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1. Introduction

The aim of this paper is to present a new model accounting for the fatigue accumulation in a moving
inhomogeneous visco-elasto-plastic bar with a contact boundary condition and its mathematical analysis.
The main novelty is the combination of fatigue accumulation in (visco-)elasto-plastic structures with a
contact boundary condition, that (at least from the mathematical point of view) is generally a challenging
problem (see for instance [16]).

Concerning the problem of fatigue accumulation in oscillating visco-elasto-plastic beams and plates, our
basic modeling idea is the assumption that the fatigue accumulation is proportional to the dissipated energy.
This is motivated by the so-called rainflow method for cycling fatigue accumulation in uniaxial processes,
where damage is assumed to be proportional to the total area of closed hysteresis loops, which can in turn
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be interpreted as energy dissipation (see [11]). As we already mentioned in our previous contributions, this
viewpoint is new in the literature, either because our focus is related to the dynamics of the processes
(compared, for instance, with [26], [40], [48] that go into the direction of rate-independent damage processes
in nonlinear elasticity) and also because the approach used in other papers, that interpret damage processes
as a kind of phase transition in the material, (see for instance [4], [8], [9], [41]) is based on the idea that
damage processes are driven by large deformations. We presented our main modeling ideas in [18], where
also the thermodynamic consistency of the model was shown. Mathematical analysis of fatigue problems
started in [19], where we dealt with the case of an oscillating elasto-plastic plate under the simplified
situation of given temperature history. We obtained existence and uniqueness of a solution locally in time;
according to the model indeed, material softening takes place under increasing fatigue and material failure
is manifested in finite time. From [20], we started dealing with the non-isothermal case. We first treated the
1D case (beam), showing existence and uniqueness of a strong solution in the simplified setting where only
the elastic component of the model depends on the fatigue. The extension to the 2D case (plate) has been
considered in [21], where we proved existence of solutions for the whole time interval, assuming that the
fatigue accumulation rate is proportional only to the plastic part of the dissipation rate. Finally in [10], [22],
[17] we pursued the study of fatigue accumulation in oscillating visco-elasto-plastic structures by presenting
a new phase field model under the additional hypothesis that the material can partially recover by the effect
of local melting. We were able to treat both the 1D (beam) case and the 2D case (plate), showing global
existence in time of a solution of the underlying system of momentum and energy balances coupled with
the evolution equation for the fatigue rate and a differential inclusion for the phase dynamics. In the 1D
case also uniqueness was obtained, in 2D it remains an open problem.

In the present paper unlike [19] and similarly to [24], we assume that out of all dissipative components
in the energy balance, only the purely plastic dissipation produces damage. This different perspective is
usually considered in engineering literature. From the mathematical viewpoint, the problem does not exhibit
singularities and the expected solutions are global in time. On the other hand we consider here an additional
difficulty that the weight function ¢ in the definition of the Prandtl-Ishlinskii operator depends also on the
fatigue parameter m; this creates nontrivial mathematical complications when dealing with the fatigue
terms in the estimates.

Concerning the contact problem, this is classically described by the so-called Signorini boundary con-
ditions where the obstacle is assumed to be rigid. The original problem — modeling of an anisotropic
non-homogeneous elastic body, resting on a rigid frictionless surface and subject only to its mass forces —
was posed by A. Signorini during a course taught in 1959: he explicitly invited young analysts to study
the problem and to determine if it is well-posed in a physical sense, i.e. if its solution exists and is unique
or not. The Signorini problem was then solved by G. Fichera [23] and later interpreted as a free boundary
problem [36]; a weak formulation of the problem can be given in terms of variational inequalities, after the
fundamental work by J.L. Lions and G. Stampacchia [38].

The general problem is very complicated and attempts in many directions have been made. Problem was
considered with or without friction, the obstacle was supposed to be non-deformable or moving, material
to be elastic or viscoelastic, viscoelasticity has been often considered as a way to overcome the difficulty of
the original problem.

We refer to [16] together with the references therein for a general and wide survey for the mathematical
analysis of contact problems with friction and a major part of the analysis for contact problems without
friction.

There are several different ways how to deal with the non-smoothness of the problem: the most classical
approach is the penalization method (see for instance [25], [16], [34]): it consists in penalizing the obstacle
constraint with elasticity modulus considered as penalty parameter, and then solving the penalized problem;
among the other methods we mention also the characteristic method (see [46], [13] and references therein),
valid only for 1D problems.
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Models for contact, delamination and damage in elastic media are recently becoming very popular. In
[5], [6], [7] and related references, contact problems between a viscoelastic body and a rigid support were
considered, and the effects due to adhesion, friction and the evolution of temperature were taken into
account. In [32] a quasi-static approach to delamination and adhesive contact was considered, see also
delamination and contact problems in [42], [43], [44], [45].

It is physically more reasonable to consider dynamic contact problems, but the mathematical analysis
is even more complicated. The first construction of a solution to a physically well posed dynamic problem
was obtained in [1] for a vibrating string. No significant results have been obtained for elastic materials
in dimension greater than 1, despite considerable efforts by mathematicians; we quote for instance the
contributions of [2]; [46], [47]. In higher space dimensions, in [25] the existence of a weak solution to the
wave equation with contact at the boundary was proved. In [39] the existence result for unilateral contact
problems where the space of admissible functions is a subset of the space of continuous functions was
presented and finally in [35] the existence of a strong solution to the wave equation in a halfspace with
contact at the boundary and conservation of energy was considered; this result essentially depends on this
special geometric assumption.

From more recent years we can quote the paper [33], where a dynamic point of view was taken into
account; the authors consider a visco-elastic rod and a deformable obstacle. This modeling situation is also
the point of view of the new approach suggested in recent papers [30] and [31], where the authors dealt
with the more complicated setting of (visco)-elasto-plasticity. In [30] the modeling of the contact boundary
condition using hysteresis operators was presented and it was combined with an elasto-plastic dynamical
problem. In [31] a full thermomechanical 1D model taking into account the exchange between different types
of energy in an oscillating visco-elasto-plastic body in contact with an elasto-plastic obstacle is considered
and analyzed. These two papers constitute also a novelty because they consider elasto-plastic dynamical
contact problems which have not been considered in literature so far (if we exclude some results already
presented in [15]). Indeed, while in the classical approach such kinds of problems are solved by means
of the idea to penalize the constraints, derive energy estimates independent of the penalty and let the
penalty parameter tend to 1, by the hysteresis approach variational inequalities are solved independently of
the momentum balance equation, finer analytical properties of the solution operators are derived and the
momentum balance equation is solved as an operator—differential equation. The advantage of the hysteresis
method is that hysteresis operators in mechanics are typically (almost) monotone, Lipschitz continuous,
and satisfy two-level energy inequalities. PDEs with hysteresis can thus be solved by standard techniques
(Galerkin, discretization, etc.).

In the present paper, we combine the mathematical difficulties coming from modeling the dynamic contact
problem and the material fatigue. The result is an involved model formulated using hysteresis operators
as solution operators of the underlying variational inequalities to control the contact boundary conditions,
where the unknown functions are displacement, temperature and material fatigue. We take into account
irreversible deformations both of the body and of the obstacle, as well as the fact that the plastic deformation
of elasto-plastic bodies in contact dissipates energy which is transformed into heat. This in turn increases the
temperature of the body and by thermal expansion, the motion of the body is affected. The existence result
for this problem, consisting of the momentum and energy balance equations and an evolution equation for
the fatigue is obtained using a priori estimates established for the space discretized problem. The uniqueness
result follows from the Lipschitz continuity of the nonlinearities. We refer in particular to Section 4.1 for a
detailed description of the main mathematical difficulties (related to hysteresis, material fatigue and contact
boundary conditions) together with the main novelty of our contribution.

