
empds (2.27)

F = (|z|* = r*) UL + p|a|*UL ™" R + 36Ug R*(x0)1{n=s) +

3. Since r® — |z|* = O(1)|rep — x| = O(1)edy and € = O(1)(ek)" 3, we have

O(1) (k)™ 3 ,
owe _ [T if pefon-1),
(T - |Jf| ) 0o — €mpdg+3 - O(l)a”f”[ado]lﬂ’*" O(l)e" P " pe [n_ Ln)

sdeé+P smpd”+4

4. Finally we estimate U?™"R. We use 2m(p — 1) = 8.
(i) If p € [4,n) or p € [0,4) and €kdp > 1, then taking § = max{0, p — 4} we obtain

O(1) (eh)"1=0  O(1)(ek) "
dydg. gt

-1
emPUIT R =
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(ii) If p € [0,4) and ekdy < 1, then 1 < dg < (k)™ so by (2.18), (2.22), and (2.20), we obtain

R o) (|E(x 1 o) |E(x mind n—3.m—
c pUé) 1R: d(g){' (k0)| +ﬁ+5d0} _ dp(+2{| (k0)| +(€k) {n-3, p}}
0

Later on we shall show that E(xq) = 24 "L(0) + O(ek) (cf. (2.30)). Collecting all these estimates and
using k! = O(1)(ek)"~* we obtain the assertion of the lemma. 0O

2.5. Energy and its variation

The existence of spike solutions is based on the following facts:

Lemma 2.3. Let W be as in (2.5) where (A, 0,k) satisfies (2.4). Define

J(A’U7k):/(%|AW|2* |-T| WP+1>

B

Let L(+), A, A1 and Az be defined by (2.2)~(2.3). Then

W — (n— DN A L(0) + O(ek),
w = aA1 — A47nA2L/(O') + O(Ek)
g

Note that J admits a critical point in an O(ek) neighborhood of (A*,0*), the unique root of (2.1).

Proof. Set xo = rep and 09 = min{1,0}. Then, By := {z : |x — x¢| < 0¢/k} C Qp. For t = X or o,

‘Z—‘t] = / {AW AW, — |m|aWth} do = —/FWtd:c = —Ic/F(UOt + Ry)dz
B B Qo
= —k/Fthl' —k / FU()th? - k/FUOtdx (228)
Qo Q0\Bo By

1. Using m(p + 1) = n, (2.25) with p = 4, k(ek)"~* = O(1), (2.19), (2.12), and (2.14), we obtain

- 0(1){d6n1n{n 4 4} Ek‘ Z mm{n 3 5} 0)} - O(Ek')

Next, since ekdy > oo in Qg \ By, by (2.23), we see that €™ Uy, = O(1)dy~". Hence, using (2.25) with
p = 4 we obtain

K / FUpde — / %(jzi—fz / %:O(l)(sk)“.

Qo\Bo Q0\Bo Y |>Z2
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To study the last integral in (2.28), we use (2.27). Using " Upy = O(1)dy ™", e™Up, = O(1)(ek)~'di™",
and fBo Uoo (2)Ug () R?(x0)dx = O((ek)?) when n = 5 we obtain

%i k/( - |:E|°‘)U5’U0td:£fkp/\x|aRU571U0td$+O(sk). (2.29)
Bo BO

2. It remains to evaluate the two integrals in (2.29). From (2.23), one can derive the following:

m m G,Up+1
UgUOA = /\—ndlv([qj — XO} Ug+1), UgUog = %eo : vUé)-H - ]:7, ’
) m 1 aU¥
p—1 _ s _ Py _ “yp p-1 = e
UO UO)\ = p)\le([I XO]U()) p)\on UO UOo’ pkeO VU Tor .

