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1. Introduction

The local geometry of curves is a classical subject, nowadays developed for various geometric structures
using various views and methods. The study generally starts in flat spaces, the passage to general curved
cases demands new ideas and attitudes. We are going to evolve an approach based on conformal tractor
calculus. In this section, we present main sources of inspiration, summarize main results and introduce main
tools needed later.

1.1. Main sources and methods

To our knowledge, the first general treatment of curves in conformal Riemannian manifolds is due to
Fialkow [9], which is therefore used as a basic reference for comparisons. In that paper, a conformally
invariant Frenet-like approach is developed. This primarily requires a natural distinguished parametrization
of the curve (in the place of the arc-length parameter in the Riemannian setting), a natural starting object
(in the place of the unit tangent vector) and a notion of derivative along the curve (in the place of the
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restricted Levi-Civita connection). Having all these instruments, it is easy to derive a conformal analogue
of Fernet formulas with a distinguished set of conformal invariants, the conformal curvatures of the curve.
For generic curves in an n-dimensional manifold, this yields n — 1 conformal curvatures, one of which has
an exceptional flavour.

The Frenet frame can be seen as an example of a more general concept of moving frame by Cartan.
An application of the latter method for immersed submanifolds, especially curves, in the homogeneous
Mbobius space is presented by Schiemangk and Sulanke in [16] and [20], which we adduce as important
sources of inspiration. That way, the curve in the homogeneous space is covered by a curve in the principal
group so that the restriction of the Maurer—Cartan form to the lift reveals the generating set of invariants.
The lift can be identified with, and practically is constructed as, a curve of (pseudo-)orthonormal frames in
the ambient Minkowski space, whose dimension is two more higher than the dimension of the Mobius space.

Both the homogeneous principal bundle with the Maurer—Cartan form and the associated homogeneous
vector bundle, whose fibre is the ambient Minkowski space with the induced linear connection, has a coun-
terpart over general conformal manifolds: the former leads to the notion of conformal Cartan connection,
the latter to the Thomas standard tractor bundle with its linear connection and parallel bundle metric.
These two approaches are basically equivalent, in this paper we exploit the latter one. One of its main
advantages is that everything can be set off pretty directly in terms of underlying data, while it still has
very conceptual flavour. This, on the one hand, allows one to easily adapt key ideas from the homogeneous
setting to the tractorial one. On the other hand, expanding any tractorial formula yields a very concrete
tensorial expression that allows comparisons to results obtained by that means. We refer to the essential
work [2] by Bailey, Eastwood and Gover both for the generalities on tractor calculus and for an initial step
in the study of (distinguished) curves in this manner.

Besides the just cited main sources, there is a wide literature discussing curves in conformal and other
geometries from various aspects. A short review of the development of the topic for conformal structures
can be found in the introduction of [5]. Another references that are close to our purposes are [3], [4] and [13].
An exhibition of tensorial techniques in the study of curves in related geometries can be found in [14]. For
typical subtleties in dealing with null curves in pseudo-Riemannian geometry, see e.g. [7]. For an application
of the Cartan’s method of moving frame to curves in a broad class of homogeneous spaces, see [6].

1.2. Aim, structure and results

We study the local differential geometry of curves in general conformal manifolds of general signature
using the tractor calculus. Although the subject is indeed classic, the systematic tractorial approach is novel.
This approach has not only obvious formal benefits, but also a potential for discovering new results and
relations. In particular, the discussion for null curves in the case of indefinite signature (for which almost
nothing is known) is very parallel to the one in positive definite case and leads to results that we, at least,
would never obtain by other means.

The rough structure of the paper is as follows: In sections 2 and 4 we develop the theory for conformal
Riemannian structures, in section 5 we discuss its analogies in indefinite signature. We primarily deal with
generic curves, whereas special cases are briefly mentioned in accompanying remarks. However, the most
special case—-conformal circles—is dealt individually in section 3.

In section 2 we follow the setting of [2], where one already finds the tractorial determination of the pre-
ferred class of projective parametrizations on any curve as well as the projectively parametrized conformal
circles. Continuing further with tractors of higher order, we build a natural reservoir of relative conformal
invariants associated to any curve (subsection 2.3). The simplest of these leads to the notion of conformal
arc-length, the distinguished conformally invariant parametrization of the curve (subsection 2.4). This in-
variant vanishes identically along the curve if and only if the curve is an arbitrarily parametrized conformal
circle (Proposition 3.3). As a demonstration of the ease of use of tractors we describe some conserved quan-



114 J. Silhan, V. Zddnik / J. Math. Anal. Appl. 478 (2019) 112-140

tities along projectively parametrized conformal circles on manifolds admitting an almost Einstein scale,
respectively normal conformal Killing field (subsection 3.2).
In section 4 we launch the Frenet-like procedure to absolute conformal invariants of curve:

e construct a pseudo-orthonormal tractor Frenet frame along the given curve,
« differentiate with respect to the conformal arc-length and extract the tractor Frenet formulas,
o the coefficients of that system determine the generating set of invariants.

For the curve in an n-dimensional manifold, we have n — 1 conformal curvatures, one of which has an
exceptional flavour. The vanishing of the exceptional curvature has an immediate interpretation relating the
above mentioned parametrizations (Proposition 4.3). By construction, all conformal curvatures are expressed
via the tractors from the tractor Frenet frame, i.e. with respect to the conformal arc-length parametrization.
Alternative expressions in terms of initial tractors are also possible. In particular, for all nonexceptional
curvatures, we have very simple formulas using the previously defined relative conformal invariants, i.e. with
respect to an arbitrary parametrization (Theorem 4.6). For a given scale, we also indicate how to express
conformal curvatures in terms of the Riemannian ones (subsection 4.3). Besides the pure pleasure, this effort
allows a comparison of our invariants with those in the literature, especially in [9].

In section 5 we adapt the previous scheme to conformal manifolds of indefinite signature. In that case
we distinguish space-, time- and light-like curves according to the type of their tangent vectors. A full
type classification of curves (via associated tractors) becomes very rich, depending on the dimension and
signature. The construction of the tractor Frenet frame has to be adapted to the respective type, which makes
any attempt on its universal description impossible. Avoiding the complicated branching of the discussion,
we only point out the main features (Remark 4.4(3)) and focus on the light-like curves. Among these
curves we identify an appropriate analogue of conformal circles, the conformal null helices. Notably, in their
characterization another family of relative conformal invariants of Wilczynski type appears (Theorem 5.8).
More details on the construction of the tractor Frenet frame and expressions of the corresponding conformal
curvatures are discussed in the case of Lorentzian signature (subsection 5.4).

1.8. Notation and conventions

Most of the following conventions is taken from [2]. A conformal structure of signature (p, ¢) on a smooth
manifold M of dimension n = p+ ¢ is a class of pseudo-Riemannian metrics of signature (p, ¢) that differ by
a multiple of an everywhere positive function. For all tensorial objects on M we use the standard abstract
index notation. Thus, the symbol u* and p, refers to a section of the tangent and cotangent bundle, which
is denoted as £% := TM and &, := T*M, respectively, multiple indices denote tensor products, e.g. fq°
is a section of £,° := T*M ® TM etc. Round brackets denote symmetrization and square brackets denote
skew symmetrization of enclosed indices, e.g. sections of Eup) = T*M A T*M are 2-forms on M. By E[w]
we denote the density bundle of conformal weight w, which is just the bundle of ordinary (—)-densities.
Tensor products with another bundles are denoted as £%w] := £% ® £[w] etc. In what follows, the notation
as p® € £%w] always means that p is a section (and not an element) of £%[w], global or local according to
the context.

