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1. Introduction
1.1. Introductory remarks

This paper is devoted to the study of the dominated and the pointwise ergodic theorems (DETs and
PETS) for the bounded Lamperti L*-representations of amenable o-compact locally compact topologi-
cal groups (in short, we call them “amenable groups”). In this Subsection, we provide a short review of
the DETs and the PETs for the representations and the actions of such groups. For a locally compact
group, u and v denote its left and right Haar measures. Let (Q, F,m) be a o-finite measure space. For
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the wide class of bounded Lamperti operator representations T : x — T, of X in L*(Q, F,m), and for all
f € LY(Q,F,m) with arbitrary fixed @ > 1, we find conditions on a sequence {k,} of probability mea-
sures (“weights”) on X which guarantee the validity of the dominated inequalities involving the majorants
flw) = sup,>q | [x Tof(w)kn(dz)|, as well as conditions for m-almost everywhere convergence, as n — oo,
of averages f(w) 1= Jx T f(w)kn(dz) to a T-invariant function f e L*(Q, F,m).

When &,, are uniform distributions on measurable sets A,, of finite y-measure, our averages become the
Cesaro type averages: fn(w) = ﬁ / A, T, f(w)u(dz), and the conditions of convergence of these averages
are stated in terms of the sequence {A,} (see also [47]).

An important class of the bounded Lamperti representations consists of the bounded representations by
positive operators (including those induced by measure preserving actions 7,, of X on (£2, F, m): the operators
T, are defined as Ty f(w) := f(7zw)) — see Proposition 3.1 in [28]. Also, when « # 2, the representations by
isometric operators in L® are Lamperti (see [31]).

First we turn to the ergodic theorems for the representations by measure preserving transformations.
Wiener [50] was the first to generalize the Birkhoff-Khinchin PET for the Cesaro averages over increasing
balls in the groups R™,m > 2; he also proved the DET for these averages; this result was generalized to
a more general class of Cesaro averages by Pitt [40]. Calderon [10] extended the DET and the PET for
the measure preserving actions to a wide class of “ergodic” groups for averages over some subsequence
of each family {A;,t > 0} of symmetric compact neighborhoods of the identity satisfying the conditions
AAs C Ayqs for all s,¢ > 0 and sup, wlAa) oo; further generalizations were given by Cotlar [14].

H(Ae)
Greenleaf and Emerson [23] proved the DET and the PET for the Cesaro averages over sequences of

“semidirect rectangles” in connected solvable groups. Tempelman [44,45] and Emerson [20] proved the
PET for functions f € L*(Q, F,m),a > 1, with averaging over increasing sequences of sets satisfying the
“regularity” condition

U(A;Ll : An)
sup ———————— < 0 1.1
P (A (1)
and the Fglner condition
lim wzA LA, 0, r€X; (1.2)
n—oo

n

see also [46] and other references therein. In [41] Shulman replaced the monotonicity condition and condi-
tion (1.1) by the condition

< o0 (1.3)

where A, = Uy_, Ay In [48] Tempelman and Shulman extended the results of [44], [45] to some classes of
non-amenable groups and symmetric homogeneous spaces (see Example 9.3, Ch. 6 in [46] for special cases).

Tt is well known that Fglner sequences exist in every amenable o-compact locally compact group X [22].
Tessera [49] and Breuillard [9] have constructed regular Folner sequences in the locally compact groups of
polynomial growth. But there are solvable groups that do not possess regular sequences (see [33,34]). On
the other hand, even in non-amenable groups there are always sequences of probability measures {«,} such
that the averages [ T f(w)kn(dx) converge m-a.e. to an invariant mean for any 7, induced by a measure
preserving action on a o-finite measure space (2, F,m) and f € L*(Q,F,m), 1 < a < oo (see [46], Theorem
6.6.1).

In 1988 Shulman [41,42] extended the mentioned results due to Emerson and Tempelman to general
o-compact amenable locally compact groups and to functions f € L*(Q,F,m)(l < a < o0) by replacing
the regularity property (1.3) by the weaker condition
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i1
5171Lp W < 00. (1.4)
assuming that f € L*(Q,F,m),1 < a < oo (see also [46]). Sequences {A,} satisfying (1.4) were later
called “Shulman sequences” and “tempered sequences” by Lindenstrauss in [33] and [34], resp.; we also use
the latter term. In fact, Shulman proved the Maximal Inequality and the PET for a more general class of
sequences: “weakly tempered” sequences of sets defined in §2.

In 1999, Lindenstrauss [33] has proved that tempered Folner sequences of sets exist in all countable
amenable groups and extended Shulman’s PET for Cesaro averages to all functions f € L1(Q, F,m) by
using a totally different approach; in [34] he extended these results to arbitrary o-compact locally compact
amenable groups.

The mentioned results are discussed in an excellent review by Nevo [39].

In this paper we generalize the results due to Shulman [41] in two directions: we prove the DET and
the PET with averaging by ergodic weakly tempered sequences of probability measures as “weights” for
the bounded Lamperti representations in L*(§2, F,m) when « is fixed and 1 < a < oco. It is known (see
Chacon [11] and Tonescu Tulcea [26]) that the PET may fail for some positive invertible isometries in L!(Q);
therefore our restriction on « is quite natural. Also, as demonstrated by counterexamples due to Feder [21],
Assani [4,5], and Cohen [12] it is quite natural to focus our study on the Lamperti representations.

Let us mention the main results related to DETs and PETS for operators and representations by operators
in the spaces L.

In 1958, Dunford and Schwartz proved the PET for L' — L contractions (see [18], Ch. VIII). The
first PET for operators acting in one space L*(1 < a < oo) was obtained by Ionescu Tulcea [25] who
proved it for the positive invertible isometries. This was extended by Akcoglu [1] to the positive contrac-
tions in L*(1 < o < o0); Akcoglu’s result stimulated the study of the pointwise ergodic theorems for the
power-bounded positive operators in L% and for the bounded representations by positive operators in L.
The multi-parameter version of Akcoglu’s theorem was obtained by McGrath [38]. Martin-Reyes and de la
Torre [36,37] proved the DET and the PET for the powers of invertible positive operators with uniformly
bounded averages. Duncan [17] discovered a link between the maximal inequality for a sequence of uniformly
bounded operators in L* « > 1, and a simpler inequality for the sequence of the conjugate operators; us-
ing this result he proved the pointwise convergence for sequences of a fairly large class of operators. Kan
[29] proved the DET and the PET for the powers of bounded operators (not necessarily invertible) with
Lamperti conjugates (all invertible bounded Lamperti operators possess this property). Unfortunately, it is
still unknown whether the DET and the PET are valid for arbitrary power-bounded positive operators (see
[35]). Asmar, Berkson and Gillespie [2,3] have proved the DET and the PET for Lamperti representations
with convolution powers of a probability measure as “weights” on the commutative groups. The first DET
and PET for the Lamperti representations of general amenable groups in L*(Q2, F,m), a > 1, are due
to Lin and Wittmann [32] who considered the convolution powers of a symmetric probability measure as
“weights”. In [13] Cohen, Cuny and Lin proved the DET and the PET for Lamperti representations with
convolution powers for a wide class of the non-symmetric probability measures; see also [27] for the case of
representations by measure preserving transformations.

The DET and the PET for Cesaro averages over tempered sequences of sets for bounded Lamperti
representations of amenable groups in L%(1 < a < o) were proved by Tempelman [47].

In this paper, by using a completely different method, we generalize the results of [47] to “weighted”
averages of the bounded Lamperti representations. We discuss various conditions on the “weights” under
which these theorems hold.

In the rest of this section we remind the reader the definitions and properties of some notions considered
in this paper. In §2, we introduce the notions of regular, tempered, and ergodic sequences of “weights”. In
§3 and §4, we prove the DET and the PET with such “weights” for all bounded Lamperti representations of
amenable groups in L%, o > 1. Some applications to bounded Lamperti representations of groups of polyno-
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mial growth and of groups R™ and Z™ are considered in §5. In §6, the Appendix, we discuss some properties
of Lamperti representations that are used in the main part of the paper; also, we include counterexamples
emphasizing the difference between the notions introduced in §2.

1.2. Notation and abbreviations

We use the following notation: X is an amenable non-compact o-compact locally compact group; B is the
Borel o-algebra on X; yu is the left Haar measure on B; A™'B = {z: 2 =a 'b,a € A,b € B}, A, B C X;
e denotes the unit element in X.

(2, F,m) is a o-finite measure space; for a fixed a,1 < a < o0, L¥(Q, F,m) (or simply L*(f2)) is the
Lebesgue space with the norm || f|[o = ([, |f|“dm)= and L (Q,F,m) (or LE(2)) denotes the set of all
non-negative functions in this space; 1, is the indicator of the set A C Q; we write 1 instead of 1.

Operator in a Banach space B = bounded linear operator in B. If T" is an operator in B, T* denotes the
operator conjugate to T in B*; if B and B’ are dual spaces, T” denotes the conjugate to T' in B'; if B’ = B*
we write T™ instead of T". L-operator=Lamperti type operator (see Subsect. 6.2).

Representation (of a locally compact group) = bounded measurable representation (see Subsects. 1.4
and 1.5).

N, Z and R are the sets of all positive integers, all integers, and all real numbers, respectively; R, = [0, 00).

Two real numbers o and 3 are said to be mutually conjugateif 1 < a < 00,1 < < ooand a t+p71 =1,
or if one of them equals 1 and the other one equals co.