First, we calculate
« « P mk o FAWE p+1
k| (r* —|a|*)USUprdx = v (r* — |z|*)div([z — xo]US")da
By

By
1 . _
_ o(1) /U5)+1dsz+ amk/x (z —xq) Ué’“da:
x

k An
BBO BO

= O((ek)™) + O(k)

N
/N
"
o
T
|
"
)
+
o
=
N——
S
¥
jsW
Q
=

Here we use the fact UP™' = O(1)(ek)?"e~™ on dBy and that Uy is a function of |z — xo|. Similarly,

b [ (7~ 1) 0RO = / ~fel*)en - VUF*de + O(1) [ edolf s
Bo Bo
_am xr —reg+ 7"60) p+1
- / i SUtdr +0(1 )[( k)" +€}
= /<I>p+1 ]i) = ad; + 2)7

—kp/RUé’_on,\dx: ;/R{mUé)—div([m—xo]Ué))}dx

By By
k
= 2= [ (Bixo) + O [V R| 12dy ) U da + O(1)(ck)
By
n—3
_ ki) / @ (y)dy + O(ek) = 2 A2 B(x) + O(ch);
R’n

here we have used the following: on 9By, |v — xo| = oo/k, R = O(1)/k and U} = O(1)(ek)"*%; in By,
e™|VR| = O(1) and |z — xo| < edp; and ke™R(x0) = A "r?®(0)E(xo) + O(k™1) (cf. (2.18) and (2.22)).
Finally,



Y. Zhang et al. / J. Math. Anal. Appl. 441 (2016) 844-861 853

P
—kp / RUY Uy, dx = / R{ apfjo —eo- VUg}dx

B() BO

— / (VR “ep + C;—pR) Ugdz +O(1)(ek)*

By

— e0- VR(x0) / B (y)dy + O(ck)
R’IL
2n—3A2 €eq - VE(Xo)

= )\n_4 % + O(Ek);

here we use e™eg - VR = €™eq - VR(xo) + O(1)ekdp, and eV R(x0) = M~ "r®k=1®(0)VE(x¢) + O(k™1)
(cf. (2.18) and (2.21)). In conclusion, we have
oJ 2”_3mA2 oJ 2n_3A2 eq - E(Xo)

= e E(x0) +0(k), oo =adi+ —om 2

+ O(ck).
3. Finally, using the asymptotic expansion presented in [20] we find that, for L(-) defined in (2.2),
E(x¢) =2"""L(c) + O(ck), eo-VE(xq) = k{ —2°""L'(0) + O(ck)}. (2.30)
Collecting all estimates, we then obtain the assertion of the lemma. O
2.6. Smallness of LWy and LW, as measure

Note that W) and W, are tangent vectors of the approximate solution manifold. They are approximate
eigenfunctions of £ associated with small eigenvalues. Here we study the sizes of LW and LW,,.

Lemma 2.4. Let £ be defined in (2.9) where W is defined in (2.5). Then LWy and LW, are small in the
sense that there exists a universal constant Cy (depending only on o and n) such that

sup |<¢7£W)\>| < C()Ek, sup |<¢7£W0>|

kel r oy ———— < Co|ek + |L(0)|1{n=5} |- 2.31
seto K [|1e™0] o= (B) oet kel 1) bk + |L(0) L ums) (2.31)

Proof. We can assume, without loss of generality, that ||c™¢| = p) = 1. For t = A or o, by symmetry,

1 d
7 (0 LW = /¢ (AW — |2|*W?P) d /¢Ftd:c = /‘Ft‘g_f;
Note that
k-1
Fi=) (TQHUI’Z - Tanp)t +pla| WP (U + Re) = g1+ 92+ 95+ 91 + g5,
i=0
where
ot SN k—1
a = Z {7a r4UP Up} )i, Zpra+4UZ;1 7 Upnt — ZpTanflUit,
=0 i=1

=plz[*WP Ry, ga=p(lz|* —r*)WP Uy, g5 = pr* (WP — U Up.