Conformal structure on M can be described by the conformal metric gq,, which is a global section of
E(ap)[2]. Any raising and lowering of indices is provided by the conformal metric, e.g. for u* € £*[w] we have
ta = Bapit® € Eulw + 2]. A conformal scale is an everywhere positive section of £[1]. The choice of scale
o € &[1] corresponds to the choice of metric ga, € £(4p) from the conformal class so that g,, = 0 %gap. The
corresponding Levi-Civita connection is denoted as V. The Schouten tensor, which is a trace modification of
the Ricci tensor, is denoted as P,;,. Transformations of quantities under the change of scale will be denoted
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by hats. In particular, for ¢ = fo, T, = f~1V,.f and any u® € £, the Levi-Civita connection and the
Schouten tensor change as

@aub = Va,U/b + Taﬂb - ,U/aTb + N0T56ab7 (1)
/F;ab = Pab - VCLTZ) + TaTb - %TCTCgab' (2>

Let I' C M be a curve with a parametrization ¢ : I' —+ R and the tangent vector U® so that UVt = 1.
Regular curve is called space-like, time-like, respectively light-like (or null), in accord with the type of its
tangent vector U%, i.e. if U.U® > 0, U.U¢ < 0, respectively U.U¢ = 0. Of course, the curve may change the
type of its tangent vectors. Since the whole study that follows is of very local nature, we restrict ourselves
only to the (segments of) curves of fixed type. In the first two cases, the density

u:=+/|UU°| € E[1] (3)

is nowhere vanishing and will be employed later. Henceforth we always assume I is smooth. Along the curve
we use notation % := UV, and

a a a 2 a i)a ' @
U'e:=4ye, U= 45U, s ue = &U )

for the derived vectors. By abuse of notation we often write U® € £% which should be read as U* € £%|r, and
similarly for any other quantities defined only along the curve I'. Note that the vector U has order i + 1
(with respect to I'). Obviously, none of vectors in (4) is conformally invariant. For instance, the acceleration
vector transforms according to (1) as

~

U'* =U'" — UU, Y* + 2U°Y. U (5)

From this it follows that, for space- and time-like curves (but not for null curves), a metric in the conformal
class may be chosen so that U’® = 0, i.e. the curve is an affinely parametrized geodesic of the correspond-
ing Levi-Civita connection. This indicates the problem with a conformally invariant notion of osculating
subspaces. Instead, we are going to make use of tractors.

The conformal standard tractor bundle T over the conformal manifold M of signature (p,q), where
p+q =n = dim M, is the tractor bundle corresponding to the standard representation RPT1:4+1 of the
conformal principal group O(p + 1,¢q + 1). Specifically, T has rank n + 2 and for any choice of scale, it is
identified with the direct sum

T=E1]® & -1 @&[-1]
whose components change under the conformal rescaling as
o o
(m)- e ) ©
0 p—"Tops — 1Y Y0

Here T, is the 1-form corresponding to the change of scale as before. Note that the projecting (or primary)
slot is the top one. The bundle 7T is endowed with the standard tractor connection V, the linear connection

o Va0 — lia
Vol pb | = Vap? + 820 +Plo | .

P va,o - Pac,ufc

that is given by
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It follows this definition is indeed conformally invariant. The bundle T also carries the standard tractor
metric, the bundle metric of signature (p + 1,¢ + 1) that is schematically represented as

0 0 1
0 g 0],
1 0 0

i.e., for any sections U = (o, u%, p) and V = (r,v*,m) of T,

U.-V =pu, v +or+ pr.
It follows the standard tractor metric is parallel with respect to the standard tractor connection.
2. Relative conformal invariants

Throughout this section we consider conformal structures of positive definite signature. The discussion
for space- and time-like curves in indefinite signature shows only minor differences, the null case is more
involved, see section 5. In the first two subsections we only slightly extend the setting of [2, section 2.8].
Then we introduce a natural family of relative conformal invariants and the notion of conformal arc-length

parameter of curve.
2.1. Canonical lift and initial relations

In the positive definite signature, any vector is space-like. Hence, for a regular smooth curve I' C M with
a fixed parametrization t, the density (3) becomes u = /U.U¢ and it is nowhere vanishing. This provides
a lift of I to the standard tractor bundle T that is given by

0
T:= <u01> . (7)

Along the curve we use the notation dd—t :=U°V,. and

L d L d2 i L di+1

v=4T, U =417, .., UY:=4T (8)
for the derived tractors. The notation is chosen so that the highest order term in the middle slot of U @ js
a multiple of U®4. Note that the tractor U has order i + 2 (with respect to I'). By construction, both
the tractor lift T and all tractors in (8) are conformally invariant objects. Explicitly, the first two derived

tractors are

0
U= utU® ) (9)
_u—BUCU/c
—Uu
U = u U’ — 203U U ¢ U . (10)

—u U U" ¢ —u3ULU' ¢ + 3u=>(UU' ¢)? — u= 1P 4UU*
The tractors T, U, U’ are linearly independent, and satisfy

T-T=0, T-U=0, T -U =-1,

, (11)
U'Uzl7 U-U :O.
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The first nontrivial identity is
U' U =3u2UU° +2u72U.U"° — 6u=Y(UU'©)? + 2P ,UU“. (12)
In order to simplify expressions, we will use the following notation
a:=U .U, B:=U0".U", ~y:=U".U", ete.

Initial relations above and their consequences may be schematically indicated by the Gram matrix which,
for the sequence (T,U,U’,U",U""), has the form

0 0 -1 0 «

0 0 —a =3

-1 0 o 1o/ 1d"—p . (13)
0 -« %0/ 8 %ﬂ'

a —%O/ %a// ﬁ %B/

Clearly, the generating rule may be written as
U® . ylt+i+tl) _ (U(i) . U(i+j))’ Y g G oV §{CN

Later we will need some details on the next derived tractor U”. As a consequence of T' - U” = 0, the
projecting slot of U” must vanish. With the help of (12), the middle slot of U” may be expressed as

U = 3uTPUU U + (BuTPUU = 3um (U - UY) + 20 ' UCUPy) U — uUCP“.
2.2. Reparametrizations

Let t = g(t) be a reparametrization of the curve I'. All objects related to the new parameter # will be

r—1d 1

denoted by tildes in accord with % =g 7' 4, where ¢’ = %. In particular, U = ¢’ ~1U?, & = ¢’ ~*u and

T = ¢'T. Using just the chain rule and the Leibniz rule, one easily verifies that
f] -U _|_g/—1g//T,
ﬁ/ _ g/—lU/ + g/—2g//U + (gl —29/// . g/—Sg//Q)T’ (14)
l—'j—// — g/ -2y + 29/ —QS(g)U + g/ —28(9)/ T,

where S is the Schwarzian derivative,
. g/// 3 g// 2 w1 2
S(9) -27—5 ? = (Ing’) —5(1119) .
According to the starting relations (11), we have

U .U =¢72U-U -25(y),

o (15)
U’ .U’ - 9174 (U// U — 4S(g)UI U + 4S(g)2) .

Hence vanishing of U’ - U’ determines a natural projective structure on any curve, cf. [2, Proposi-
tion 2.11]:
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Proposition 2.1 (/2]). The equation U’ - U’ = 0, regarded as a condition on the parametrization of a curve,
determines a preferred family of parametrizations with freedom given by the projective group of the line.

Any parameter from this family will be called projective.
From (15) it further follows that

U"-u" - (U -U?=¢*U"-U - (U -U?).
Hence the function
:=U"-U"— (U -U)?=p5-a* (16)
is a relative conformal invariant of the curve.
2.3. Relative conformal invariants

In general, a relative conformal invariant of weight k of the curve I' is a conformally invariant function
I:T — R that transforms under a reparametrization £ = g(t) of the curve as

I=g 7 FI.

In particular, vanishing, respectively nonvanishing, of any relative invariant is independent on reparametriza-
tions. Conformal invariants of weight 0 are the absolute invariants.
Let us denote

A; = det (Gram (T,U, U, .. .7U(i_2))) : (17)

the determinant of the Gram matrix corresponding to the first ¢ tractors from the derived sequence
T,U,U’,.... From (11) it is obvious that A; = Ay = 0 and Az = —1 independently of the curve and
its parametrization. These three determinants are thus absolute, but trivial conformal invariants. The first
nontrivial invariant is A4. From (13) it follows that

Ay=—B+a*=—-0. (18)
In general, we have

Lemma 2.2. For i = 4,...,n + 2, the Gram determinant A; is a relative conformal invariant of weight
i(i —3).

Proof. As a generalization of (14) we have

0" = ¢ =UY mod (T,U.U,... .U,

for any j = 1,...,n. From this and properties of the determinant it follows that (17) changes under the
reparametrization as

Ay =g "2 g 2N = g miEB A

foranyi=4,...,n+2. O
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For i =4,...,n+ 2, the tractor metric restricted to <T, U,..., U(i72)> is nondegenerate, thus vanishing
of A; is equivalent to the fact that the determining tractors are linearly dependent. In particular, for ¢ > 4,
vanishing of A, implies vanishing of A;.;. Note also that the weight of any A; is even, thus its sign is
independent of all reparametrizations.

2.4. Conformal arc-length

By (16), respectively (18), we defined a nontrivial relative conformal invariant of the lowest possible
weight and order. It is actually nonnegative:

Lemma 2.3. & > 0.

