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Abstract

Approximation properties of multivariate Kantorovich-Kotelnikov type operators generated
by different band-limited functions are studied. In particular, a wide class of functions with
discontinuous Fourier transform is considered. The Lj,-rate of convergence for these operators
is given in terms of the classical moduli of smoothness. Several examples of the Kantorovich-
Kotelnikov operators generated by the sinc-function and its linear combinations are provided.

Keywords Kantorovich—Kotelnikov operator, band-limited function, approximation order, mod-
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1 Introduction
The Kantorovich-Kotelnikov operator is an operator of the form

w

Kw(f7<,0;x):2 (w/ f(u)du) pwr—k), zeR, w>0, (1)

k
kEZ

w

where f : R — C is a locally integrable function and ¢ is an appropriate kernel satisfying certain
7good” properties, as a rule ¢ is a band-limited function or a function with a compact support, e.g.,
B-spline. The operator K,, was introduced in [3], although in other forms, it was known previously,
see, e.g., [12, 13, 20]. During the last years, in view of some important applications, this operator
has drawn attention by many mathematicians and has been especially actively studied [4, 7, 8, 9,
10, 13, 15, 16, 17, 18, 23, 27, 28|.

The operator K,, has several advantages over the generalized sampling operators

Sw(fa@ﬂ):z:f(g)@(wm—k), reR, w>0. (2)
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First of all, using the averages w fﬁ f(u)du instead of the sampled values f(k/w) allows to deal

with discontinues signals and reduce the so-called time-jitter errors. Note that the latter property
is very useful in the theory of Signal and Image Processing. Moreover, unlike to the generalized
sampling operators S,,, the operator (1) is continuous in L,(R) and, therefore, provides better
approximation order than S, in most cases.

In the literature, there are several generalizations and refinements of the Kantorovich-Kotelnikov
operator K,, (see, e.g., [1, 11, 13, 16, 17, 18, 20, 23, 27, 28]). In this paper, we study approximation
properties of the following multivariate analogue of (1)

Qhe 70 =3 (w [ F@EOPu+RI) 0+ D, seRL jez ()
kezd Re

where M is a dilation matrix, m = |det M|, and ¢ and ¢ are appropriate functions. Note that if
d =1 and @(z) = xjo,1(x) (the characteristic function of [0, 1]), then (3) represents the standard
Kantorovich-Kotelnikov operator K,,,;.

Convergence and approximation properties of the operator (3) have been actively studied by
many authors (see [1, 4, 7, 8, 9, 10, 11, 12, 13, 16, 17, 18, 20, 23, 27, 28]). The most general results
on estimates of the error of approximation by ; have been obtained in the case of compactly
supported ¢ and @. In particular in [13] (see also [12]) it was proved the following result: if ¢
and § are compactly supported, ¢ € L,(R?), € Ly(RY), 1/p+1/q =1, M is an isotropic dilation
matriz, and Qo reproduces polynomials of degree n — 1, then for any f € L,(R), 1 < p < oo, and
n € N we have

Hf - Q](f7 #, @/)HLP(]Rd) < C(pa d7 n, @, &)wn(f7 HM7J H)Pﬂ (4)

where wy(f, h)p is the modulus of smoothness of order n.

Concerning band-limited functions ¢, it turns out that approximation properties of the operators
@, have been studied mainly in the case where @ is some characteristic function (see, e.g., [3, 7, 8,
9, 10, 16, 23, 27, 28]) and, unlike to compactly supported functions ¢, there are several limitations
and drawbacks in the available results. First of all, the methods previously used are essentially
restricted to the case of integrable functions ¢, which do not allow to consider the functions of type
sinc(z) = (sinma)/(mz). Secondly, the conditions imposed on the kernel ¢ cannot provide high
rate of convergence of @Q;(f) even for sufficiently smooth functions f. At that, the corresponding
estimates are given in the terms of Lipschitz classes. For example, it follows from [8] that for any
feL,(R)NLip(v), 1 <p < oo, 0<v <1, we have

Hf - %Z (“’ /; f<u)du> sinc? (ww; k)

kEZ w

=0(w™), w— +o. (5)
Ly(R)

In this paper, we improve the mentioned drawbacks and study the rate of convergence of the
operator (3) for a wide class of band-limited functions ¢ including non-integrable ones. In particular,
estimation (4) is proved for a large class of functions ¢ including both compactly supported and

band-limited functions, provided that D?(1—32)(0) = 0 for all 3 € Z<, ||B|l¢, < n (see Theorems 17
and 177). In the partial cases, this gives an answer to the question posed in [3] about approximation
properties of the following sampling series (see Section 6):

Z (w AT f(u)du) sinc(wex — k), zeR, w>0.

kEZ

The paper is organized as follows: in Section 2 we introduce notation and give some basic facts.
In Section 3 we consider approximation properties of some generalized sampling operators of type @;.



