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1. Introduction

In this paper we study the local solvability in top degree of the differential complex defined by the
operators

L =0, — (0,0)(t, A, j=1,...,n,

where A is a linear operator, densely defined in a Hilbert space H. We shall assume that A is unbounded,
but it is self-adjoint, positive definite and it has a bounded inverse A~!; and where ¢(t, A) are power series
with respect to A~!, with coefficients in C>°(§2), for some open set  C R", that is,

o(t,A) = 3 dr(H) A,

k>0

These power series are assumed to be convergent in L(H, H), as well as each of their ¢t-derivatives, uniformly
with respect to t on compact subsets of €.
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Our analysis will focus on a neighborhood 2 of the origin. If 2 C R is an open interval containing the
origin, [8] shows us necessary and sufficient conditions for the local solvability and hypoellipticity of the
operator L =0, — ¢(t, A)A at t = 0.

This work concerns the following problem:

For each k € Z, such that N > "T'H“, N € Z., find open neighborhoods of 0, wy C €y, such that

Vf € Qn, H®), 3™ € Cf, ) (wy, H) such that Lo™) = f in wy, (1.1)

where

Lo™) = (Xn:Lju§N>)dt1A...Adtn.

Jj=1

We denote by C*() the space of analytic functions in §2 and assume ¢y € C¥(Q). In the text, Rpy and
S¢p denote the real part and the imaginary part of ¢q, respectively.
Let B be the ball {t € R™: |¢t| < R} CC Q.

Definition 1.1. We say that condition (¢1) holds on B if, for every real number a, the set
{t € B : R¢y < a} has no compact connected components.

Definition 1.2. We say that condition (¢/3) holds on B if, for every real number a, the set
{t € B : Ry > a} has no compact connected components.

Definition 1.3. We say that conditions (¢1) and (t2) hold at 0 if, for any open ball B centered at the origin,
there exists an open subset ' C B containing 0 such that both (1) and (¢2) hold on Q.

The main result states:
Theorem 1.4. Condition (1) at 0 is necessary and sufficient to solve (1.1).

The case where A is a linear operator, densely defined in H, unbounded and self-adjoint is also considered.
That is, we study the problem:

For each k € Z, such that N > "T'Hf, N € Z., find open neighborhoods of 0, wy C Qp, such that
Vf € CH(Qn, H®), 3N € Cf, ) (wy, H) such that Lov™) = f in wy, (1.2)

where

]LQ’U(N) = (ZLL()’U](-N))dtl VARAN dtn, Lj,O = atj - (8,5]8?%)(15)/1, ] = 1, cee,n.

j=1
The result proved is the following:

Theorem 1.5. Conditions (¢1) and (12) at 0 are necessary and sufficient to solve (1.2).

Remark. In problems (1.1) and (1.2) a category argument shows that wy can be assumed to depend only
on {1 and not on f.
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2. Notations

Let H be a Hilbert space and let A be a linear operator, densely defined in H, unbounded but self-adjoint,
positive definite and has a bounded inverse A1,

If Q is an open set in R™, with variable t = (¢1,...,t,), we denote by Q4(Q) the ring of the power series
of the form

where ¢, € C*(Q), and the series of all t-derivatives converge in L(H, H), uniformly on compact subsets
of Q.

We will use the scale of “Sobolev” spaces (for s € R) defined by A (see also [1,3,8]): if s > 0, H® is the
space of elements v of H such that Au € H, equipped with the norm |ju||s = ||A%ul|o, where || ||o denotes
the norm in H = HY; if s < 0, H* is the completion of H for the norm |u|s = ||A%ul|o. The inner product
in H® will be denoted by (, )s. Whatever s € R, m € R, A™ is an isomorphism (for the Hilbert space
structures) of H® onto H*~™. A good example of this construction is obtained when A = (1 — A,)'/? and
H = L?(R¥): then H* is the “true” Sobolev space in R”, of degree s.

By H® we denote the intersection of the spaces H?, equipped with the projective limit topology, and by
H ™ their union, with the inductive limit topology. Since, for each s € R, H* and H~*® can be regarded as
the dual of each other, so can H* and H~°°: given their topologies, they are the strong dual of each other.

We denote by C*(Q, H*®) the space of C™ functions in Q valued in H*. It is the intersection of the
spaces C7(Q, H*) (of the j-continuously differentiable functions defined in Q and valued in H*) as the
non-negative integers j, k tend to +oo. We equip C°(§2, H*) with its natural C*° topology. If K is any
compact subset of €, we denote by C°(K, H*®) the subspace of C*° (2, H*) consisting of the functions
which vanish identically outside K. It is a closed linear subspace of C*°(£2, H*°), hence a Fréchet space, and
we denote by C° (€, H*°) the inductive limit of C°(K, H*) as K ranges over all compact subsets of Q.

We will denote by D’(Q2, H—*°) the dual of C*(Q, H*), and refer to it as the space of distributions
in Q valued in H=>°. By D'°(Q, H~>) we denote the dual of C,(Q, H>), and refer to it as the space of
distributions of order 0 in Q valued in H~°.

3. The spaces #°; H#°(K); A5, (Q); M (Q),#~M(Q), M € Zy; and & (Q2, HY)

We will denote by . (R™, H*) the space of all functions v € C*°(R"™, H*>®) such that, for all pairs of
polynomials P and @ in the variable ¢, and with complex coefficients, P(t)Q(d;)u(t) remains in a bounded
subset of H* as t varies over R", i.e., such that

Vs €R, sup [|[Pt)Q(O)u(t)||s < oo. (3.1)
teRn

We equip . (R™, H>) with its natural topology (i.e., we take as a basis of continuous seminorms the
expressions in (3.1)).

We define the integral of a continuous function valued in a locally convex vector space as the limit of
Riemann sums. Then, if v € . (R", H*), we may form its Fourier transform % (u) = 4 by

a(r) = /eii”u(t)dt, V1 e R™
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It can be checked at once that 4(r) € H* for every 7 € R"; and that 4 € #(R", H*). Moreover, the
Fourier transform is a continuous linear map from .(R", H*) into itself, and it can be verified that its
inverse is given by the usual formula:

u(t) = (27)" / ¢tTa(r)dr, V€ R,

R

which shows that the Fourier transform is an isomorphism from .7 (R", H*) onto itself.
As usually, except for a multiplicative constant, the Fourier transform can be extended as an isometry
of L2(R™, H) onto itself. We have precisely:

[itaiar = ey [ o3

We denote by .#/(R™, H~°°) the dual of #(R™, H*®), and we refer to it as the space of tempered distri-
butions on R™, valued in H~°°. Since C°(R™, H*°) is dense in .(R"™, H*), we can identify ./(R™, H~>°)
(as a set) with a subspace of D'(R™, H~°°). The transposition of the Fourier transform gives an isomor-
phism from ./(R™, H~°°) onto itself, which extends the initial one, and will also be referred to as a Fourier

transform.
We define the operator A® : ./ (R", H=>*°) — .&/(R", H~*°) by

A (u(t) = FH (1 + 7> + A%)*%a(r) }.