Proof. For a parametrization belonging to the projective family of Proposition 2.1 we have ® = U" - U".
Since the top slot of U” vanishes, the previous expression equals to the norm squared of the middle slot
of U” and so it is nonnegative. Since the weight of ® is even, it is a nonnegative function independently of
the parametrization of the curve. 0O

Suppose that I is a curve with nowhere vanishing ®. Then

ds = ¥/B(t) dt

is a well-defined conformally invariant 1-form along the curve whose integration yields a distinguished
parametrization of the curve; it is given uniquely up to an additive constant. Such parameter is called the
conformal arc-length. Note that if s is the conformal arc-length then ®(s) = 1.

It will be clear from later alternative expressions that this is the same distinguished parameter as one
finds in literature, e.g. in [9] or [5]. In the later reference, one also finds a notion of vertex, which is the
point of curve where ® = 0. The vertices of curves are clearly invariant under conformal transformations.
Generic curves are vertex-free, the opposite extreme is discussed in the next section.

Remark 2.4. For space- and time-like curves in the case of general indefinite signature, the relative conformal
invariant ® defined by (16), respectively (18), is not necessarily nonnegative as in Lemma 2.3. It may even
happen that it vanishes although the corresponding tractors T,U,U’,U" are linearly independent. The
notion of vertex in such cases would rather be defined by the linear dependence of these tractors than by
vanishing of @, cf. Remark 3.4(2).

3. Conformal circles and conserved quantities

We continue the exposition with the assumption of positive definite signature. The only difference in
indefinite signature concerns the notion of conformal circles that are defined just for the space- or time-like
directions. Reasonable analogies for null directions are discussed in subsection 5.3.

3.1. Conformal circles

In this subsection we consider the curves for which ® vanishes identically, i.e. the curves consisting only of
vertices. The conformal arc-length is not defined for such curves and they are excluded from the discussion
in the main part of this paper as the most degenerate cases. However, these curves form a very distinguished
family of curves that coincide with the so-called conformal circles, the curves which are in some sense the
closest conformal analogues of usual geodesics on Riemannian manifolds. In the flat case, they are just the
circles, respectively straight lines, i.e. the conformal images of Euclidean geodesics.
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Conformal circles are well known and studied (under various nicknames') in the literature. A quick survey
with an explanation of the relationship of the definition below to distinguished curves of Cartan’s conformal
connection can be found in [13, section 5.1]. Conformal circles on a general conformal manifold can also be
related to ordinary circles in the flat model via the notion of Cartan’s development of curves.

Here we adapt the notation of [1], where conformal circles are defined as the solutions to the system of
conformally invariant third order ODE’s

U"* =3u?U.U" U — 3u2UU U + w*U°P.* — 2U°U P4 U™ (19)

Contracting, respectively skew symmetrizing (19), with U yields the following pair of equations equivalent
to (19):
UU"* =3u2(UU')? = 23UV’ ¢ — w*U°UPq, (20)
UoUy) = 3u™2UU" © UaUpy + u?UP Uy (21)
From (5) we know that, for any curve with an arbitrary parametrization, a metric in the conformal class

may be chosen so that it is an affinely parametrized geodesic of the corresponding Levi-Civita connection,
ie. U'* = 0. It is then easy to see from (20) and (21) that

Proposition 3.1 (/1]). The curve is a conformal circle if and only if there is a metric in the conformal class
such that the curve is an affinely parametrized geodesic and U°P., = 0.

From the explicit expressions in subsection 2.1 we may read the following tractorial interpretations
of the equations above: The equation (19) is equivalent to vanishing of the middle slot of the tractor
U" +3(U'-U")U (since the primary slot is zero, this is indeed a conformally invariant condition). This
implies that the middle slots of tractors U” and U are collinear, which is just the condition (21). In
particular, this condition is independent of any reparametrization, i.e. solutions to (21) are the conformal
circles parametrized by an arbitrary parameter. The equation (20) is equivalent to U’ -U’ = 0. In particular,
solutions to (20) correspond to the projective parameters of the curve. Considering further the injecting slot
of the tractor U”, it is shown in [2, Proposition 2.12] that

Proposition 3.2 (/2]). The curve is a projectively parametrized conformal circle if and only if it obeys
U'-U =0 and U" =0. (22)
We may easily generalize this statement as follows:
Proposition 3.3. The following conditions are equivalent:

(a) the curve is a conformal circle (with and arbitrary parametrization),
(b) all its points are vertices, i.e.

@ZUN‘UH_<U/'UI>2 :O,

(c) the rank 3 subbundle <T7 U, U’> C T s parallel along the curve.

1 E.g. they are called conformal null curves in [9] or conformal geodesics in [10] and [13]. Note that the conformal geodesics
studied in [8] or [15] form a different, more general, class of curves.
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Proof. From subsection 2.1 we know that the tractors T, U, U’ are linearly independent for any curve and
its parametrization. From subsection 2.3 we know that ® = 0 is equivalent to the fact that the tractors
T,U,U',U" are linearly dependent, i.e. U"” belongs to the subbundle (T',U,U’) C T which is therefore
parallel. Thus (b) and (c) are equivalent.

Among tractors T,U,U’,U”, only U’ has nonzero projecting slot. Hence the previous condition means
that U” is a linear combination of T' and U. Since the middle slot of T' vanishes, the previous is equivalent
to the middle slots of U” and U being collinear, which is just the condition (21). Thus (c) and (a) are
equivalent. O

Remarks 3.4.

(1) Note the two conditions in (22) are not independent: if U” = 0 then U’ - U’ = 0.

(2) Conformal circles in the case of indefinite signature exist only for space- or time-like directions. They
have all of the above stated properties except the condition (b) of Proposition 3.3, which is no more
equivalent to the others, cf. Remark 2.4.

3.2. Conserved quantities

As an application of the current approach we describe some conserved quantities (or first integrals) along
conformal circles for some specific conformal structures. Here we consider conformal structures admitting
almost Einstein scales or conformal Killing fields with some additional property. The description of the
conserved quantities is easily given due to the tractorial characterization of these additional data, which
can be found e.g. in [11].

An almost Einstein scale is a section o € £[1] satisfying the conformally invariant condition that the
trace-free part of V,Vyo + Papo € Eup[1] vanishes. Then o is nonvanishing on an open dense set where
the metric gqp = 0 2gqp is Einstein. The tractorial characterization of this fact is that the tractor field
L7 (o) € T is parallel, where L7 : £[1] — T denotes the BGG splitting operator.

Proposition 3.5. Let I' be a conformal circle with a projective parametert. Assume the conformal manifold M
admits an almost Einstein scale o € E[1] and let S = L7 (o) € T be the corresponding parallel tractor.

dg—0.

Then the function s := U’ - S is a conserved quantity along T, i.e. 5

Proof. A projectively parametrized circle satisfies U”" = 0, the tractor S corresponding to an almost Einstein

scale satisfies S’ = 0. Thus 4(U’-S)=0. O

A conformal Killing field k* € £ is an infinitesimal symmetry of the conformal structure. This is
equivalent to the vanishing of the trace-free part of V (k) € E(qp)[2]. The tractorial characterization of this
fact is that the tractor field K := LAT (k%) € A2T satisfies

V.K = k°Q,,, (23)

where LA*T : £¢ — A2T denotes the BGG splitting operator and Q.q € Ejcq @ AT is the curvature of the
tractor connection V. Further, along the given curve, we introduce the 1-form

by = UQu(U,U). (24)

Proposition 3.6. Let I' be a conformal circle with a projective parametert. Assume the conformal manifold M
admits a conformal Killing field k* € £% satisfying k4, = 0, and let K = LAzT(k“) € A2T be the
corresponding tractor field. Then the function € := K(U,U’) is a conserved quantity along T, i.e. %E =0.



122 J. Silhan, V. Zddnik / J. Math. Anal. Appl. 478 (2019) 112-140

Proof. A projectively parametrized circle satisfies U” = 0. The tractor K corresponding to k% satisfies (23)
and hence (4 K)(U,U’) = k%, = 0. Also, K is skew, thus % (K(U,U’)) =0. O

Note that the assumption k*¢, = 0 in the Proposition is automatically satisfied for normal conformal
Killing fields which are characterized by the vanishing of (23).

Remarks 3.7.

(1) It is somewhat tedious to expand tractorial formulas for the conserved quantities s and ¢. To proceed,
one needs the respective splitting operators and some manipulation. From the explicit expressions it in
particular follows that the considered quantities are nontrivial. All that can be found already in [19].
Note also that both s and ¢ are quantities of order 2, while the conformal circle equation is of order 3.
Further related and interesting results can be found in recent article [12].