These operators are defined similarly to the operators (; but with appropriate tempered distribution
in place of the function ¢ that, in particular, allows to include in the consideration operators of type
Syw. The L,-rate of convergence of such generalized sampling operators is given in terms of Fourier
transform of f and has several drawbacks, which we improve in the next sections. Section 4 is
devoted to auxiliary results. In Section 5 we prove two main results that provide estimates of the
error of approximation by the operator ; in terms of the classical moduli of smoothness. The
results of this section can be considered as counterparts of the corresponding results from Section 3.
Finally, in Section 6 we consider some special cases and provide a number of examples.

2 Notation and basic facts

N is the set of positive integers, R is the set of real numbers, C is the set of complex numbers. R? is

the d-dimensional Euclidean space, z = (z1,...,74) and y = (y1,...,yq) are its elements (vectors),
(z,y) = zign + ... +xaya, 2] = (2,2), 0 =(0,...,0) € R:; B, = {z ¢ R : |2| < r},
Td = [f%, %]d; 7% is the integer lattice in R, Zi ={zxecZ': > 0} Ifa,B¢ Z?H a,b e R we
d d
set [a] = 3 aj, al = [T (a;)),
J=1 j=1
! olel olel
/B = —ﬁ s Daf = f = f )
« (B — a)! ox® 01y ...0%x,

dap 1s the Kronecker delta.

A real d x d matrix M whose eigenvalues are bigger than 1 in modulus is called a dilation
matrix. Throughout the paper we consider that such a matrix M is fixed and m = |det M|, M*
denotes the conjugate matrix to M. Since the spectrum of the operator M ~! is located in B,, where
r=r(M™1) = lim;_ ;o [|M~7|}/7 is the spectral radius of M !, and there exists at least one point
of the spectrum on the boundary of B,., we have

M| < Crrpd™, j>0, (6)

for every positive number ¢ which is smaller in modulus than any eigenvalue of M. In particular,
we can take ¢ > 1, then _

lim M7 =0.

J—+oo

L, denotes L,(R%), 1 < p < oo, with the usual norm ||f||, = Il fllz,®e). We say that ¢ € Lg if
© € Ly, and ¢ has a compact support. We use W', 1 <p < oo, n € N, to denote the Sobolev space
on R? ie. the set of functions whose derivatives up to order n are in L, with the usual Sobolev

semi-norm given by
. f— v
1y = D2 10"l

[v]=n
If f, g are functions defined on R? and fg € L, then (f, g) := fle fg. If f € Ly, then its Fourier

transform is F f(&) = f(g) = Jpa f(x)e2m=:8) dg,
If © is a function defined on R¢, we set

wjr(x) = m2p(Miz+k), jeZ, keR%

Denote by S the Schwartz class of functions defined on R%. The dual space of S is &', i.e. S’
is the space of tempered distributions. The basic facts from distribution theory can be found, e.g.,
in [29]. Suppose f € S, p € &, then (¢, f) := {f,¢) := p(f). If p € S’, then $ denotes its Fourier
transform defined by (]?, o) = (f,e), f €S Ifped, jeZk e Z% then we define p,; by
(f,o51) = (foj—m-ik, ) forall f € S.




Denote by Sj the set of all tempered distribution whose Fourier transform ¢ is a function on
R? such that [P(€)| < Cy €| for almost all £ ¢ T¢, N = N(p) > 0, and |§(£)] < C,, for almost all
£ e T

Denote by B = B(R?) the class of functions ¢ given by

o(z) = / 0(E)P™ 9 de,

Rd

where 6 is supported in a parallelepiped II := [a1,b1] X - -+ X [ag, bg] and such that 9|H € C4II).
Let 1 < p < co. Denote by £, the set

Y Lo+ k)l

kezZd

Ly =¢pecl,: H‘PHEP = < 00

Ly (T4)

With the norm || - ||z, £, is a Banach space. The simple properties are: L1 = L1, |l¢ll, < [|¢llz,
lelle, < lelle, for 1 < g <p < oo. Therefore, £, C Ly and £, C Lyfor 1 <g<p<oo. IfpelL,
and compactly supported, then ¢ € £, for p > 1. If ¢ decays fast enough, i.e. there exist constants
C > 0 and & > 0 such that |p(z)] < C(1 + |z|)~9=¢ for all x € R?, then ¢ € L.