Definition 3.1. 77, s € R, is the space of tempered distributions v on R™, valued in H~°°, such that its
Fourier transform @ is a measurable function and

(1+ |72+ A%)*/%24 € L*(R™, H) .
The norm in J#° is given by

1

2 _

Sl i+ 42000
]R'n.
If u € 5° and p € R, then we have [[|[A%u||[2 = [[|ull|2,,, i.e., A® : A5TP — P is an isometry.

Definition 3.2. Let K be a compact subset of R™. Then we call
H°(K) ={u € s° | supp u is a subset of K},
with the topology induced by 7.

By supp u we will always mean the support of w.
Let © be an open subset of R™.

Definition 3.3. We call

5.(Q) ={uecD(QH )| Vo€ CX(), we have pu € #°},

loc

with the coarsest locally convex topology which renders all the maps u — ¢u from 75 (Q) into J°
continuous.
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We give below two important properties of the spaces ##° and J4%_(2):

loc

Vs,r € R,r > 0, we have continuous injections
ST 5 A3, %SJ”'(Q) — H5.(Q) .

loc loc
Vs,r € R,r > 0,Va € Z%, A"0f is a continuous operator
from #° into s2*~"7 1 from J45,(Q) into 1 (Q).
Definition 3.4. Let M,k € Z, and o € Z}. We call
HAM(Q) = {u e L*(, H) | A*0Mu e L2, H), |a +k < M},
equipped with the norm

1/2
|||u|||M=< > IIA’“@?UI%z(QH)) :

la|+k<M
Definition 3.5. Let M,k € Z, and o € Z}. We call
A M(Q) = {T ED(QH)[T= Y A*uak, tak € L2(Q,H)},
loo|+E<M
equipped with the norm
1/2
T = mf{ ( > IIUa,kIIizm,H)) }
|| +k<M

We also give a version of Gagliardo’s inequality in the abstract set-up:

Proposition 3.6 (Gagliardo’s inequality). If s, s1, so are real numbers such that s > s1 > so, then for each
€ > 0, there exists M > 0 depending on € such that

ullls, < ellfullls + M{[lullls,,  Yu € H#7(K).

We denote by .#(R™) the Schwartz space of rapidly decaying C'*° functions in R™. As in the classical
theory we have:

Theorem 3.7. If ¢ € S (R™) and u € H°, s € R, then ¢u € H#° and
lgullls < Clllullls,  C=C(8,s).
Proposition 3.8. If ¢ € .7(R") and s € R, then
[A%, @] : P — P~ s continuous, Vp € R.

Corollary 3.9. Let M € Z4, v € Z and s € R. If Q(t,0;) = Z ay9), ay e S (R"), then
[vl<M

[A%,Q] : P — P~ M¥L s continuous, Vp € R.
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Another important class of functions is the following (see [7]):

Definition 3.10. We denote by <7 (2, H*) the subspace of C*°(Q2, H*®) given by the set of functions u €
C>(Q, H*®) such that, for every tg € (, there exist a relatively compact open neighborhood U of tg
contained in 2 and C' > 0 such that, for every k € Z, and every a € Z7},

sup |07 A*u(t)]lo < ClHE(ja] + F)! . (3-2)
teU

Alternatively, we have (see [6]):

Definition 3.11. We denote by C*°(Q, E?) the subspace of C*°(Q, H*) given by the set of functions u €
C>(Q, H*) such that, for every ¢, € €, there exists a relatively compact open neighborhood U of #
contained in 2 such that

E° = {u(t)| e“u(t) € H, t € U} for some o > 0,

ie.,

o || AFu(t
Z%ak<oo , teU, forsomeo >0.
k=0 ’

Indeed, it suffices to set | = 0 in (3.2) and take o such that Co < 1. Conversely, u(t) € E” C E° | for
some 0 < o’ <1, 0’ < o,teU. Thus, there exists kg € Z such that, if k > ko, we have

4% u(t)lo

7l <1

By induction on |a|, we conclude the proof.
4. The differential complex

From now on we consider € an open subset of R™, 0 € 2, and define, for p = 0, ..., n, the spaces

Co5(Q, H>) = {f: S fa®dts, eCOO(Q,HOO)} and

[J|=p

() (QH™>) = {f: Z frdty, fi eD’(Q,HO")},

[J|=p

where J is an ordered multi-index (j1, ..., jp) of integers such that 1 < j; < jo < ... < jp < n, |J| = p its
length and dty = dtj, A ... Adt; . Given ¢ € Q4(Q2), we define the operators

L] = Btj - (8tj ¢) (ta A)Aa .] = 17 RN 8153 Z 8153 ¢k )
k=0

and introduce, for p =0, ...,n — 1, the differential complex

L : C&?)(Q,HOO)—>C(°;+1)(Q,H°°) or

L : D (QH™) — D[, 1)(Q H)

p+1)
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given by

Lf=>" Y Ljfsdt; Adt,.

J=11J|=p

It is easily seen that [Lj, L] = L;(Lg) — Lg(L;) = 0 and so L? = 0, that is, L is a complex; and that Lf = 0
if p = n. In the same way, we also define the differential complex

n
Lof = Z Z Lj’[)f]dtj Adty,

J=11J]=p
where Lj o = 0y, — (0, Ro)(1)A, j=1,...,n.

Definition 4.1. L is locally solvable at the origin in degree p, 1 < p < n, if, given a neighborhood Q' C Q of
the origin, there exists a neighborhood Q" c ', 0 € Q”, such that

Vfe O (@, H>), Lf =0, Ju € Dy, 4, (Q", H*°) such that Lu = f in Q".

p—1)
Lemma 4.2. L is locally solvable at the origin in degree p if and only if this is true of L.
Proof. Set

ai(t,A) =i Soo(t) + o(t, A) —do(t) , te .
It is immediately checked that u — U(t)u, where

U(t) — ™ (t,A)A,

defines an automorphism of Df, (2, H~*) or of CF (€', H*), 0 < p < n.
For each f € D (', H™>), 0 < p < n, we have

(P)
LUf=ULyf
and
LoU ' f =U"'Lf.
Then, for 1 < p < n, the end of the proof is an easy consequence of both equalities above. O

In virtue of Lemma 4.2, we get

Lemma 4.3. Definition 4.1 for p =n is equivalent to:

3 an open set U C ', 0 € U, such that Vg € C*(U,H*®), 3v; € D'(U,H~*°), j =1,...,n, satisfying

Llyovl + ...+ Ln,O'Un =g mn U.
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5. Solvability

From now on we assume ¢g € C%(Q) real-valued. We recall that B = {t € R" : |t| < R} CC Q and
initially we study the following equation (local solvability):

[So]*  For every f € C°(B,H™), there exist u; € D'(B,H*°), j =1,...,n, satisfying
Ll’oul + ...+ Lmoun = f in B. (51)

Theorem 5.1. Condition (1) on B is necessary and sufficient for the local solvability of the equation (5.1).
6. Conditions (1) and (¢2)
Proposition 6.1. Conditions (1) and (¢2) on B are equivalent to
i = mi 1l t subset K of B
min do min ¢o,  for all compact subse of
and
= ll t t K of B
max do max ¢o,  for all compact subse of B,

respectively, where OK is the boundary of K.
Proof. See [4], Proposition 2.2. 0O

Proposition 6.2. (Case n =1) Let J be the set {t € R: |[t| < a} and let ¢y be a real analytic function in J.
Then condition (1) holding on J is equivalent to

() if dp(t) <O for somet € J, then ¢(t) <0, Vte J, t>t.