For a complex number z and for a b € R, we always consider the principal value of 2°.

|F'| denotes the cardinality of the set F; if a set F' is contained in a specified space Y then F¢ =Y \ F.

esup = essential supremum.

a.e. = almost everywhere, a.a. = almost all.

1.8. Densities

A (probability) density ¢ is a non-negative measurable function on X such that [ x pdp = 1. The
Radon—Nikodym derivative of an absolutely continuous probability measure with respect to the left Haar
measure is a density. We denote by s(p) the support of .

1.4. Group representations and actions

Let (Q, F,m) be a o-finite measure space.

A (bounded)operator T' in a Lebesgue space L*(, F,m),1 < «a < oo, is called a Lamperti operator
if for f,g € L%, f-g = 0 m-a.e. implies Tf - Tg = 0 m-a.e. To any Lamperti operator T in L there
corresponds its modulus |T|: a positive linear operator in L* such that |T||f| = |Tf] if f € L*|T] is a
Lamperti operator [28]. Some useful properties of Lamperti operators are summarized in Subsection 6.1 in
the Appendix.

A mapping T :  — T, on X is said to be a left (resp. right) L*-representation of X if, for each
z € X, T, is a bounded operator in L*(Q, F,m), T¢ is the identity operator, Ty, = T,Ty,z,y € X (resp.
Tpy =TTy, x,y € X), and ||T||q := sup,ecx ||Tx||la < co. For the T,-image of f € L* we use the notation
T.f if T is a left representation and f7, if T is a right one. It is clear that if T : z — T, is a left (right)
representation then 7% : x — T is a right (resp. left) one. We say that T is a Lamperti (resp. positive,
resp. isometric) if it is a L%-representation and all T, have the corresponding property. If T': x — T}, is a
Lamperti (resp. positive) representation in L*(f2), then the conjugate L°-representation T* : x + T has
the corresponding property. When 1 < o < 00, each positive L*-representation is a Lamperti one (see [28]),
and when « # 2, each isometric L®-representation is also Lamperti (see [31], [28]).

If T:xw— T, is a Lamperti L%representation then its modulus |T| : © — |T;| is also a Lamperti
L*-representation.
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We say that representations 7@ in L (Q, F,m) and T@") in L“”(Q,]—", m) are compatible if Téa/)f =
T f for all f € Lo (Q, F,m) N L (Q, F,m).

An L' — L>®-representation of X is a family of pairwise compatible L®-representations {T(D‘) X =
L*, 1 < a < oo}; by the Riesz convexity theorem, this implies ||T| := sup; << ||T]]a < o0. An
L' — L>®-representation is said to be positive, isometric or Lamperti if each component T(%) possesses the
corresponding property.

We consider also Lamperti type representations (in short L-representations) by operators acting in some
Banach spaces (see Subsect. 6.2).

We say that a point transformation o of (Q, F,m) is measurable if for any A € F we have 0 'A € F;
in this case we denote: mo~1(A) := m(c71A),A € F; we call o bounded (by a constant K < oo) if
m(c~tA) < Km(A), A € B or, equivalently, if D(w) := d(rzifr;l)(w) < K; we then denote: ||o|| := ||D||oo-

A mapping 7 :  — 7,2 € X is said to be a left (resp. right) action of X in (Q,F,m) if all 7,2 € X
are measurable point transformations of 2 and 7,7, = 75, (resp. 7,7y, = Ty.); we denote the 7,-image of
w € Q by T,w when 7 is a left action and by w7, when 7 is a right one. An action 7 in (2, F,m) is bounded
if ||7|| := sup ||72|| < oo, and 7 is said to be measure preserving if m(7;1A) = m(A),A € F,x € X (in this
case ||7z|| = 1). With any bounded left action 7 = {7,z € X} of X for each a,1 < a < 00, we associate
1
)

(similarly, a bounded right action induces a left positive Lamperti L®-representation T'); if 7 is measure

a positive right Lamperti L% representation T defined by = — T, : fT.(w) = f(mw) (||T]la = ||7

preserving then 7T is isometric.
1.5. Measurability and integration of representations and actions

We say that a representation T in a space L% = L*(Q, F,m)(1 < p < 00) is measurable if for each f € L
the function (w, z) — T, f(w) is B x F-measurable; let us note that, for each x € X, |T% flla < |T]lallf]la;
and hence the function x — T}, f(w) is integrable m-a.e. with respect to each finite Borel measure x on X.

An action 7 is measurable if the associated representation x — f(7,-) in each L* 1 < a < oo, is
measurable; this is equivalent to the following property: {(w, z) : T,w € A} € F x B for each set A € F.

In this paper, along with a given Lamperti representation, we consider its conjugate representation and
its modulus. If ¢ — T, is a measurable Lamperti representation in L*(1 < a < o0), then x — |Ty| is
a measurable positive Lamperti representation. This follows from the construction of the operators |T|
(see [28]).

In Subsection 6.1 we prove (see Proposition 6.6) that measurability of a Lamperti representation T implies
measurability of the conjugate representation T™.

From now on we assume that all representations under consideration are measurable and hence have
measurable conjugates.

2. Tempered, regular and ergodic sequences of densities and sets

In this section we consider various classes of sequences of probability measures, densities and sets. We
will use them as “weights” in the DET and in the PET we will prove in §3 and in §4. We start with the class
based on the strongest (and most transparent) property and then turn to two wider classes of sequences
possessing weaker properties.

2.1. Tempered and regular sequences of densities

Let ® = {p,} be a sequence of densities on the group X. For each n > 2 we denote: S, := s(¢n),
54171 = Si;

= U
1<i<n
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V() := sup{p, (uz)|u € S,_1} = sup{pn(2)|z € S,_1z}. (2.1)

It is clear that s(v,) = S’g_llSn. In the sequel we assume that these sets are measurable. Moreover, we
assume that the functions 1, are measurable, too (of course, this is the case when all S,, are compact the
densities ¢,, are continuous on their supports).

Definition 2.1. The quantity t(®) := sup,,> [ ¥n(z)p(dz) is called the tempering index of the sequence ®.
If t(®) < oo we say that the sequence ® is tempered.

If we replace S,,_; with S, in the above definition, we come to the notion of regular sequences of functions
and we consider the regularity index r(®) instead of t(®) (certainly, t(®) < r(P®) so each regular sequence
is tempered). The notions of a tempered sequence and of a regular sequence of densities were introduced
in [41].

It is easy to see that if ® is a sequence of densities then ¢(®) > 1 and r(®) > 1.

The definitions of regular and tempered sequences imply the following statement.

Proposition 2.1. Let ®

= {pn} and © = {0,}. If there is a constant C' such that on(x) < CO,(x),
x € X,n €N, then t(®) < Ct(©

) and r(®) < Cr(0).

For any non-negative p-measurable function 1) we denote: G(¢) := Uzesy){(2,y) : 0 <y < ¥(2)} C
5(¢) x R, the subgraph of 1; it is clear that G(¢) = Uycg(y)Gaz(¥) where G () := ({z} x [0,¢(x)]. If
® = {p,} is a sequence of densities, we denote: G,, := G(py,,). Let i be the left Haar measure in X x R,
i.e. i = pu x | where [ is the Lebesgue measure in R. The set G(¢) is fi-measurable and a(G(¢)) = [du.
For each A C X xR,z € X we put zA = (x,0)A.

In Remark 2.1 we consider tempered sequences; changes needed for regular sequences are obvious.

Remark 2.1. Let v, be the functions defined by (2.1). This formula implies: G (¢n) = U, c5,  Gz(pn(ux)) =
Uues, U 'Ga(on). Therefore G(ih,) =U,cg u 'Gp = S G,. Hence

t(®) = sup (S, 1, Gn); (2.2)
similarly
r(®) = sup fi(S, ' Gn). (2-3)

The simple relation between sequences of the subgraphs of non-negative measurable functions and the
indexes t and r of the sequences of the corresponding densities is covered by the following Remark.

Remark 2.2. If ¢, (x) := ﬁgn(x) where g,, are non-negative measurable functions then

t(P) = sup fgn S_l 1G(gn)); (@) = sup fgn SflG(gn)) (2.4)

Choose 0 < a,, < sup, ¢n(z) and denote M,, o, := {x : pn(x) > a,}. It is clear that M, ,, X [0,a,] C Gp;
therefore

anp(S; 1 My o)) <H®),n €N; (2.5)

hence @, (2,)u(S; 2,) < t(®),n € N,x,, € My, ,,. Thus if ® is tempered then the right Haar measure
v(Sp) < oo,n € N. The obvious relation G,, C S, X [0, sup,, ¢, (x)] implies
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t(®) < sup[sup ¢ (2)u(S, 11 )], n € N. (2.6)

n>2 =x
Let {A,} be a sequence of integrable sets; A, := 'QlAi and g, (x) := 14, (2); then (S G(gn)) =
(AL An) and (S, Glgn)) = p(A7]

-1 Ay); therefore Remark 2.2 implies the following statement.

Proposition 2.2. Let A = {A,,} be a sequence of measurable sets with 0 < p(A,) < oo and let the sets

- . 1
A L A, and AYA, be measurable. Put oM (x) = % )1An(:lc),n = 1,2,.... Then the functions 1y,
(A,
defined by (2.1), are measurable and
U(A_ilAn) N(A_lAn)
HDA) = sup— 2= (@A) = su n

Definition 2.2. We say that a sequence A is tempered (resp. regular) if all sets A,,, fl;ilAn (resp. A, 1A,)
are measurable, p(A,) > 0 for all n > 2, and #(A) := t(®*) < oo (resp. 7(A) := r(P4) < 00).