The modulus of smoothness wy,(f, ), of order n € N for a function f € L, is defined by

wn(fih)p = sup  [|AFfllp,
|6]<h, S€RE

s

where

3 Preliminary results

Scaling operator Y, ,a(f, @jx)@jr is a good tool of approximation for many appropriate pairs of
functions ¢, @. Let us consider the case, where ¢ is a tempered distribution, e.g., the delta-function
or a linear combination of its derivatives. In this case the inner product (f,@;x) has meaning

only for functions f in §. To extend the class of functions f one can replace (f, &;r) by (f, @)
Approximation properties of such operators for certain classes of distributions ¢ and functions ¢
were studied, e.g., in [16] and [18].

Repeating step-by-step the proof of Theorem 4 in [18] and using Corollary 10 in [16], it is easy
to prove the following result.

Proposition 1 Let N € Zy, ¢ € Sy, ¢ € B. Suppose that there exist n € N and ¢ € (0,1/2) such
that ¢ is boundedly differentiable up to order n on {|¢| < 6}; supp @ C Bi_s; D?(1 — $$)(0) = 0
for[fl<n. If2<p<oo,1/p+1/¢g=1,v€ (N +d/p,N+d/p+¢e), >0, and

f €Ly FeLy F(©)=0(E""%) as ¢ + o0, (7)
then

Hf - S EFnen| <alarin [ gmiForde
kezt g |M=ig|>6
4 Gyl / € Fle)ede,

|[M*—ig|<é

where C1 and Cy do not depend on j and f.



Proposition 1 does not provide approximation order of ZkeZdO?’ éj\k)gojk better than || M*~7||"
even for very smooth functions f. This can be fixed under stronger restrictions on ¢ given in the
following definition.

Definition 2 A tempered distribution © and a function ¢ is said to be strictly compatible if there
exists 6 € (0,1/2) such that 5(5)@({) =1 ae on{|{ <} and p(§) =0 a.e. on {|l =&| <4} for
alll € Z4\ {0}.

Remark 3 It is well known that the shift-invariant space generated by a function ¢ has approxi-
mation order 7 if and only if the Strang-Fix condition of order n is satisfied for ¢ (that is D?@(1) = 0
whenever | € Z?, [ # 0, [3] < n). This fact appeared in the literature in different situations many
times (see, e.g., [1], [2], [11], and [22, Ch. 3]). The condition D?(1 — @3)(0) =0, [8] < mn, is also
a natural requirement for providing approximation order n of scaling operators. This assumption
often appears (especially in wavelet theory) in other terms, in particular, in terms of polynomial
reproducing property (see [12, Lemma 3.2]). It is clear that to provide an infinitely large approx-
imation order, these conditions should be satisfied for any n. Clearly, the latter holds for strictly
compatible functions ¢ and .

Supposing that ¢(£) = 1 a.e. on {|¢| < d}, it is easy to see that the simplest example of ¢
satisfying Definition 2 is the tensor product of the sinc functions.

Proposition 4 [16, THEOREM 11] Let N € Z., ¢ € Sk, v € B, & and ¢ are strictly compatible.
If2<p<oo,1l/p+1/qg=1,v€ (N+d/p,N+d/p+e),e >0, and a function [ satisfies (7), then

~

Hf* Y (L @ikdese|| < CIMI|e / €177 1£ ()], (8)
P

kezs |M*-ig|>s

where C' does not depend on j and f.

Note that Propositions 4 is an analog of the following Brown’s result [5]:

~

<c / FOle, zeR,

|€]>27-1

‘f(x) - Z f(=279k) sinc(27x + k)

kEZ

whenever the Fourier transform of f is summable on R.

There are several drawbacks in Propositions 1 and 4. First, they are proved only in the case
p > 2. Second, there are additional restrictions on the function f. Even in the case ¢ € Lg,
where >, ,a(f, @jr)pjr has meaning for every f € L, the error estimate is obtained only for
functions f satisfying (7) with N = 0. Third, the error estimate is given in the terms of decreasing
of Fourier transforms unlike to common estimates, which usually are given in the terms of moduli
of smoothness.

Below, under more restrictive conditions on ¢, we obtain analogues of the above propositions for
all f € L,, 1 <p < o0, and give the estimates of the error of approximation in terms of the classical
moduli of smoothness.

4 Auxiliary results

The following auxiliary statements will be useful for us.

Lemma 5 Let either 1l <p<oo, peBorl<p<oo, p€L,, and a = {ar}reza € {,. Then

Z aRpPok

kezZd

< Cyplalle,- (9)
P




Proof. In the case ¢ € B, the proof of (9) follows from [16, Proposition 9]. Concerning the case
¢ € L, see [11, Theorem 2.1]. ¢

Lemma 6 Let f € L,. Suppose that either 1 <p < oo, p € Borl <p<oo,pec Lg, 1/p+1/q=1.
Then

1

( S, mﬂp) T Il (10)

kezd

Proof. In the case ¢ € B, the proof of (10) see in [16, Proposition 6]. The case ¢ € L) follows
from [17, Lemmas 4 and 5]. <

Combining the above lemmas, we obtain the following statement.

