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1. Introduction

In 1914, Ramanujan [18] discovered several infinite series for 1/m that enable us to compute 7 very
accurately. The most impressive one might be

i (1/4)e(1/2)(3/4): (1103 + 26390k) (1/99)*++2 =

(1.1)
Z e

2\/§7r7

where (a)y =ala+1)---(a+k—1).
In 1997, Van Hamme [24] observed that 13 Ramanujan’s or Ramanujan-like formulas for 1/7, such as

(1) (ah 1) 2k = 2, (1.9)

(1.3)
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i(—l)k(é%kz +1) (5')5 = &, (1.4)
b—0 . ™
oo 1\3
(D4 1) 2 = 2V (15)
k=0 )
have very nice p-adic analogues:
Bt 13 _
S (1) (dk + 1)(15) = (71) (mod p*), (1.6)
k=0
2t 1\3
Z( 1) (6/@4—1)(]3) =p (modp?®), if p=1 (mod3), (1.7)
k=0
Bt 13 _
Z(—l)k(Sk‘ + 1)% =p (72) (mod p%), if p=1 (mod 4), (1.8)
k=0 ’
=R 1\3 _
Z K6k + 1 ]im)gk —p (?2) (mod p?), (1.9)

where p is an odd prime and (;) is the Legendre symbol modulo p. Supercongruences of this type are
called Ramanujan-type supercongruences. All of the 13 supercongruences have now been confirmed by
different authors (see [16,22]). The supercongruence (1.6) was first proved by Mortenson [15] using a ¢F5
transformation and a technical evaluation of a quotient of Gamma functions, and later reproved by Zudilin
[27] via the Wilf-Zeilberger method [25,26] (the WZ pair was borrowed from [3]) and by Long [14] using
hypergeometric identities. Swisher [22] used Long’s method to prove 4 supercongruences of Van Hamme,
including (1.7)-(1.9). Chen, Xie, and He [2] reproved (1.9) modulo p? via the WZ method again. He [11]
has independently used Long’s method to give a generalization of (1.7) and (1.8). Moreover, it is worth
mentioning that the last supercongruence of Van Hamme was proved by Osburn and Zudilin [16] in 2016.

Motivated by Zudilin’s work [27], the author [6,7] uses the ¢-WZ method to obtain g-analogues of
(1.6)—(1.8): for any odd prime p,

prl 2 1q%)3 p—1)? p—1
Z@Nﬁumﬂ%%%szﬂ«nT-mwm% (1.10)
k=0 ’
=, Nk 3k2 ik (q'qa)i _ (p71)6(p72) 3 . _
(—=1)%q [6k + ]—(q )2 = [plq (mod [p]*), ifp=1 (mod 3), (1.11)
k=0 !

P|

) . 43 b [ —
(—1)kg%* 'H“[Sk—l—l]% = [p]q( =2 (f) (mod [p*) ifp=1 (mod4), (1.12)

B
Il
=

where (a;¢), = (1 —a)(1—aq)--- (1 —aq"*) forn > 1 and (a;q)o =1, and [n] = [n], =1+q+---+¢" L.
Note that, for a polynomial h(g) and two rational functions f(q) and g(q), we say that f(q) is congruent to
9(g) modulo h(q), denoted by f(q) = g(q) (mod h(q)), if the numerator of the reduced form of f(q) — g(q)
is divisible by h(q). We point out that there are more general forms of (1.10)—(1.12) in [6,7], and some other
interesting g-congruences can be found in [13,17,19,23].
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Recall that the n-th cyclotomic polynomial ®,(q) is defined as

Ou(q):= [ (a—e*),

1<k<n
ged(k,n)=1

where ¢ is the imaginary unit. It is clear that ®,(q) = [p] for any prime p. This paper was motivated by the
following conjectural g-analogue of (1.9) (i.e., the (I.2) supercongruence of Van Hamme [24]).

Conjecture 1.1. Let n be a positive odd integer. Then

n—1

2 - g2)3 n—1)(n+5

Z<1>'“[6’””<(qq4’~(§4)>k,§‘[n1<q>( 2 (mod [n] @, (g)?), (1.13)
k=0 !

n-l - g?)3 n—1)(n+5

Z(—l)k[akm%z[n](—q)( 0 od ()@, (g)%). (1.14)
k=0 !

Note that, when n = p is an odd prime, the congruences (1.13) and (1.14) are equivalent to each other,

since ((qq qqf)k =0 (mod [p]) for 22 < k < p — 1. But they are not equivalent in general.