(2) Expanding (24) yields

o = UWapeaUU'* — 202UV [, Py U,

where W,;,¢; is the conformal Weyl tensor. Remarkably, the condition ¢, = 0 plays a role in the
variational approach to conformal circles, see [1, p. 218].

4. Absolute conformal invariants

For a generic curve, the relative conformal invariants A; from section 2 are all nontrivial, provided that
4 < i < n+ 2. One may therefore easily build a galaxy of absolute conformal invariants. In this section we
construct a minimal set of such invariants, which is done in a natural if not canonical way. In order to make
the construction complete, the assumption of positive definite signature is important here. In particular,
the standard tractor metric has signature (n + 1, 1).

4.1. Tractor Frenet formulas and conformal curvatures

Let T" be a generic curve, let s be its conformal arc-length parameter and let T', U = dd—ST, U = %U, .
be the corresponding tractors as above. The restriction of the tractor metric to the subbundle <T, U, U '>
is nondegenerate and has signature (2,1). Thus its orthogonal subbundle in 7T is complementary and has
positive definite signature. We are going to transform the initial tractor frame (T, U,U’,...) into a natural
pseudo-orthonormal one. Firstly, under the transformation

Uy:=T, U,:=U, Uy:=-U-YU -U)T, (25)
the initial relations (11) transform to

Uo-Uy =0, Uo-U, =0, Up-U;y =1,
U, U =1, U, -Uy=0, (26)
U, -Usy =0.

Secondly, by the standard orthonormalization process we may complete this triple to a tractor frame

(Uo,Ul,Ug;Ug,...,Un+1) (27)
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such that U; belongs to the span <T,U, e ,U(i71)>, for all admissible ¢, and the corresponding Gram
matrix is

1
1
1
X (28)
1
More concretely, for any i = 3, ..., n, the frame tractors are
Ui = Vi/\/ Vz . Vi, where
Vv, =U0%Y _w'Y.Uu,_HU;_, - (29)

= (UYL U)W U, — UV U U, — (UY UL U,,.

The last tractor U,1; is determined by the orthocomplement in T to the codimension one subbundle
<T7 cee U("_1)> = <U0, ey Un> up to orientation. We do not need to fix the orientation now, it is done
only later. The frame (27) is called the tractor Frenet frame associated to the curve I'.

Now, differentiating the constituents of the tractor Frenet frame with respect to the conformal arc-length
s and expressing the result within that frame yields Frenet-like identities. As in the classical situation,
it follows that the coefficients of that system determine the generating set of absolute invariants of the
curve. The pseudo-orthonormality of the tractor Frenet frame implies a lot of symmetries among these
coefficients.

Just from (25) we have

U6 = Ula (30)
UI1:K1U07U2’ where Kl = 71U,°U/ (31)

is the first nontrivial coefficient, the first conformal curvature of the curve. In general, for any admissible i,
the derivative U’, is a linear combination of tractors Ug, Uy, ...,U; 1, namely,

U,=U;-U)Uo+ (U;-U) U1+ (U; - Ug) U + (U; - U3) Uz + - - - + (U; - Uig1) Uiy,

where the coefficients satisfy Uj-U; = —U; - U’ and they have to vanish if i = j or j > i+ 2. In particular,
from (30) we may read Uj,-U; = 1 and U, -U; =0, for j = 0,2,...,n+ 1. Similarly, from (31) we further
read Uy - Uy = Ky and U} - U, = 0, for j = 1,3,...,n + 1. Substituting these facts into the previous
display, for i = 2, we see that the only unknown coefficient is the one of U3, i.e. U} - Us3. It however follows
that this coeflicient is constant so that we have
Lemma 4.1.

U,=-K U, —Us. (32)

Proof. From (29), according to (25) and (11), we obtain

Vs=U"—-(U"-U)U+ U"-UT.
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Using U” - U = —U’ - U’, which is a consequence of U - U’ = 0, we obtain
V3. Vy=U"-U"- U -UP?=0=1

and thus Uz = V3. From (25) and (29) we know that U} equals to —U"” mod (T,U), respectively
—V3 mod <U0,U1>.H€DC€ U/Q'U3:—V3'U3=—1. O

Following the same ideas as before, one gradually and easily obtains

Uy =Ug + KUy,
U; =-K, U1+ K, 1U;4q, fori=4,...,n, (33)
Z,L+1 = —Kn—lUm
where Ko, ..., K, _1 are the higher conformal curvatures of the curve. The bunch of equations (30), (31),

(32) and (33) form the tractor Frenet equations associated to the curve. Schematically they may be written
as

1
U! U
0 K -1 0
UL -K -1 U
U, ! U,
— 1 K
U; | = K ’ | Us |. (34)
U, ? . . U,
: K. :
U;z+1 o 1 ! Un+1

Altogether, we summarize as follows:

Proposition 4.2. The system of tractor Frenet equations determines a gemerating set of absolute conformal
invariants of the curve. On a conformal Riemannian manifold of dimension n, it consists of n—1 conformal
curvatures that are expressed, with respect to the conformal arc-length parametrization, as

U -Us, =1,
Ki=q 172 fort (35)
Ui Uipo, fori=2,....n—1.

In (31) we have an alternative expression of the first conformal curvature in terms of initial tractors.
Thus, as a consequence of Proposition 2.1 and the ensuing definition, we obtain an interpretation of that
invariant:

Proposition 4.3. The conformal arc-length parameter belongs to the projective family of parameters if and
only if K1 = 0.

Remarks 4.4.
(1) The matrix in (34) is skew with respect to the inner product corresponding to (28). A change of basis

leads to a different matrix realization, e.g., just a permutation of the frame tractors leads to following
rewriting of (34):
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1
U, e . U,
/ 1 -
! 1 Ko Ui
U3 7K2 U3
U, .. .. Un
/ " Kn—l U
n+1 —K,_, n+1
!
U2 —Kl _1 U2

This block decomposition reflects the standard grading of the Lie algebra so(n+ 1, 1) with the parabolic
subalgebra corresponding to the block lower triangular matrices. This choice is very close to the ones
in [20] or [5].

(2) For generic curves, the (n + 2)-tuple of derived tractors is linearly independent. For specific curves, this

is not the case and we cannot build the full tractor Frenet frame and all tractor Frenet formulas. One
may however mimic the previous procedure as long as the tractors are independent:
If, say, the tractors T, U,U’,..., U @) are linearly independent and Uty belongs to their span,
then they form a parallel subbundle in T of rank i + 2 with the corresponding orthonormal trac-
tors Ug,U1,Us,...,U,;y1. This yields a part of the tractor Frenet formulas above, in which the first
i—1 conformal curvatures occur; the remaining ones may be considered to be zero. (In this vein, confor-
mal circles may be considered as the most degenerate curves whose all conformal curvatures vanish, cf.
Proposition 3.3.) In the flat case, this means that the curve itself is contained in an i-sphere, respectively
i-plane, i.e. in the conformal image of an i-dimensional Euclidean subspace. See also [9, section 12] for
further details.

(3) For space- and time-like curves in the case of indefinite signature, we remark the following: The same
transformations as in (25) lead to the relations (26) where the type of curve is reflected just in the sign
of the middle element, hence also in the signature of the subbundle <T7 U, U’> in 7. The orthogonal
complement of this subbundle in 7~ has in general indefinite signature. Thus, the tractors V; from (29)
may have any sign, including zero. If the sign is negative, we just adjust the corresponding definition
of U; and, accordingly, one sign in the bottom-right block of (28) changes. If the tractor V; is isotropic
then we cannot satisfy both the diagonal form of the bottom-right block of (28) and the condition
U,e(TU,..., U(i71)>. Of course, one can always transform given tractors to a pseudo-orthonormal
tractor frame, but only with some additional choices. The rest remains basically the same, only the
tractor Frenet formulas may look different and some of the resulting invariants has to be related to
the respective choices. (Nevertheless, it is clear that the exceptional conformal curvature K; and its
interpretation as in Proposition 4.3 are not influenced by these issues.) These observations lead to a finer
type characterization of space- and time-like curves. Its complete branching structure is manageable

only in a concrete dimension and signature.
4.2. Conformal curvatures revised

In the definition above, the orientation of the last tractor from the tractor Frenet frame was a matter of
choice. In what follows we assume the orientation of U1 is chosen so that it belongs to the same half-space
as U™ with respect to the hyperplane (Uy,...,Uy,). Thus, according to (29), we have

U(Z) = Vi+1 mOd <U07U1,...,Ui>, (36)
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for any i = 3,...,n. Also, from definitions and the tractor Frenet formulas, one progressively obtains
T=Uy, U=U,, U/:—U2+K1U0, U//:U3+2K1U1+K{U0, ete. (37)

In particular, it holds U” = Uz mod (Uo,U1,Us). Similarly, it follows that U"” = KyU4 mod
<U0, U, U,, U3> and, inductively,

UY =Ky K;1Uipr mod (Ug,Uy,...,U,), (38)
for i = 3,...,n. Altogether, from (36), (38) and U; = V;//V; - V;, we obtain
Ky Kio1=+Vit1- Vi,
which leads to the following conclusion:

Proposition 4.5. With respect to the conformal arc-length parametrization, the higher conformal curvatures
can be expressed as

Vita Vi

Ki = ’
Vig1-Vin

fori=2...,n—1. (39)

In particular, all these curvatures are positive. The first conformal curvature K; does not fit to this
uniform description and its sign may be arbitrary, including zero.