Lemma 7 Let f € L,, 1 <p < o0, and j € N. Suppose ¢ € B and ¢ € BUL,, 1/p+1/q=1.
Then

> F Bk

kezd

< ClIfllps (11)

p

where C' does not depend on f and j.

Proof. If ¢ € B, then the proof of (11) directly follows from Lemmas 5 and 6. In the case
¢ €Ly, wefindge Ly, |gllq <1, such that

> {F Ein)esn - '< > A @jk>sﬁjk,g>‘ = ‘<f, > <‘ijag>‘5jk>’» (12)

kezd kezd kezd

It follows from the Hoélder inequality and Lemmas 5 and 6 that

(2. 5 o) | < 1510])  Gosnsiin

kezd kezd q

(13)

1/q
< czz,qnfnp( 3 |<sojk,g>\q) < oyl 1l

keZd

Thus, combining (12) and (13), we obtain (11). <
Similarly one can prove the following generalization of Lemma 7 to the limiting cases p = 1, co.

Lemma 7’ Let f € L,, p=1 orp=occ, j € N. Suppose that
(i) p € Ly and ¢ € L in the case p = 1;

(ii) ¢ € Loo and ¢ € Ly in the case p = co.

Then

> A Bin)ein

kezd

< ClI£lps

P

where C' does not depend on f and j.

Lemma 8 Let N € Zy, p € Sy, ¢ € BU Ly, and ¢ and ¢ be strictly compatible. If a function
f € Lo is such that its Fourier transform is supported in {& : |M*=I¢| < &}, where & is from
Definition 2, then

F=> (i ae (14)

kezd



Proof. In the case ¢ € B, the proof of the lemma follows from (8). In the case ¢ € Ls, it follows
from [18, eq. (4.15)] that (8) holds and, therefore, one has (14). <

Let B, 1 < p < oo, o0 > 0, denote the set of all entire functions f in C? which are of (radial)
exponential type o and being restricted to R? belong to L,.

Lemma 9 [30, THEOREM 3] Letn € N, 1 <p <o0,0<h<2r/0, [{| =1, and P, € By. Then

g

DR, < [ ———— ) [|A%P.l,,
10<Pull < (5 ) 18Pl

where

D™ f(x) = F~H((iw, &)" f ().
Corollary 10 In terms of Lemma 9, we have

HPUHV'VPN < Co-nwn(Pm Oﬁl)pa
where C' does not depend on P,.

Proof. By Lemma 9, for any 1 < j < d, we have that
|5

N P(r
o

< Co™||AZ
P

Py, < Co"wy(Fy, Uﬁl)p,

-1
€j

which obviously implies (4). ¢

We need several basic properties of the modulus of smoothness (see, e.g., [21, Ch. 4]).
Lemma 11 Let f,ge L,, 1 <p < oo, andn € N. Then for any 6 > 0, we have
() wn(f +9,0)p < wnlf,8)p +wn(g,0)p;
(i) wn (f;0)p < 2" (1 £1lp;
(iii) wp (f,A0)p < (L4 X)"wp(f,0)p, A > 0.

Let us also recall the Jackson-type theorem in L, (see, e.g., [21, Theorem 5.2.1 (7)] or [26, 5.3.2]).
Lemma 12 Let f € Ly, 1 <p < oo, n €N, and o > 0. Then there exists P, € By such that

If = Pollp < Con(f,1/0)p, (15)

where C' is a constant independent of f and P,.

5 Main results

Our main results are based on the following lemma.

Lemma 13 Let 1 <p<oo,neN, p € (BULy)NL,, and $ € Ly, 1/p+1/q = 1. Suppose that the
functions ¢ and @ are strictly compatible and there exists a constant ¢ = c(n,p,d, v, p) such that

> Bk

k€eZ4

< cllflp- (16)
P

Then

< Cuwn (f, M)
p

(17)

p )

Hf = > A Gi)ein

kezd

where C' does not depend on f and j.



Proof. Let g € L, N Ly be such that
If = gllp < wn (£ 11M77),, - (18)

Using (16) and (18), we have

Hf— S @inein]| <If—alp+ Hg =Y (g Bimein| +|| D9 - fBik)en
kezd p kezd p kezd p (19)
< Wt (£ IM), + o= 3 Bl
kezd P

By Lemma 12, for any n € N and g € L, N Ly there exists a function J,(g) : RY — C such that

Y —

supp Jn(g) C {[¢] <071|M*77||} and

lg = Tn(g)llp < Creon (g, 0~ [ M) (20)

p )
where ¢ is from Definition 2 and C; does not depend on g and j.