Proposition 2.3. Let H be a normal subgroup of a connected locally compact group F, let K = F/H be
compact, pi (K) =1, let s be the natural homomorphism F +— H. Consider a sequence of densities A = {\,, }
on H and let ® = {p,, = A, 01}. Then t(®) = t(K) and r(®) = r(K).

Proof. It is easy to check that ¢, are densities and it is clear that S2 | = +(S>_,) and G?Eh) =G, h € H,;
hence, by (2.2), t(®) = ar((S2_,)"'G®) = fax(S2_)"*'GL) = t(K); the proof of the second relation is
quite similar. 0O

Relation (2.6) implies the following statement.

Proposition 2.4. Let ® = {p,} be a sequence of bounded densities with integrable supports S,. If
SUP,cx ¥n(x) < ooy < oo for alln € N and the sequence S = {Sn} is tempered (resp. regular) then
O is tempered (resp. regular); t(®) < ct(S) (resp. r(®) < cr(S)).

Remark 2.3. Let {4,,} and {B,} be sequences of integrable sets, A,, C B, and let B, be tempered (resp.

regular); if s := sup,, zg:g < 00 then {4,} is tempered (resp. regular), too and ¢({A,}) < s t({Bn}) (resp.

r({4n}) <sr({Bn}).

Remark 2.4. Let ® = {¢,,} be a sequence of densities with integrable supports S,, on X. Remark 2.1 implies
that if there is a sequence of positive numbers {c,} such that {G(c,pn)} = {(e,¢n)G(pn)} is a tempered
(resp. regular) sequence of sets in the group X x R then the sequence {¢,,} is tempered (resp. regular) and

t(®) < t({Glenpn)}) (resp. (®) < r({Glengn)}).-
2.2. Weakly tempered sequences of probability measures and densities

Let K = {x,} be a sequence of probability measures, k € N. We often write |’ ., instead of S « in order
to emphasize that the integration is with respect to the variable x;.

Definition 2.3. We define the weakly tempering index of order k of the sequence K as

(K) := sup max ... max max X
Nk Mg <00 Neg—1:NEp—1<Nk nz:mz2<ng ninig<ng
Xk Xp—1 X2 X1

Ky, (T122 . .. Tp_1dxg ) kg—1 (2122« . Tp—2dT—1)... K2(x1dza)K1(dT1), (2.7)
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We say that the sequence K is weakly tempered if 7;,(K) < oo.

This definition is rather formal. We provide an explicit step by step definition. Let As, ..., Ax € B,
T1,...,x—1 € X. Of course, for each fixed Ao, ..., A} the function

(.’L‘l, ceny xk—l) — Kny (l’lxg e mk_lAk)Klnk71 (:Ell‘g .. .l‘k_ZAk_l).../an (331142)
is bounded and measurable, hence integrable with respect to every probability measure.
M'r(é) (Ag, $2A3, I2$3A4, ceeey xg...xk_lAk) =

max /nnk (122 .. Th—1 AR) By, (X1T2 o T2 Ag—1) - Finy (X1A2) Kin, (d21).
Npq i1 <N2

X

It is easy to verify that, for each fixed x4, ..., zx_1, M,(L? is a finite measure with respect to each set Ao, ..., Ay.
Define:

MT(Li) (A33I3A43 _,_,7x3...$k_1Ak) =

max /Méi) (dajg, ZCQA?,, 332.’1731447 N ,7,'2....’L‘k,1Ak).

nay:na<ng

This is also a finite measure with respect to each set As, ..., Ag. For each i,4 < i < k — 1 we consider the

measure
i+1 .
Mr(zliil)(Ai+17$i+1Ai+2a ey T 1 L1 Ap) 1=
max /Mr(i-)(dl"i,$¢Ai+17$i$i+1z4i+27---',xz‘.--fckqu:)?
Mg <Mj41
and at last
k - k—1
M® (Ay) = max M= (dzg—1, w1 Ak).
’ nk—link—1<nk

So the exact definition of the weakly tempering index of order k is

7(IC) :=  sup /M (dzxy).
N :NE <00
The definition (2.7) can be written shorter by introducing the operations F}l i1 = SUDp in:

k k
H nit1 H (122 .. 7j_1dz;) (2.8)

where ng41 = 00,29 = e.

If all probability measures &, are absolutely continuous (with respect to the Haar measure p), we consider
the densities ¢, := dj—; and denote ® := {¢,}. It is natural to define: 74,(®) := 7, (K). For the sake of
references we specify the definition of 75 (®).
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Definition 2.4. Let ® be sequence of densities. The weakly tempering index of ® of order k > 2

74(®) = sup /u(dwk) max /u(dmk,l)... max /u(d:rg)x

ng <oo Nk—1:Nk—1<Nk no:mo<ns
X X

max /,u(dxl)gonl (1) Pns (X122) - - . Opy (T122 . .. 2R),

nimig<ne
X

or, in short, considering (for a fixed n) operations f — maxs<,, [ « #(dz) f(z) defined in the obvious way on
measurable positive functions on X

k k

7(®) =[]l sup / (dw;)] H (@1 3g) (2.9)

=1 MM <Nj41

where ngy1 = oo. If 7,(P) < 0o we say that the sequence ® is weakly tempered of order k.
If p,(x) = ﬁlfln (z),n € N, is a sequence of densities on X, weakly tempered of order k, we say also
that {A,} has this property.

Remark 2.5. 75(®) = sup,,, .o fX MAX,1, i, <y Py * Py (2)V(dx) Where G, (2) = @y (171), Gy * o, (1) =
Jx @ns(@y™")n, (y)p(dy), the convolution of @,, and ¢,,, and v(A) = p(A™'), A € B (the right Haar
measure on X ). This remark simplifies the estimation of 75(®) when the above convolutions are known (see,
e.g., Remark 5.1).

Proposition 2.5. Any sequence KC which is weakly tempered of order k is also weakly tempered of every lower
order. More precisely,

T(K) 2 T—1(K),k = 2 and pp(K) = pr—1(K), k = 2,
hence pr(K) > 7,(K) > 7 (K) = 1.

Proof. We consider here the weakly tempering indexes; the proof for weakly regular sequences is quite
similar. Let us note that, by the Fubini theorem,

FfOFffk L= sup max >
nj <00 Ng—1:MNk— 1<’ﬂk
Xy,

sup max / / = sup / / Fk 1/ (2.10)
Ny <oo Mk—1:Nk—1<Nk ng— 1<oo
Xk Xk—l k 1Xk
Therefore, by (2.8)

1
Tk(IC) Ffonfk 1 H m+1 H Hj(.l‘ll‘z e xj_ldxj) Z

1=k—2

1 1
k—1 | I ) | I
Foo / F:li+l Iij(l’l.’[Q....’Ej_ldiL'j).
X j=k

i=k—2
k
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Reasoning as in (2.10) we obtain: for each 1 <i <k —2
/FTZLi+1 Z F;li+1 / :
Xy, X

Applying this relation to i = k — 2, ..., 1 consecutively we obtain:

1
Féi+l/ﬁk(m1x2-~-xj—1dxk) H Hj(xll‘g...l‘j_ldl‘j):

-2 X, j=k—1

1
w(K) = F5 ]
i=k

3

1 1
Fr-1 H Friu+1 H Kj(z1xe ... xj_1dr;) = 7,1 (K). O
el

i=k—2 j=k—1

Proposition 2.6. 7, (®) < [t(®)]* for all k € N; hence a tempered sequence of densities is weakly tempered of
any order k.

Proof. Let & > 2. The definition of 1, implies
or(ux)pr(u) < Yp(x)p(u) for all z,ue X, < k. (2.11)

Therefore, for any increasing set of positive integers {n;,1 <i < k}

k k—2
H On; (@1 . 25) = on, (T122 . . k) Py, (T1T .. T—1) H On; (X129 ... 25) <
i=1 i=1
k-1 k
Y, (Tk) H On; (X129 ... 25)) <. < H¢n(m2)
i=1 i=1

Hence

(@) < sup [ pldon)b, (o) o[ i), o).

Nk Nk_—1<Ng
X X

max / (A2 (12) max / w(dy Yo, (1) < [H@)F. O

na<ns ni<ng
X X

Remark 2.6. If ® = {¢,,} and © = {0,,} are sequences of densities, ¢, < Ci,,n € N, with some constant
C and © is weakly tempered then 7;,(®) < C*7(©), so ® is weakly tempered.

2.3. Ergodic and Fplner sequences

Definition 2.5. We say that a sequence K = {k,} is (left) ergodic if for each z € X the total variation
Xa%(/{n(xA) — kn(A4)) = 0asn — oo.
€

In the case when the measures v, posses densities ,, the definition can be rewritten as follows.

Definition 2.6. A sequence of densities ® = {¢, } is said to be (left) ergodic if

n—oo

tim_ [ fon(ey) = ou(ln(dy) =0. @€ X.
X
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If {A,} is a sequence of p-integrable sets in X, ¢, = ﬁlAn then ergodicity of {¢,} is equivalent to
the Folner property of the sequence {A, }:

lim w(A, Az Ay,)

—0, z€X. 2.12
A 212

The next statement has been proved in [33,34].

Proposition 2.7. Each amenable o-compact locally compact group X possesses Folner tempered sequences of
compact sets.

Remark 2.7. It is clear that ergodicity of {p,} coincides with the following property of the subgraphs:
lim,, 00 f(GnAzGy) = 0,2 € X. Therefore, if for some positive sequence {¢,} the sequence of subgraphs
{G(cnpn)} = {(e,cn)G(pn)} is a Folner sequence in the group X x R then the sequence {p,} is ergodic.