Proof. The equivalence is trivial if ¢ is a constant. If (¢]) is not fulfilled, then there exist points to > t;
in J such that ¢}(t1) < 0 < ¢} (t2). By intermediate value theorem, the set Z containing points where ¢
is null intersects the interval ]t1,t2[. We may write ZNJt1,t2[= {s1,..., SN}, which has a finite number of
points, since ¢ is analytic and it is not a constant. Necessarily there exists j such that ¢ changes the sign,
from minus to plus, at s;. Thus, s; is a strict local minimum point of ¢y and, therefore, (¢/1) does not hold
when K is a small compact interval centered at s;.

Conversely, if (11) does not hold on J, then there exists an interval I CC J such that

min oo < min o0-
Let
Po(t1) = mlin ®o-
Since t; is a local minimum point of ¢y, it follows that ¢{(t1) = 0 and, as ¢ is analytic in J, there exists

an open interval I’ C I, t; € I, such that ¢; is an isolated zero of ¢f, in I’. Again, ¢; being a local minimum
point of ¢¢ in I’ implies that
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do(t) <0, t <ty tel,
oo(t) >0, t >t tel’,
which is the contradiction of (¢}). O

Proposition 6.3. (1)1) implies the existence of a constant C > 0 satisfying the following property:
eVt e B, Ja curve vy, analytic by parts, which connects t to a point on the border of B, satisfying
do(s) < ¢o(t) for every s on v, and the length of v < C.

Proof. See [4], Proposition 2.6. O
7. Sufficiency of Theorem 5.1

The formal adjoint of Lj ¢ is equal to L¥ ; = — (9, + 8y, do(t)A).
If ¢g is a constant, then

= /f(517t27 wotn)dsy, To € [-R,R], uz=...=u, =0,

is a C°°(B, H*) solution of the equation.

Let us suppose that ¢g is not a constant. We take ¢t € B. By Proposition 6.3, there exists a curve y; and
a constant C' > 0 such that v; connects t € B to a point t € 9B, satisfying ¢o(s) < ¢g(t) for every s on 74,
and the length of 7 < C. We have

() = / ds(e(%(s)fa&o(t))Au(s))

vt

1 n
/Z [0t ON =00 ()] 5} (), Y u € C(B,H).
o J=1

Hence,

n

Ol = / (Z” D= AL () 13 ) (15012

= j=1
<Y (s I5un)Io) [ i)l
=1 ve|0,
N
<c
< Oy Zsup 115 oullo,
Jj=1
which implies
sup lu()lo < Cs Zsup 1L gu(t) o, Yu € C(B, H®). (7.1)

Jj= 1
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Define, with the topology induced by (C.(B, H*))", the subspace
E={(LioY,... L, o¥) 1 € CZ(B,H*)} — (Cc(B,H™))".

For each f € C®(B, H*) D C>(B, H*), consider the mapping

(L o Lot — [ ((0). 100t
B
Due to (7.1), T is well defined and it is continuous, that is,
I T(L1 0%, - L o) < Cs Zigg IL0% () lo-
j=1

By Hahn-Banach theorem, there exists a continuous linear functional T : (C.(B, H>))™ — C which is an
extension of T, that is, T = (T4, ..., Tp) € (D'*(B, H=>))" < (D'(B, H=>))".
Therefore,

<L1’0T1+...+Ln’ofn7¢> Z<T]7L;Ow>

T( O'@[Jv" Ow)
=T o9, -, Ly 0¥)
— [ @) st
B
=< f >, Vi € C°(B,H™) .

We now prove the sufficiency when n = 1. Indeed, conditions (1) and (¢)}) on J are equivalent to the
following property (see [8], page 208):

o (¥Y) There is a point Ty in the closure of J such that, for every ¢ € J and for every s € J belonging to
the interval joining ¢ to Tp, we have

bo(t) — do(s) <0
Suppose that (¢/{') holds. Then, a solution of the equation
Oru — (Orpo) (t)Au = f in J,
with an arbitrary f € C°(J, H*), is given by

t
u(t):/ewo(t)—m(s)mf(s)ds € C™(J,H™).
To
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8. Necessity of Theorem 5.1

Lemma 8.1. If [So]* is satisfied, then for any compact K C B, there exists an integer M > 0 and a constant
C > 0 such that, Yu, f € C*°(K, H*®),

‘ Juw odt\<c<sup ST A £ ||0)<ZSHP S AL gu(t) |0>- (8.1)
R TR 1+]B1<M

Proof. Consider the bilinear mapping
C=(K, H™) x C2(K, H*) -1 C
(Fru) > [ (£(0)u(®)ydt

We know that C2° (K, H*), equipped with the seminorms

sup Z | A2 £ (1) |lo,

Kiyig<m
is a Fréchet space and that it is a metrizable space under the seminorms
1
Z sup Y || AL gut) lo -
i=1 "SR oyipi<m

For fixed u, f — J(f,u) is continuous.
For fixed f, by hypothesis there exist v; € D'(B, H~*°), j =1, ...,n, such that > L, gv; = f. This yields

n

[ G| <> s S A0 o) o

j=1 €K 1y 15<m

So u — J(f,u) is continuous. From the classical functional analysis theory, J is continuous in both
variables. This proves (8.1). O

We now prove the necessity of condition (1) on B.
We are going to show that, if (¢/1) does not hold on B, then (8.1) cannot hold either, for some compact
K C B, whatever the integer M > 0 and the constant C' > 0.

Assuming that (1) does not hold on B, we can find a compact K; in B, K;# ), such that
min $o < min bo-

——
=¢o(to)

Let us set
ao(to, 1) iﬁbo(t)—ﬂil(in%, te K.
1

Then we have
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Oéo(to,t) >0,t € dKy,
Oéo(to,t) Z 0, te Kl.

Due to the continuity of a in B we can find a compact K, K1 C K C B, K # K3, such that ag(tg,t) > 0,
vVt € K. We select a function g € C*°, g(t) > 0, with compact support in K, equal to one in K; and such
that, for a suitable constant ¢ > 0,

ap(to,t) > ¢ >0 whenever Vg(t) # 0. (8.2)
Observe that, given any ug € H*°, the function
h(t) = e~ o(to,t) Ay
is a solution of the homogeneous equation —L7 ;h = 0. Consequently,

—Ljo(gh) = (01, 9)h. (8.3)

We use the spectral resolution dE) of the operator A and consider a point, which we denote by 72,
towards +oco in the spectrum of A. We shall denote by IL. the spectral projector of A corresponding to the
interval

Jr = {)\€R+ : \)\—7'2| §T},
that is to say,
I, — / dE()) .
JT
We choose ug,» € H* such that
||u0,‘r||0 =1, HTUO,T = Uo,r -

Note that such an element ug , always exists. Indeed, we know that there exists uq(7) € H such that
u1(7) = IL;ui (1) # 0. We may then take, for some € > 0,

ug,r = e~ ur(7)/le” Mus(7) 0.
Note that

h(t) = emolto Ay, = / em 00 DAIE(N)ug (8.4)
Jr
We apply (8.1) with u = gh and f = F(T(t — to))uo,r, where F' is a non-negative C'*° function on R",

vanishing for |¢| > 1 and equal to 1 for ¢ = 0. Note that suppF C K, for large 7.
From our choice of ug , we derive at once (7 is large)

1/2
14%u0.r [l = [ A'TEruo~ |, = ( / AQ’dIE(A)uO,A%)

A

< (4 ) [Meuolly < 2%,
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whence

sup >[40 Sy = Cor 7.