Our model is described in detail in Section 2. The main result is stated in Section 3, together with the
Hypotheses on the data. We introduce the space discretization of the problem in Section 4 and derive suitable
a priori estimates needed to show the convergence of the approximated solutions to the original problem.
We perform this limit procedure in Section 4, which therefore also contains the proof of the existence of
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solutions to our problem. Then, in Section 5, a continuous dependence of the solutions on the data is proved,
which implies uniqueness. The Appendix is devoted to Sobolev interpolation inequalities (for more details
see [31]), which are used in the proof of the main result.

2. Description of the model

We consider an inhomogeneous elasto-plastic bar of length L which vibrates longitudinally. The bar is
free to move on one end as long as it does not hit a material obstacle, while on the other end a force is
applied. Let u(x,t) be the displacement at time ¢ of the material point of spatial coordinate x €  with
2:=(0,L), and let o be the 017 component of the stress tensor. The motion is governed by the equation

pugy — oy, =0, (2.1)
where p denotes the mass density (see (H6) below). Here and in the sequel, we denote with (-), := % and
()¢ := % the partial derivatives; when dealing with ODEs (see for instance Definition 2.1), we will use

instead the notation () (except for operators, for which we will always use the notation (-);), to indicate
the time derivative. The stress ¢ is assumed to satisfy the constitutive equation

0 := Be + P[m,e] + ve, — (0 — 6"F) and e :=u,, (2.2)

where B is a constant hardening modulus, ¢ is the £1; component of the strain tensor, 8(z,t) > 0 is the
absolute temperature which is one of the unknowns of the problem, v is the viscosity modulus, § is the
thermal expansion coefficient, 6! is a given referential temperature, m(z,t) > 0 is a scalar time and space
dependent parameter describing the accumulation of fatigue, where m = 0 corresponds to zero fatigue and
P[m,e] is a fatigue dependent Prandtl-Ishlinskii constitutive operator of elasto-plasticity defined below (see
also (H6) below for the assumptions on the parameters).

The Prandtl-Ishlinskii model is constructed as a linear combination of basic stop operators s,[¢](t) with
all possible yield points r > 0. Given a measurable function ¢ : [0, 00) X (0, 00) — [0, o) satisfying Hypothesis
(H1) below, we define the fatigue dependent Prandtl-Ishlinskii operator P : (W(0,7))? — W11(0,T) by
the integral

Plm,e](t) = /(p(m(t),r) s, [e](t) dr. (2.3)
0

Let us recall the definition of the stop operator s, [¢](t).

Definition 2.1. Let ¢ € W1(0,T) and 7 > 0 be given. The variational inequality

(L]
—
~
=
I

o(t) +&(¢), vt € [0, T,

lo(t)] <, vt € [0, 7], 2.4

S

t)—2) >0, ae. V|z|<r,

a(0) = Qr((0)),

where @, is the projection of R onto the interval [—r, ], defines the stop and play operators s, and p, by
the formula

o(t) =s.[e)(t), &) =prle](t). (2.5)
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The stop and play operators were introduced in [27]. The parameter r is the memory variable, and for
each given time t¢, the functions r — p,[](to), 7 — s,[€](to) represent the memory state of the system.

Let us list here some basic properties of the play and stop operators. The proofs are elementary and can
be found e.g. in [28].

Proposition 2.2. Let 1,60 € WH(0,T), r > 0 and data 09,09 € [—r,r] be given, 0; = s,[e)], & =i — 0, =
prlei], i =1,2. Then

: : : 1d 2 .

(1) (01(t) = 2(1))(1(t) = £2(1)) 2 53 (01(t) = 02(1))” a.e. in [0, T];

(i) Iél(t)—éz(t)l+%|al(t)—ag(t)| < |e1(t) — €x(t)] ave. in [0,T);
(iii) |o1(t) —o2(t)] < |0?703|+2Olgggtlsl(ﬂ*ez(ﬂl vt € [0,T];

(iv) & ()& (t) = &(t)? a.e. in [0,T).

We can rewrite (2.4) equivalently in “energetic” form

£(00,(0) = g (5920 +r1é00. (2.6

Indeed, £(t)o,(t) is the power supplied to the system, part of it is used for the increase of the potential
102(t), and the rest rl€(t)| is dissipated.

We extend Prandtl-Ishlinskii operator (2.3) for space dependent inputs in the following way
P[m,a](x,t) = P[m(xa ')75(177 )]

and similarly for the other operators we will deal with later.
Equation (2.6) enables us to establish the energy balance for the Prandtl-Ishlinskii operator (2.3). Indeed,
if we define the Prandtl-Ishlinskii potential

Vim, () = % / o(m, 1)a2[] (t) dr, (2.7)
0
and the dissipation operator
Dim.2)(6) = [ riolm, 1)l (o) dr. (2)
0

we can write the Prandtl-Ishlinskii energy balance in the form

ei(t)Plm, ](t) = Vm, lu(t) + Dm, €](t) %mt / om(m, )2 () dr ae. in Q. (2.9)

As a consequence of Proposition 2.2 (iv), we have

Dim, e](t) < |e:(t)] /rnp(m,r) dr a.e.in Q. (2.10)
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The analysis of the so-called rainflow method of cyclic fatigue accumulation in elasto-plastic materials
carried out in [11] has shown a close relation between accumulated fatigue and dissipated energy, similarly
as in [24]. Mathematically, this is expressed in terms of the evolution equation for the fatigue variable m

L
my(z,t) = /)\(m —y)D[m, €](y, t) dy, (2.11)
0

where ) is a nonnegative smooth function with (small) compact support and D[m, €] is the fatigue dependent
dissipation operator, see (2.8).

The meaning of (2.11) is simple: the fatigue at a point x increases proportionally to the energy dissipated
in a neighborhood of the point x; this is our main assumption.

We define the free energy .# associated with the constitutive law (2.2) in the form

F = F0,e,m] :=ch <1 — log <%>) + ?52 + VIm,e] — (0 — 67)e, (2.12)

where the specific heat capacity ¢ is assumed to be constant (see (H6) below). The corresponding entropy
. and internal energy % are then given by the following formulas

S =L0,¢e] = fﬁf [0,e] = clog <9ref> + Qe, (2.13)
B
U =Uh,em] = F[0,e,m] +0.7[0,¢] = cf + 552 + V[m, e] + Bo™%e. (2.14)

We require the first and the second principle of thermodynamics to hold in the form

U10,e,m]; + g = oy (energy conservation), (2.15)
L0, ¢l + (%) >0 (Clausius-Duhem inequality), (2.16)

where ¢ is the heat flux that is assumed to be in the form of Fourier law
q = —HKbq, (2.17)

with a constant heat conductivity x (see (H6) below).
In terms of the variables 0, ¢ and m the energy balance (2.15) then reads

1 o0
Oy — Kbpy = ver + Dm, ] — Bz, — gmt/gom(m, r)s2[e] dr, (2.18)
0

where we also used (2.9).
On the other hand, we note that (2.16) formally follows from (2.13), (2.17), (2.18): indeed we have

q K02 wve? 1 1 T
f[&,s]t+ (E)m: 9—2+Tt+§ D[m,s](t)—imt/gom(m,r)s;‘i[s](t)dr ZO,
0

provided Hypothesis (H1) given in Section 3 for ¢,, and (2.11) hold, and we check that the absolute
temperature 6 stays positive. Concerning this last point, we will find below a positive lower bound for the
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discrete approximations of the temperature, independent of the discretization parameter, which therefore
is preserved in the limit and implies the positivity of the temperature.
We prescribe Cauchy initial data

u(z,0) = u’(x), w(z,0)=1"(2), 0(x,0)=0"(x), m(z,0)= (2.19)
and boundary conditions at x =0 and =z = L, t > 0, given by