Remark 2.8. If ® = {p,, }, o5, = ¥ Xn, where {¢,,} and {x,, } are ergodic sequences and sup,,c ||¢n||oc < 00,
Sup,en | Xnlloo < 00, then @ is ergodic too.

§5 contains examples of sequences of sets, densities and measures possessing properties considered above
(see also §7 in [}7]), and in §6.3 we provide counterexamples emphasizing the distinction between these
properties.

3. Dominated ergodic theorem

As before, X is an amenable o-compact locally compact group; i and v are its left and right Haar
measures.

3.1. Some Lamperti type representations in the “space—time” Banach spaces L®7Y

3.1.1. The spaces L™ and the representations T

We fix some mutually conjugate numbers «, 5 € [1, 00]. We denote LY := LV(X,B,v),1 <y < co.

T is a right Lamperti representation of X in L*(2, F,m), 1 < a < oo, or a right L-representation in
L™ (see Subsect. 6.2), S is the conjugate left Lamperti representation in L?(Q, F,m) (see Proposition 6.2;
for the case o = oo see Subsect. 6.2). For simplicity, we temporary assume that these representations
are positive (we can arrive to the general case by considering the modulus |T'| of the representation T').
We consider the positive linear right representation y — R, and the left representation y R y» i the
linear space of all B-measurable functions M(X,B) where R, f(z) = f(zy™'), R, f(z) = R, 1f(:c) =
Ry f(x) = f(zy), f € M(X,B); it is clear that the restrictions of the operators R, and R, to each
space L7,1 < v < oo, are isometries in this space. Let Q := Q x X, F = F x B, := m X v. Let
us consider the linear spaces L*7(Q, F,m) of all F-measurable functions f(w,z) with the finite norm
UF|lfem == H||f||Lw(Q)||L'¥,1 < 7 < o0. Lemma 16(b) and Theorem 17 in [18], Ch. III, §11 imply that
there is a natural isomorphism between the linear normed space i”‘”(fl,]:" ,m) and the Banach space
L7(X,B,v; B) of B-valued functions where B := L*(, F,m); hence our space L*7 (2, F,mm) is a Banach
space. Note also that if f € L*7(Q, F,m) then f(-,x) € L*(Q, F,m) for m-a.e. z € X, and f(w,-) € L" for
m-a.e. w in Q. Iff e L*7(Q, F,1m) we define (~ f)( z) == TR, f(w,z) = R, T, f(w,2) = T, f(w,zy™ ).
It is clear that T}, is a linear operator in LO‘V(Q F, m) and ||Ty||7e = [|T} o). If T, = h,¥, is the
canonical representation T}, then T = hy \IJ where \I/ = V¥, R,; hence T is a L-type operator. Of course,
if f e L7, the function y — f is measurable and bounded, hence integrable with respect to every
probability measure on B.
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For each y € X by isometry of R, as an operator in L% 1 < a < oo, the linear isometric operator
R; = R;l = R, acting in LA is the conjugate with respect to the operator R, in LP(X, ). The spaces
L*> and L' also form a dual pair With respect to the bounded bilinear functional (f, g) := [.. fgv(dz), and

(Ryf,9) = [gm [( = [am [( )v(dx). Therefore R, = R;' = R,-1 is the conjugate to
R, for thls dual pair too (R; is the restrlctlon of the conjugate operator in (L)’ to the invariant subspace
L1 - see also Subsect. 6.2).

If (o, 8) and (7, 0) are pairs of mutually conjugate numbers, 1 < «, 8,7, < 00, we also consider the du-
ality relation between L*7 and L?» specified by the bilinear functional (f, §) = [5lf( w, x)]m(dwdx)
where f € L®Y(Q, F,m),g € LP9(Q, F,m); this functional is bounded since the Holder 1nequality implies
that

(f,9) < [1fllzanllgllzos. (3.1)

Since

<Tyfa §> = <TyRyf7 §> = /TyRyf(wvx) 'g(w7x>m(dw‘ix) =

Q

/Ryf(ww) -g(w, z)Tym(dwdr) = /f(w,x) - §(w, 2)T, R, ' (dw)da
2 J

the operator T’ =T, R, = Sy R, is the conjugate operator with respect to T,; we denote it also by Sy, SO
Sy = T,. The mapping y Sy is a positive left L-type representation in Lﬁ 9(Q, F,m) and ||S,]|z55 =
[|Tylla (see Subsect. 6.2).

The construction of the auxiliary representation y — Ty in the Banach space L*7(Q, F,m) has been
an intermediate step in our construction of an appropriate L' — L> Lamperti representation in another
Banach space, which is needed for the proof of the DET. The idea of such “time-space” constructions
and prototypes of Lemmas 3.1-3.4 below are due to Kan [29] who considered powers of (not necessarily
invertible) operators with Lamperti conjugates. We assume 1 < a < 0.

Lemma 3.1. Let p(w) > 0 a.e., ¢ € LP(Q, F,m) and let u(w,z) := [Sy-10(w)]?~L. Then

a) the function (w,x) — u(w,x) is measurable and u(-,x) > 0 m-a.e. for all x € X; for each v € X,
u(-,z) € L*() and moreover [, (u(w,z))*dm < ||T||§H<pHg,

b) uTy(w,z) < ||T]|2u(w, z) m—a.e. for all z,y € X.

Proof. a) First, it is clear that u is measurable and, for each z € X, u(w,z) > 0 m-a.e., and the structure
of the operators S, (see Proposition 6.1) implies u(-,z) > 0 m-a.e. for all z € X; [,(u(w,z))*dm =

JolSe-10(@)] P~V dm = [,[S,-10(w)]? dm < [[S[I5l2llG = [ITI5]ell3-
b) Fix  and y. Since S is a left Lamperti representation in L?(€2, m), we have: (S,g)°~1S] < ||T,[|5¢" !

ifge Li (see Property 3 in Proposition 6.5), and putting g = S,-1¢ we obtain:
Wy (w,2) = [Sy 1 p(w))P~1 T, =
Stay-—1)-1 [p(@))° 718} = [8ySe-10(w)]P 718, < ||Tylla(Se-190(w))? ™ = [|Tl|qu(w, ). O
Note that, since (a — 1)(8 — 1) = 1, we have
[u(w, 2)]°7" = [u(w, 2)] 7T = 8,-10(w). (3.2)

1

Lemma 3.2. If 1 < o < 00, for each y € X the function u®~" is invariant with respect to T; = Sy
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Proof. ~ a1
Ty (u(w, z)*77)

= 5, (ulw,29)*"Y) = S, (ulw, 2y) 1) = 5,54y 10(w)

_1

= 5y Sy-15,-1p(w) = Sp-1p(w) = [u(w, z)]7T =u* Hw,z). O

8.1.2. The spaces Eg and the representations U”

In what follows we consider the version of u defined in Lemma 3.1; we denote u~! := %

We fix some a,1 < a < oo, and consider the measure 7, (M) = fM u®dm, M € F x B. For each
7,1 < 7 < o0, we consider the space L)(Q) := L7°°(Q, F,mm,) of all F x B-measurable functions f(w,z)
with the finite norm

1fllz =1 /If ) u(w, Jmldw) | [lzee,1 <y < oo, (3.3)
1711z = [1fllz- (3.4)
Since the mapping ¢, : f — fu% is an isomorphism from the space fﬂ’w(fl,f, u®drm,,) onto

fﬂvo"(fl, F,m), our new space is also a Banach space.
For each z € X we consider invertible positive “right” operators U, := i,Tyi; "' defined on L%(2), i.e. if
f e L2(Q) we put

FUy(w,2) == u™" (w, ) [u(w, 2) f(w, 2)] T,y € X. (3.5)
In the following statement we summarize some properties of the operators Uy

Lemma 3.3. For each x € X the mapping U : y — Uy is a measurable bounded positive right L-representation
of X in L

u’

and, moreover,
10126 = 1Tyl 70 = 1Ty lla- (3.6)

Proof. If fT, = hgf\ll;r is the canonical representation for T, (see Subsect. 6.1) then fU = ﬁ f\i/
where hy(w,z) := uHw, z)h] (W) (u(w, z))PTR, and T, = = UTR,; ; U, is a multiplicative operator with
Property (3) of Theorem 6.1. Statement (3.6) is evident. O

We will consider the measures m¥ on F x B defined as follows: ¥ (A x M) := (u®)¥,m(A¥, x MR,).

One can easily check that, for each 7,1 < v < oo, the linear manifold ﬂﬁ N EZ is dense in ﬂl. The rest
of this subsection is devoted to the possibility of extension of the operators Uy from this set to (bounded)
operators in the whole space L.

Lemma 3.4. 1. Each operator U can be extended to an isometry in L (Q)
2. Each operator U, can be extended to bounded operator in L3°(Q) and ||U, 70 < ITNI5-

Proof. 1. By virtue of Lemmas 3.2 and 3.1, for each f € L&(Q) N LL(Q), f(w) > 0 m-a.e. we have:

1501z = I / 1Ty (@, 2yulw, )%dm|| = = | / T, (w0, 2)u(w, 7)) “dm | e =
I [ @hTyuedmlls = | [ fTy el o
Q Q

= [ upudmllu= =] [ futdmllie = 1Az,
Q Q
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Hence || fU,|lz: = ||f]lz1; since L& N L! is dense in L} and the operator U, is invertible, Statement 1 is
proved. ’ ’

2. Let f € L(Q)NLE(Q), f > 0 m-a.e. Since the operators T, and U, are positive, by Lemma 3.1, fU, =
W wf)Ty < | Flpeu™ (Ty) < | flgu TS = 1 £z ITIS henee [|£0y ]|z < ITUS Il O

As in Lemma 3.3 we can easily verify that U is an L-representation in L2°(€) and in L1 ().