I+1Bl<M

And if we combine (8.2), (8.3) and (8.4) (taking into account the definition of .J; ), we get

Z sup Z |AlatBL;,0U(t)Ho < O™ e for large T .
Kivig<m

Thus, if (8.1) is valid, we should have (for large 7)

‘/ Odt‘ < CyrMe=em’ /2, (8.5)

On the other hand,

Joto. snade = [ [ eentoinr s B F (s

|si<1 7

But, if s € suppF (hence |s| < 1),
S -2
0< Oéo(to,to + —) <Cir
T

Therefore, for a suitable constant ¢’ > 0 and all sufficiently large T,

‘/(U(t%f(t))odt] — e~ G147 / ds/d||E 2 > dpn
- uo, - I3 =1
and this contradicts (8.5).
9. A more precise result of the local solvability of the underdetermined system
In this section we write ||v||s,5 = 75sujg [lv(t)||s, where B’ is an open subset whose compact closure is
B

contained in B = {t € R" : [t| < R}. We recall the following well known lemma:

Lemma 9.1. Let w be an open subset of R"™ and let ® be a real C°° function in w. Suppose that there exist
M >0 and 0 <6 <1 such that

Vo| > M|®° in w. (9.1)

Define ¥ = {t € w | VO(t) = 0} and consider, for each t € w\ X, the solution v¢(7) of

{% = — e (m)
%(O) =t

defined in [0,6(t)[. Then there exists a C >0 and o > 1 such that

®(t) — @(ne(r)) = €7, VT e[0,0(t)[-
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Remarks. The inequality above implies that §(¢) is uniformly bounded in w. There exists the limit

lim (1) =1(t) € dwUX
T—8(t) -

for each t € w \ X. Furthermore, if [(t) € ¥ then ®(¢) > 0.
Proposition 9.2. Let £5 = —(d: + d(¢o)A) be defined on B and suppose that the real analytic function ¢g

satisfies (1) and (9.1) on B. Then, for every ¢ > 0 there exist B CC B and a constant C' = C'(B’') > 0
such that

olles < C'liSollos . Vo€ C2(BLH).

Proof. Let u € C°(B, H*) and consider B’ CC B and t € B’ \ ¥. We study two cases:
First case: I(t) € 0B.
We know that

—ePoMAy(p) = /ds(e%(s)Au(S))

Yt

= /e%(s)AESu(s)ds.

Yt

Hence,

Afu(t) = f/Aee(d’o(S)*‘z’o(t))ASsu(s)ds.

Tt

Taking Lemma 9.1 into account, we have

u(®)]]e < / || Ace(0() 60D g (5)] o
Yt
< Cy sup || €5u(s)||o length(~y:)

sEvVe
< C1|&§ullo. B length(y:) , Vte B'\ X.
As ¢ has no local minimum, ¥ has empty interior and then
[lulle,s < C'l|€5ullo,5 -
Therefore,

1olle.sr < C'|€50llo.Br » Vv € CZF(B', H™).

Second case: I(t) € ¥ (¢o(t) > 0).
We choose tg arbitrarily close to [(t) satisfying:

e @o(tp) < 0 (¢po has no local minimum).
o tp € V, where V is an open convex neighborhood of I(¢) in which ¢o(s) < ¢o(t), Vs € V.
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Notice that
eP Ay (1) = {20 DAy (t) — e U Ay (1(1)} + {ePo U Ay (1(1)) — o)Ay (1)} 4 o) Ay (ty).

Using

e¢0(t)Au(t) _ e¢0(l(t))Au(l(t)) = _/eaﬁo(s)A%u(s)ds
Yt
we have
u(t) = 7/6(¢o(8)*¢o(t))1425u(8)d5 + eﬂbo(t)A{e¢o(l(t))Au(l(t)) _ e¢o(to)Au(tO)}

Yt

+ e(¢0(t0)*¢0(t))Au(t0).

To estimate ||u(t)||c we estimate the following terms:

1.
H / Afe(@0() =P Agsy (5)ds|| < Oy sup ||Lyu(s)|o length(yy), (9.2)
J 0 SET
as in the first case.
2.
||Aee(¢o(to)—¢o(t))Au(t0)||0 )
As i(t) € &, it follows that ¢o(to) < 0 < ¢o(t). Thus,
|| Ace(@oto)= 00D Ay (tg)[o < Csllulto)llo - (9-3)
3.

Ae DAL (OA1(1)) — e Au(to)} o

By the choice of tq it follows that ¢g(s) < ¢o(t), Vs € [I(t), to]. We use

B0 U Ay (1(1)) — ePo(t) Ay (15) = — / e®0 (DA gs(s)ds.

s€[l(t),to]

Thus, we get

|[ASe™ 0 DALdo DAY (1(1)) — ePoto) Ay (1)} ||o < / || Ace(@o(s)=Po()A gy, () ||o|ds]
sE[L(t);to]

<Cys sup |[[€yuls)llo [to — I()]. (9.4)
S€lI(t),to]
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Adding the estimates (9.2), (9.3) and (9.4), we obtain, Vt € B"\ 3,
lu()]le < C2 Sup [|€5u(s)[lo length(ye) + Cs Sup [lu(s)o + C4 sup [1€6u(s)llo [to — 1(2)] -
Since t( is arbitrarily close to [(t), it follows that
lu(®)lle < Cosup [[€us)llo length(v) + Cssup [lu(s)llo, ¥t € B\ 2.
As ¢g has no local minimum, ¥ has empty interior and then

[lulle,sr < Cs(||gullo, 5 + [[ullo,)-

Hence,

lolle.sr < C5([1€5vll0.87 + |[vllo.57) » Vv € CZ(B', H™).

If necessary, we can take a small enough B’ such that

[[ollo, lolle,B" -

[
—C5+1
Therefore,

lvlle.s < C'lI€50llo,Br s Vv € CF(B, H™). D

Proposition 9.3. Let £5 = —(di + d(¢o)A) be defined on B. Suppose that for every € > 0 there exists a
B' cc B and C' = C'(B’) > 0 such that

lolle.sr < Cl[E5vllo.B Vo € CF (B, H™).
Then, for every s € R and every e > 0 we have
[0llse5r < C'|€50]ls,5r s Vo€ CF(B', H®). (9.5)
Proof.

[[0]]s+e,87 = [|A°0]]e,
< C'|g5AY]|o. B
=C'|&vlls,pr, YoeCX(B,H®). O

Remark. (9.5) can be written as
n
sup [[0(t)|ls+e < €'Y sup [|L; gu(t)]]s. (9-6)
teB’ ioaten

Proposition 9.4. Suppose that for every s € R and every e > 0 there exist B CC B and C' = C'(B’) > 0
such that

l|[V]|s1+e,80 < C'|L50||s,50 , Vv e CX(B',H®).
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Then, for every s € R, every e > 0 and every f € C°(B’, H®), there exists au; € D'°(B', H**¢), j =1,
such that

Z L]’,Q’LLJ’ = f
j=1

Proof. Define, with the topology induced by (C.(B’, H=*7¢))", the subspace

E={(L]o®,....L; g¥) :p € CZ(B', H®)} — (Ce(B,H*79)™.