An expansion of (39), according to (25) and (29), provides expressions of higher conformal curvatures in
terms of initial tractors. Instead of exploiting this demanding procedure, we are going to use the relative
conformal invariants from subsection 2.3. From the construction of the tractor Frenet frame it follows
that A1 = Ay(V,; - V;), for all admissible 4. Since Az = —1, we see that all admissible determinants
are negative. Hence we can express V; - V; as a quotient of determinants, whose substitution into (39)
yields

IAVERPAV]
K, — VBB (40)

_Ai+2

Up to this point, everything has been related to the parametrization by the conformal arc-length. Now
we consider an arbitrary parametrization of the curve.

Theorem 4.6. With respect to an arbitrary parametrization of the curve, the higher conformal curvatures
can be expressed as

VAiL1Ai4s .
K= Y2HISES i i—o -1, a1
AV RV EAV (1)

Proof. According to Lemma 2.2, the weight of the right hand side of (41) is
T+ —2)+ 36 +3)i—(i+2)(i—1)—1=0,

thus it defines an absolute conformal invariant. With respect to the conformal arc-length parametrization,
(41) coincides with (40), hence the statement follows. O
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Alternatively, the statement is deducible from (40) by the reparametrization according to subsection 2.2
and Lemma 2.2, where ¢’ = ®7. That way, we may obtain also an expression of the very first conformal
invariant, K7, which does not fit to the just given description: Its expression with respect to the conformal
arc-length is given in (31), which transforms under reparametrizations according to (15). The substitution
of ¢ = ®7 and a small computation reveals that

Proposition 4.7. With respect to an arbitrary parametrization of the curve, the first conformal curvature can
be expressed as

[V

K| =— (U -U - i(me) + Lt(nd)?) =

(42)

NI= N

o
o3 (P°U-U' — Lod" + 20'2).

Remarks 4.8.

(1) Not only the conformal curvatures, but the tractor Frenet frame itself can be built with respect to
an arbitrary parametrization. E.g. expressions of the first three tractors (25) transform, under the
reparametrization according to (14) with ¢’ = ®1, so that

Uy=®iT,
U =U+1(ln®) T, (43)
Us=—0 1 (U + (@)U + (AU -U + Ld)?)T).

(2) Our exceptional invariant K corresponds to a similarly exceptional invariant J,_1 of [9, section 5] as
follows. For any relative conformal invariant @) of weight 1, an appropriate combination of @) and its
derivatives leads to an appropriate transformation of the new quantity under reparametrizations of the
curve. Namely, with the same conventions as yet,

20Q" -3Q'% = ¢' 7 (20Q" - 3Q"* - 25(9)Q°) -
Combining with (15), it easily follows that the function
QU U -2Q7°Q" +3Q 7'

is an absolute conformal invariant of the curve. Now, the substitution @ = ®1 leads to an invariant,
which differs from our K7, respectively Fialkow’s J,,_1, just by a constant multiple. (For the comparison
with J,,_1, the formula (44) from the next subsection is needed.)

4.8. Conformal curvatures in terms of Riemannian ones

Expanding any of the above expressions for the conformal curvatures yields very concrete and very ugly
formulas in terms of the underlying derived vectors. As a compromise between the explicitness and the
ugliness we show how to rewrite the previous formulas in terms of the Riemannian curvatures of the curve.
This way we will also be able to compare our invariants with their more classical counterparts.

Within this paragraph we consider a generic curve parametrized by the Riemannian arc-length parameter,
according to a chosen scale. The corresponding Riemannian Frenet frame is denoted by (eq, ..., e,) and the
Riemannian Frenet formulas are?

2 Warning: in this subsection we relax the abstract indices, i.e. we write e; rather than el etc. The raising and lowering indices
with respect to the chosen metric is denoted by # and b, respectively.
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/
€1 = Ri1éa,
, .
€; = —Ki—1€i—1 + Ki€i+1, fori=2,...,n—1,
/
€, = —Rp—1€6n-1,
where primes denote the derivative with respect to the Riemannian arc-length and k1,...,K,—1 are the

Riemannian curvatures of the curve. Accordingly, the expressions (3) and (4) read as
u=1, U=e, U' = kieq, U" = —k}e; + Kles + Kikges, etc.

Following the development of subsection 2.1, the first tractors are

0 0 -1
T=|0], U=|e |, U = Kies ,
1 0 —P(el,el)

0
U = (”%61 + Kiex + kikoez — Per,e1)er — Pley, )ﬁ> .

*
Hence we obtain

U .U = /i% + 2P(ey, e1),

®=U"-U"— (U -U"? = k|?+ k22 + terms involving P. “
Substitution of (44) into (42) leads to an expression of the first conformal curvature K in terms of first
two Riemannian curvatures k1, ko, some terms involving the Schouten tensor and their derivatives. The full
expansion leads to a huge formula even in the flat case.
Formula enthusiasts may continue further in this spirit and express the higher derived tractors. We add
some details on the Gram matrix corresponding to the first five tractors. It is displayed in (13) where,
modulo terms involving P,

a = ki, B = k2 + K]+ K2K2,
v = 963K12 + (K] — K3 — k1k3)2 + (26 Ko + K1kb)? + KIK3KS.
Of course, the term k3 is nontrivial only if n > 4. From this and (41) one could deduce an expression for
the second conformal curvature K in terms of k1, ko, k3, P and their derivatives. Although the result is
expected to be messy, it can be condensed into the following neat form:

S

Ky = (k}* + K%H%)_% ((261%K2 + KTKS + K1k RS — K1k R2)? + (K2 4 KIK3)KTRSKRS) ?

modulo terms involving P.

Remark 4.9. In the flat case, for n = 3, the previous display agrees precisely with the invariant which is
called conformal torsion in [5] (the other invariant there corresponds to our K7). Note that vanishing of Ko
K]

/
in such case is equivalent to ko = 0, or k2 # 0 and :—f = (sz) . The former condition means that the
1

curve is planar, the latter one means the curve is spherical. By virtue of Remark 4.4(2), this is an expected
behaviour.

For another comparisons let us also describe first few tractors from the tractor Frenet frame constructed
in subsection 4.1. According to (43), the easy tractors are
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-1
0 0
UO:@i (O), U, = . e1 , U2:—<1>*i %(lnq))’el—i—fileg ,
i(In @)’ 35 (In @)’ 2 + 1x2

where ® is given in (44). The first nontrivial step concerns an expression of Us, which one calculates as

0
Us= @7% 5/162 + K1Kkoe3 + P(617 61)61 — P(el, —)ji . (45)

K1K)

Remarks 4.10.

(1) Incidentally, the middle slot of the tractor in (45) corresponds to the starting quantity in Fialkow’s
approach, the so-called first conformal normal of the curve, cf. [9, equation (4.21)]. Using this and an
invariantly defined derivative along the curve (with respect to the conformal arc-length parameter), the
conformal Frenet identities and the corresponding n — 2 conformal curvatures are deduced in [9, sec-
tion 4]. The last Fialkow’s conformal curvature is constructed ad hoc in [9, section 5], see the discussion
in Remark 4.8(2).

(2) At this stage we can easily count the orders of individual invariants although some estimates could be
done earlier. The relative conformal invariant ® is of order 3, cf. (44). From this and (42) we see that
the first conformal curvature K is of order 5. For ¢ > 2, an estimate based on (41) yields the order of
ith conformal curvature K; is at most ¢ + 3, but the current expressions show it is actually i + 2.