0(0,t) = —p(t) and  o(L,t) = —flu(L,")](?), (2.20)
k0,(0,t) =0 and  KO.(L,t) = a0 — O(L,t)) + PVO,(L,t) — |d[u(L,)]:(t)], (2.21)

with constants (see (H6) below) a (a boundary heat transfer coefficient), c®® (specific heat capacity of the
boundary), and 8% (external temperature); moreover p(t) is a given time dependent external force and f
is a boundary contact hysteresis operator satisfying an energy balance equation analogous to (2.6), namely
(3.2). For the contact boundary operator f we will assume moreover that Hypotheses (H2)—(H4) below are
satisfied. As an example, we may consider, similarly to [30], an operator f in the form f[u] = g(S[u]), where
S is the solution operator S : u — w = S[u] to the variational inequality

w(t) —au(t) <€ for every ¢ € [0, T7,
w(0) = min{au(0) + ¢, bu(0)}, (2.22)
(bug(t) — we () (w(t) — au(t) — z) > 0 a.e. for every z < ¢,

with constants @ > b > 0, ¢ > 0; here a is the elasticity modulus of the obstacle, b is its hardening modulus,
¢ is its yield point, and g is a twice continuously differentiable nondecreasing function with uniformly
bounded derivative vanishing for negative arguments. It is shown in [30] that for this operator the Hypothesis
(H2)—(H4) hold. In particular, see [30], the energy balance (3.2) holds provided we choose

elu] := % (G(w) + b;aG (bfa(bu_w)>) ’

] = 2" (G (bfa@u—w) - bb_gc) ¢ (bfa“’“‘“’))) ’

where G(z) := foz g(s) ds. Identity (3.2) can be easily checked by a straightforward differentiation, taking
into account the fact that bu; — v; > 0 almost everywhere, and if bu; — vy > 0, then w = au + ¢. The
boundary condition (2.21) for z = L has to be understood as follows: the terms a(6** — §(L,t)) and
|d[u(L,-)]¢| represent heat sources. They partially contribute to the inflow —q of heat, and partially to the
boundary temperature increase c®4@,(L,t).

We consider the problem in the following weak form

1
(oo +06:) do = = flulLNOO(L) + ()6 (0), V6 & W2(@), (2.23)
0
/(c@tw + KO,),) da = / vei + Dim, ] — Bls; — %mt/gom(m,r)sf[a] (t)dr | vdz (2.24)
0 0 0

+ldu(L, e (0)P(L) + (a0 = O(L, 1)) — VO (L, 1))e(L), Yo € WH(Q),

together with (2.11). The value of L is not relevant for the subsequent mathematical analysis, therefore we
assume from now on that L = 1.
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3. Existence and uniqueness results

We begin this section by introducing some hypotheses on the data f, ¢, e and d as well as obvious

consequences following from these hypotheses, which we will use later on in this work.

(H1)

(H6)
(H7)

The Prandtl-Ishlinskii density function ¢ satisfies the following assumptions:

¢ is a measurable distribution function: ¢ : [0,00) x (0,00) — [0, 00), locally Lipschitz continuous in
the first variable, and there exist @, p* € L'(0, 00) such that ¢(m,r) < @(r), 0 < —@,,(m,r) < ©*(r),
|G (M, 1) < ©*(r) ace., and M := J S r@(r)dr < oo, M == [° r2¢*(r) dr < oo.

The operator f: C°([0,7]) — C°([0,T7) is Lipschitz continuous in the following sense

[Flun) = Fluzl](t) < Ly ur —uzlg g (3.1)

for every t € [0,7] and every uy,us € C°([0,T]), where Ly is a positive constant and where we denote
with |wljg 4 := max{|w(?)| : t € [0,7]} the norm of w € Cco([0,T)).

The operator f maps W11(0,T) into W1(0,T), and there exist a potential energy operator
e: WhY(0,T) — WH(0,T) and a dissipation operator d : W(0,T) — W1(0,T), both locally
Lipschitz continuous, such that for all u € W11(0, T') we have

e[u(t) = col Flul®),  e[ul(0) < ex|u(0)[?,
|d[u]¢(t)] < erur (2],

for all t € [0, T], with constants cg,c; > 0, and the identity
Wflw] — e[w]: = |d[w]:| a.e. in [0,T], (3.2)

holds for almost every ¢ € (0,T), for every absolutely continuous input w, with potential energy
operator e[w] and dissipation operator d[w].
For u € W21(0,T) we have flu] € W1*°(0,T), and the “second order energy inequality”

t t
/f[u]tutt dt > 702|ut(0)|2 —c3 / |ut|3 dt (3.3)
0 0

holds for all ¢ € [0,T] with some constants ¢; > 0, i = 2, 3.

The data have the regularity p € W22(0,7), u® € W22(Q2), v* € W2(Q), 6° € W'2(Q), and there
exists a constant 6, > 0 such that 6°(z) > 6, almost everywhere. Furthermore, the compatibility
conditions

p(0) = A(0°(0) = 0) = Buf(0) — P(u(0) — v03(0), (3.4)
Flu®(1)) = B(6°(1) = 0) = Buf (1) — P (1) —we(1), (3.5)

x x

o~

hold, where P and f are the initial value mappings f[u](0) = f(u(0)) and P[m, £](0) = P(¢(0)). (Note
that m satisfies the zero initial condition, (2.19).)

p, B, B, v, c,k,a, 0%, 6 and ¢PYY are given positive constants.

A:R — [0,00) is a C! function with compact support, A := max{\(z) + [N ()|, € R}.

Remark 3.1. The assumption that ¢(m,r) decreases with increasing m corresponds to the observation

that the stress of the material decreases with increasing fatigue m. Moreover, it follows from (3.1) and
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Proposition 2.2 part (iii), that the initial value functions f,]s : R — R are well defined and Lipschitz
continuous.

For simplicity we set from now on

K[m,e](x,t) = —

N | =

/ ©m(m, r)sz [e](z, t) dr. (3.6)
0

We denote here and in the sequel the set Q; := (0,1) x (0,¢), for t € [0,T].
The main result of this paper reads as follows.

Theorem 3.2. Assume that (H1)—-(H7) hold. Then the system (2.2), (2.23)—(2.24) and (2.11) with L = 1
has a unique solution (u,8,m) such that u,us, ugs,0,m; € C°(Qr), Ugat, 0z € L(0,T; L3(0,1)), g, 0; €
L2(Q7), and 04(1,-) € L*(0,T).

4. Proof of Theorem 3.2: existence
4.1. Strategy of the proof: novelties and main difficulties

The strategy of the existence proof is classical (see for instance [37]): discretization, a priori estimates
and passage to the limit by compactness. The presence of the beam equation suggests to use a space
discretization scheme which turns to be more convenient to deal with space derivatives instead of other
kinds of discretization schemes (like e.g. [49, Chapter IX]).

The main goal when dealing with hysteresis problems is to get enough regularity to pass to the limit
in the discrete equations, in particular with respect to the nonlinear terms. We recall indeed that non-
differentiability and non-locality in time of hysteresis operators entail a loss of compactness, so standard
techniques for the derivation of a priori estimates do not apply, and for limit processes with hysteresis
nonlinearities the usual approach using weak convergence in LP spaces does not work; instead, uniform
convergence with respect to the time variable is mandatory. As a consequence, new techniques have to be
designed to recover the compactness necessary for the existence proofs, which is a challenging mathematical
task (see for instance [27], [12], [28], [49]).

In the particular case of the present paper, we need to retrieve uniform convergence both in the fa-
tigue and in the strain terms. The strong convergence in the fatigue term (4.66) constitutes the main
novelty (and also the principal difficulty) of the paper; it is performed through a complicated proce-
dure based essentially on the properties of the fatigue equation (see Section 4.5). Concerning the strain
terms, higher order estimates (4.54)—(4.55) are required; it turns out indeed that the energy estimate (4.25)
(which is important because it allows us to deduce that @y and 6; remain globally bounded, so that the
existence of solutions in the whole interval [0,T] can be deduced) is not enough to perform the limit pro-
cedure.

Note the role of the temperature: a key estimate is (4.48), but to be able to test the equation for the
temperature by 6y, it is necessary to achieve more regularity than the one obtained by the energy estimate
(which gives only L!-estimate in the space variable). Here the Dafermos estimate (see Section 4.4.2) comes
into play and gives more regularity in the space variable; more in details (4.28) provides space regularity in
a L7 space with an exponent sufficiently large (i.e. ¢ > 2). It is worth noticing that the Dafermos estimate is
a useful trick that can be applied because the model is one-dimensional. In other situations where the model
studied was multi-dimensional, more complicated procedures have been performed to achieve the necessary
regularity for the temperature (see for instance [21]).
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Let us note that compared to the computations performed in [31], we have to deal here with additional
terms coming from the presence of fatigue in the model, and we use Hypothesis (H1) and (H6) to estimate
these terms.