For each f € C°(B’, H®), consider the mapping

E-L
(L gt o L o18) / (A=*(t), A° F(t))odt .
J

Due to (9.6), T is well defined and it is continuous, that is,
T gt L) < [ 14°FOllodt sup 100)]-
B/

< 00" sup L5 g8 (1) o

j=1

By Hahn-Banach theorem, 7" admits a continuous extension u : (C.(B’, H=*~¢))” — C, that is, it admits
u; € D'°(B', H**¢), j = 1,...,n, such that

n
<L1’0U1+~~~+Ln,0un ’ 1/}>:Z<’LL] ’L;Ow>
j=1

= u(L} 0¥, ..., L, g1)
= (L] gy L o)
_ / (A5 (t), A° £ (t))odt

B’

=< f,) >, Vip € CX(B',H™) . O

Remark. Propositions 9.2, 9.3 and 9.4 are valid if ¢¢ is a real C* function satisfying (¢1) and (9.1) on B.

10. Finite order regularity solutions of Theorem 5.1

Define A = L7 5 + ... + L3 ; — A%. Then A = A% + Q, where A® = 377 | 97, — A and
Q=3 { — 02 60(t) A — 20,60 (1) ADy, + (B, bo(1))* A%}

Jj=1

Proposition 10.1. There exists an open set U CC B, 0 € U, such that, for some C > 0, we have

ullle < C([Aulllo +[llulllo),  Vu e CZ(U, HY).

245

ey M,
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Proof. We may assume V¢(0) = 0. If u € C°(B, H®), then

NI )lfdr
R’Vl
— o / (7P + 42) ) (1)

@y °
R™

1

> 5 el = 1ull

Thus,
Il < 4l + 411Qul3 + 21l . (101

Given € > 0 there exists an open neighborhood of the origin U CC B such that [0;;¢o(t)| < €, Vt € U,
Vi =1,...,n. It follows that there exists a constant M > 0 such that \@2], do(t)| < M, VteU,V¥j=1,..,n
If w e C°(U, H*®), then

1Qull2 = / 1Qu(t) Bt

Rn

<> /W do(t) Au(t)| 2t + 4/”2«% o0(t)0y, Au(t) 3t +
j=1

2 [ 110, 00(0)*A%u(o) )
RTL
< 4nd([Jull} + 6ne?|[]ulll3.
Using this estimate in (10.1) we obtain
[lull3 < 4[| Aull[§ + 1600 [[]ul| [T + 24ne®|||ul[5 + 2{][ul|[3- (10.2)
By Gagliardo’s inequality, there exists M’ > 0, depending on ¢, such that
lulllF < 2€[[ull3 +2M"[]]ullf5 -
Combining this estimate and (10.2) it follows that
lull3 < 4| Aull[§ + (32nM%€* + 24ne®)|||ull[3 + (32nM>*M" +2)|[Jull[F .
If we now choose € such that (32nM? + 24n)e? < 1, we finally prove the proposition. O
Lemma 10.2. For every open set V. .CC U, for every s € R, there exists C = C(s,V) > 0 such that
[ollls+2 < CUNAD][s + [[[v]lls), Vo€ CZ(V,H). (10.3)

Proof. Let V. CC U be an open set and let also x € C2°(U) be identically equal to one in V. For a real
number s and for v € C°(V, H*), we obtain
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vllls+2 = [11A°(x0)lll2
< [[IxAolll2 + [[[[A%, x]vl[|2
< [[IxAolll2 + Cullo]l]s41-

If we apply Proposition 10.1, we obtain
Hvllls+2 < ColllAGA V) [0 + Coll[]l]s+1-
Since A(xA®) = A*Ax + [Ax, A®], where [Ax, A®] is an operator of order s + 1, it follows that

Hvllls+2 < Coll[[A*A(xv)lllo + Csl[v]l]s+2
= ColllAOC)Ils + Csll[v]lls+
< Cu(11A]lls + [lv][ls41)- (10.4)

By Gagliardo’s inequality, there exists M > 0, depending on Cy, such that

1
vfllsta <

< G pilvlllsee + Mol

Using this estimate in (10.4), we prove the assertion. 0O

Lemma 10.3. Let V be an open set such that V. CC U. If u € H51 (V) is such that Au € J3,(V), then
u € ARV,
Proof. Let W CC V be an open set and let § € C°(V) be identically equal to one in W. It will suffice to
show that fu € #7572,

Let B, = e~““p. * -, where {p.} is the usual family of mollifiers in R™. As in the classical theory, we have
Be(Ou) — Qu in 75! as e — 0 and also

AB,(u) = B.A(Ou) + [A, B)(0u) =2 A(fu) in #°

by Friedrich’s lemma, since A(6u) € #°. Thus, if we take ¢, — 0 and if we apply (10.3) for v = B, (6u) —
B, (6u), we conclude that {B., (fu)} is a Cauchy sequence in 5#*T2. Hence, fu € 212, 0O

Proposition 10.4. Let s € R. If u € D'(U, H~) is such that Au € J5,(U), then u € H#,51*(U).

loc

Proof. Let w € D'(U,H *°) and let s € R. Let also V. CC U be an open set. As in the classical theory
of distributions, we can find [ € Z, such that u|v € %SJHI(V). Since Au|v € %’ﬁgl(V), if we apply
Lemma 10.3 replacing u and s by u|v and s — [, respectively, we obtain u|v S ek (V). By an iteration

loc
process, it follows that u’v € #5T2(V). Therefore, u € 72(U). O

loc loc

Lemma 10.5. For N > 1, AN is hypoelliptic in U.

Proof. Let u € D'(U, H=*°) such that Au € C>(U, H*). By Proposition 10.4, u € 751 (U), for every s.
Therefore, u € C°°(U, H*). By induction on N, A% is hypoelliptic in U. O

Lemma 10.6. For every open set V.CC U, for every s € R and for every M > 0, there exists C' = C'(s, V) >
0 such that

lolllsr2 < C (Al + [lollls-nr), Vv € CZ(V, HX). (10.5)
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Proof. Let € < 1/C. By Gagliardo’s inequality there exists M’ = M’(e) > 0 such that
lollls < ellfolllss2 + M |l[v][[s—ar, Vv € CZ(V,H™).
Combining this estimate and (10.3), we prove the lemma. 0O

Lemma 10.7. For every open set V. CC U, for every s € R and for every N € 77, there exists C' =
C(s,N,V) > 0 such that

1ollls+2n < CUNANo||s + [[[o]l]s), Vo € CZ(V,HX). (10.6)
Proof. By an iteration process using (10.5) we obtain

I10]l[s2n < CMIIAN]lls + CV AN 0l|s—ar + OV | AY 20| sg2-nr +

CV2NAY 0l llspamnr + -+ CP | AV |sy2v—2)-21 + C' 0l ss2(v-1)-ar-
We now choose M = 2(N — 1). It follows that
[[ollls+2n < VAN ][] + CVIAY 0]l s—av—1) + CNTHIIAY 20| s—av—2) +
CN AN 0 l|s—2(v—3) + -+ + CZ[[|Av][Js—2 + C'[[J0]l]

But for every k = 1,2,3,...,N — 1, A* is a continuous operator from J#° into J#°~2*. The proof is
complete. O

Lemma 10.8. For every s € R, for every N € Z7, and for every tg € U, there exists a neighborhood ws n of
to such that for some constant C; = C1(s, N) > 0,

llollls+2n < CLllIANV]l]s, Vo € O (ws,n, H).