We estimate each term as follows.
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1. Since r) = 0 and r, = —1/k, we obtain, by symmetry

dr _ O()= [, pde  O)SA [ dz  OQ) [, _ o)
Qo =Y =

Qi Rm

2. Since |Ujut| = O(1)U,y for x € B and |Uy| = O(1)U;s for © ¢ Q;, by symmetry,

/ o2 Z / TR = [ SR =ouer:
B

3. Using W = Up + R and (2.26), we have, for any 6 € [0,n —4), § € [0,8), and z € Qy,

myy . O) | (ek)*° i \P_ O(1) | O(1)(k)* 0
W= T (a W) ol S (2.32)

Hence, fixing 6 = 9/2 and using (2.19) and (2.12) we have

dr (k)30 1N/ 1 = (k) '\dw
9/93'57—()“)9/( g tw) G )

+ O(l)(dglm{" 1, 4}( o) + ; dmm{n 3. 5}( )) (1 + 1ip=gy ! k;)
— O(l)(ak) 4 0(1)(5k)min{n—4,4}(1 + 1(p—gy Ink) = O(ck).

4. Using r® — |z|* = O(1)edy, (2.32) with § = 5, and Uy, = O(1)(ek) " Uy we obtain

1 (6k)3 1 dr  O(1) 01
/‘94 /O €d0 ds dg* )Wg = T + O(l)(ek)Qslnk = T

5. Finally we estimate g5. By considering cases Uy > 2|R| and Uy < 2|R| we can show that
WPt U = [Ug + R — U™ = O(1)(max{Uy, | R|})P~2|R|.

Taking for § = 9(n — 4)/16 in (2.26) and using ™ Upy; = O(1)(ek)~'dy~™ and (2.12) we obtain

— _[O@EkR)? 1 dx O(1)(ek)>? B
/IRI HUo \——/ DT T T P ) = O((ek)?) = O(ek). (2.33)

*

Qo

(i) Suppose n > 12. Then p < 2, so (max{Up, |R|})?~2|R| < |R|P~!. This implies, by (2.33), that

dx
[1aa/ 5 = 0teh.
Qo
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(ii) Suppose 5 < n < 11 and ¢ = A. Using (2.33), Upx = O(1)Up and (2.19) we obtain

k

— | — = O(ck).

n
i 9

d _ d o)/ 1 “1 (k)" d

1o = o) [ e+ o uar % = oer + [ A (L 4 3 Gy
em em dO dO* i—1 dz

Qo Qo QD =

iiia) Suppose 6 < n < 11 and t = 0. Using (2.33), €™ Uy, = O(1)(ek)™1d2™™ and (2.19) we obtain
0

dz _ _ dx O(); 1 2 (ck)™
< _on P2y = = O(ck / >
Q/ |g5|5m O( )Q/ [|R| + UO :||U00'R|8m 0(6 ) +Q Ek dg (dg*—4 + — d?*—?)
0 0 0

=

(iiib) Suppose n =5 and ¢t = 0. We use the expansion
WPt — Pt = [Uy + R]® — US = 8UJR + O(1)|R]*US + O(1)|R|%.

Using e™Up, = O(1)(k)~1d3™", (2.26) with § = 0, and (2.33), we have

de O(1 ek)? dx
/(U§R2|UOU|+|R|8|UOJ|)E_WZ €(k)/(dg) =+ O(ek) = O(ek).
0
Qo Qo

Finally we expand (with p =9, n =5, and (2.22)),

UL R|[Up,| = L) [|R(x0>| +0(1)HVR||MdO] 1 _ o (IE(Xo)I N L) L o)

d? ekdd  ekd) k k2 kd§
Since ek? = 1/ for n = 5, we have
15 = [ Cg (Beol+ 1) 5 + [ TR 5 +0(eh) = 0B + <k]-
Q Qo Qo
Finally, using (2.30), we then obtain the assertion of the lemma. O
2.7. Concentration of the masses of W, Wy, W,
The norm || - ||, is specially designed for L* functions with mass concentrated near centers of spikes.