4.2. Discretization

We fix a discretization parameter n € N and consider the following system

pig =n(op —ok-1), k=1,...,n, (4.1)
Cék:n2/€(0k+1—26k—|—6k_1)—|—l/€.i—|— mE Ky + Dy — 80pér, k=1,...,n—1, (4.2)
Jk:B5k+’P[mk7€k}+V‘ék75(0k70r8f)7 k=1,....,n—1, (43)
er =n(ups1 —ug), k=1,...,n—1, (4.4)
my = /D;(T) dr, (4.5)
0
where
Pl eal(t) = [ olm(t), s lexl0)
0
1 o0
Kilmi,ex](t) = =5 [ om(mi(t),r)s[ex](t) dr € |0, — |,
y b
Dymp, er)(t) = /w(mk(t)vr) srler)(t)(er — spler])e(t) dr = 0,
0
Dit) = - S MD0 20 A= Ali/m)
with “boundary conditions”
oo(t) = —p(t) and o,(t) = —flun](t), (4.6)
Oo(t) = 601(t) and nk(On(t) — Oh_1(t)) = (0% — 0,(t)) — Y0, () + |d[un]i ()], (4.7)

as a discrete counterpart of (2.20)—(2.21). The second equation in (4.7) is the definition of §,, as a solution
of the differential equation

dey

) 1 ext
o nmen +6, = P (nkbp—1 + a0 + |d[un]e]) - (4.8)

Furthermore, we define €o(t) and €,(t) as solutions to the differential equation (4.3) for k = 0 and k = n,
with o, 0, 00, O, Mo, My, given by (4.5)—(4.7), and with initial conditions £¢(0) = u%(0) and £,,(0) = u2(1).
Observe that (4.1)—(4.5) is a system of ordinary differential equations with a locally Lipschitz continuous

right hand side. Hence, for every choice of initial conditions

uk(o) :ugv uk(o) :’Ulgv ek(O) :61(3’ mk(o) =0, for k= 1,...,m, (49)
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it admits a unique absolutely continuous solution on a maximal interval [0,T},), T, < T. In view of (2.19),
we choose the initial data (k=1,...,n—1) as

k/n k/n k/n
ul) =n / u’(z) dz, v =n / 00 (x) dz, 0) =n / 0° () d. (4.10)
(k—1)/n (k—1)/n (k—1)/n
Using the summation by parts formulas for arbitrary test sequences ¢1,..., ¢, and V1, ..., %,
n n—1
> 0k = 0k-1)0k = Tndn — 0061 — >_(Ski1 — S1)0, (4.11)
k=1 k=1
n—1 n—1
D (Orr = 20k + Ok 1)k = (On — On1)¥n — (61 — O0)1 — > (Okr1 — Ok) (Vi1 — i), (4.12)
k=1 k=1

taking into account (4.6)—(4.7), we may rewrite (4.1)—(4.2) in a variational form as

- Zuk¢k + Z Grt1 — Ok)ok + flun]dn = po1, (4.13)
k=1
n—1
—~ Z O + 1y (Ori1 = O) (Vrsr — ¥ (4.14)
k 1 k=1
1

3

- Z l/éi + my K + Dy, — ﬂ&kék) 1/Jk + (Oé(ant - an) - deyén + |d[un}t|) wna
k=1

with oy, e and my, defined by (4.3)—(4.5).
4.3. Positivity of the temperature
We first check that on [0,7},), all 6 remain strictly positive. To prove this, we first choose in (4.14) all

1 nonnegative. Then it easily follows from the Hypotheses that the right hand side of (4.14) is bounded
from below by

n—1
1 .
_,YE ’; 0i¢k + (O‘(@CXt - en) - dey@n)% (4'15)

with v = 3%/(4v). This is the essential estimate and the rest of the proof of the positivity of the temperature
follows the lines of [31] and we can show that for the solution v : [0,00) — (0, 00) to the differential equation

i(t) = —yv3(t
C'U( ) '}/'U ( )7 (416)
v(0) = min{6,, 6}
we get
d e 1 &
a <n (U*@k)+ +dey(,00n)+> < *’Yﬁ (U*Gk)+(v+0k) 7&(1)79n)+, (417)
k=1 k=1
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where r := max(r,0). According to Hypothesis (H5) and (4.10), we may infer that there exists t,, € (0,7},)
such that 05 (¢) > 0 for ¢t € [0,¢,). Let us set

= inf{t € [0,T5) : Ik : O (t) < 0} > t.

By (4.17), we have & (£3°7_ (v —0;)*) <0 for almost every ¢ € (0,%,) and 6;(0) > v(0) for all k, hence
01 (tn) > v(ty) > 0 for all k, which is a contradiction. We conclude that

0x(t) >v(t) >0 forallk=1,...,n in (0,T},). (4.18)
4.4. A priori estimates
Here we denote by C > 0 suitable constants depending on the data and independent of n.

4.4.1. Estimate 1: energy estimate

We derive now the first energy estimate similarly as in [31], we additionally have to deal with the terms
entering the equation in connection with fatigue. On the one hand, we test (4.13) with ¢ = 1 and we use
(4.3) and (4.4) to get

1 n—1 .
= Zukuk + - Z Bep + Plmy, ex] + vér — B0k — 7)) + flunltin, = piia,
"= "=
which, by employing (2.9) and (3.2), gives

n—1
% Z |t |* + Z (Bep + Vimg, ex] + 80™'<) + e[un]>

k=1 kl

D—-|Q
/\
3

. (4.19)
S . R P
+o Z(V|€t| + Dy, + iy, + |d[un ]| = pin + - Zﬁ@kgk.
k=1 k=1
On the other hand, we test (4.14) with ¢, = 1 and we find
i < nilek + P = l Til(u|ék|2 + Dy, + mkICk) + Oé(@eXt ) + |d[u ‘ - — nzl B0LEL. (4.20)
dt \ n Pt " n = "
Therefore, adding (4.19) and (4.20) some terms cancel out and we obtain
=4 i]ﬂﬂz = "2_:1 (Bet + Vimu, ex] + B0 ey, + cby) + e[un] + "0
t\2n n k ’ " " (4.21)
k=1 k=1 .
+ a(f, — 6°) = pi;.
Notice that the term
n 1 n—1
= 2£ Z (Bez(t) + Vmg, ex] (t) + BO™ e (t) + c@k(t)) + e[un](t) + "0, (1) (4.22)
k=1 [yt

under the time derivative in (4.21) represents the total energy of the system; we also observe that we
already know that all ), are positive. Hence, by using Hypothesis (H1) (and in particular its consequence
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that Vmg,eg](t) > 0 for all ¢ € [0,T3,]), (H3) and (2.7) it follows that &,(t) is bounded from below by a
constant.
At this point, we integrate (4.21) over (0,t) and after integration by parts, we get (recall that T,, < T))

V€ [0,Tn) : En(t) < En(0) + Tat™ + |p(t)us (t) — p(0)ur (0)] + / [pe(7)[ur(7)] dT. (4.23)

By virtue of Hypotheses (H1), (H3), (H5) and Proposition 2.2 (iii), using the same idea as in [31] for the
bound of the term u1(0), we estimate the initial energy as

n n—1
1 . 1
£:(0) < C (1 + 2 2 NP + 2 > lek(0) + ||90||Lw<0,1)>
k=1

k=1 (4.24)

<O (141020, + 10801y + 6% 201 )

and we obtain from (4.23), (4.24), the discrete Holder inequality and the discrete Gronwall’s lemma that

n—1

vt €[0,T) Zm )+ Z (Jer(®)]? + 0x(t)) + e[un](t) + 0n(t) < C. (4.25)

k 1

As a consequence of (4.25), iy and ), for each k remain globally bounded in (0,7},), and we can extend it
to the whole interval [0, T] by classical results of ODEs theory. The final bound is independent of n and the
system (4.1)—(4.7) with initial conditions (4.9) admits for an arbitrary n € N a unique absolutely continuous
solution in the whole interval [0, T].