The first aim of this paper is to prove the following weaker form of Conjecture 1.1.

Theorem 1.2. Let n be a positive odd integer. Then

2 3
Z K6k + 1 %:o (mod [n]). (1.15)
k=0 )

Moreover, if n is an odd prime power, then
sy i (;6%)3 _(n—1)(n45)
DDk + 1] = n](—q) T s (mod [n]®n(q)). (1.16)

Letting ¢ — 1 in (1.16), we obtain

Corollary 1.3. Let p be an odd prime and r a positive integer. Then

p'—1 133 _ ld
Z (—1)*(6k + 1)15'23)82 =p ( p2) (mod p" ).

k=0

On the other hand, Z.-W. Sun [20, Conjecture 5.1(i)] made the following conjecture

S (6k 1 1) <2kk)3(—512)n—k =0 (mod 4(2n + 1) <2:>), (1.17)

k=0
which was later proved by He [11] using the WZ method. The second aim of this paper is to prove the
following g-analogue of (1.17).
Theorem 1.4. Let n be a positive integer. Then

2k]* (~4:9)% (=% 1°)
,; 6k 1) [’J ()i (=* ¢%)

w3 w

=0 (mod (1+¢")2[2n+ 1] F:]), (1.18)
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where the q-binomial coefficients [TIZ] are defined by

0 otherwise.

We shall prove Theorem 1.2 in Section 2 using some properties of g-factorials and a ¢-WZ pair. In Sec-
tion 3, we shall prove Theorem 1.4 using the same g-WZ pair and some properties of g-binomial coefficients.
In section 4, we provide several related conjectures, including one on a g-analogue of Ramanujan’s series

o 2_
(1.5) and another one on a g-analogue of the congruence 2" = (fl)pT1 (mod p) for any odd prime p.
2. Proof of Theorem 1.2

We first require three preliminary results.

Lemma 2.1. If n is an odd prime power, then

n2-1 n2-1

(=% @) m-1)2=(-1)"5 ¢ 5 (mod ®,(q)). (2.1)

Proof. By the g-binomial theorem (see [1, p. 36, (3.3.6)]), for any odd positive integer n, we have

n—1 n—1
2. 2 _ n—1 K24k _ E_
s =3 [ = =1 mod ey, 2.2)
k=0 q k=0
since
k , k .
n—1 1—q2”_21 . l—q_27 b 2k
] A I = I = (0 o e
q j=1 j=1
Note that

n—1 n—1
2 2

(0% )n-1 = (=) -1z [[ A+ ") = (=% 6P -1z [[ 1+ 07
k=1 k=1

= (0% ) 1y2q © (mod Bp(g)).  (23)

n2-1

Combining (2.2) and (2.3), we obtain (—¢*¢*){, ;) s =q * (mod ®n(q)). It follows that

n2-1

(=% ) n—y2 =+¢ 5 (mod @, (q)). (2.4)

r_ 21y, 25 _

We now suppose that n = p” is an odd prime power. Then 2”2 f = (-1) T (—1)p e (mod p) since
_ 2_

2" = (%) =(-1)"s ' (mod p). Hence, letting ¢ = 1 in (2.4) and noticing that ®,-(1) = p, we are led to

(2.1). O

Lemma 2.2. Let n and k be positive integers with n odd. Then

(@36*) (n-1) /2462 @) {1y j2
(%037, 1) 2(0% 6 (1) f2—k

=0 (mod1-—g¢"), (2.5)



V.J.W. Guo / J. Math. Anal. Appl. 466 (2018) 749-761 753

and for 1 < k < n with k # "“ we have

(4 ¢ )nsr-1(q; qQ)2

=0 (mod (1 - ¢")®u(q)). (2.6)
(4% 4%)n-1(a?% ¢*)n—
Proof. It is well known that
" —1= H Pa(q)
d|m

and so

(% ¢*)m (ﬁ Paalq Lmj) <H Doq—1(q) 70" 1J> (2.7)

m

(46 m = M =(=D" H Poa—1( -1, (2.8)

(4% 6¢*)m

where || denotes the greatest integer less than or equal to z. Therefore,

k 2m+2k 2m—2k+2 _ m—+k m— k+1
(Q;q2)m+k(q;q2)72nfk+1 _wﬁ <I>2d71(q)L zac1 |27 asT - laamr 1 -3l 1-21525]

— _ 2.9
(0% @*)7.(0%5 @) m—r+1 o Boy(q)2La L] (29)

Applying the following properties
[2z] + [2y] > =] + [y] + [z +y],  [20] =2]y], (2.10)

we see that the exponent of ®94_1(g) on the right-hand side of (2.9) is greater than or equal to
2m+1 9 m
2d — 1 2d—1]’
2m—+1

If m = 251 or m = n — 1, then for any d with 2d — 1|n, we have |32%l] — 2| | = 1, which means
that the congruences (2.5) and (2.6) hold modulo 1 — ¢™.