The following result is critical for the study of the inverse of £; it essentially reduces the study of £~! to
(—A)72. We know from (2.13) that if (—A)?¢ = f, then the ||¢||, norm (0 < p < n —4) can be bounded
by the || f||,+4 norm. If f depends on ¢ via a linear combinations of W?~1 A?W,, and A*W,, we have a
boot strap argument to bound the norm ||¢||, by ||¢||, for some ¢ > p if the || f||,+4 norm can be bounded

by the ||¢]|, norm. The following result makes such bootstrap possible.
Lemma 2.5. Let W be as in (2.5). Then

(i) for any p> 7 and ¢ € H, ||E™PEWP ™ |pp7 = O(1)[le™ Sl
(ii) [|e™ A2Wallnsa + ekl A2 Wy g5 = O(1).
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Proof. (i) Let « € Q. Set § =7+ 7. Then p+7 > § > 7. Hence, by (2.32) and (2.14),

6mpqﬂ/[/pfl O(1)w T Gied
m _ A 2 £ = O0(Nwsw, = 0wy 7 Twiir ™ = O(1)wpr.
lemall, do

The first assertion of the lemma thus follows
(i) Note that A2Wy = (A2W)y = SSF e rP—potayP ], = 0(1)e™ S5 " | we hence find that
le™P A2W) ||l nsa = O(1). Similarly, we ﬁnd that ek||e™ AW, ||nt5 = O(1). Thlb completes the proof. O
Finally, we show that Wy and W, are almost orthogonal.

Lemma 2.6. There are positive constants ai(n) and az(n) that depend only on n such that

_ 4+ )\2 <AW,\7AW)\> Aek <AWU,AW)\> . al(n) 0 + O(l) (2 34)
k| Xek (AW, AW,,)  (ek)? (AW, AW,) | | 0  az(n) k- ’
Proof. For /,t = X or o, by integration by parts and symmetry,
1 1 o o
E(AWg, AW, = - /(A2W¢)Wtdx = / (roU§ —r*eUg,) Wi da. (2.35)

B B

Note that dy and do. are proportional in B\ By. Also |U;x|+€k|Uio |+ |Ussa| + |Uixe| = O(1)U; in B. Hence,
for £ = X\ or o, by (2.12),

/ ‘(T‘J‘Ué’ - 7“4+QU(I;*)@‘{’W)\’ +€k|Wg’}dx

B\ By
k—1 k—1 =1
1 dx O(1 1 n
=01} / W&::Z = 4 1) Z =O0(1)(ek)" Ink.
=0 0 i = O 7 = ik
B\ B
Next, using (2.19) we obtain, for ¢ = X or o,
o) [ 1 dz O()
feY 4+« « 4+« _ —
[ {1008 = et vl -t Hfar = O [ Lt O
Bo BO

The assertion of the lemma thus follows from the identities, ignoring the r* factor, f n Ug 71U0 2Ups dz =0,

A2/ UL~ UGy do = a1 (n) := / P (y)m®(y) +y - VO(y)|*dy,

Rn R™
_ 1 _
(& [ U708, de = axln) = [ @ @)V ©
R™ R™

3. Construction of spike solutions

In this section, we prove Theorem 1 by showing the existence of a k-spike solution for each large enough
integer k. We first study the linearized Euler—Lagrange equation associated with an energy functional. Then
we solve the Euler-Lagrange equation. Finally we show that there is a critical point at which the solution
of the Euler-Lagrange equation is indeed a solution of (1.1).
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8.1. The linearized Euler—Lagrange equation
Let Lo := A%¢ — p|lz|*WP~1¢. Here we solve the linear problem: Given f € H, find (c1, 2, ¢) such that
(c1,¢2,0) € R x R x Hy, Lo — 1AWy — c3A*W, = f in B. (3.1)
Lemma 3.1. Assume that n > 5. There exists a positive constant ko that depends only on n and a such
that for each integer k > ko and real parameters (A, o) satisfying (2.4), problem (3.1) with f € H admits a
unique solution. Moreover, for each p € [T,n —4), there exists a constant C(n,«, p) that depends only on n,
«, and p such that the solution satisfies
le™ @l + lex| + (k) " ea| < Cln, e, p) €77 fllpra- (3.2)
The proof can be found in [19].
3.2. The Euler-Lagrange equation
Here we solve (2.8) by using Lemma 3.1 and a contraction mapping theorem. We need the following:

Lemma 3.2. Let N(¢) = |z|*[|[W + ¢[P — WP — pWP=1¢|. If p > 7, then for every ¢,3p € H (¢ # 1)),

[e™P(N () = N(¥))llp+a

= 0(1) max {[[e™®|| o+, [|E™ V| o=, [lE™ S|P, |le™ e ||P- ), 3.3
e N ()| o453 = O(1) max{[le™ |, [l S5~ Hie™ S, (3.4)
where
. m . 3m 3m/4
pr=m+r max{l, m}, p—T—‘rT max{l, m} (3.5)

The proof can be found in [19,20].