4.4.2. Estimate 2: the Dafermos estimate

Following the idea developed in [14], we take in (4.14) ¢y = —9,;1/ ® and similarly as in [31] we obtain
for all t € [0,T], after integrating over (0,t), and estimating the non-positive terms by 0 from above, the
following inequality

t n
/ (% 6. () +3mZ|eiﬁ -6 >|2> dr
0

s/g 0, (r)|éx(r |dT+—Ze2/3 a/ei/?’(f)dr+cbdyeg/3(t).
0

k=1 0

(4.26)

On the other hand, we may deduce from (4.25) that the last three terms on the right hand side of (4.26) are
bounded by a constant. Using the Holder’s inequality, (A.4) applied to the particular case where v, = 91/ 3
for k=1,...,n — 1, with the choice s = 3, p = 2 and ¢ = 5 and consequently by (A.1) with v = 4/25, we

deduce (for more details see [31])

/(%i G Zlﬂiﬁ )= 0,”°(7)] ) dr < C. (4.27)
0 k=1

Using once again (A.4) for v, = 911/3 for k =1,...,n — 1, with the choice s = 3, p = 2 and ¢ = 8, and
consequently by (A.1) v = 1/4, we may deduce that
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t n—1

1

/ ~N" 63y dr <. (4.28)
n

0 1

S
Il

On the other hand, we integrate (4.19) over (0,t) and thanks to assumptions (H1), (H3) and (2.7), we find
that

¢ n—1 t n—1 1/2 ¢ n—1 1/2
1 . 1 7/3 1 —1/3 .
/EZV|Ek(T)|2dT§C+|ﬂ| /EZQk/ (r)dr /ﬁzgk / (7)|éx(T)|? dT )
o k=1 5 k=1 o k=1
which according to (4.27) and (4.28) leads to
t 1 n—1
/ =) ler(n)Pdr < C. (4.29)
A

4.4.3. Estimate 3: higher order estimates

e First higher order estimate: First of all we differentiate (4.1) with respect to time and consider the
corresponding variational formulation,

n n—1
% Y g+ Y (Shrr — )k + flun)idn = po1, (4.30)
k=1 k=1

where we used (4.4) and the formula of summation by parts (4.11). We take ¢y, = iy, use (4.3) and we
obtain

n n—1
%; U kU + E ;Ek(Bé‘k —|-'P[mk,€k]t + vEy — ﬂ@k) + f['u,n]tun = (pul)t — Pg. (4.31)

We integrate now (4.31) over (0,t¢) and using Hypotheses (H1), (H3), (H4) and (H5) we obtain

n n—1 n—1 ¢ n
1. iz s L=, gz, L 2 LS (o2
- > i (£)* + - > len®)* + - > /|ek(7)\ dr < c<1 + - > liix (0)]
k=1 k=1 k=17 k=1

(4.32)

t

n—1 1}
+111(t)|+/(|ﬂ1(7)|2+|un(7)3)d7+%2/|ék(7)|2d7>.

0 k=17

Notice that we used here the direct estimate for P[my,e];.
The initial acceleration term < 7} |i,(0)|* is estimated by using the compatibility conditions
(3.4)—(3.5). We distinguish two situations: the case k = 2,...,n — 1 and the cases k =1, k = n.

> Estimate of the initial acceleration term for k = 2,...,n — 1: To this aim, we first observe that (4.1) and
(4.3) imply

i (0)] < C'n (lex(0) — ex-1(0)] + [€x(0) = €x—1(0)| + |0k (0) — 01 (0)]) (4.33)
for all k = 2,...,n—1. Indeed, to estimate the term P[my,ex](0) — P[mi—_1,er—1](0), we used the following

estimate, which we evaluate at t =0
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[P, ex)(t) — Plmp—1,ex—1](t)] (4.34)

oo

= /w(mk,r)ﬁr[ek] —o(my_1,7)8,[ex—1]dr

0
/ (o) — p(mi—1,7))s,[ex] dr + / o (mi1.7)(sr[ex] — syex_1]) dr
0 0

oo

<C /|mk —mp_1|(t)r dr + <|€k(0) —ep—1(0)|+C m}gx lex — ek_1|> /@(T) dr
0 0

and we use the fact that, from (4.9), my(0) = 0 for k =1,...,n. At this point, we deduce from (4.4), (4.9),
(4.10) and from the Cauchy—Schwarz inequality that

k/n

1 1
ler(0) — ex_1(0)] = n? / u’ (33 + —) —2u%(z) + u® (33 - —) dz
n n
(k=1)/n
(k+1)/n 12
< % / |ug,|? dz
(k—2)/n
for all k =2,...,n — 1. Hence, it follows that
n—1 1
n > [er(0) = ex_1(0)]* < c/ [0 |? da. (4.35)
k=2 0

The other terms in (4.33) are treated similarly, so we may conclude that

1

n—1

1

~ > _lu(0)]* <C /m&ﬁﬂﬁﬁ+WWMM- (4.36)
k=2 0

> Estimate of the initial acceleration term for k = 1 and k = n: On the other hand, (4.1), (4.3), (4.6)
together with (3.4)—(3.5) give

~

piin(0) = n (B(e1(0) = ul(0)) + P(e1(0)) = P(ul(0)) +v(21(0) = v2(0)) = B(61(0) = 6°(0))) . (4.37)
piin(0) = = n(Blen-1(0) = ul(1)) + Plen-1(0)) = Pul(1)) + v(En-1(0) = v3(1))
= BOn-1(0) = 0°(1) + Flu—1(0)) ~ Flu(1))). (4.38)
We may observe that, by virtue of Proposition 2.2 (iii) and (2.19),

n|P(en-1(0)) = P(ud(1))] < Cnlen—1(0) — ul(1)].

Once again using (4.4), (4.9), (4.10) and the Cauchy—Schwarz inequality, it comes that (for more details,
see [31])
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1/2

nlen—1(0) — ud(1)] < 2v/3n /|u21(z>|2dz
1—(2/n)

All the other differences appearing in (4.37)—(4.38) are treated similarly, and in combination with (4.36),
we find

—ka P<c / 0,2 4 [0, 2+ 60P dx | < C. (4.39)
k=1

> Estimate of the boundary terms: We estimate the boundary terms in (4.32) involving @3 and ,, using
(A.4) with ¢ = 0o, p = s = 2. Then v = 1/2 and we see by virtue of (4.25) that they are absorbed by the
left hand side. We may conclude that

t
Ny
Ekzl\uk(t)ﬁ Zm )2 + /|gk 2ar<c (142 Z/wk J2dr | . (4.40)
- 10

"y

e Second higher order estimate: First of all we have by (4.3) that

. . 1
ler — €r—1]| < ” (B(ek — €k—1) + |Plmug, ex) — Plmr—1,ex—1]| + 18|10k — Ox—1| + ok — ok—1]) -

We square this inequality, sum over k and substitute from (4.1) to obtain for all ¢ € [0, T] that

M:

Isrsk 12 (t) (4.41)

= L

SQ
n

(|uk|2 + n2(€k — 5k—1)2 +n2|73[mk,5k] — P[mk_l,sk_ﬂ|2 + n2|9k - Qk_1|2> (t)

ET‘

=1

We estimate now the right hand side. The following estimate holds because of (4.5), (2.10) and (4.29)

¢
1 n
i = a0 C [ (23 Pacy = degalDy(r) | dr
0 J=1
t 1 n
<¢ [ {23 BNy = Ml | dr
0 j=1
1 C
<C E/Z\éj(T)\dT <—. (4.42)
o J=1
Note that by (4.34) and (4.42) we have
1 . .
|PImg, e](t) — Plmr—_1,e11](t)]* < C at lex(0) — ex—_1(0)]* + / |ép(T) — ép_r(T)]Pd7T | . (4.43)