Furthermore, if m = n — 1 and 1 < k < n, then the exponent of ®,(g) on the right-hand side of (2.9) is

which is clearly non-negative.

equal to

{2n+2k—2J+2{2n—2kJ VH_k_lJ— 3, if1<k< 2,
n

This proves (2.6). O

Lemma 2.3. Let n be a positive odd integer. Then

st =t 2Lk 2 22
(:%)3 (=1) = (@ ) n=1) /248 (G ) {1y j2 -k
= “”””W:Z 0= D@0, ) pla ) | 20
=0 ; k 1 ANG5 T ) (n—1)2\T547) (n+1)/2—k
n—1 3 n 1 n+k(,.. 2 . 2\2
(*1)k[6k+1] ( k. _ ( ) (Q7q )n-‘rk 1(Q7q )n k' (212)

(¢* ,q4)i — (1-q)(g*¢")n-1(a" q")n-

™~
Il
o
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Proof. We define two rational functions in g:

61 — 2k + 1)(q; ¢2)nsn(4: 6224
(g% "2 (a% 4" n—k

(=)™ (g; ) sr— 1(q;q2)i K

(1—q) (g% ¢Y)2 1 (g% )

Fn,k) = (~1)7++

)

G(n, k) =

where we use the convention that 1/(¢%; ¢*),, = 0 for m = —1,—2,.... The functions F(n, k) and G(n, k)
satisfy the relation

F(n,k—1)— F(n,k) =G(n+1,k) — G(n, k). (2.13)
Namely, they form a ¢-WZ pair. Indeed, we have the following expressions:

Fn,k—1)  (1-— @ 2R EB) (1 — g2n—2kt1)2

G(n,k) (1 — gin—aktay(1 — gin)2
F(n,k)  (1—¢®n2kt1)(1 — g?nt2k—1)
G(n, k) (1 — ¢4n)2 )

Gin+1,k)  (1- g2rrh=1)(1 22k

GO, F) (=Pl - g r7)

Then it is routine to verify the identity

(1 _ qﬁn—2k+3)(1 _ q2n—2k+1)2 (1 _ qﬁn—2k+1)(1 _ q2n+2k—l)

(1 _ q4n—4k+4)(1 _ q4n)2 (1 _ q4n)2

o (1 _ q2n+2k—1)(1 _ q2n—2k+1)2 .
- (1 — ¢qn)2(1 — gin—4k+4) ’

which is equivalent to (2.13) (dividing both sides by G(n, k)).

Let m be a positive odd integer. Summing (2.13) over n =0,1,..., mT_l, we obtain (via telescoping)
mo1 X
m
;O (n,k—1) ZFnk ( ; k> (2.14)
where we have used G(0,k) = 0. Summing (2.14) over k = 1,2, ..., ;1 we get
iy 1 = 1 = 1
m m m
ZFnO ;) < ;)+;G<;k) ];G< ; k)

where we have used F(n, k) = 0 for n < k because (¢*; ¢*),_x is in the denominator. This proves that (2.11)
holds for n = m.
Similarly, we have

ZF(n,O):ZG(m k
n=0 k=1

That is, the identity (2.12) is true for n =m. 0O
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Proof of Theorem 1.2. It is easy to see that

(@ 4% n-1)/241(6 G )Ty 1) j2
(1—q)(q¢% q4)%n_1)/2(q4; q4)(n+1)/2—k

_ (¢ q2)(n—1)/2+k(Q; q2)%n+1)/2—k 1
(1= a)(a%@®)3,_1) /2 (@ @) nr1) 72—k (=% @°)F, 1) o (=03 @) (nt1) /2

By Lemma 2.2, we have

(@ 6) (n—1)/245(6 @) i1y joi
(1-q)(g% q2)?n71)/2 (¢% q2>(n+1)/2—k

=0 (mod [n]). (2.15)

Moreover, we have gcd((—qQ;qZ)%n_l)m(—qQ;qQ)(nH)/g,,€7 [n]) = 1, since (1 —¢", 1+ ¢™) = 1 holds for all
positive integers m and n with n odd. The proof of (1.15) then follows from (2.11) and (2.15).