By Lemma 8, taking into account that (m,(ﬁjk) = (Ju(g9), jr) and {|¢| < 6 Y|M*T|]} C
{IM*=3¢| < 6}, we have

> (Tn(9), Bikdeik = Julg)- (21)

kezd
Thus, using (20), (21), and (16), we derive

Hg = {9, Bin)ein

kezd

> g = Inl9): i) ein
kezs P (22)

< (A +)lg = Ju(9)llp < Cown (9,67 M)

< lg = Jnlg)llp +
P

.
Next, using Lemma 11 and (18), we get
wa (9,07 M), < (L4 671wy (g, | M*])),

<0y (IF =gl -+ w0 (£ 120°791), ) < 205w, (£1M07]),  (23)
= C4wn (f7 ||M7]H)p .
Finally, combining (19), (22), and (23), we obtain (17). &

The following statement is a multivariate analogue of Theorem 7 in [25]. It is also a counterpart
of Proposition 4 in some sense.

Theorem 14 Let f € L,, 1 < p < oo, andn € N. Suppose p € B, g€ BUL,, 1/p+1/q=1, and
@ and ¢ are strictly compatible. Then

Hf = > {5 Gin)ein

keZ?

< Cuwn (f, M)
p

(24)

p )

where C' does not depend on f and j.

Proof. The proof follows from Lemma 13 and Lemma 7. &



Remark 15 By (6), it is easy to see that in (24) and in further similar estimates, the modulus
wn (f, ||M_j|\)p can be replaced by w, (f, ﬁ‘j)p, where ¥ is a positive number smaller in modulus

than any eigenvalue of M. Note that ||M ~!|| may be essentially bigger than ¥~1!.
In the following result, we give an analogue of Theorem 14 for the limiting cases p = 1 and
p = 00.
Theorem 14’ Let f € L,, p=1 or p = 0o, and n € N. Suppose the functions ¢ and ¢ are strictly
compatible and
(i) pe BNLy and ¢ € L in the case p=1;
(ii) ¢ € Loo and @ € Ly in the case p = oo.
Then
< Cuwy (f, IIM77]))

p

p’

Hf— > (L Bk

kezd

where C' does not depend on f and j.

Proof. The proof follows from Lemmas 13 and 7’. ¢

Remark 16 It is easy to see that Theorem 14’ is valid if we replace the condition @ € BN Ly by
(RS £2.

The next theorem is the main result of the paper. This result essentially extends the classes of
functions ¢ and @ from Theorem 14 and can be considered as a counterpart of Proposition 1.

Theorem 17 Let f € L,, 1 < p < oo, and n € N. Suppose ¢ € B, suppp C Bi_. for some
e € (0,1), p € C"4+Y(Bs) for some § > 0; ¢ € BUL,, 1/p+1/qg =1, ¢ € C" 4+Y(Bs) and
D8(1— @@)(0) =0 forall 3 €Z%, [8] <n. Then

Hf =S U Een|| < con (f 1M, (25)
kezd p
where C' does not depend on f and j.
Proof. First, let us prove that for any f € W}
7= T trdmen S ol I (26)

kezd

where Cy does not depend on f and j.
Choose 0 < &' < ¢§” such that p(§) # 0 on {|§| <4’} and &' < 4. Set

1-3(9)7() .
£ &
0 if |¢| > 6"

and extend this function such that F € C"t4t1(R?). Define {E by QZ = F. Obviously, the function
1 is continuous and i (z) = O(|z|~7) as |z| — oo, where v > n + d.



Since 'zz € Band ¢ € L,U B, by Lemma 7, we have

<
p

Z (f, @K+ ij)%‘k

kezd

DRI

kezZd

Z (f "/}]k>§0]k

kezd

< G| flp-

p

~

Now, taking into account that 3(€)(2(€) + ¢(€)) = 1 whenever |¢| < &', we obtain from Lemma 13
that for every f € W

< Cown (£ IM71]), < Csll fllyiry M7

Hf (f, it + Vi) pjn
kezd P

Thus, to prove (26), it remains to verify that for f € W'

< Cull v 1ML (27)

> b
P

k€EZ

Let k€ Z4, 2 € [-1/2,1/2) — k, y = M~ 2. Since D?4)(0) = 0 whenever [8] < n, we have

/ya{/;jk’(y) dy=0, j€Z, «¢€ Zflp [Oé] <n.
R

Hence, due to Taylor’s formula with the integral remainder,

)] = \ F(@)ion (@) da
R4

= ‘/ ij(m)(i % ((x1 = y1)01 + -+ (xa — ya)9a)” f(y)
R v=0

(n—1)!