Therefore using (4.43) in (4.41), we find
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n

an —éh1 )|2<C(1—|—n2|ek —sk_1(0)|2+%2|ﬂk(t)|2

k=1 k=1

(4.44)
n n
+n Y [0k(t) — Ok ( /nZ| ) — Epa(T )|2d7>.
k=1 k=1
We deal now with the last term on the right hand side of (4.44). To this aim, let us introduce
L n
)= /nz lék(T) — én_1(7)>dr
5 k=1
and
= 1+nZ|ek —er-1(0)* + Zm |2+nZ|9k ) — 01 ()]

Clearly with these notations, (4.44) can be rewritten as a differential inequality

w(t) — Cw(t) < Cy(t). (4.45)

Multiplying (4.45) by exp(—C't), we get

which gives, using (4.35),

/nZuk(T)fék_l(T)FdTgc 1+/ <i2|ﬁk(7)|2+n20k(7)Hk_1(7)2> dr|.  (4.46)
o k=1 0 k=1 k=1

We may conclude by combining (4.46) with (4.44) and (4.35) to get

TLZ|Ek —e’:‘k 1 )| <C<1—|— Z|uk |2+HZ|9k —Hk 1 )|2
1 n ) ) n )
o (32 mt +1 3 ) =020 ) o (aa)
0 k=1 k=1

_C'(l—l—nzn:wk( ) — Or—1( /( ”z:wk |2+n2|9k —9k1(7)|2) dT),
k=1

0

where in the last line we used (4.40).

e Estimate for the temperature: We take ¢, = 0 in (4.14). The right hand side is estimated via Holder’s
inequality, we integrate the equation over (0,t), note that the last term on the right hand side is bounded
after integration by virtue of (H3) and (4.29) and we get



M. Eleuteri, J. Kopfovd / J. Math. Anal. Appl. 459 (2018) 82-111 99

/( Zwk )2+ 1 >|)df+nz|ek+1 )= o (e)?

k=1
(4.48)

<cfi+l /im W+ 10k | .

e Final estimates and conclusions: For later purposes we define for a generic sequence {¢y : K =0,1,...,n}
with the notations Axp = n(vr — ¢r—1), and Aicp = n?(prs1 — 20k + Pr_1), piecewise constant and
piecewise linear interpolations

(k-1 k
Dk for x € ,—),kzl,...,n—l,
n 'n
7" (z) = - (4.49)
-1
Pn—1 for x € n ,1],
n
k—1 k
Prk—1 for = € n 7E>ak:17"'an_17
g(") (x) = _ (4.50)
—1
Pn—1 for z € n ,1],
n
—~ k—1 k-1 k
" (z) = o1+ (x——>Akg0 for x € l—,—), k=1...,n. (4.51)
n n 'n
We also define
k—1 k j—1 4
A (2 y) = A for (z,y) € [—,—) X [‘7—,1). (4.52)
n 'n n 'n

At this point, we consider piecewise linear interpolations 7™ (z, t), £ (z, ) and 5(”)(1:, t) constructed from
the sequences uy, € and 0y by the formula (4.51). We conclude in the same way as in [31] that

T
IE 120 0y + 10 1210 0 +/| 0™ (1,4)2dt < C, (4.53)
0

or, in terms of series, we have for all ¢ € [0, 7] that

IR 1~ .
EZ|uk(t)|2+EZ|6k(t)|2+nZ\5k( —ép_1(8)? +n2\0k —b1 (D> < C, (4.54)
k=1 k=0 k=1

t 1 n—1 )

/(5;%( )N+ 16 (7 Z|€k >d7<C. (4.55)
J =

We also get as a consequence of (4.5) and the above estimates together with (A.12) that

.l <c. 4.
tgfg}}]l max | (t)] < C (4.56)
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4.5. Passage to the limit

With the notation introduced in (4.49)—(4.51), passing to a subsequence, if necessary, we find functions
g,0,u such that ,,0 € WP (Q7), 0:(1,-) € L?(0,T), uyy € L*(Qr) and such that

ﬂgf) — Uy, 55;2) — g, O =0, weakly* in L((0,T), L*(0,1)), (4.57a)
éﬁl) — ey, /H\En) — 0, weakly in L?*(Qr), (4.57Db)
55/”) ey, 00 uniformly in C*(Q7), (4.57¢)
oM (1,) — 6,(1, ) weakly in L2(0,T). (4.57d)
We have for z € [(k —1)/n,k/n)
70 8) — B0 @ < o) — ek eOF < = (03 et —erns P ) < & (4.58)
St 9 t —= 5 5 — n P 5 5 —= n Y

with some suitable C' > 0. Hence Eﬁn) — & uniformly in L>(Qr), and similarly e™ — ¢, & ) Et,

z(n
¢
g™ e 0™ 9, AR uniformly in L>°(Qr). We have indeed o = e™ and @ A(") = §E ), hence
(n) :(pt) — &1 = Uy uniformly in L=°(Qr).
To check that the limit functions satisfy the initial conditions we proceed in the same way as in [31].
To prove the existence of solutions, we check that the limit functions satisfy (2.23)—(2.24). Let ¢ €

W12(0,1) be an arbitrary test function, and let us define

—E=Ug, U

1
3u(t) := / @™ (1)) + o™ (0 (x)) da + LA™ (1, )](#)b(1) — p(£)d(0).
0

We now use (4.1) and (4.6) to rewrite d,, in the form

n k/n
5alt) = S iin(t) / dx—i—Zok L(6)(6(k/n) — $((k=1)/n))
=1 (k=1)/n
+ flun](t)9(1) — p(t)9(0)
n b/ (4.59)
= Z / o(z)de — ( o — Ok—1)P(k/n) .
k=1 (k—1)/n
n k/n
= ) ig(t) (¢(x) — ¢(k/n))
k=1 (k=1)/n

Clearly, there exists C' > 0 such that

k/n 1/2

" 1/2
s(%Zwk(tn?) 2> [ P
k=1

=L (k-1)/n

SIQ

Pzl
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In the identity

/ ay) ¢+ ™o, (a,t) dr + f@™ (1, )](E)p(1) — p(t)p(0) — 3 (t) (4.60)
0

we now pass to the limit as n — oo. First of all we have for all x € (0,1) by Proposition 2.2 (ii) that

t

/‘min) *mﬁl)’ (x,7)dr (4.61)

0
t 1 oo
<c [ [ [0 aaem® 05,7, - A0 @ e, s . )| drdyds,
0 0 0

where we denote
5 =™ (y,t,r) = 5, [FM)E™ — 5. [F™))e(y, )= rlp.[E™]e (y, 1)

By Proposition 2.2 (ii) we have (note that ||a| — |b|| < |a — b| for a,b € R)

/Ié(") ”|yrdr<r/\et”—et y.7)dr,

hence, by Hypothesis (H1) and (H7)

t 1

t 1 oo
/ / / A (2, ) pm™ )5 — 6O drdydr < C / / ™ — W)y, 7) dy dr. (4.62)
0 0 O 0 0

Similarly, by Hypothesis (H1),

SONY (@, y)pm™, ) — p(m, r)|dr dy dr

o
o _
0\8

z€(0,1)

t /1
gc/ /|s()( Hldy | max [m™(z,7) — m®(x, 7)| dr. (4.63)
0o \o
Finally, we have the pointwise bound

4A
|)‘(n)(x7y) - A(l) (LU, y)' <

~ min{n, [}’ (4.64)

where A has been introduced in (H7). Combining (4.61)—(4.64) gives the estimate
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t
max |m™ —m®|(z,t) < max / m,ﬁ”) - ng)‘ (x,7)dr
z€(0,1) z€(0,1)

with

_ 1 —(n) _ ()
s = C (s + IE7 =00

Inequality (4.65) can be interpreted as an inequality of the form
t
alt) < gur+ [ $Or)a(r)dr,
0

with ¢(t) = max,c( 1) [m™ — mY|(z,1), sO(t) = Cfol |§§l)(y,t)|dy, with s() uniformly bounded in
L'(0,T). We obtain using Gronwall’s lemma that

g(t) < guelo * M < Cg,.