Lemma 3.5. Let V be an invertible L-operator in LY that can be extended to L-operators in L% and L2°.
Then for each v,1 <y < o0,

|~

iz

7 (3.7)

1
5
2.

Lu

Proof. Assume V and V! have the canonical representations: V =hU, V! = by Uy, By Proposi-
tions 6.1-6.3, we have: |[V|[ze = [[|All[z, [[V]|zy = |2~ Lih| (42 )” o, 1 <y < o0y U =10y ! and

1

h=(Thy-1)"" = (T, hy—1) (3.8)

The condition of the Lemma implies: when v =1

wh] () < IVl (39
and when v = oo
T < V] Uy < [V (3.10)

Relations (3.8) and (3.10) imply: |h| > (||V"!||;s)"". Since ¥ is a positive operator and ¥c = ¢,c € R, we
have U=1[A| > (||[V=1||;..)"", and by (3.9)

dm _
——(w,2) VI [V Yz (3.11)
m u u
Therefore (3.7) holds. O
Lemmas 3.4 and 3.5 (with V = U,) imply the following statement.

Corollary 3.1. All operators U, are consistent with operators acting in L7 (denoted also U,) and HU?J”M <
T (1<~ <o00).

Proposition 3.1. For each x € X the mapping U : y — Uy is a measurable bounded positive right Iizlt — I}f’f’
representation of X and, moreover,

Cr:= sup |[Ulgy < |ITI (3.12)

<v<oo
3.2. Space L%' and representation W'

As before, 1 < o < oo. Consider the right representation U acting in all spaces L} =L7>* 1<~ < oo,
defined in the previous subsection. For each pair of mutually conjugate numbers 7, we consider two
duality relations. The first one is between the Banach spaces L)"> and L%! established by the bilinear form
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(£,9)u = Jq fgu™din. Tt is easy to check that |[(f, g)u| < [|f|[zy.|gl|zs1. We denote by U’ the operator
in Lﬁ ! conjugate to U with respect to this bilinear form. By Proposition 3.1, U’ is a posztwe L1 ! f/ff’l
Tepresentatwn.

Let us consider a strictly positive probability density w on X with respect to v and the Banach spaces

EZ? = L{™) and the spaces Lilw of all (F,B)-measurable functions with the finite norms: ||g|[7'}, :=

il l9(@, ) (ulw, 2))2m(dw)]Jw(z)v(dz).

Our second dual pair is L = Lego [Pl with respect to the bilinear form

u,w I u,w
:/fguaw(x)dm
Q

Note that the mapping i,, : g — gw is a positive linear isometry from La 190 onto La > and from LB !
onto L', We denote W, := i,,U,iy" (acting in L = L) and W’ = sz'

yw’

left) positive operators in Eg;go (resp. Lﬁ; ). The operator W’ is the conJugate to W

these are right (resp

uw

It is easy to verify that Proposition 3.1 and the relation between the operators Uy, Uy and Wé imply the
following property of the representation W'.

Proposition 3.2. W’ Y — W; is a I}lﬁu — Lzowl Lamperti positive representation of X, respectively, and

 dnax {{IW'][zg} = O < [ITIE

3.3. Employing the conjugate representation W'

The following statement is a generalized version of a result due to Duncan [17]. Let 1 < o < 00.

Lemma 3.6. Let IC = {k,,} be a sequence of probability measures on X. Assume that there is a constant K > 0
such that for each N € NN > 1, and for each collection of mod m pairwise disjoint sets Ay, ...,Any € F x B
with

S / (W) (1a,)) (@, 2))in ()] [ < K. (3.13)

an

Then for any non-negative function f € E‘;’OO

/ sglpi]/f w, )Wy - ki (dy)] (w(w, ) “m(dw)w(z)v(dz) < K| f[lga- (3.14)
Q
Proof. By Lemma 3.1, 1 € Efj;l Denote fV,(w,z) = [y f(w, 2)Wykn(dy). Then V!g(w,z) =
fX ,9(w, 2)kn(dy). Put My = {w : suprn = fVih, A = My \ Ug<n M, (n < N). Then sup fV,, =
n<N

Zn:l fVi 14, and
[ s Vi) w(a)din ~ / Z Vol (ulo, ) 0(@)drh =

J n<N
Q

N N
Z an,lA Z f7V/1A <faZVT/LlAn>u,w S
n=1 n=1

n=1

o S K| fllzge O

AN paee ZVélAnl
n=1
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We denote dm,, ., := u*wdm dv

Lemma 3.7. Let | be a natural number, k > 1,s; > 0,i = 1
non-negative functions in L

~~vl»22=1 s; = f and let f f1,...,f; be
}J}ﬂ Then
(i) for the non-negative values of f;* we have fi*-...- f!
(i) for each y € X

" GIN/E,’%U(Q);

/H Wlfl Slmuw <

l l
AN / [1 57 < € [ T] £

Proof. Statement (i) follows readily from the Holder inequality.

Si

Proof of Statement (ii). By Lemma 3.1, y — W’ is a Lamperti left representation; let W) f = h, - U, f
be its canonical representatlon We have: ]_[Z 1 W/ G = Hi:l
denote f =

.
(hy - W, f;) = hPTT._, U, [, Hence, if we
(Hizl fisl)ﬁ, we have for p-a.e. z € X:

l
/ TI0W, £ drivo = / W Ty dig, = / WO £ iy =
= [ ~ =1 /.
Q Q Q

l
z ;

Q

The following key Lemma is a generalization and a refinement of a statement proved for measure pre-
serving actions by Shulman [41,42] (see also [46] for the case o = 2)

Lemma 3.8. Let 1 < 8 < 00,k € Nk > (. Let {A,} be a sequence of disjoint F x B-measurable subsets of
Q and let K = {k,} be a weakly tempered sequence of order k on X. Then for any N € N

||Z/W’ Ln, (@,2)) s (dy)]

an

po < (R7(0))F I TI2 g 5.

(3.15)
8
Proof. For ¢; > 0 and k > 8 we have ) ¢, < (>, cr’i)g (see, e.g. Ch. I, §16 in [6]) and thus
8
ch < (Zcﬁ)k, (3.16)
n n
Let a1 > 0,...,any > 0. We have
N k n;—1 ng—1lng—1 1
DI SID D D SIS 55 391 13
n=1 = lzl ni=ln;_1=l—1 no=2n1=1i=1
N >0
8
We use inequality (3.16) and the latter equality with a,, = ¢; where ¢; > 0,...,¢xy > 0, and obtain:
N B k ni—1 ng—lna—1 1
Yol sy Py ¥ S Sae en)
= =1 Z 191_k 1 ni=ln;_1=l—1 no=2n;=1i=1
s; >0

where t;(s;) 1= S’Iif

(in what follows we usually drop the argument s;). Note that ) ;|
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Recall that di, . = u*wdm dv, W' is a left representation in Lﬁ L+ see also Proposition 3.2. We denote
v; 1= 1a,. By virtue of (3.17) we obtain:

ﬁ:/ y (@, 2)in ()| 5.0 :/ /W Vi (W, ) (dY)] Pty o (dwdz) <

X q =lx
ng—1 ng—1
/z DL S SRR
1= 121 1S¢—k ni=ln;_1=l—1 ni=1
5;>0
H{/W O, (W, )], (dyi) o D170, 4 (dwdz) =
le

k il
Z Z m‘Dl,tl(sl)v'nvtl(sl) (3.18)

where

Dl,tl,...,tl =

i / T 7%, ) ),
1=lg i=lx

Dl,tl,...,tl S
n;— 1 ng — 1
Z Z Z /{H/W’ O, (W, 2)]% K, (dyi) Y1700y 0 (dwd).
n=ln;_1=Il—1 n11 ZlX
Below we put X; = X5 = ... = X; = X and denote:
H/fdza,.. dz) / /f dzy, ..., dz))...).
X
Using the Fubini theorem we obtain:
Dy <
n;—1 nz 1 l !
Z S / Il / HW (0, 2] o, (i) Vi (o) =
ni=ln;_1=l—1 ny= 1~ i=1 j=1

n;—1

Z Z Z H/{/H W vnJ W, )] 1My (dwd) i, (dy;).

ni=ln;_1=l—1 ’I’Lllllx &

We introduce new variables z1, 22, ..., 2N: 21 = Y1, 2; = y;_ll ~yi, 1 <i < N, ie.

Yi = 21 .--2i—1%4, i=2,...,N.
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We obtain:
Dl,tl,...,tl S
’nl*

Z: /{/ f[ W2y ] i)} i, (o1 722120,

_ 1=1
- i i Q

N
’I’LL:

We have > ;" v, < 1,n € N, because the sets A; are mutually disjoint. Let’s fix a natural number
! <min{k, N} and apply Lemma 3.7 and the well-known the property of the norm in the following evalua-

tions:
na— 11

N —
Dirotn < 2 Z -2 1~

ni=1:=2

t.
7,]} ! M (dw du) Y n, (21 ... 2i—1dz;) <

—
—~—
—
Rl
=
(4
E
=
| —
=
&
g,N
|
K
[

na—1 l ti
oy S ST [l ol T [Vt ] (oo

n,ln;lll TL1112XX1 j
l

H Ko, (21... 2p—1dzy) <

ay ¥ "ilﬁ/{/

nl—lnz 1= =l-1 na= =21i= 2X

max / H K, (21 .. 2r—1d2y)
. r=1

1
N tj
vm H [UZQ,,_Z]._IZ].U”_]. Mgy (dw dx) X

no— 1
ni=1

niny<nsg

(the constant C was defined in Lemma 3.1). Since Y2~ ,1 vp, <1 we have

Dl,tl,.“,t, <

cy Z Z nzlli[/{/li[ zj_lzjvnj]t" P (dw d)} x

ni=ln;_1=l—1 no=11i= 2X Q =

max /Hﬁnr(zl...zr,lzr)}.