Theorem 2. There exists a large integer ki such that for every integer k > ki and (A, o) satisfying (2.4),
(2.8) admits a unique solution (c1,ca,v) satisfying

le1] + [(ek) " ea| + [[e™ 8]l = O({|L(a) |k~ + e}, (3.6)
le™oll, = O){|L(o) |k~ + (ek)™nin=3n=rp}1 41, . 4,y Ink]} Vpe[r,n—4]. (3.7)

Proof. 1. Let v = n/(n +4), n be a small positive number, say n = 1/(n +4)%, o =n —4 —1n,
p(p) =min{n —4,n—p},  X={peH : "], < (ek)"@}.
Fix an arbitrary ¢ € X. Since ¢* < 2m =n — 4, by (2.15), we see that

1™ @l < lle™@lln—a < 277l B]l, < (2A"72)" (k) 1@~ (. (3-8)

Now set f = F + N(¢). By (2.25) and (3.3) with ¢ = 0 we find that

€™ fll gra = O(l){(ek)”(g) + (ek)lvr(@=(n=3)n] min{pﬂ}} = O0(1) (k)™
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Define (c1, ca,v) in R? x Hy as the unique solution of L1 — c; A2Wy — coA’W,, = f. By Lemma 3.1,
le™]lo < Clle™® fllp+a < Ch [Ek]u(g) < (gk,)uﬂ(g)7

if k£ is large enough. We now define T¢ := 1. Then T maps X to itself if £ > 1. In addition, for any
o1, P2 € X, we have, by (3.3) and (3.8),

||EmT(¢1 _ ¢2)||g — O(].)Emp||N(¢1) — N(¢2)HQ+4 = 0(1)”5m(¢1 - ¢2)||Q

Hence, T is a contraction if £ > 1. Consequently, when k£ > 1, by the contraction mapping theorem, there
exists a unique fixed point of T in X, which gives a unique solution, denoted by (c1, c2, ®), of (2.8) in X.
2. Next, we apply (3.2) to L& = F + N(¢) with p = 7 to obtain

le™ @ll- + ler| + [(ek) " ea| = O™ Fllrsa + lE™P N ()l +4-
By (3.3) and (3.8), ||e™PN(¢)||++a = o(1)||e™ ]| -. Thus by (2.25), we obtain (3.6).
3. Finally, we notice from (2.25) that F' = Fy +F, where ||e™PFy||,,41 = O(1)|L(0) |k~ ! and ||e™P Fy || 44 =
O(1)(ek)min{n=3n=r} for p € [0,n). Hence, from
¢ = (—A)?[F1 + F2 4 plz|* WP g + i AWy + 2 A°W, + N(9)],

we obtain from (2.13) that for any p € [r,n — 4] and small positive 7,

le™llp = O™ {I Fillnsr + [ F2llp+a(1 + Lipep—ay In k) +
oW~ s + leal [AWAlntr + ezl [ AW, [lns1 + O IN ()l pasn }
= OW{IL() k" + (k)™ =27=P} (1 4 1,y Ink)}
+ O { [ lhmaxro—2) + le] + (k) eal} + Cullle™@llnma)™™ P11 (|l ] e™7),
by Lemma 2.5 and (3.3). Note that C, depending only on 7. Hence, by (3.8), there exist n € (0,1/2) and
k1 > 1 such that when k > ky, C.(||€™¢||p_q)™ P~ 11 e=7 < 1/2. This gives (3.7) for p € [, min{2+7,n —

4}]. Also by induction, one can establish the assertion (3.7) step by step for p € [2i+7, min{2i+2+7,n—4}]
for i =0,1,---,[n/2 — 2]. This completes the proof of the theorem. O

3.3. Proof of Theorem 1

For given (A, 0, k) satisfying (2.4) and k > k1, let (c1, ¢ca,v) be the solution of (2.7) given by Theorem 2.
We now find (), o) such that (¢1,c2) = (0,0). The pair (c1, ca) satisfies the following:

c1/A A0
kM =
[ lO ck

2/ (k)
where M is given in Lemma 2.6. The system is obtained by integrating (2.8) multiplied by [AW, ekW,] and
using integration by parts. We want to show that the right-hand side vanishes at some point (A, o) ~ (A*,0*).