The convergences established at the beginning of this section imply that g,; is small if n, ! are large. Hence,
m™ is a Cauchy sequence, so that

m™ — m strongly in L= (Qr), (4.66)
and, by (4.65),
my") — m, strongly in L%(0,1; L'(0,T)).

Furthermore, by virtue of (4.56) § ") are uniformly bounded in L>(Qr), hence m,ﬁ”) — my in L®(Qr)
weakly star. Using the convergences established at the beginning of this section and Proposition 2.2, we
conclude that D™ (z,), K™ (z,-) converge for all z € (0,1) to D[m,¢|(z,-), K[m,e](z,), respectively,
strongly in L>°(0,T).

By continuity of the operator P[m,¢], we have that ¢(™) converge to o = Be 4+ P[m,e] + ve; — B(6 —
g °f) uniformly in L>°(Qr). Similarly, the boundary term f[@(™(1,-)] converges uniformly in C°([0,T]) to
flu(1,-)]. The sequence ;" ) converges weakly in L?(Qr) and §,, converge uniformly to 0, hence the limit
functions satisfy (2.2) and (2.23).

Similarly, with the intention to prove that (2.24) holds, we consider now an arbitrary test function
1 € W12(0,1) and define the quantity

1
/ (2) + K0 (2, 1)y (2) — [ (E") (2, )2+ (2, )R (2, t) + D (2, 1)
0

— 58" (2, )8 (2, ) (2)) dae — (d[@™ (1, )]s (8)] + (0 — G (1,8)) — PG (1, £))(1),
(4.67)

where
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t
m ) = [ | [x @D ) dy ) ar (4.68)
0
D (1) = / o™, 1) 5, FM)E™ — 5, ™)), (2,8) dr, (4.69)
0
—n 17
K" (2,) = -5 / (™, 7)s2[F™)] (2, t) dr. (4.70)
0

Notice that we have

1 n
/556”)% dz = ny (0(t) = 01 (1) (W(k/n) = &((k = 1)/n))
0

k=1

—nz Ok41(t) — Ok (8) (W ((k + 1)/n) — ¢ (k/n)).

We use (4.14) with ¢, = 9(k/n) to obtain

k/n

An(t) = 3 (ehi(t) — vIen(®)® — ring Ki — Dy + A0k (¢ / e
k=1 (k—1)/n
+ Kn Z Or+1(t) — Ok (t)) (U ((k + 1)/n) — ¥(k/n))
— (|d[un]e| + (0 = 0,,) — W6, (H)v(1)
" k/n
= Z (c@k — véy, — 1y, Ky, — Dy + BOiéy) (t) / (Y(z) —(k/n))dx
k=1 (k=1)/n

hence, arguing as in the estimate of §,,, we may infer that there exists C' > 0 such that

1/2
n k/n n 1/2
c 1 .
A )] <2 2 1 2, a4 | p4
A< | 2 [ e (n;_lj(eﬁswek)(t)) ,
=1 (k=1)/n =

hence A,, converge to 0 strongly in L?(0, 7). Passing to the weak limit in L2(0,7) in (4.67) we check that
(2.24) holds, so that (u,8,m) is a desired solution from Theorem 3.2.

5. Proof of Theorem 3.2: uniqueness

It remains to prove uniqueness. Instead, we prove here a stronger continuous data dependence result
which implies uniqueness if the data coincide. Here we follow the ideas from [31], but we have to face
additionally many technical difficulties caused with the presence of fatigue.
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Theorem 5.1. Let p;, u?,v?,60? and 65<%, i = 1,2, be sets of data satisfying Hypotheses (H5) and (H6) (recall
that, by (2.19) m(x,0) =0 a.e. in (0,1)), and let (ui,Huml) i =1,2, be the corresponding solutions as in
Theorem 3.2. Set p* 1= p1 — pa, u®* = uf —ug, v%* = v} — 09, 0% := 00 — 09, u* := uy —ug, 0* = 0; — 0,
= my —mg and 0% := 98X — 9SX. Then there exists C > 0 depending only on the norms of the data
in their respective spaces such that for all t € [0,T], the following inequality holds

m*

/\ut 2,12 dx+/(|uzt(x D2 + 6% (2, 7)] )dmdr+/|9 (1,7 dr
Qt
1

<C 10 WP + o= + / [p*(r)? dr + /(Iuo*l2 +ug’ [+ [0 4 16%) () da
0

Proof. First of all, integrating the difference of (2.24) for the two solutions in time from 0 to ¢, for all
t €10,T], for all » € W12(0,1), we obtain

1
/0(9*(307 t) — 0% (2))Y(z) dx + & / 0r(z, 7). (x) de dr + cbdy(ﬁ*(l, t) — 6% (1)) (1)
0 Q1

=y / (&, — 2 )@, T)b(x) dedr + / (Dlma, 1) (z,7) — Dlma, ea)(, 7)) () dz dr

Q¢ Q¢
- p /(9151,t — baeay)(x, 7)) () dedr — / (ma  Kma, e1)(z, ) — mo KMo, e2](x, 7)) Y () de dr
Q¢
+ / (Idfus (1, (7] — [dlus(L, Y] (1)]) (1) dr + a / (65 — 6°(1,7))(1) dr.
0 0

We test now by ¢(z) = 0*(x,t). We observe that ¢;, u; ¢, 8; and m; are bounded in L>®(Qr), i = 1,2,
and the dissipation operators are Lipschitz continuous in W11(0,T) by Proposition 2.2 (ii) and Hypothesis
(H2) that is,

t

/\(D[mhal] — Dlmy, e9)(x, 7)]| dT < C Iug*(w)\+/(|(m1 —ma)(@,7)|ler (2, 7)| + le; (z, 7)) d7 |,

0
(5.1)
t t
/(|d[u1(1")]t(7)\ = [duz(1,)]e(r)]) d7 < C | [u**(1)] +/|uf(1,T)|dT ; (5.2)
0 0
for all x € (0,1) and ¢ € [0,T], with some C' > 0. The fatigue term is estimated using (H1) as
¢
/|(m1,tIC[m1,51] — mo tK[ma, ea])(z, 7)|dT (5.3)
0

<c / (¢ — ) (@, )]+ lma e 7)) [ [ = ma) (@, )] + 00 ()] + / i) dy | | dr.
0
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Now, |m(z,t)| < C by the existence part of Theorem 3.2, and

t

¢ 1
/ |mas —moyl(z,7)dr < C // \ug* (y)|* dydr (5.4)
0 0 0

t 1 T
+C/ / |m1—m2\|51,t|+/|8f|ds (y,7)dy | dr
o \o 0

by Proposition 2.2 (ii), together with (2.11) and (5.2); moreover

1/2

t 1 t /1
//(|m1 —ma|le1e])(y, 7)dydr < C/ /|m1 - m2|2(y,7') dy dr (5.5)
0 0 0o \0

by (4.54). On the other hand,

t

Iy — mal (2, 1) < / (e — ma| (2, 7) dr
0

for almost every z, hence, using (5.4) and (5.5) we have

1 t 1
jma — mal(a,1) < c( / 0" () d + / / (Imy — msf? + €}12) (9 1) dydr)
0 0 0

Integrating in space and using Gronwall’s argument, we obtain from (5.4) that

1/2

t 1 1/2 ¢ 1
/ |my ¢ — moy|(z,7)dr < C / \u2*(x)|2 dx + // lef (v, )2 dy dr ) (5.6)
0 0 00

Using the L bounds for §; and €;; and the inequalities (5.2)—(5.2), we may infer that there exists C' > 0
such that

1 1 t 2
[et @@ @ - @aer 53 [ | [owods| dos o ne 0 -6 w)
0 0 0
1 t 1 1/2
<c | [eeol|l @i+ [(gesl+iewahis+ | [ @
0 0 0
¢ 1 1/2 ¢
| [ [P dyas| | dor il {01+ e+ [0 L)+ L)) ds
0 0 0