We took the first step of our proof getting rid of the factors Ij'zl. Let us proceed this way and eliminate the
A 1 ~
factor U,, in each i-th step in which Lemma 3.7(1) is used for LZi=: % (€, F x B, Muy). After [ — 1 steps

we obtain

t
Dty SCll b Z// Uzlvnl Mgy (dw dx) X

n;= le ~

max ... max | I Bn, (21 ... 2p—1dzp) }.
niymi<ng
X, r=1

ni—1:mp—1<ny
Xi-1
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At last, we perform the I*" step: using the previous estimate, Lemma 3.7 one more time and Lemma 3.1
obtain:

N
Dy, ..., SCB /Z 1Anlﬁlu7w(dwdx) max / max /

npm <N | ni—1mp—1<ny
’nlzl X

l
max H K (21 ... zim1dz;) <
niing<ne .
X =1

oK) / T wldw dz) < CEE () T2 1

By virtue of (3.18), this implies our statement since

DD DI
=y e
5;>0

Recall that W = V. By virtue of Lemmas 3.6 and 3.8 we obtain the following statement.

Lemma 3.9. Let 1 < a < oo, B = %5,k €N k> . Let K= {kn} be a weakly tempered sequence of order
k on X. Then for any non-negative function § € ij o0

[ [sw / (w0, )i (dy) ({0, 7)) (w)v (da)m(deo)
Q

n>k

< |7 B (015 el sl £ - (3.19)

3.4. Back from the “space—time” Q to the space §
One can readily rewrite inequality (3.19) in terms of T and f(w,z) € Iiﬁ’oo. For each f € Eg’oo we

choose § = u~'f. Recall that gW, = (ug)Tyu~' = fT,u"". And then we put f(w,z) = f(w)lx(z); now
lgllze = lIfllo and fT,(w, ) = fT,(w). Recall: (u(w, z))*~ = Sy-1¢.

Proposition 3.3. For any f € L*(Q, F,m), f >0,
1] sesot@ptmtan) -sul [197, na(dy)m(a)] <
QO X nzk

[E*ri (KT el gl 1]

sup [ (50y)(w, @)k (dy) (u(w, 2))*w(z)v(dz)m(dw) =

Proof. /
Q

[Sup/ny(w)Hn(dy)](U(w,x))“_ll/(dx)w(x)m(dw =

X
J1f s etput@miansu / 1T, (@)sn(dy)m(dw). O
Q

n>k
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In order to derive the DET we have to eliminate the disturbing factor [, S,-1p(w)w(x)v(dz). We start
with a rather weak version of the “local” PET.

Lemma 3.10. Let 3 > 1 and let S be a left LP-representation of X, ¢ € LP(Q, F,m). There is a sequence
of densities {w;} with support X such that

@lggo Se—1p(w)w;(z)v(dr) = p(w) m—a.e. (3.20)

Proof. a) Construction of a sequence w; with compact supports. If X is discrete we may simply choose
wi(z) = 1if x = e and w;(z) = 0 elsewhere (i = 1,2,...). So let us assume that X is non-discrete.
Equation (3.20) is equivalent to lim; o0 [y Sz(w)ii(z)u(dz) = ¢(w) m—a.e. where w;(z) = w;(z™')
and p is the left Haar measure. Let v € Li(m),||v]i = 1, 0 < v(w) < C < oo for all w € Q. Denote
my(A) = [, vdm. Evidently m,(X) = 1,m, ~ m, Sy € L5, . To simplify the notation, in this proof we
write || |5 instead of [|-[| s . Let U,V be bounded symmetric neighborhoods of the identity e with closures
[U],[V] and V2 C U; g(z) :U1[U}(x)||Sx<p — ¢l|g- It is clear that g € L' (X B, ).

For each density A [ g(zy)A(2)u(dz) = [y Liu)(@y)|[Seye — ¢llgA(x)p(dz). By Theorem 20.12 in [24],
there is a decreasing sequence of symmetric neighborhoods U; C V such that for each sequence {\;} of
symmetric densities supported by [U;] we have

(L' () Jim [ g(ay)Xi(a)u(dz) =0,
X

hence there is a subsequence {n;} of {\;} such that
tim [ 1) Soye — llami(aln(da) = 0 p-ac,
X
Note that xy € U, if x,y € V. Let yo € V be such that
Jim. / 1Sayo = ¢llsni(z)p(dz) = 0.
X
By changing the argument and replacing the densities 7; by o;(z) = n;(zy, ') we obtain

tim [ 1S, = ellsos()utdz) =0
X

b) Construction of a sequence {w;} of densities supported by X . Denote supp(o;) = U;yo by Ui. Let x; be a
sequence of strictly positive measurable functions on X such that [;. xidp = % We have: [;. xi(x)]|Sz —
ollpu(dr) < 1(|[S]lg + Dllells — 0 as i — oo. It is clear that the sequence of densities 7r; = L)X +
(1-— %)1(01_)01- has the property:

i—00

lim [/ [Szp — <p|’8dmv]%7ri(m)u(dm) =0.
X Q

By the Fubini theorem and the Holder inequality
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1
[ [ 1820~ dlmit@mutdorim, < [( [ 150 - oPdm.)mi(ontao)
QX X Q

It follows from the last two relations that lim; o [, [y [Sz — @|mi(z)p(dz)dm, = 0, hence for some
subsequence {u;} of the sequence {m;} we have lim; o [y Se@wi(z)pu(dz) = ¢ m-a.e., so the sequence
w; = W (z~1) meets the required property (3.20). O

Recall that |fT| = |f||T| for each f € LY. The Fatou lemma, relation (3.20), and Proposition 3.3 bring
us to the following result.

Theorem 3.1. Let 1< a<oo,let K={kn,} be a sequence of probability measures on X, weakly tempered of
order k > 3 := . Assume that T : x — T, is a Lamperti right L*-representation. Then

/ sup / T, (@)l rin ()] o)) < (KFmi(K0)) B ITI2 1 1l 511 (3.21)

Let us remind that ¢ is an arbitrary strictly positive function in L? (Q) and functions g € LP(Q),9#0
a.e., form a dense subset of this space. Let us consider the functional I(g) = [, sup fX |fTy)(w)|kn(dy)]g(w)

m(dw), g € L?(2). We have:
Wls = IISHP[/ [fTy)(w)|fn (dy)]|a-
n21X

On the other hand, by (3.21),
lils =1 sup / sup / FT) (@) (dy)) g w)m(deo)] <

geLP llgllp<1J n=1

sup /sup/\fT w)lrn (dy)]]g(@)lm(dw) < (KF7,(k)) 7 [ TIZ5 | £

llgllp<1 ) n2l

So, at last, we have arrived to the Dominated Ergodic Theorem.

Theorem 3.2. Let 1< a<oo,let K={k,} be a sequence of probability measures on X, weakly tempered of

order k > 3 := . Assume that T : x — T, is a Lamperti right L®-representation, f € L*. Then
/ supl [ 11T, @)n(d)] | m(de) < (700" T84 1] (3.22)

Q

Fix v > 1. Consider a Lamperti right L“-representation 1. We apply Theorem 3.2 with = instead of «
to the representation T3 of X in L7(Q2), defined in Subsect. 6.2.2, and to the function f5 € L7(Q) (recall
that [|£% |12 = |I£1I2 and [ITG)]7 = [IT]]2).

We obtain the following generalized version of Theorem 3.2.

Theorem 3.3. Let a>1,yv>1, let K={kn} be a sequence of probability measures on X, weakly tempered
of order k > . Assume that T : x — Ty, is a Lamperti right L*-representation, f € L*. Then

n>1

/(sup/IfT 1> fon( )u(dy)]> m(dw) < (k*7(K0) T D1 £l (3.23)
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Remark 3.1. When v > «, (3.23) with a different upper bound follows from Theorem 3.2 and the Holder
inequality.

Remark 3.2. If we choose v > 2 then 15 <2 and (3.23) holds for all a > 1 when K is a weakly tempered
sequence of order 2.

Corollary 3.2. Let a > 1,7 > 1, let K = {kn} be a sequence of probability measures on X, weakly tem-

pered of order k > % Assume that T : x w— T, is a Lamperti right L®-representation, f € L. Then

Slili Ix |ny(w)\%/<n(dy) < 00 m-a.e.

Remark 3.3. Relation (3.21) remains true if K is a “piecewise weakly tempered sequence”: k, :=
S aikl,n=1,2, ..., where a; > 0,i =1,2,..,5° a; = 1, and 7(K) := 32| a;,7(K?) < co. Of course,
Theorems 3.2, 3.3 and Corollary 3.2 hold, too.