5. Null curves in general signature

The next step is to consider possible generalizations of the previous treatment to conformal manifolds
of arbitrary signature. Thus, in the following we suppose that M is a conformal manifold of dimension
n = p + ¢q and signature (p,q) and T is the standard tractor bundle with the tractor metric of signature
(p+1,q + 1). Generally, we should distinguish curves according to the type of tangent vectors/tractors
and also according to the type of further tractors in the tractor Frenet frame. This leads to a diversity of
possible cases, cf. Remark 4.4(3). The typical situation we need to understand is when the tangent vector
together with its several derivatives generate a totally isotropic subspace of the tangent space, cf. the notion
of r-null curves below. One can view this as a counterpart of the Riemannian setting discussed so far. In
the last subsection we discuss the Lorentzian signature in more detail.

5.1. r-null curves
For null curves the density (3) vanishes identically and cannot be used for the lift to 7. Depending on

the signature, we may consider curves that are more and more isotropic, without being degenerate. On a
conformal manifold of signature (p, ¢), for any r < min{p, ¢}, a curve is called the r-null curve if the vectors

Ue, ..., UT=Da gre linearly independent and null, whereas U is not null. Consequently, it holds
Uc(i)U(j)c _ 0, . for i +j5 < 2r, (46)
(—1)r iU U e, for i +j = 2r.

Note that the notion of r-null curves is well defined as it does not depend on the chosen scale. Indeed, one
can easily verify by induction using (1) that

UWe =y®e mod (U®,...,ulNa),
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for all 1 <4 < 2r. In this vein, space- and time-like curves may be termed 0-null curves. As an opposite
extreme, we use the notation co-null curves for curves, whose all vectors U@ are isotropic; such curves
are necessarily degenerate. The most prominent—and the most degenerate—instance of such curves are the
null geodesics.

For an r-null curve, it follows from (1) that the norm squared of U ()¢ is a nowhere vanishing density of

=/ U UM € 1]

provides a lift T' € T as in (7), to which we add the derived tractors U, U’ etc. as before. Explicit expressions

conformal weight 2. Thus,

are very analogous to those in (9), (10) etc. up to some shift. For ¢ < 2r, we have

0
U® — w ly@a L ... )

*

where the zero in the primary slot appears as —u~ U, U~1¢ = 0 and the dots in the middle slot denote
terms of lower order. In particular, we have T - T = --- = Y.yt =0 and

c:=U" .UM = +1. (47)
The first nontrivial quantity is U (r+1) .+ In order to simplify expressions, we will use the notation
o= U(’r‘+1) . U(T+1), 5 = U(T’+2) . U(T+2), yi= U(T+3) . U(”r‘-’r-?))7 etc. (48)

The pattern of the initial relations remains the same as in (13) up to the signs concerning e and a shift in
the south-east direction. After some computation, one shows that the first few antidiagonals of the Gram
matrix read as

0, for i 4+ 75 < 2r,
(=)™ for i +j = 2r,
U® .yl — 0, fori4+j=2r+1, (49)
(1)~ for i +j = 2r + 2,
(—1)r+i=e —2(T 043 1, for i +j =2r+ 3,
(=)=t B+ (=1)rti-d 7(T7i;2)2 o, for i +j = 2r + 4,

where we use the convention U™V := T

Under the reparametrization £ = g(t) as in subsection 2.2, one easily verifies that T = ¢'""T, from
which one deduces the transformations of higher order tractors. Considering Ut .= 0, for i < —1, it turns
out that

~ (k
U( ) _ g/r—k (U(k) + Akg/_lg”U(k_l) + (B -1 /// —_C g —2 //Q)U(k—2) 4. > , (50)

for k =0,1,..., where the coefficients Ay, By, C), are given by the recurrence relations

Ak+1 :Ak+’l'7k,
Bri1 = B + Ay,
Cry1=Cp — (r—k—1)A;,
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with the initial conditions Ag = r+ 1, By = 0 and Cy = 0. It is an elementary, but tedious, exercise to solve
and tidy up this system. For k = r + 1, it turns out that

Arsr = 2+ 1)(r +2),

N[

(r+1)(r+2)(2r+3),

=

Br+1 =

Cry1=—2(r+1)(r+2)(r* —r—4).

From this and the initial relations it follows that

o = g/ —2 (a _ 2€BT+1glflg/// + €(A£+1 + 207-.!,_1)9/ 729//2) .
Since A%_H + 2Cy41 = 3B,41, the previous simplifies to
G =g 2(a-2B,S(g). (51)

Thus, the equation o = 0, regarded as a condition on the parametrization of an r-null curve, determines a
preferred family of parametrizations with freedom the projective group of the line. This is a generalization
of Proposition 2.1 which just corresponds to r = 0. Altogether we may conclude with

Proposition 5.1. For any admissible r, any r-null curve carries a preferred family of projective parameters.

It is well known that null geodesics carry a preferred family of affine parameters.

Further, the Gram determinants are defined and denoted just the same as in (17). Initial relations for
an r-null curve lead to A; = 0, for ¢ = 1,...,2r + 2, and Ag,y3 = —e. The first potentially nontrivial
determinant is Ag,;4. Analogously to Lemma 2.2 we have

Lemma 5.2. Along any r-null curve, the Gram determinant A;, for i = 2r +4,...,n + 2, is a relative
conformal invariant of weight i(i — 2r — 3).

For any ¢« = 2r + 4,...,n + 2, the vanishing of A; is equivalent to the fact that the determining tractors
are linearly dependent. The weight of any A, is even, hence its sign is not changed by reparametrizations. In
contrast to Lemma 2.3 (corresponding to = 0), we cannot say anything about the particular sign of Ay, 4.
For an r-null curve with nowhere vanishing As,., 4, we define the conformal pseudo-arc-length parameter by
integration of the 1-form

ds = 2T+\4/ |A2T+4(t)| dt (52)

along the curve; it is given uniquely up to an additive constant. The invariant As,;4 (hence also all higher
ones) may vanish. In particular, this happens automatically if 2r +4 > n + 2, i.e. if n < 2r + 2. From the
introductory counts we know that r and n are related by n > 2r, therefore the critical dimensions are n = 2r
and 27 + 1. In such cases, none of the just considered invariants can be used to define a natural parameter
of the curve. However, there is another couple of relative conformal invariants as shown in subsection 5.2
below; see also Remark 5.15 for further comments.

At this stage, we sketch how to adapt the construction of the tractor Frenet frame from subsection 4.1
for r-null curves with the pseudo-arc-length defined. The smallest nondegenerate subbundle in T~ gradually
built from the derived tractors is (T, U, ..., U*" ™). The restriction of the tractor metric to this subbundle
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has signature (r + 2,7 + 1), respectively (r + 1,7 + 2), thus its orthogonal complement in T~ has signature
(p—r—1,q —r), respectively (p — r,q —r — 1). We may always start with the prescription

UO = T, Ul = Ua ey UT’+1 = U(T) (53)

Then we have to consider transformations determining U,; € <T, U,..., U(i_1)>, fori=r+2,...,2r + 2,
so that the Gram matrix corresponding to the tractors (Uy,...,Usr12) is antidiagonal with values +1
(this substitutes the upper-left block in (28)). Note that in contrast to the case r = 0, the definition for
U,i2,...,Ug.49 is not unique. This freedom is already visible from the first tractor of this subsequence
which may be given as

U,y = —eUTHY - %eaU(Fl) +oe (54)
where the dots stay for any linear combination of lower order tractors U (r=2) ,...,T. To accomplish the full
tractor frame, i.e. to determine (Ugzy43,...,Un+1), we continue by an orthonormalization process. Going

along, we may meet an isotropic tractor: in such case we face the same problem as discussed in Remark 4.4(3)
and some additional choices are inevitable.

Having constructed the tractor Frenet frame, we differentiate with respect to the conformal pseudo-arc-
length to obtain the tractor Frenet equations with the generating set of absolute conformal invariants. Just
from (53) and (54) we easily deduce first few Frenet-like identities:

! !
0:U17 L) U7-:U7"+17
U;+1 = KU, — eU,;2, where K = —%ea.

Clearly, the first conformal curvature is not affected by the freedom in the construction of the tractor
Frenet frame. From the expression of K; and the remark preceding Proposition 5.1 we immediately have
the following generalization of Proposition 4.3.

Proposition 5.3. The conformal pseudo-arc-length parameter belongs to the projective family of parameters
of an r-null curve if and only if K1 = 0.

The freedom in the construction of (U,ia,...,Us.42) influences the corresponding part of tractor
Frenet equations and so the corresponding conformal curvatures, namely, Ks,...,K,11. The respective
freedom in the construction of (Ugyys,...,Uny1) influences some of the remaining conformal curvatures
Kyy9,...,Kp—r—1. Notably, they are n — r — 1 in total.