Similarly, by (2.6), for 1 < k < n with k # "—H we have

(@ ) ntr—1(z:4*)2_y,
(1 =) g%z 1 (g% q*)n-

Therefore, modulo [n]®,(g), the identity (2.12) reduces to

= (G _ (=15 (4:6%) n-1),2(0: 62 _1) 12
D 7 e () e ey

(=17 (¢:¢°) (n—1)2[0 (0" "2 6P )n-1(6:0°) 1) 2
(@* )71 (@*5 0% (n-1)/2

(_1)%71((]' 2)(n 1)/2[ }(QZ'Q Jn-1(4;q )(n 1)/2
(@ a*)p—1(a% 4" n-1)/2

not1 2
_ (=1) = [] {”_1] (mod [n]®,(q)), (2.16)

(=¢%¢®)2_ 1 (=¢%¢*) -1y 2(—: )31 | 252 ] .

Agiq()q[;l] (mod [n]®,(q)) if gl(q; = gigg; (mod ®,(q)) and the

and g;gg; are both relatively prime to [n]. By the proof of (2.1),

where we have used the fact Al(q()[)]

Ai1(q)

denominators of the reduced forms of 3 Brld)

we have (—¢;¢)n-1 = (—¢%¢*)n_1 = 1 (mod ®,(q)) and [" 1] = (—1)"771(]# (mod ®,(q)). Thus,
q

from (2.16) we obtain

(G} _ (= )”E[nmz od
> Dk + s = gy, (mod [12a() (217)

which means that the congruence (1.14) modulo [n] is true. If n is an odd prime power, then by Lemma 2.1

7712 n— n
and noticing that qs(ls b =gt He) (mod ®,,(q)), the congruence (2.17) is equivalent to (1.16). O

3. Proof of Theorem 1.4

We need two divisibility results on g-binomial coefficients.
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Lemma 3.1 ([7, Lemma 4.1]). Let n be a positive integer. Then

| ] =0 Gmod (14 (50020

Lemma 3.2. Let n and k be positive integers with k < n + 1. Then

(5 ) nix(4:0°)5 _jr (a5 0)5,
(1= a)(¢*¢*)2 (9% ¢*)n—k+1

=0 (mod (1+¢")[2n+1] {2:]) (3.1)

Proof. Since

(1 + qn)2[2n + 1] |:27L:| _ (1 + qn)Q(q;q)2n+1

n (1-q) (92

to prove (3.1), it is equivalent to prove that

(03641 (@6 C@ D0 (~0: )7y
(4% @®)n—k+1(¢ Q2nt1

(3.2)

is a polynomial in ¢ with integer coefficients. Noticing (2.7), (2.8), and

(¢ q)n = H<I>zd yLal=lsal,

the expression (3.2) can be factorized into

(H Bog(q)2L a2l T 2L g 2Lt |- Lot "“J—W“J)

d=1

n+k
(H @2{1 1 |_22nd+21kJ+2|.2n 2k+2J sz;;»klj 3Ln2dk,«¢ilj L2n+1 > .

It is clear that [2] — |2=EEL] > 0 (since k > 1), |22+ ] = 2], and
n—1 n n—1
2 = > 0.
{dJ de {QdJ/O
So, the exponent of ®54(g) is non-negative. Moreover, by (2.10), we have
2n + 2k n 2n — 2k +2 > n+k n n—k+1 n 2n+1 ’
2d -1 2d -1 2d -1 2d -1 2d -1

2n — 2k + 2 > 9 n—k+1 .
2d —1 2d —1

This implies that the exponent of ®24_1(q) is also non-negative and therefore (3.2) is a product of cyclotomic
polynomials. O

Similarly as before, summing (2.13) over n from 0 to N, we obtain

N N

> Fnk—1)=> F(nk)=G(N+1,k). (3.3)

n=0 n=0
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Furthermore, summing (3.3) over k from 1 to N, we get

N N N
> F(n,00=) F(n,N)=> G(N+1k). (3.4)
n=0 n=0 k=1
Since
a (¢ q2)2N
> F(n,N)=F(N,N)=[4N + 1]m

N <—q2;q2>%v[g;>ljzv<—q, % [Zﬁ] [QJJVV }

by Lemma 3.1 we have

N
()% D F( (g )N (=% )N

n=0

|

2N
=0 (mod (1+¢")?[2N +1] [ N}).
Additionally, by Lemma 3.2, for 1 < k < N, we have

(¢ )Nk G PN GG OY (=% )N

(~ )N (% O)NGN + 1, k) =

(1= a)(a* @)X (¢% PIn—k+1 (=% %) N—kt1
=0 (mod (1+¢™)?2N +1] [iﬂ ).
Therefore, from (3.4) we deduce that
N
(—6:9)% Z )=0 (mod (14 ¢")?*[2N +1] ﬁﬂ).