4. Pointwise ergodic theorems

Let us fix a right representation T in L*(Q, F,m),1 < a < oo. For any simple function g and each
x € X we denote g, := gT,-1 — ¢g. Let D§ be the linear manifold generated by such functions and let D
be its closure in LY. We denote by I* the set of all T-invariant functions. Both spaces, D and I* are
T.-invariant (z € X). By reflexivity of L%, the “ergodic decomposition” holds: L*(Q, F,m) = D* @ I¢
(see [46], Theorem 1.5.9 and Proposition 1.3.7). The projection of f onto I* (along D), denoted by
M@ s called the mean value of the orbit {fT,, = € X}. Of course, the mean value is T}, invariant:
fM@T, = M@ for all z € X, f € L*. For each f € L the ergodic decomposition can be written as

f="fo+ M@ where fye D°. (4.1)

Theorem 4.1. Fiz o,1 < o < 00, and let K = {kn} be weakly tempered of order k > -5 and ergodic. If
T :xw— T, is a Lamperti right L®-representation then for each f € L*(Q2, F,m)

lim | fTpkn(dz) = fM@ m—a.e. (4.2)
n—oo
X

Proof. We denote fM,, := [ fT,rn(dz). It is clear that My, are bounded linear operators in L*(€, F,m).
As above, for any simple function g on 2 and any y € X consider g, := gT,,-1 — g. We will prove that for
each y and each simple g

lim g,M,, =0 m—a.e. (4.3)

n— oo
We have: gT,-M,, = [, 9T, _1T kn(dz) = ngT —igkn(dz) = [, 9T.kn(ydz) and g,M,, = [, ¢T,(w)
(kn(ydz)—ky(dz)). Since k > 2 and hence a > 72+, a);thenk > By := 17
Let b:= & (note: b > 1). Usmg Holder s inequality we obtain:

we may chose some v € [k T

|9y M |” < (/ 9T (w)lvar (kn (ydz) — ki (d2)))" <

/ 19T (W) |Pvar (s (yda) — ki (da))| / var(kn(yde) — kp(dz))]"~" <
X

/|gT Kn (ydz) + mn(dac))[/ var(ky(ydr) — /@n(dx))]b_l.

X
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Corollary 3.2 (applied to the functions g and ¢gT,-1) shows that, in the last term of the above relation, the

Jfl
first factors form an m-a.e. bounded sequence, while the second factors tend to 0 since {k,} is ergodic.
This implies (4.2) for each f € DS (note that fM(® = 0 if f € D®). Now, by Corollary 3.2 with v = a,
SUP, o0 | My (w)| < 0o m-a.e. for each f € L*. By virtue of the Banach convergence principle (see, e.g.,
[18]) we obtain: lim, o fM,, = 0 for any f € D®. Since (fM))M, = fM(®) f € L% it remains to
employ the ergodic decomposition (4.1). O

Remark 4.1. In the above theorem, if T acts also in L (e.g., if T is generated by a bounded left action 7),
then (4.2) holds when K = {,} is weakly tempered of order £ > -2 and is ergodic. Indeed, in this case
for each g € L*° for m-almost all w € Q

0y M,, ()] < / (9T (@) var [ (ydz) — rn(de)] <
X

T loolglloo / var (o (ydz) — in(d2)),
X

which implies (4.3); the rest of the proof is the same as in Theorem 4.2.

Remark 4.2. If 1 < o < 0o the Mean Ergodic Theorem: (L) limy, o0 [y fTotin(x)p(dz) = FM(@) holds for
every right L%-representation T, every f € L%, and each ergodic sequence of probability measures K (see
Theorem 1.5.9 and Corollary 3.1.2 in [46]).

Corollary 4.1. [47] Fiz 1 < a < 00, and let A= {A,} be Fplner and tempered. If T : x ~— T, is a Lamperti
right L®-representation then for each f € L*(Q, F,m)

m — M@
nhﬁrr;() A /fTI/L(dl')—fM m—a.e. (4.4)

Remark 4.1 implies the following statement.
Corollary 4.2. If the sequence of probability measures K = {k,} is ergodic and weakly tempered of order

k > -2, then for each bounded left action x — 7, of X in (0, F,m) and for each f € L*(Q, F,m) with
l<a<oo

lim [ f(ruw)kn(de) = M(f) m—a.e. (4.5)
n—oo
X
In the case when o = %, k € N,k > 1, the following statement has been proved by Shulman [41] (see

also [46]) using a method based on Dunkan’s “dual space” approach (see Dunkan [17]).

Corollary 4.3. If {A,} is a Folner weakly tempered sequence of order k > %5 then for each measure

preserving left action x +— 1, of X in (Q,F,m) and f € L*(Q, F,m) with 1 < a < oo

1

lim —— / flrzw)p(de) = M(f) m—a.e.

Jim = [ Frutin) = M)
An

Remark 4.3. Using the “coverage” method Lindenstrauss [33,34] extended Shulman’s theorem to the case

a =1 (Shulman’s “dual space” approach cannot work if & = 1 since it leads to the PET for general Lamperti

representations which fails when o = 1).
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Corollary 4.4. Fiz 1 < a < oo and let K = {k,} be ergodic and weakly tempered of order k > 2. Let
T :x — T, be a positive right L*—representation. Then for each f € L*(Q, F, m) relation (4.2) holds.

Corollary 4.5. Fiz 1 < o < 00, a # 2, and let K = {k,} be ergodic and weakly tempered of order k > —%5.
Let T : x — T, be an isometric right L*—representation. Then for each f € L*(Q, F,m) relation (4.2) holds.

Remark 4.4. Theorem 4.1 and Corollary 4.2 show that the “left” notions of weakly tempered and of ergodic
and of tempered sequences introduced in §2 are sufficient for averaging of right representations and left
group actions; for left representations and right group actions the obvious “right” versions of these notions
should be considered.

Remark 4.5. Theorem 4.1 remains true if K is an ergodic piecewise weakly tempered sequence of measures
(see Remark 3.3).

Theorem 4.1 implies generalized versions of PETs for cocycles proved in [47].

In [44,45] simple counterexamples are provided which show that Theorem 4.1 and other results of this
section may fail for a sequence of compact sets if the Fglner condition or the regularity condition is not
fulfilled (see also §6.3.2 in [46]).

5. Some classes of pointwise averaging sequences

We say that a sequence of densities ® = {p,} is pointwise averaging if for each «o,1 < o < 00, for each
Lamperti representation 7" in L% and each f € L* we have:

li_)rn [Topn(dz) = fM@ m—a.e. (5.1)
b'e

Similarly, we can define pointwise averaging sequences of integrable sets.

In this section we consider examples of Fglner regular sequences of sets, ergodic regular sequences of
densities, and ergodic weakly tempered (of each order) sequences of densities: all such sequences are pointwise
averaging by Section 4 (some of these examples are well-known (see [45,46])).

5.1. Pointwise averaging in groups of polynomial growth

We remind that a compactly generated locally compact group X is said to be of polynomial growth if
there is a compact generating set U and constants C,d > 0 such that u(U™) < Cn? n € N. Tessera [49] has
proved that in such a group, if U is a symmetric compact generating set, then the sequence {U™} is both
reqular and Fplner; a similar result for an increasing sequence of balls B,. —of radii r,r — oo (with respect
to a periodic quasi-metric) was obtained by Breuillard [9].

From these results and from the PET in Tempelman [44,45], they deduced the PETs with {U"} and
{B;, } for measure preserving actions. Corollary 4.1 shows that these sequences are pointwise averaging for
all Lamperti representations.

5.2. Sequences of bounded convex bodies in R™ and in 7™

Each increasing sequence of bounded convex bodies {A,} in R™ is regular (see [46] and the references
therein). Let d,, denote the intrinsic diameters of the sets A,; if d,, — 00, {4,} is also ergodic (see [15]).

Let E, == A, NZ™",n =1,2,.... We will show that the sequence {E, } possesses the same properties
in Z™.
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Let B, be the ball of radius r centered at 0. Without loss of generality we may assume that 0 € A,

and that By, /5 € An; we also assume that d,, > 2m?z. Denote K := [—%, %}m; of course, K C B%\/m;

1
[E,] := E, + K. By Lemma 4 in [15], A, —l— By m € d"'+m2 A,,. Applying this Lemma one more time with

dn=—m?2 *m2 A,, instead of A,, we obtain: = *m An+Bim C A Let us note that for each z € %= 7m2 @n—m2 A there

is a z € Z™ such that z € x + K; by the ‘above lnChlblOn z€ A,;hence z€ E,andr € 2+ K C [E,]. Thus
dy — 2m2 dp +m2
S AL (52

and, certainly,

T~ 2 ncAngd”;méAn;
hence
WAL - pl(An+ 2)AUE] +2) - p((Ea)
WAy O () 70 @, T

Assume d,, — oo. Since {A,} is Felner this implies that {[E,]} is Folner, too. If z € Z™ then ([E,] + )

_ |(En + 2)AE,| _ p(([En] + 2)A[E,]) . . m
A[E,] = [(En + 2)AE,], and TN = (Bl — 0. So {E,} is Folner in Z™.

Now we will prove that {E,} is regular. Note that A, — A,, are convex bodies. Therefore (5.2) implies:

d,, — o2ms

‘En‘ = :UJ([En]) > ( d,

)" p(An)

and

B — Bul = u([En — Ea)) < (d(Ad’} PR > H(A — AL)

where d(A,, — A,,) is the intrinsic diameter of A,, — A,,. Hence {E, } is regular in Z™.
5.8. Sequences of concave densities on R™

Let {©,} be a sequence of densities on R™ concave on their supports S,,. Then S, are compact and
convex. Assume that the sequence {S,} is increasing and the intrinsic diameters d(S,) — oo. Put by :=

max £ (1;7;6) k=2,3..,c, = 2" [[,_, bx. Then the sequence {c,,¢,, } is increasing and max [enipn ()] — oo.