# [ G (-0 (= va)n) Flo+ - ) )

0
< [ dele= gt / > W0 slo+ e = )l
Rd [B]=
From this, using Holder’s inequality and taking into account that
|z —y[* < M| Mz — 2",

Csmi/? Cemi/?

thjr(@)] < (1+ [Miz+k[)" = (1+ |[Miz—z|)’

10



we obtain

~ ) . Moy
N < i/2 —Jn |— E B —
R4 =n

. i [Miz —2|" a
< Com M| </(1+\M——|)dx
R

(it g e
R4

i . |$—Z‘"d1’ 1/q
= T\ M T J S B,
ot ([ )
R4
1 l
|M7 2 — z|"dx / 3
x(/(1+|Msz Z|D f g dt)
R o 8=
J_da | M7 (x — y)|"dx /
< Ta | M |DP f(y+ t(x —y))|P dt
et [ IS [ 5 0%
R [8]=
i M| du u|"du /
= g B )P
Com?~ 4 || M| (/ Aoy g_: |DP f(y + tu) [P dt
]R n

Next, it follows from (28) and Lemma 5 that
"< R Y [l
kezd

:csmp<%f%>z [ g

L1721 /2)4—

Z (f, 1/’3k>%k

kez?

1

MIu|"du
< Co|M~ 7|vm/ / 1‘+|M‘Ju| /Z |DP f(M ™72 + tu) [P dt
Rd

o

u|"du
fcgnMﬂHP”/ /1‘+'|u| /ZIDﬁszM])I”dt

:cgllM—jHP"/ 'ﬂ ﬁj‘ /dt/ Z |DP f(z+ tM I u)|P dz
Rd

0 Rd [/8]
_ion u|"du
I e /dt/Z\Dﬁf ez
Rd R4 [B]=n

< Crol| MPMIFIE
P

This implies (27) and, therefore, (26).
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Now let us prove inequality (25). By Lemma 12, there exists P, € BY, o = 1/|[M 7|, such that

Hf_PaHp < Cllw7l(f71/U)P' (29)
Using Lemma 7, we obtain
F- S G een| <Culf - ol + ‘ P S (P B (30)
kEZd P keZd Vg
Next, by (26) and Corollary 10, we derive
Po= 3 (Posidion| < Col ol V1" < Cusen (P 1) (31)
kezd

Finally, combining (29)-(31) and using Lemma 11, we get

Hf— > Bk

kezZd

< Cuu(If = Pollp + wn(Ps,1/0)p)
p

< Cis (If = Pollp +walf, 1/0),) < Own (f, 1M 7)),
which implies (25). ¢
In the following result, we give an analogue of Theorem 17 for the limiting cases p = 1 and
p = 0.

Theorem 17’ Let f € L,, p =1 or p = oo, and n € N. Suppose the functions ¢ and & are such

that $,5 € C"T41(Bs) for some § > 0, DP(1 — 32)(0) = 0 for all 8 € 22, [B] < n, ¢ € B,
supp @ C Bi_. for some € € (0,1), and

(i) ¢ € Ly and $ € Lo in the case p =1;
(ii) ¢ € Loo and @ € Ly in the case p = oo.
Then

Hf — > AFBiw)ein

kezd

< Cuwy (fIIM77]))

P

P )
where C' does not depend on f and j.

Proof. The proof is similar to the proof of Theorem 17. We only note that one needs to use
Lemmas 7’ and 13’ instead of Lemmas 7 and 13. At that, in the case p = oo, using the first
inequality in (28) and Lemma 5, we get

> S Yik) ik

ke zd

< Cym? sup |(f,d;1)]
o keZd

o Mg — 2"
< Com? | M| pn S o ¢
< Com? NP 5w, [ i d

R4

< Gl M flly -

Theorem 17 is proved. <&

Remark 18 Note that any function ¢ € Lg, 1 < p < o0, satisfies assumptions ¢ € L, C L, and
@ € C"tHY(By), and hence can be used in Theorems 17 and 17".
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6 Special Cases

I. Let us start from the classical multivariate Kotelnikov type decomposition that can be obtain by
using the function

d .
sinc(z) = H w, r € R%.
ST

In what follows, we restrict ourselves by the case 1 < p < co.

Proposition 19 Let f € L,, 1 <p < o0, and let U be a bounded measured subset of R?. Then

< OW1(f, HM7]||)Z’7 (32)
P

mj . .