Namely, the congruence (1.18) holds for n = N by noticing that

;2 2k 1
(4 4 _[ 5

(a* q*)k k]( GO (=%

4. Concluding remarks and open problems

It seems that the condition “n is an odd prime power” in Lemma 2.1 is not necessary. Namely, we have
the following conjecture.

Conjecture 4.1. The congruence (2.1) holds for all positive odd integers n.

Pan [17, (1.4)] has given a g-analogue of Fermat’s little theorem: (¢";¢™)p—1/(¢;¢)p—1 =1 (mod [p]) for
any prime p and positive integer m with ged(p, m) = 1. More general, for all positive integers m and n with
ged(m,n) = 1, we have

(q(q’qinl _ H 117_qu =1 (mod ®,(q)).
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We now suppose that n is a positive odd integer. Similarly to the proof of (2.1), we can show that

(m=1)(n%-1)

(@™ 0™y 2/ (G Doy 2 =0 * (mod @, (q))- (4.1)

We have a generalization of Conjecture 4.1 as follows.

Conjecture 4.2. Let m,n > 1 be positive integers with n odd and ged(m,n) = 1. Then

m (m=1)(n?-1)
(@™ 4™ (n-1)/2 _ (Z) @ " (mod u(q)),  #16] (m = 1)(n* ~1), (4.2)
(¢ Dn-1)/2 (%) ¢ (mod @,(q)), i 164 (m — 1)(n? — 1),
where (%) is the Jacobi symbol.

Similarly as Lemma 2.1, we can prove the following result.
Theorem 4.3. Conjecture 4.2 is true for all odd prime powers n.

Proof. It is clear that (4.1) is equivalent to

(0" 0™ 12/ (05 @y o = 45240 (mod @, (g). (4.3)

Moreover, if (m —1)(n? —1)/8 is odd, then (m —1)(n? —1)/8 +n is even. By (4.1) and (4.3), we know that

(m—1)(n2-1)
meg™ +q 16 (mod ®,,(q)), if 16 | (m — 1)(n* = 1),
(@34 m-1y/2 _ (4.4)

. m — 7L27 n
(@) (n—1)/2 g (mod @n(q)), if 164 (m — 1)(n2 — 1).

It remains to determine the sign of the right-hand side of (4.4). We now assume that n = p" is an odd prime
power. Then m"z = (%) (mod p) and, by the binomial theorem, (p" —1)/2 = (((p—1)+1)" —1)/2 =

(p—1)r/2 (mod p—1). Since m?~! =1 (mod p), we conclude that m* 5 = = (%)r = (%) = ()

(mod p). Therefore, taking ¢ = 1 in (4.4) and noticing that ®,-(1) = p, we deduce that the sign + in (4.4)
must be (%) O

For any positive odd integer n, it is easy to see that ®,,(¢?) = ®,,(¢)®,(—¢q). Replacing q by ¢ in (4.2)
and noticing that ¢ =1 (mod ®,(q)), we obtain the following conjectural congruence:

2m.

(g ") (n—1)/2 (m=1)(n?-1)
et = () ot wat)

which reduces to (2.1) when m = 2.
Let us turn back to Swisher’s work [22, Corollary 1.4]. She proves the following interesting congruence:

—1

]

k

S (1) + 1) @)2Z< CH >=0 (mod p)
RISE 2 \(2j -1 1652) )

k=0

We provide a g-analogue of this congruence as follows.
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Conjecture 4.4. Let n be a positive odd integer. Then

47

kl6k + 1 g ; ( PTEE [ij) =0 (mod ®,(q)).

M

k=0

Swisher [22] has made many interesting conjectural supercongruences on generalizations of Van Hamme’s
13 Ramanujan-type supercongruences. For instance, She [22, (L.3)] conjectured that, for any odd prime p
and positive integer r,

p =1 1o

2 3 Dpts )
() _ (op)ten Z E(6k + 1)

(3)i
k|38k

[ I
N[=

(—1)*(6k + 1) P (mod p®"). (4.5)

k=0

If the supercongruence (4.5) is true, then we can easily conclude that

(=) @+5)r .