Various expressions analogous to (35) and (39) (with respect to the conformal pseudo-arc-length param-
eter), or (41) and (42) (with respect to an arbitrary parameter) are deducible. We provide more details only
in subsection 5.4 for the case of Lorentzian signature.

5.2. Invariants of Wilczynski type

For an r-null curve, vanishing of Ag, 14 means that the tractors T, U, ..., U 2r+2) are linearly dependent.
Since the first 2r 4 3 tractors from this sequence are linearly independent and U = TUCH), this condition
may be interpreted as a tractor linear ODE,

TCr8) 4 g oD L g 4 T = 0, (55)

where qq, . .., gar+2 are functions expressible in terms of pairings of the initial tractors. Following [21, ch. II,
§4], we may consider the so-called Wilczynski invariants of this equation, i.e. the set of 2r + 1 essential
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invariants denoted as ©s3, ..., 0,13 (the indices indicate weights). Of course, we may associate Wilczynski
invariants to the linear differential operator on the left hand side of (55), i.e. also to general r-null curves
with nonzero As,14. As a matter of fact, these invariants are relative conformal invariants of the curve.

Assuming go,42 = 0, i.e. the so-called semi-canonical form, an explicit form of first two of these invariants
is given by the following Lemma.

Lemma 5.4 ([17]). Let y*) + qp_oy* =2 4. 4 qoy = 0 be a linear ODE of kth order in the semi-canonical
form (qx—1 = 0). Then the first two Wilczynski invariants are

k—2
O3 = qx-—3 — TQfgfg»

k—3 k—2)(k—3 5k+T7)(k—2)(k—3
@4:%—4— 2 q2—3+%é)q;c’—2_( 10]{(}3(4_1)(2(_ 1) )q]%—Q'

The formula for ©3 and ©4 was known already to Laguerre and Schlesinger, respectively, both predating
the work of Wilczynski. Accurate references and modern treatment of this classical subject can be found in
[18, section 4.1].

Now we need to relate coefficients ¢; from the equation (55) to quantities «, 3, v etc. from (48). By pairing
both sides of (55) with T, it follows from (49) that ¢o,42 = 0, i.e. the equation is in the semi-canonical
form. Considering similarly the pairing of both sides of (55) with T' = U, T = U’ and with T" = U",
one computes

2r+1 r?
q2r+2 =0, Q2r+1 = €Q, Gr = — ea’, q2r—1 = —€f + 360// + o (56)

Combining this with Lemma 5.4, we obtain the resulting form of O4:

Proposition 5.5. Let €, « and 3 be the quantities associated to an r-null curves (with respect to an arbitrary
parametrization) as in (47) and (48). Then ©3 = 05 =0 and

B r(r+3) ,  (r+3)(2r+5)(5r—+4)
O1=—cf == ca +10(7~+1)(7~+2)(27~+3)a2

1s a relative conformal invariant of the weight 4.

Proof. Both vanishing of ©3 and the form of ©, follows from (56) and Lemma 5.4, where k = 2r + 3. The
particular weight of ©4 follows from the definitions (48) and the exponent of ¢’ in (50).

To show ©5 = 0, we shall for simplicity assume a projective parametrization of the curve, i.e. « = 0. In
particular, the equation is in the canonical Laguerre—Forsyth form for which the expressions of Wilczynski
invariants are well known, see [21, ch. II, eqn. (48)]. Analogously to the computation leading to (56), we
obtain

2(7“—2')4—55, 2r — 1

U .gPr+s=i = (—1)ri > and Qor—2=——% ef’.

Now substituting coefficients ¢o,,—1 and ¢o,._o into the just referred formula, one easily verifies that
©5=0. O

Observe that ©4 recovers Ay from (18) for r = 0.



134 J. Silhan, V. Zddnik / J. Math. Anal. Appl. 478 (2019) 112-140

Remarks 5.6.

(1) The Laguerre-Forsyth form of the equation is preserved by transformations with freedom the projective
group of the line, which corresponds precisely to the condition a = 0. Also, it follows that the linear
equation is equivalent to the trivial equation if and only if all Wilczynski invariants vanish. In our case,
this is equivalent to the vanishing of «, 3, etc. from (48) up to U2 . yr+2),

(2) Experiments with specific r’s suggest the equation (55) could be self-adjoint, i.e. all odd Wilczynski
invariants vanish. This would mean that we have just r (rather than 2r) new and potentially nontrivial
invariants Oy, ..., 9. 42.

5.8. Conformal null helices

For any space- or time-like curve with an arbitrary parametrization, a metric in the conformal class may
be chosen so that U’® = 0, cf. (5). For null curves, this condition holds only if the curve is null geodesic, i.e.
the null curve whose acceleration vector U’® is proportional to U®. Consequently, all higher order vectors
are proportional to U®. These curves, although very important, cannot be lifted to the standard tractor
bundle in the sense considered above. That is why they are excluded from our considerations.

For an r-null curve, we see from (46) and the subsequent discussion that the vectors U%,..., U 2na are
linearly independent for any choice of scale. Therefore we cannot achieve any of the conditions U’'* = 0,
..., U®Me =0 by a conformal change of metric. The simplest conceivable statement is

Lemma 5.7. For an r-null curve with an arbitrary parametrization, a metric in the conformal class may be
chosen so that UC(T)U(’")C =41 and U@ +tDa =,

Proof. This can be proved by various means. For the sake of latter references, we employ the tractors
anyhow it may seem artificial. Firstly, we may always choose the metric so that UC(T)U(T)C = +£1. With this
assumption, the tractors associated to the curve have the form

0 0 0
r=(o), wv=(v"), wv=[(v-], ..,
1 0 p1

..
UY = [ e mod <U5, U2
Pi

for j =2,...,2r + 1, where p; are in general nonzero while all €; vanish except for 9,41 = (=1)"—L.
Secondly, the choice of metric may be adjusted so that the bottom slot of U’ vanishes and the expressions
of previous tractors are unchanged: according to (6), the corresponding Y, has to satisfy Y .U’'¢ = p; and

0
Y. U¢=0. Hence U" = <U”“ ), i.e. there is only the leading term in the middle slot. Inductively, we may
P2
. 0 oril (=t
achieve a rescaling so that UV = | yte , for all 7 < 2r. Hence Ut = per+be |. Finally, we may
0 *

consider a rescaling so that the middle slot of the last tractor vanishes: according to (6), the corresponding
YT equals to (—1)"U? T4 along the curve. Hence the statement follows. O

Now we are ready to identify the closest relatives of conformal circles among r-null curves. We know
from preceding subsections that the first 2r + 3 derived tractors T, U, ..., U@ *Y are linearly independent.
Therefore we can never achieve any of the conditions U” = 0, ..., U@ Y = 0 for r-null curves. The
simplest conceivable condition appears in item (a) of the following Theorem.
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Theorem 5.8. For an r-null curve, the following conditions are equivalent:

(a) the curve with a projective parametrization (a = 0) obeys U™+ = 0,
(b) the curve (with and arbitrary parametrization) obeys Agpiqg =0 and Oy = -+ = Og.453 =0,
(c) there is a metric in the conformal class such that UC(T)U(T)C =41, UC D =0 gnd U°P,, = 0.

Proof. Expressing the condition Ag,14 = 0 as (55), the equivalence of (a) and (b) follows from the general
theory of linear differential equations and the fact that ©3 vanishes automatically, cf. Proposition 5.5 and
Remark 5.6(1).

For the rest we assume the scale is chosen as in the proof of Lemma 5.7. In such scale, the derived tractors
are

0 0 0 (_1)7’—1
T=10 , U= Ue . U(ZT‘) — U(27')a , U(27‘+1) _ 0
1 0 0 _UcU(Qr)dPCd

The additional assumption U°P,, = 0 from (c) then yields U®"*? = 0 and so (a) holds.
Conversely, from (a) it in particular follows U™ . U@™+Y = 0 hence the bottom slot of U?™+) has
to vanish. Then U®" ™2 = 0 implies that U¢P., = 0 and so (c) holds. O

Any curve satisfying (any of) the conditions (a)—(c) is called conformal r-null heliz. The condition
Ag,+4 = 0 is equivalent to the fact that the subbundle <T, u,..., U(2T+1)> C T of rank 2r + 3 is parallel
along the curve. In the flat case, this means that the conformal r-null helix is contained in the conformal
image of a (2r + 1)-dimensional Euclidean subspace. With condition (c), it easily follows that these curves
are just the conformal images of so-called null Cartan helices, cf. [7]. Note that the conformal circles fit to
the just given description for r = 0.