- i , i

Hf ZmesU / f(=M77k +t)dt sinc(M’ - +k)
kezd MU

where the constant C does not depend on f and j. If, in addition, U is symmetric with respect to
the origin, then in (32) the modulus of continuity wi(f,||M~|), can be replaced by the second order
modulus of smoothness wa(f, ||M~7)),.

Proof. We use Theorem 17 for

p(z) =sinc(z) and @(z) =

Then, taking into account that @(0) =1 and

mil?

(f, @) =

mes U

/ F(—=MTk +t)dt,
M-iU

we can verify that all assumptions of Theorem 17 are satisfied with n = 1, which provides inequal-
ity (32).
Now, let U be symmetric with respect to the origin. In this case,

0 = 83 2 .
J— - —_—— f— ; = < < .
Oz, (1= 22)(0) Oz, (0) mes U /ijdm 0, 1sj=<d

Therefore, all assumptions of Theorem 17 are satisfied with n = 2. <

Remark 20 Relation (32) gives a general answer to the question posed in [3] concerning approxi-
mation properties of the sampling series given by

J . '
Z mT:sU / f(=M7k+1t)dt sinc(M’ - +k)
kezs M—-3iU

in the spaces L, for 1 < p < oo.

Remark 21 It follows from Theorem 17’ that Proposition 19 is valid for all f € L,, 1 < p < oo,
if we replace sinc(z) by sinc?(z) in (32). In particular, this gives an improvement of estimate (5).
The same conclusion holds for all propositions presented below.

II. Now let us show that using of an appropriate linear combination of the function sinc(z) rather
than this function itself can provide better rates of the approximation by the corresponding sampling
operator.
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Proposition 22 Let f € L,, 1 <p < oo, n €N, and let U be a bounded measured subset in R4,
Then there exists a finite set of numbers {a;};cze C C depending only on d, n, and U such that for

o(z) = Z a; sinc(z + 1) (33)
1

we have

S Cwn(f7||M7jH)P7 (34)
P

Hf—z ij / F(=M7Tk 4 t) dt o(M? - +k)

kezd mes

M—-iU

where the constant C' does not depend on f and j.

Proof. Let ¢(z) = — 5 xu(). Find complex numbers cq, a € Z4, [o] < n, satisfying

co =1, Z <§)D5—0@(0)ca:0 VﬁeZi,0<[6}<n

0<a<p
and set
d
T(é-) = Cq H Yo (6]')7 (35)
0<[a]<n Jj=1
where gy is a trigonometric polynomial such that d;fl’“ (0) = 6g; for all L =0,..., k. It is not difficult

to deduce explicit recursive formulas for finding such polynomials (see, e.g., [19, Sec. 3.4] or [24]).
Obviously, D*T(0) = ¢, and D*(T - $)(0) = D*(T - x[—1/2,1/2)4)(0) = cq for all a« € Z% , [a] < n. If

now T(&) = 3, ;™9 then setting ¢(z) = Y, a;sinc(z + 1), we obtain that D?(1 — @5)(0) =0
for all B € Z2, [8] < n. Thus, due to Theorem 17, we have inequality (34). <

Let us write explicit formulas for the function (33) and for the polynomial 7' given by (35) in
the cases d = 1,2 and n = 4.

Example 1. Let first d =1, U = [-1/2,1/2], and M = 2. Then

~ ~/ ~11 T2
20)=1,2(0)=0,¢ (0)=-—, @

- o=,

ﬂ_2

which yields co =1, ¢1 =0, ca = %, c3 =0, and

T(€) =1+ =g:(9),

3
where )
_ 2miu Amiu 6miu
gg(u)—*@(2*5€ + 4e — e,
Hence
() = += sine(x) + = sine(z + 1) — = sinc(a +2) + o sinc(x + 3)
p(x) = 12s1ncx 24smcx 6s1nca¢ 2451ncac

and, by Proposition 22, we have

< Cwy(f,279),,.

p

Hf -y / F(=277k +t)dt (27 - +Fk)

kEZL

[—2-3-1,2-i-1]
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Example 2. Now let d = 2 and U = [~1/2,1/2]2. Simple calculations show that in this case
one has

2 2 2
T(€) = go(€1)90(&2) + 392(51)90(52) + 390(51)92(52) =1+ g(gz(&) + 92(£2)),
and, therefore,

sinc zo

w(r1,22) = gsinc x1 sinc s + (5sinc(zy + 1) — 4sinc(xy + 2) + sinc(zg + 3))

sinc x4

o1 (5sinc(xg + 1) — 4sinc(xg + 2) + sinc(za + 3)).

It follows from (34) that

< Cwu(f, |IM 7).
p

Hf -y ml / F(=M7k +t)dt (M7 - +Fk)

k€Z2  pr-i1_1/2,1/2)?