(=DM Ok + 1) = (=) = p" (mod p"*),

which is the n = p" and ¢ = 1 case of our conjectural congruence (1.13) by noticing that (—1) (p=tiptBlr

(—1) B

If the conjectural congruence (1.14) is true, then

. That is, the congruence (1.13) coincides with Swisher’s Conjecture (L.3).

"

bS]
|
-

(3)%
K138k

(p=1)(p+5)r

=(-1) s p" (modp 2. (4.6)

(SIS

(—D)k(6k + 1)
0

e
Il

Motivated by Swisher’s Conjecture (L.3) and the conjectures of Z.-W. Sun [21], we would like to raise the
following conjecture, which is a refinement of (4.6).

Conjecture 4.5. Let p be an odd prime and r a positive integer. Then

_ pm -1

(3): <p D) (%)i ar
g 6k+1)k!38k = (-1 D g 6k + )k:!38’f (mod p°").
k=0

N[

Moreover, since the supercongruences (1.6)—(1.9) have very nice g-analogues, it is natural to ask whether
their original 7 series (1.2)—(1.5) have similar g-analogues or not. This is true for (1.2)—(1.4). In fact, letting
n—o00,a=b=c=gq,and ¢ — ¢*,¢°,¢* in Jackson’s g¢5 summation (see [4, Appendix (I1.20)]):

oo | L qaf,—qa%,@ ¢, d N (ag; @)oo (aq/be; @)oo (aq/bd; q) oo (ag/cd; @)oo
az, —az, aq/b, ag/c, ag/d’ " bed | (aq/b;q)sc(aq/c; @)oo (aq/d; q)oc(aq/bed; ) o

where (a; q)oo = limy,—00(a; ¢)n and the basic hypergeometric series ,11¢, is defined as

a1,az,...,ar41 o (a1;0)k(a2; @) - - (ary1;@)nz"
r r yq, 2| = s
e l b b, by ] kZ:O(QQQ)k(bMQ)k(b%‘l)k‘"(bTQQ)k

we are led to the following g-series identities:
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i(—l)qu2[4k+11 (60 _ (00)o0(e% 0*)ox

=0 (6% 63 (¢%¢%)3% 7
DRI NCIL ) CAL WO TR
=0 (¢ ¢%)3 (¢%¢*)a 7
o . 4\3 3. .4 5. 4
) g 41 () _ (@54 )(a’:q )oo’ L
kZ:O( : | ]((J“;q‘*)i (g% 9% (47)

which are g-analogues of (1.2)—(1.4), respectively.
We have the following conjectural g-analogue of (1.5).

Conjecture 4.6. For any complex number q with |q| < 1, there holds

& 5 . 42)\3 3. 4 5. 4
S (= 1)k 6k + 1 ](q q4)k3:(q7q)4m(4qZ7Q)oo' (4.8)
P (¢*;0%)3 (¢*4")3

Note that the right-sides of (4.7) and (4.8) are the same. It is easy to see that the left-hand side of (4.8)
converges uniformly on the interval [0,1), and so

0 23 0 1)3
. 4 )k k (E)k;
lim S (=1)F¢** [6k + 1 ](— =) (=1)¥(6k+1) .
g1 kZ:O (¢ ")} ,;) K138k
On the other hand, the ¢-Gamma function I'y(z) is defined by
Py(a) = LD (1 _gyi=e g <g <
(4" @)oo
(see [4, p. 20]), and we have
lim Ty(z) =T(2)
q—1-
It follows that
(@74 (@% 0N _ . 1 12V
lim i = lim 3 = e = .
g—1- (g% q*)2, g1 Tga()Tqa(3)  T(PT(F) T

This means that (4.8) is indeed a g-analogue of (1.5).

Remark. Conjecture 1.1 has recently been confirmed by Guo and Zudilin [10, Theorem 4.4], and Conjec-
ture 4.6 has been proved by Guo and Liu [8], Hou, Krattenthaler, and Sun [12], and Guo and Zudilin [9].
It was pointed out by the editor that Conjecture 4.6 can also be deduced from the following terminating
quadratic summation of Gessel and Stanton [5, (6.8)]:

3 (0o a2)r(ag/cq?)u(c/ag? gl —aq®) 2o o (ag?;
3
P aq”+2,q2)k(q Qr(c;Or(a?q? /e;x(1 — a) (c;q)n(a?q

by letting n — o0, ¢ — ¢*, ¢ = ¢*, and a — q.
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