Hence, also by virtue of (5.15), it follows that there exist constants C, k* > 0 such that
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1 2
/|9*:c7'|2dsc+/~c %/ /H*xs s | da+6%(1,1)2
0
<C (IQP”“*|2 +10™ (1) + /(Iuo*l2 +Jug’|* + 16°%) () da (5.7)
0

+ [ Qi+ 1P + 10 e, s)dxds+/|e* g s>|2ds>

Q:

Integrating (5.7) in time over (0,t) we obtain that

t
/|0*(a:,7')|2 dacdr—l—/|0*(1,7')|2 dr
Q: 0

1

SCT |67 + 167 (1) + /(|UO*|2 + [ud*? +10°%*) (z) da (5.8)
0
t T
e // at 2 + €2 + 167[2) (e, t)d:cdsd7+//|9* 1, 5)[2dsdr
0 Q¢ 0

We now consider the difference of (2.23) taken for the two solutions (u1, 601, m1), (usz, 62, ms2), tested by
¢ = u}, then we use (2.2) and finally we integrate this expression over (0,t) to get

1 1

g/\u’{(:z:,t)|2dz+V/|52‘(m,7)|2d:cd7: g/\vo*(x)|2d;z:

0 Qs 0

+ 6/9*($, T)ey (z,t) dedr — /(BS*(x, 7) + Plmi,ei](z, 7) — Plma, e2)(z,7))ey (2, 7) dw dr (5.9)

Qe Qe
- /(f[ul](l’T) — flug](1,7))u; (1, 7) dr + /p*(T)UZ‘(O,T) dr.
0 0

The terms on the right hand side of (5.9) will be estimated using a suitable constant p > 0 that will be
specified later. We have

6/9* z,T)e; (x, 7)dedr < —/\0 z,7)*dedr + & /|E,’f($,r)|2dalcd7'7 (5.10)
Qt Q:
—/Be*(x,T) ef(z,7)dadr < §/|E*((E,T)|2d.’bd7'+ g/|5f(x,7)|2dmd7', (5.11)
Q: MQt Q1
- / (Plmi, e1)(z,7) — Plma, ea)(z, 7))e (&, 7) da dr (5.12)

1
2—/ [ma,e1](z,7) — P[mQ,EQ](I,T”dedT-I-%/|E:({L‘7T)|2dxd7',
Q1 Q1
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¢
- / (Flu)(1,7) — Fluz](L 7)) (1. 7) dr (1)
. t t
—M/ - a1, ar+ 5 [P an,
0 0
t . t
/p*(T)uf(O,'r) dr < 2—/|p*|2(7') dr + / ur (0,7)>dr. (5.14)
0 #y 0
By (A.2) for r = s = p = 2 we have for all (y,7) € Qr that
1 1 1 1/2
wiw P < [P Ve | [lienpa) | [l@npa)
0 0 0
hence, by Holder’s inequality,
/ 3
/|u’{(y,7)|2 dr < 5/|uf($,7)\2dxd7+/|€f(x,7)|2dxd7'. (5.15)

0 Qt Qt

Furthermore,

/\P[ml,sl](x,T)—P[mg,sg](x nPdedr < C /|u*O \2dx+//\5t z,s)[*dedsdr |, (5.16)

0 Q-
t T
/ Flun)(L7) — flua)(1, 72 dr < 202 [ [wro(0))2 + / / g (1, )2 ds dr (5.17)
0 0 O
3T /
< 2L} <|u*0(1)2 + = [ uj (@, ) dt + lef (2, 8)|? dx ds d7>.
o

Similarly we have

e*(x, T 2dzdr < C u*o 2dac—i— g;(z, s) 2dzdsdr | . 5.18
t

Qr 0 Q-

Choosing now p = v/4 and inserting the estimates (5.10)—(5.17) into (5.9), we conclude that there exists a
constant C* > 0 depending only on the physical constants of the problem such that

1

1
/ i (ar, )2 dz + / €5 (2, 7)|? dzdr < O ( / (0% + [u® P + [u0"[?) (z) dz
0 Q¢

0

¢ t
—|—/|p*(7)|2 dT+/|9*($7T)|2 dxd7+/\uf(m,7)|2 dach—i—//\sf(x, s)|? dxdsd7>. (5.19)

0 Q1 Qt 0 Q-
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We now multiply (5.8) by 2C* and add the result to (5.19), apply the Gronwall’s argument and complete
the proof in the same way as in [31]. O

Appendix A. Sobolev interpolation inequalities

Let p,q,s € [1,00] be such that ¢ > s, and let | - |, denote the norm in L?(0,1). The Gagliardo-Nirenberg
inequality states that there exists a constant CN > 0 such that for every v € W1?(0,1) we have

Q=

[v|g < CGN (|v|s + |v|;77|v’\g)) with ~y:= (A1)

+ =
w =
\

1

T =

Note that (A.1) is straightforward. Indeed if we introduce an auxiliary parameter r := 1+ s(1 — %) and use

the chain rule & |v(2)[" < r|v(z)|"~|v/(2)| almost everywhere, we obtain from Holder’s inequality that
Voo < olr + Cloli MW/ with C = r/". (A.2)

Combined with the obvious interpolation inequality |v|, < |v|<1>§(s/h)|v|§/h for h = ¢ if r > s, and for both
h=qand h =rif r > s, this yields (A.1).
Let now v := (vg,v1,...,v,)" be a vector, and let us denote

L& 1/p n 1/p
[Vl = (;ZIW> and  [Dvl, = <n”lka —vmlp) . (A.3)
k=0 k=1
The discrete counterpart of (A.1) reads
[vlg < CONP (|v]s + v [Dv]) (A4)

where CSNP > 0 is a constant depending on the data and independent of n.

Let us recall here the following embedding formula for anisotropic Sobolev spaces from [29, Theorem A.1].
For a vector p := (p1,...,pn)", 1 < p; < 0o, we define the space LP(RY) as the subspace of L}(RY) of
functions v such that the norm

p2/P1 PN /PN -1 Loy
lvllp == / / /\v(x)|p1 dzq dzg ... dzy (A.5)
R R \R
is finite, with obvious modifications if p; = co. If py = ps = --- = pn, we write simply ||v]|,. For a matrix
P = (P,-j)f-\fj:l with P;; :=1/p;;, 1 < p;; < 0o, we define the anisotropic Sobolev space
0
WP (RY) .= {u e L'RY): a—” € LPi(RN),i= 1,...7N} : (A.6)
T

where p; := (pi1,...,pin). The proof in [29] is carried out explicitly only for p;; < co using the methods
of [3], but the case p;; = co works exactly in the same way.

We denote by I the identity N x N matrix, and by 1 the vector 1 := (1,1,...,1)". The spectral radius
o(P) of P is defined as

o(P) := max{|\| : A € C, det(P — AI) = 0} = limsup |[P"|*/™. (A7)
n—oo
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Theorem A.1. Let o(P) < 1, and let
I-P)'1:=b:=(by,...,by). (A.8)

Then WEP(RN) is embedded in L>°(RY), and there exists a constant C¥ > 0 such that each v € WP (RN)
has for all x,z € RN the Hélder property

N
[0(2) = ()] < CPllvllwre @) Y lzi — 2l V7, (A.9)

i=1

and putting |b| := Zi\il b;, we have for every ¢ € (0,1] and every q € [1,00) that
Vo e RV ¢ Ju(z)] < CP (5—Ibl/q||v||q + 5||v||W1,p(RN)) . (A.10)

Corollary A.2. In the situation of the previous Theorem for r > q the following interpolation inequality
holds:

ol < P (ol + 1ol el sy ) (A1)

with v* := b|(1 = (¢/r))/(q + [b]).
For a detailed proof see [31]. This result will be applied to our situation in the following particular case.

Corollary A.3. Let P be the matriz

1/2 0

P=11a 152

(A.12)

Then the space WY P (Qr) defined as in (A.6) with x1 = x and x5 = t, is compactly embedded in C°(Qr).
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