Proof. Let us suppose that there exist s € R, N € Z} and tg € U, which can be translated to the origin,
such that for all sufficiently large j € N, there exists v; € CZ°(B;,;(0), H*) such that

llojlllsan > 5 AN ][,
Writing u; = v;/|||vj|||s+2n, We obtain

uj € CF(Buy;(0), H®),  ujlllssen =1, AV ullls < 1/5.

From the equality, we conclude that a subsequence of u; converges weakly in #+2N(B;(0)), hence, it

converges in #°(B1(0)) to some u € #°(B;1(0)), which means that ANu; — ANy in the sense of
distributions. From the inequality we obtain ANw;, — 0 in 5#*(B1(0)). Thus, ANy = 0 is such that
suppu = {0}. Therefore u = 0.

On the other hand, by (10.6), it follows that
g llls+en =1 < CUNANwj, 1] + [, [1]s),
such that |[|ANu;,|||s — 0 and |||u;,|||s — 0, which is a contradiction. 0O

Proposition 10.9. Given M € Z and N € Z% there exists a neighborhood w of the origin such that, given
f € #M(w), there exists u € A*NTM (W) satisfying ANu = f in w.
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Proof. If A* denotes the formal adjoint of A, then we may find an analogous estimate to that in Propo-
sition 10.1. Thus, as obtained in Lemma 10.8, there exists a neighborhood w = wys n of the origin such
that

6lll-ar < CMA NG|l -anv-2r, Vo € CZ(w, H™). (10.7)
Define, with the norm induced by #~2N~=M (), the subspace
E=ANN(C®(w, H®)) © CF(w, H®) c 7 2N"M ().
We now consider the mapping

E -1 oM (w)
AN ¢,
Due to (10.7), T is well defined and it is continuous. Therefore, T" admits a continuous linear extension
F o 2N="M () — =M (w), since E is a subspace of the Hilbert space 72N =M (u) and 7#~M (w) is a
Banach space.

Let the transpose of F' be the map G : M (w) — 22N+ M (). For f € #M(w) and ¢ € C(w, H*®),
we obtain

<ANGfp>=<f,FANy> = <fo>. O
Theorem 10.10. A is analytic-hypoelliptic in U.

Before the proof, we note that it follows from Lemma 10.5 that u € C*°(U, H*). Since the statement of
the theorem is local, it is sufficient to prove that every point in U has an open neighborhood w where w is
analytic. In view of Lemma 10.8, we may take w CC U so small such that

1167 A'ulllo < C'[|Avlllo, o +1<2, Vo€ CF(w, HY). (10.8)

We denote by w, the open set of points in w at distance > € from the complementary of w, and introduce
the notation

New) = ([ llteyigar)”

Lemma 10.11. With a constant C, independent of v,e and €1, we have

N, (0 A) < C(HIN, (Av)+ 7 TN (97 A)) (109)
|B]+1<2

if la] +1<2 and v € C®(w, H®).
Proof. We can choose ¢ € C2°(we, ) such that ¢ =1 in weye, and
|00 p| < Cpe o (10.10)

for suitable constants C,, independent of € and ;.
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Using (10.8) and (10.10) we obtain, if |a| +1 < 2,
Neve, (07 Alv) < (|07 AN (@0)lIl0 < C'[l1AG0)]]lo

< C(Ne (Av) + € 2N, (v) + €t Z Ne, (0,v) + € ' N, (Av)).
j=1

If we multiply by €2, the estimate (10.9) follows when |a| + [ = 2, and it is trivial if o] +1 < 2. O

Proof of Theorem 10.10. Choose a small open set w CC U such that Lemma 10.11 is valid and that
[, dt <1.
Writing ¢; = sup |05 07, ¢o(t)| + 2sup 950y, ¢o(t)| + sup |95 (dy, 0(t))?| we have, by hypothesis for some
tew tew tew

constant D,

n

> e <Dl ot

i=1
This implies that
ol "¢ < DI ot 1o, (10.11)
i=1

where the supremum in the formula of ¢; is now taken over wj. and such that je < 1 is sufficiently small.
The analyticity of f = Awu means that

sup (|0 A! fllo < DI+ (ja] 4+ Dlet
w
for some constant D. And this implies that

e F sup ||arAlf]|o < Dl (10.12)

Wlale

(la| + De < 1.
We now claim that there exists a constant C such that for every € > 0 and every integer j > 0, we have

N (02 Alu) < I i ) < 2 44 (10.13)

It is easy to verify that this is true when j = 1. Assuming that (10.13) is proved for one value of j, we shall
show that (10.13) follows with j replaced by j + 1. To do so we only have to estimate the derivatives 9% Alu
with o] = 2 4 j. We can write @ = o/ + o/ where |o/| = j and |o/| = 2. Applying 9 Al to Au = f gives

A Au=0"Alf+g, (10.14)

where
-3

=1 0<~y<a’

— 0] (O 6o (1)0F 7 A% )

!
(‘i) (a,?ai Go(t)0F ~T ALy + 2079, o (1)0 TETT ALy,
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here e; = (0,...0,1,0,...,0), where 1 is at the i-th position. We can estimate the right-hand side of g by
means of (10.13). In view of (10.11) and the fact that

2 0)=0)

we obtain

TN (g (i) DRI Rk

Dk+10{+2+l7k+1 < 2D2C{+2+l

J
B>
k=1
J
35
k=1
if C1 > sup (2D, 1). If we use this estimate and (10.12) in (10.14), it follows that
TN, (ADY Alu) < DI 4 2Dyt (10.15)
if C1 > sup (2D, 1).
We now apply Lemma 10.11 to 8 u with e; = je and a replaced by o In view of (10.15) and (10.13),
we then obtain
€|a’+a”\+lN(j+1)E(821'+04”Alu) < C(Dj-i-l-i-l + 2D20{'+2+l + 02012+j)

where Cy = Z 1. Hence (10.13) follows with j replaced by j 4+ 1 provided that
|8l+1<2

C(Dj+l+1 + 2D2C{+2+l + 02012+]) < 012+j+l+1.

This condition is fulfilled for every j if C; > sup(2D,1,C(1 + 2D? + C3)). Thus the proof of (10.13) is
completed.

Now it follows from (10.13) that u is analytic in w. In fact, let K be a compact subset of w and choose
¢ > 0 so that K C w,.. Setting j = |a| and € = ¢/j in (10.13), we then obtain

Ne(9; A'u) < O (Ja] o) .