Remark 5.9. As in subsection 3.3, one may construct conserved quantities along conformal r-null helices
on specific conformal manifolds. The two examples mentioned in Propositions 3.5 and 3.6 have obvious
counterparts for general r, provided that the respective functions are replaced by

s:=UP*.8 and €= KU,U).
The reasoning is the same, explicit expressions are analogous, but more complicated.
5.4. Remarks on Lorentzian signature

In this subsection we suppose an n-dimensional conformal manifold of Lorentzian signature (n — 1,1),
hence the standard tractor bundle 7~ with the bundle metric of signature (n,2). Following the scheme of
previous subsections, a lot of things simplify as the maximal isotropic subspace in the tangent space has
dimension one.

The only admissible r-null curves in this signature correspond to r = 1. Therefore we may speak without
a risk of confusion just about null curves, instead of 1-null curves. The assumption U.U® = 0 implies that
U.U’ ¢ = 0, thus the vector U’ ® must be space-like. The lift to T is provided by the density u = /U.U’ . The
smallest nondegenerate subbundle in 7~ built from the derived tractors is of rank m5 and has signature (3, 2).
Hence its orthogonal complement is positive definite. The first few starting relations are indicated in the
following Gram matrix for the sequence (T, U,U’,U", U™, U""), cf. (48) and (49):
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0 0 0 0 1 0

0 0 0 -1 «

0 0 1 0 —a =3
0 -1 0 ! id/ 1d" -
1 0 e %o/ 8 %B’

0 «o f%a’ %o// - B %5’ 0%

The projective parametrization of the null curve corresponds to o = U” - U” = 0.
The trivial Gram determinants are A; = Ay = A3 = A4, = 0 and As = 1. The first nontrivial one is

Ag =7+ a—28a— 2%+,

provided that the dimension of conformal manifold is n > 4, which is assumed in the rest of this subsection
(the special case n = 3 is dealt individually in Remark 5.15). This invariant is nonnegative:

Lemma 5.10. Ag > 0.

Proof. For a projective parametrization of the null curve, & = 0, we have Ag = 7. According to this choice,
one easily verifies that the tractor

V= U””—ﬁU—%ﬁ/T

belongs to the orthogonal complement of the subbundle (T',U,...,U") in T. This complement has the
positive definite signature, hence we conclude with v = U"" . U"" = V5 - V5 > 0. Since the weight of Ag
is even, it is a nonnegative function independently of the parametrization of the curve. O

Accordingly, the 1-form (52) leading to the definition of conformal pseudo-arc-length may be substituted
by

ds == $/DNg(t) dt. (57)

Clearly, vanishing of Ag is equivalent to vanishing of V5, which yields exactly the equation (55), for
r = 1. Among the corresponding Wilczynski invariants, there is only one nontrivial, namely,

©4 = —5:(253 + 100" — 21a°), (58)
cf. Proposition 5.5. According to Theorem 5.8, we may conclude with
Proposition 5.11. Conformal null helices are characterized by the pair of equations
Ag =0 and 04 = 0.
To build the tractor Frenet frame, we start with
Uyg:=T, U, =U, U, :=U". (59)

Now, all admissible transformations determining Uz and Uy, so that the 5-tuple (Uy,...U,) has the
antidiagonal Gram matrix, are
Us:=-U"—LaU+kT,

60)
Uy =U"4aU +(U+1(*-B)T, (
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where k + ¢ = %o/ . For the rest of this demonstration we choose
k=0 and (=3d. (61)

As mentioned above, the orthocomplement to the subbundle <T7 .. .7U”/> = <U0, ey U4> has positive
definite signature. Therefore, we easily complete the tractor Frenet frame

(Uo,...7U4;U5,...,Un+1)

in the spirit of (29) so that U; € <T,U, ey U(i71)>, for all admissible 7, and the corresponding Gram
matrix is

Now, differentiating with respect to the conformal pseudo-arc-length we approach the identities with the
generating set of absolute conformal invariants. Just from (59) and (60), with respect to the choice (61), we
easily deduce first four Frenet-like identities:

U, =U,, (62)

1=Uy, (63)
U,=KU,;—-Us, where Ky = f%a, (64)
U, = KUy — K\WU; — Uy,  where K := 2(a® - p). (65)

The next step is subtle, but fully analogous to the one announced in Lemma 4.1: the only coefficient in the
expression of U, which cannot be deduced from the previous identities, is the one of Us, i.e. U} - Us. It
however follows that this coefficient is constant, namely,

Uﬁl = -KyU; +Us. (66)

(The crucial point in the argument is the expression of V5 and the observation that V5 - Vi = Ag. Since
we assume parametrization by the conformal pseudo-arc-length, this equals to 1, thus Us = V'5.) The rest
is easy so that one quickly summarizes as

U, =-Uj+ K3Us,
U; =-K;, 3U;_ 1+ K; 2U;41, fori=6,...,n, (67)
a1 = —Kn_oU,.
The cluster of equations from (62) through (66) to (67) forms the tractor Frenet equations associated to the

null curve determining its conformal curvatures. Schematically, the tractor Frenet equations may be written
as
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, 1
0 Ug
! 1 U
! K, -1 '

U2 U2
, K5 —K; -1

U; Us
) — K5 1

U4 = . U4
p -1 K3

U; K Us
/ — 43
6 . . U6
: Kn72

;1+1 —K,_» Un+1

Altogether, we summarize as follows:

Proposition 5.12. The system of tractor Frenet equations determines a generating set of absolute conformal
invariants of the null curve. On a conformal manifold of Lorentzian signature and dimension n > 4, it
consists of n — 2 conformal curvatures that are expressed, with respect to the conformal pseudo-arc-length

parametrization, as

! -U; fO’I"Z' =1,2
i+1 i+2 )
Ki =
i+2 " i+35 for 1 N .

Among these curvatures, only Ko depends on additional choices in the construction of Us and Uy.

As in subsection 4.2, there are alternative ways of expressing the conformal curvatures. The first two, i.e.
the two exceptional, conformal curvatures K7 and K are given in terms of initial tractors with respect to the
conformal pseudo-arc-length parametrization in (64) and (65). One may obtain the expressions with respect
to an arbitrary reparametrization by a substitution according to (51), respectively (50), where ¢’ = /Ag.
In the former case, one ends up with the formula very similar to the one in (42), the later case is more
ugly. For the higher conformal curvatures we may proceed as follows. Firstly, an analogue of Proposition 4.5
turns out to be

Proposition 5.13. With respect to the conformal arc-length parametrization, the higher conformal curvatures

Vitz - Vigs )
K= | s ori=3,....m—2. 68
Vita - Vi J (68)

Secondly, it holds A;11 = A;(V; - V), for all admissible i. Since A5 = 1, we in particular see that all
admissible determinants are positive. Now, expressing V; - V; via the determinants, substituting into (68)
and passing to an arbitrary parametrization, we obtain the following substitute of Theorem 4.6:

can be expressed as

Theorem 5.14. With respect to an arbitrary parametrization, the higher conformal curvatures can be ex-

pressed as

\/Ai AZ .
Ki:#, fori=3,...,n—2.
Aiy3VAg
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Remark 5.15. As we already noticed, the study of null curves in dimension n = 3 requires an extra care.
The relative invariant Ag vanishes automatically in that case, therefore it cannot be used to define the
distinguished parametrization of the curve. However, we still have the Wilczynski invariant ©4 given by (58).
Thus, for a generic null curve in 3-dimensional manifold, we define an alternative conformal pseudo-arc-length
parameter by integrating the 1-form

ds := /|©4(t)] dt,

instead of (57). Accordingly, we may follow the construction of conformal invariants as above with the
following conclusion: the whole tractor Frenet frame consists just from the first five tractors displayed in
(59)-(60) and the corresponding tractor Frenet equations are just (62)—(66), with Us = 0. In those equations,
two conformal invariants appear, namely, K; and K. It however follows from their expressions, and the
fact that ©4 = 1 for the current conformal pseudo-arc-length parametrization, that K is expressible as a
function of K7 and its derivatives, namely,

2 8 1
Ko= K+ —K?+ .
2= gt sty

Therefore we end up with only one significant absolute conformal invariant, K, as expected. An interpre-
tation of that invariant is still the same as in Propositions 5.3.

In the case that ©4 vanishes identically, we recover the conformal null helices discussed above, cf. Propo-
sition 5.11.
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