(¢, LW,) —(F,W,) — (N(¢),W,) |’ (3.9)

[w, LW) — (F,Wy) — (N(6), Wy)

(i) First of all, direct calculation shows that, for t = A or o,

I\ k)
_<F7 Wt> - ot .
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(ii) Next, from (3.6) we obtain

€™ ¢l Lo (m) = O)lle™ ¢l = OM){|L(o)[k™" + €}
Hence, by Lemma 2.4,
(6, LW) = O(ek?)[[e™ | L= = O(ek),
(¢, LW,) = O(|L(o)| + sk) (|L(J)|1{n:5} + sk) = O(l)LQ(U)l{nzg,} + O(ek).

(iii) Finally, since (Uy—Up.—Co)x = O(1)Uy = O(l)a_mdé_" =0(1)e™|z—xo|*™™ and (Up—Ups—C(o)o =
O(1)Uy/(ekdy) = e™™(ek) ™1 di™" = O(k™1)e™ |z —x|>~™, for any chosen p € [7,n—4), we can use symmetry
and (2.11) to derive

(N(9), Wx) =k (N(9), (Uo — Uopsx — Co)a)

"N (9)| em|N(¢)| dx

=0h) [ e =00 [ o
d
O N @i [ 2T
B,
= O(R) 7N () a0
= O() | 9l mace{ ™ ¢l ™ 615}
= O(l)(&‘k’)al [1 + 11’1 kl{p*:nle}]’
O(1 mP N d O(1
o), wo) = 22 [EZROL T — S em N (@)l
B
ow)

= 2l gl max <"

"l = O(1)(eh) ™,

b
where, by (3.7),

o1 =min{n —4,n — p} + min{n —4,n — p*}min{p — 1,1} + 4 —n,
oo =min{n —4,n — p} + min{n —4,n — p}min{p— 1,1} + 3 —n.
For simplicity, we take p = 7. When n > 6, one can verify that 7 < p < p* <n—4, 01 > 2, and g9 > 1.

Now we consider the case n = 5. Then e = 1/(Ak?). In this case, m = 1/2,7 = 1/2,;n — 4 = 1, and
m + 7 = 1. The assertion of Theorem 2 can be stated as

||e’"¢||p=%{lL<o>|+%} vpelnl), "Smd’"l:%{‘”a)”%}'

We take p = 7. Then p* =1 and p = 7/8. Using the explicit bounds of ||c™¢||,, ||€™ ]|, and |[e™¢
obtain

p* we

(N[g],Wx) = O(ek),  (N[g],Ws) = O(1)L*(0)L{n=5} + O(ek).

In conclusion, (3.9) can be written as,
v c1/A EL o] | (n—4)A A L(0yO(1)ek
eaf(ek) | | 0 e |ads — X ALL (0O (1)| L3 (0) 1 sy + O(ek)
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By continuity and a simple topological degree argument, for each large enough integer k, there exists at
least one pair (A, o) = (A*,0*) + O(ek) such that ¢; = ¢a = 0, from which we obtain a solution of (1.1).

Since v = Up + R+ ¢ in Qp, upon noting that [[e™R|| e (q,) = O(1)k™ and [|e™¢|| () = O(1)k™!, we
obtain the following, of which Theorem 1 is a direct consequence.

Theorem 3. Suppose n > 5,p = Z—J_F‘L, and a > 0. There exists a positive integer K such that for each integer

k> K, (1.1) admits a solution of the form

o) = o {mase (") + S,

where € = kiﬁ%i/)\, r=(1—o/k), e is defined in (2.6), and (\,0) = (\*,0*) + O(k~77).
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