Application of

sup |[A'u(t)||f < " /HafAlu(t)Hgdt (10.16)
teK

[BI<ng,

with u replaced by 0fu gives, with a constant C,

i 109 Alu(t)|o < C(Cy/e)*H(|a] + 1 + n)lelFtm),
te

The right-hand side can be estimated by C1*I*!*1(|a|+1)! for some constant C, which proves the analyticity
of w.
For a proof of (10.16), see [5], page 109. O
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Lemma 10.12. For N > 1, AN s analytic-hypoelliptic in U.
Proof. By induction on N. 0O
11. Sufficiency of Theorem 1.4

By hypothesis, there exists an open ball B’ centered at the origin such that 1); holds on B’. Applying

Theorem 5.1, for every f € C°(B’, H*®), there exist ug-N) € DB H~>), j =1,...,n, such that

n
ZL]‘70 UgN) = ANf in B/.
j=1

From the fact that the distributions ug.N) are of order zero, if the integer M is such that

M>Z

3 (11.1)

then:

e we can choose an open ball, centered at the origin, Qn = Bx(0) CC B’ satisfying Lemma 10.8. In the

equation above we take the restrictions of ulg»N),j =1,...,n,and of f to By (0). Relabeling them, we get

n
> Lio uf™ = ANf in By(0), (11.2)
j=1

where ug-N) € D°(By(0),H=),j =1,...,n, and f € C=(Bn(0), H>).

e ul") € M (By(0)).

Due to Proposition 10.9, there exists, for each j, v](-N) € A?N-M(By(0)) satisfying

ANy — o), (11.3)
If we take
2N—M>k;—|—g, (11.4)

it follows that 2N~ (By(0)) C C*(Bn(0), H*). From (11.1) and (11.4), if N > 2% then, for each j,
v§N) € C*(Bn(0), H*). Combining (11.2) and (11.3), we obtain

AV (Y Lo oM - ) =0,
j=1
Applying Lemma 10.12, it follows that there exists gy € &7 (Bn(0), H*) such that
D Lio o = f =gn. (11.5)
j=1

But we can choose a small ball wy = Bx(0) CC By (0) such that the function
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t1
h(t) = / (G0t tartn) =bo(sntorti DAy (51 1., t,)ds1 € of (By(0), H")
0

is a solution of the equation

LLO hN = gnN in BN(O) (116)

/

In fact, by hypothesis, gy € C*°(Bn(0), E?) for some ¢ > 0. We have to prove that hy € C*(Bx(0), E7)
for some o’ > 0, for some Bx(0) CC Bn(0). Let 0 < ¢’ < 0. It suffices to choose By'(0) in order to have

0<o' + oo(t1,ta, ...,tn) — ¢0(81,t2, ...,tn) <.
Finally, from (11.5) and (11.6), we obtain

N)

Ll,O (’U% — hN) + L270’U£N) + ...+ Ln’o’UgN) = f in BN(O)

12. Necessity of Theorem 1.4

By hypothesis, (1.1) is fulfilled. By Lemma 4.3, there exists an open ball By (0) C Bx(0) such that for
every g € C°(By/(0), H*®) there exist v; € D'(By/(0), H®),j = 1,...,n, such that

L1)0U1 + ...+ Ln,O'Un =dg in BN(O)
Applying Theorem 5.1, 91 holds on By/(0). Therefore, 1, holds at 0.
13. Corollary

As a consequence of Theorem 1.4, we have
Corollary 13.1. Condition (1)2) at 0 is necessary and sufficient to solve the equation

LT_OugN) +...+ L;OugN) =f in wy.

Proof. In fact, setting xg = —¢g, it follows that
—Lio =0, —0i,;xo(t)A and m}}n Xo = rg}l? Xo, V compact K of B. ]
14. General case

Let H be a Hilbert space and let A be a linear operator, densely defined in H, unbounded, but self-adjoint.

Let (Ey), —0o < A < 00, be a spectral resolution of A.

For ¢ > 0, we consider three orthogonal projections of H defined by the operators E_., E. — E_, and
I — E., and their correspondent spaces H_ = E_.H, Hy = (F. — E_.)H and H, = (I — E.)H, that are
Hilbert spaces, since they are closed in H. These spaces are two by two orthogonal and they define H by
H=H_©& Hy® H;. Let A_ be the restriction of A to the elements of its domain that are in H_; in H_,
the operator A_ is self-adjoint, negative definite and has a bounded inverse. Let Ay be the restriction of
A to the elements of Hy; in Hy, the operator Ag is self-adjoint and bounded. At long last, let AL be the
restriction of A to the elements of its domain that are in H,; in H,, the operator A, is self-adjoint, positive
definite and has a bounded inverse. Those three operators determine the operator Aby A = A_ 4+ Ag+ A4
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As —A_ is a self-adjoint operator, positive definite and has a bounded inverse in H_, we may define
the family of “Sobolev” spaces H?, for s € R. Once A, is a self-adjoint operator, positive definite and
has a bounded inverse in H,, we define the family of “Sobolev” spaces Hf, for s € R. Then we define
H® =H? @ Hy® Hi, for s € R. In this general case we also define H>®, H~=>°, C>®(Q2, H*), C°(Q, H*®),
D'(Q, H~*°) etc, where € is an open set in R™.

The spaces HY® and H defined, respectively, by Ay and by —A_ have duals denoted by H;> and
H-™

We now prove Theorem 1.5:

Proof. We split equation (1.2) into three equations:

(0, ul™) + (31, 60) () (—A_)ulM) = £,

<.
i M:
Il

NE

(81, uj0 — (D¢, do) (t) Agujo) = f2,

<.
Il
—

0,y — (0, 00) ) ALuY) = £+,

M:

<.
Il
—

whereu ) e CF(wy, HY), ujo € C*(wy, Hp), u§l_\p € C*(wn, HY), f~ € C®(Qn,H™), f° € C=(Qn, Hp),
f+ S COO(QN, )

By Corollary 13.17 we solve the first equation above if and only if condition (¢3) holds at 0. By Theo-
rem 1.4, we solve the third equation above if and only if condition (¢1) holds at 0. Now, a C*™(wn, Hp)
solution of the second equation is given by

ty
Ug) = ... = Upg = 0, ulO(t) — /e(¢70(t1,t27~..,tn)_¢0(81J‘z,...,h,,))AofO(Sl’t27 ,tn)dsl
0

Indeed, the exponential in the integrand defines a bounded linear operator in Hy and an automorphism
(depending smoothly on t) on the spaces of distributions D' (wy, Hp), C*®(wn, Hp), etc. O

15. Examples

Example 15.1 (A solvable system but no solvable Ljg). Consider B = {t € R? : |[t| < R} CC Q and
gf)o : Q0 —R given by ¢0(t1,t2) = t% + t% — 3t1t2.

Proof. (0,0) is the only critical point of ¢g, and the hessian of ¢q at (0,0), H(0,0), is equal to —5 < 0.
Hence, ¢y does not have local minimum value and, consequently, the underdetermined system is solvable
by Theorem 1.4.