Example 3. Similarly to Example 2, if d = 2 and U = By, taking into account that

Jay2(27(€])
(g2

where .Jy is the Bessel function of the first kind of order A\, we obtain

T(&1,&) = 1 —7(g2(61) + 9(£&2))

P(z) = %x& (z), 2(&) =T +d/2)

and

Sinc (5sinc(zy + 1) — 4sine(xy + 2) + sine(x; + 3))

3 . .
w1, 22) = 3 sinc z; sinc g —
- %(5 sinc(xg + 1) — 4sinc(xe + 2) + sinc(zg + 3)).

Hence,

Hf—zm?j / F(=M7k +t)dt o(M? - +F)

2 .
keZ MiB,

< Cws(f, |M 7).

P

III. Another improvement of the estimate given in Proposition 19 can be obtained by using an
appropriate linear combination of the averaging operator rather than linear combinations of the
function p(z) = sinc(x). Thus, the following estimate is a trivial consequence of Proposition 22:

< Own(fv ”M_j”)pv (36)
»

m? ; ;

_ M i J.

Hf g E a / f(=M77k +t)dt sinc(M? - +k)
kezd M3 (U+1)

where a; is the [-th coefficient of the polynomial 7" defined by (35) and the constant C' does not
depend on f and j.
Now let us obtain an analog of (36) for other functions ¢.
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Proposition 23 Let f € L,, 1 <p < oo, n €N, and let U be a bounded measured subset in R4,
Suppose the function ¢ satisfies conditions of Theorem 17. Then there exists a finite set of numbers
{bi}1eza C C depending only on d, n, U, and ¢ such that

< CUJn(f»HM_jH);Da (37)
P

Hff > Y U / F(=Mk +t)dt o(M - +k)

5 mes U
keZ M*j(Ufl)

where the constant C does not depend on f and j.
Proof. Find complex numbers ¢, a € Z%, [a] < n, satisfying
co =1, Z <§>DBT$(O)0;20 vBezi, 0< 8] <n.
0<a<p
Next, for ¢(z) = 5 xv(2), we find complex numbers cq, « € Z%, [a] < n, satisfying

co =1, Z (i) Df=23(0)c, = cb V3 € fo_, 0 < [f] <n,
0<a<p

and set .
Q(g) = Z Co H Yo (5]')7 (38)
0<[a]<n =1

where g, is as in (35). If now Q(&) = 3. bje? (-8 | then setting
1
P(x) =Y bz +1),
1

we obtain that D?(1—2¢)(0) = 0 for all 8 € Z4, [8] < n. Thus, due to Theorem 17, we have (37). ¢

Example 4. In this example, we consider radial functions ¢(z) = Rs(x) given by the Bochner-
Riesz type kernel
1+6) Jajays(2m|z|)

I(
Rs(z) :== i |z|d/2+9

Some results on approximation properties of sampling expansions generated by radial functions with
a diagonal matrix M can be found in [6]. Let also d =2, n = 4, and U = By. By analogy with the
above examples, we can compute that the polynomial Q(&) given in (38) has the form

Q&) =1+ (26 — 7)(g2(&1) + 92(&2))

and, therefore, by (37), we derive

< Cuwn(f, 1My,

p

3 3 ;
Hf— SN b”ij / f(=M7k +1t)dt Rs(M? - +k)

kez? 11 =012=0 M= (B1—(l1,l2))

where 5 ) (25 2y
20— 5(20 —m
boo=1— 2T pog=boy = 20" "T)
0,0 9.2+ Uro=boa PR
_ _ —(20—7?) B _20—n?
boo = bo2 = 9 bs,o = bo,3 = 32
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and
bi,1 =b12="b1 =0.

IV. Finally, from Theorem 14, we obtain the following result related to the classical Kotelnikov
decomposition.
Proposition 24 Let f € L,, 1 <p < oo, f be locally summable, and n € N. Then

< Cuwy, (fv ”M_]”)

P

(39)

p’

Hf —mi FIM™€)e™2m R dg sine(M7 - +k)

K€L 12,1 /2]

where the constant C' does not depend on f and j.

Proof. We apply Theorem 14 for ¢(x) = @(x) = sinc(x). Since 51/n\c(§) = X[-1/2,1/2)4(§) and
@(5) = m‘j/QeQ’”(k’M*7]5))([_1/271/2]4(M*_jf), we have

(f,sinc;p) = (F,sinee) = m/? / FM7)F(Mg)dg = / FOArige>rit9de,
R [—1/2,1/2]¢
which, by Theorem 14, proves the proposition. <

Finally, let us note that (39) can be also written in the following form

Hf =Y F o120 (MR sine(M7 - +k) || < Cw, (f, M), (40)
kezd P
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