We state that Lj o is not solvable in B. Indeed, the function (9, ¢0)(t1,0) = 2¢1 does not satisfy (¢]) on
I, = {t1: (t1,0) € B}. Hence, L; ¢ is not solvable in I;. Therefore, L; o is not solvable in B. The proof that
L, o is not solvable in B is analogous. O

Example 15.2. Let H = L?(R”) and let A = Q(D,) be a positive pseudodifferential operator, elliptic, where
Q € C*[R",R), QA) = A"Q(§) if m >0, A > 1, |¢] > 1 and that @ never vanishes. We assume

3(t,Q(Dz)) = Y ok ()Q*(Dy) € Qop,) (), o € C¥(Q) .
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Remark. [Q(&1)] < Cl&: ™, if 6] > 1.
Statement 1: Q(D,) is densely defined in L2
Proof. The domain of Q(D,) : D(Q(D,)) C L* — L? is given by D(Q(D,)) = {u € L* : Q(Dy)u € L?}

and, by Parseval’s formula, D(Q(D,)) = {u € L? : Q(§)a(¢) € L?}.
On the other hand, for every u € . we have @ € .¥, which implies

/ Q) Pde < Oy + C* / €2 a(6) P < o,
Rl/

[€1]>1

that is, Q(€)@ € L?. Thus, .¥ C D(Q(D,)) and, as D(Q(D,)) C L?, it follows from the density of .7 in
L? that D(Q(D,)) is dense in L2. O

Statement 2: Q(D,,) is unbounded, since it has order greater than 0.

Statement 3: Q(D,) is a self-adjoint pseudodifferential operator.

Proof. For every u and for every v in the domain of Q(D,) we have, using Parseval’s formula,
[ (@au@)owyis = [ uie) @)@
RV Rl—/

As Q(D,) is a positive definite symmetric operator, it has a Friedrichs’ extension, that is, the extension is
positive definite and self-adjoint. O

Statement 4: Q~!(D,) € L(L*(R"), L*(R")).
Proof. We have the pseudodifferential operator

1
(2r)”

Q (D, )u(x) = / / @ DEQ (uly)dyde, u e S

But, Q7! € ST™(R") C S°(R¥), where S~ and S° are the spaces of symbols of order —m and 0,
respectively. Therefore, Q~1(D,) € L(L*(R¥), L*(R¥)). O

We denote by A%(R”) = A° the space of elements u in L?(R¥) such that Q*(D,)u € L%, equipped with
the norm

1
e = 1Q Dl = G [ 1@ @laPas
RY

Then consider the spaces

1
(2m)”

H*(R") = {uey’; /(1+IE2)S|ﬁ(£)I2d§<OO}

Rv
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2 (RY) = {u e r*: s [1Q @) e < oo}.
RIJ

Statement 5: ﬂ A = ﬂ H® = H™.

s>0 s>0

Proof. Since Q(D,) is elliptic, there exists C > 0 such that |Q(&)| > C[&|™, V& € RY. Conversely, we already
know that there exists C' > 0 such that |Q(§)| < Clg|™, if |¢] > 1. O

As the 5 statements are fulfilled, L, defined by the operators L; = 0y, — (9, ¢)(t, Q(D.))Q(Dy), j =
1,...,n, is solvable in terms of Theorem 1.4.

Example 15.3. Let H = L?(R”) and let A = Q(D,) be a positive pseudodifferential operator, elliptic, where
Q € C*(R",R), Q(A) = AQ(&), A > 1, |£] > 1 and that @ never vanishes. We assume

Zsup |0 é1(t)] ||Q*k\|Loc(Ru) <00, V compact K CQ, VacZ].
iToteK

This is a particular case of Example 15.2 taking m = 1. This example is an intersection with a result
presented in [9]. Setting

B(t.D,) = —( 3 ér()Q " (D.))Q(Da), 60 € C(Q), ¢ € C¥(Q), k=1,

k=0
the fundamental hypotheses in [9] are:
o there is a C™ function of ¢ in Q, valued in L>®(R¥), R(t, ), such that B°(t,€) = B(t,&) — R(t,§) is
positive homogeneous of degree one with respect to &.
o BY(t,¢) is a C* function of ¢ in €2, with values in the space of C! functions of £ in R¥ — {0}.
But

B(t,6) = =¢o()QE) =Y dr(HQ (6.
k=1

BO(t,€)

R(t,£)

Then B? € C*°(£, S1(R¥)) is positive homogeneous of degree one in & for || > 1 and R(t,€) converges in
the space C> (€, L>(R")), where S is the space of symbols of order 1.
We now write

BY(t,€) = RB(t,€) +i IB°(,€) = —(Reo)(HQ(E) —i (S60)(HQ(E)
—_— ——

BY(t,6)

and the hypotheses become:
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o BY(t,€) is real-valued and positive homogeneous of degree one with respect to €.
o BY(t,¢) is a C* function of ¢ in  with values in C*(R” — {0}).

Actually, in our case BY € C>(Q, S*(R")) is real-valued and satisfies B{(t, \¢) = AB{(¢,&),if A > 1, |¢] > 1.
It remains to verify that ¢(t, Q(D.)) € Qo(p,)(€2). Indeed, since

1
Q7 (Da)ullre = 575 QT (€)1l

(27)v/2
<Rz ullze ue L%

it follows that, for every compact K C €, for every o € Z7,

(o) o0
> sup|07 or ()] 1Q M (Da)llocze )y < D sup |07 ¢ ()] |Q "Ly < oo
k=0 t€K k=0 t€K

Thus, » ¢k (t)Q ¥ (D.) converges in C*(Q; L(L*(R))), that is, Y _ ¢x()Q " (D) € Qo(p,) ().
k=0 k=0

Settiﬁg, for every £ € R” and for every real r,

B(g,r):{teB : B?(t,g)<r},

in [9] the complex L has the condition (1) holding on B, in dimension n — 1, if
BB ={teB : Blt&) = ~(Roo)()QE) = 7}

= {te B : (Reo)(t) < %}

has no compact connected component. Since @Q(§) never vanishes, condition (1) on B can be written as:
for every real r, the set

{teB: o)1) <r}

has no compact connected component.
Therefore, keeping our notation, theorem I7.1.2 in [9] can be written as

Theorem 15.4. Suppose that the complex L has the condition (¢1) holding on B, in dimension n — 1.
Then, given any open set 0 CC B, 0 € &', and any element [ of C’Ef;) (Q,9H°°), there is an element u of
Dznfl)(ﬁ’,fj_‘x’) solution of Lu = f in 0.

But, of course, we also have the solvability of the complex LL in terms of Theorem 1.4.

Example 15.5. Let H = L?(R) and let A = D,. It is well known that D, is densely defined in L?*(R),
unbounded and it is self-adjoint. Furthermore, D, defines $°°.

This example performs the general case. We have the solvability of the complex Ly defined by the
operators Lj o = 0y, — (0¢;Ro)(t) Dy , j=1,...,n, in terms of Theorem 1.5.
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Let us now make a link with [2] and show that it is a consequence to have local solvability at 0 € R"*1.
In fact, given f € C°(B x R) C C°(B,$H), there exist u; € D'(B,$H~>*°) C D'(B xR), j =1,...,n, such
that

Ll’oul + ...+ Lnyoun =f in BxR.
The locally integrable structure is characterized by

Lj7()Z = O, j = 1,...77’2,,
dZ #0, in B x J,

where J is an open interval centered at the origin in R and Z(t,z) = = — iR¢o(t). Then we recall the
condition &, _; at 0 € R**1: “there is an open neighborhood of 0 over which every regular fiber of Z has
no compact connected component”. To find a fiber of Z over B x J we write

Z=a+idlt),
Z =x0+ 1o, xg€J, yo€R.

Thus, to say that over B x J every regular fiber of Z, {t € B : ¢(t) = yo} x {0}, has no compact connected
component coincides with the definition of (1) and (2) at 0.
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