Section 5.2 and Remarks 2.4 and 2.7 show that the sequence {¢,} is ergodic and regular.
5.4. Averaging over sequences of homothetic sets and of rescaled densities

In this subsection we consider sequences ® of “rescaled densities”, i.e. sequences of densities of the form
on () := t,;™p(t 1x), where ¢ is a density on R™, t1,t, ... are positive numbers, and #,, 1 oco.

Example 5.1. Let A be an integrable set with positive measure. If ¢ := ﬁlfl then p(A)p(t,1z) are
indicators of homothetic sets A,, = t, A, and @, (z) = ﬁlA" ().
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Theorem 4.1 claims that the combination of ergodicity and weak tempering is sufficient for pointwise av-
eraging (of course weak tempering can be substituted by any stronger condition: weak regularity, regularity,
or tempering). The following statement shows that for rescaled sequences ergodicity holds.

Proposition 5.1. Each sequence {p,} of rescaled densities ® is ergodic and, in particular, a sequence of
homothetic sets { Ay} is Fplner.

Proof. For each y € R™

lim ¢, / p(t ' (z +y) — oty w)ldo = lim / lp(z 4+t ty) — p(x)|dz =0,

n—oQ
Rm™ Rm

since the mapping z + f(z + -) from R™ into L'(R™, B, i) is continuous (see, e.g., Ch. 5, Theorem 20.4
in [24]). O

5.4.1. Averaging by homothetic sets
Let A be a measurable set in R™ with finite non-zero Lebesgue measure I,,,(A) > 0, A= {z =My,0 <
A < 1,y € A} (the “star-shaped hull” of A). The sequence of homothetic sets A = {t, A} is ergodic by

Proposition 5.1; if, moreover, A is compact, then r(A) < %; indeed r(A) < sup, % =

sup,, lmfi"’é’:;;&)) = u(,ﬁ;x;i) (see also Example 5.2.9 in [46]) so {t, A} is regular (note that r(A) = 2™ if A
is convex and symmetric about 0).

5.4.2. Averaging over sequences of rescaled densities on R™

Proposition 5.2. If ¢ is a bounded density on R™ with compact support S, then the sequence py(x) =
t-m(t-tx) is ergodic and regular, hence pointwise averaging.

Proof. Let S,, and S be the supports of ¢,, and ¢, resp. Note that S,, = ¢,.5. Therefore the sequence {p,}
is regular by Subsect. 5.4.1 and Proposition 2.4; it is ergodic by Proposition 5.1. O

Our next statements show that, under some conditions, the DET and PET hold for a sequence of rescaled
densities with unbounded supports (of course such sequences are not tempered; the proof is somewhat more
tedious then the one of Proposition 5.2).

Let || - || be an arbitrary norm in R™.

Proposition 5.3. Let p(0) = max p(x) < co. Assume that there is a non-negative function @ on R* such

r€R™

that

1. plw) = 3(|lall),z € R™,

2. ¢ is non-increasing in [0,00),

3. @(u) conver on some interval [a,c0),a > 0.

Let o (z) :=t;™p(t tx) x € R™.

Then Ay :=sup,, o [ dy ... [dzysup, ., <., [dr e, gom(Z;:l z;) < oo for each k > 2. Thus the
sequence {¢n} is weakly tempered of every order, and therefore, by Proposition 5.1, it is pointwise averaging.

The step-by-step proof of Proposition 5.3 is performed in the following lemmas where it is assumed that
@ is a density on R™ satisfying the conditions of the Proposition 5.3.

Lemma 5.1. For each x with ||z|| < a and each y € R™ ¢(y) < cp(x) (¢ :=
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Proof. For each pair x,y satisfying the above conditions ¢(y) < ¢(0) = 30z
Lemma 5.2. ¢(y + az) < cp(y) + cp(y + ) for all z,y e R"™,0 < o < 1.

Proof. It follows from Lemma 5.1 that
if [[yl| < a then (y + ax) < cp(y);
if ||y + z|| < a then p(y + ax) < cp(y + ).
Let’s both ||y|| > @ and ||y + z|| > a. Then using convexity of ¢

ey +oaz)=p((1-ay+aly+2) <(1-a)e(y) +ap(y + ).
In all cases p(y + ax) < cp(y) +cp(y+ ). O
Lemma 5.3. Let s1 < 89 < ...<s;. For eachi € N
i i—1
(> sitsim) < TN plai Y bixy). (5.3)
Jj=1 be{0,1}i-1 j=1

Proof. If i = 2 then, by Lemma 5.2, ¢(xg + 55 "s171) < co(2) + cp(2e 4+ 21).

Let inequality (5.3) hold for i — 1. By Lemma 5.2 with z = 1,y = Z] 95, 15]1"],04 =s; “Ls1,

(> s tsiwg) < cp(D s tsimg) +ep(zi+ Y sy siag).
j=1 j=2 j=2

Using this inequality and inequality (5.3) for i — 1 we get:

7 i—1
o> sitsim) <c d? YT e+ Y bixg)+
j=1 j=2

be{0,1}i—2

i—1 i—1
i Y gt Ybe) = Y elwt Sobay). O
j=1

be{0,1}i—2 Jj=2 be{0,1}i-1

Define By, := {0,1}x{0,1}%x...x{0,1}* i.e. if b € By, then b = (b, b3, ... b)) where b() € {0,1}%; b;-i)
denotes the j-th coordinate of b9, j =1,2,...,1

Lemma 5.4. Let s1 < 59 < ... < si. Then

[0 tm) =7 & [Tt 7).
i=1 beBy i=1
Proof. Lemma 5.3 implies

k k i—1
[TeQ sitsia) <1l >0 olwit Y00 =

i=1 j=1 i=1 be{0,1}i-1

k i1
(k—=1)k i
c H@(l"ri'g bg-)xj). O
=1
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(k—1)k
2

Lemma 5.5. A5 < (2¢)

Proof. We put s; =t,,,l =1,...,k, in Lemma 5.4. By using this Lemma and the definition of Aj we readily
get:

k izl
S || / ol + 3 b ag)das.

be By i:lRm j=1

Put y; = x; + Z; 11 bgz x; in the integral. We have:

(k l)k (k—1)k
ST [ et =<5 5]

beBy i= lRm

(k—1)k
2

It remains to note that |Bg| = Hle 2i—=1 — 9

Example 5.2. a) The Cauchy density on R™

m+1 m1
pi) = D ([1 4 el (5.4)

s

satisfies the conditions of Proposition 5.3 with a = (2 +m)~ 2, the inflection point of (.

1
b) Let V be a non-degenerate positive definite symmetric “covariance” matrix and ||z|| = ((V "'z, z))?).
The normal density

1

O (@)= Grda) %

1
exp[fi(V x, )] (5.5)
satisfies the conditions of Proposition 5.3 with a = 1, the inflection point of @.
¢) Let a > 0. The density 7(z) := %(1 + |Jz|[)~ () [z € R™, also satisfies the conditions of
Proposition 5.3 (the function ¢ is convex on R ).
So the rescaled sequences {¢, }, {0, } and {7,,} are weakly tempered of any order, hence they are pointwise

averaging.
Proposition 5.3 and Remark 2.6 imply the following, more general statement.

Corollary 5.1. Let p(z) < C@(||z]|) for all x € R™, where C' is a constant, ¢ possesses properties 2)

m—1 >

and 3) stated in Proposition 5.3, and [;°u™ ' @(u)du < co. Then the rescaled sequence {py} is pointwise

averaging. In particular, this is the case when

C
<—— zcR™ 5.6
#le) < @+ [l (56)

with some a > 0.

Not that the above densities ¢ and 0y satisfy condition (5.6).
We state another application of Proposition 5.3 and Remark 2.6.

e

Corollary 5.2. Assume that there is a sequence t,, > 0,t,, T co such that p, () < (f-ﬁ-llc;%’

reR™ neN,
where a > 0. Then {p,} is weakly tempered of every order.
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5.5. Averaging by sequences of convolution powers of densities

In this Subsection we put G = R™,m > 1. If ¢ be a probability density on R™ we put ¢, := ¢*", the
nth power ¢ with respect to the convolution. First let us quote the following result (see [30]).

Proposition 5.4. A sequence {k*™} of convolution powers of a probability measure k on a commutative group
X is ergodic if and only if k is strictly aperiodic, i.e. the support s(k) is not contained in a coset of a proper
normal subgroup of X .

Let ¢ be the density of a symmetric stable distribution with parameter & (0 < & < 2); this means
that ©*"(z) = n~ & p(n~#z). Simple examples of stable densities are the Cauchy density ¢ (see (5.4)) with
& = 1 and the normal density 6y (see (5.5)) with & = 2.

By Proposition 5.3, the densities 1 and 6y are pointwise averaging.

Proposition 5.5. Let ¢ be a stable density with parameter 0 < & < 2; assume @ satisfies the conditions
of Proposition 5.3 and ® := {©*™}. Then it is weakly tempered of each order and ergodic, and thus it is
pointwise averaging.

Remark 5.1. Let ¢ be a stable density constant on spheres 0 < & < 2. It is easy to prove that sequence ®

is weakly tempered of order 2 and the index p2(®) < 2. Indeed, p(z) = @(||z||) where ¢ is a decreasing

function on [0, 00), and @ () = n= % (Il2ll/n% ), fau o (0)pna( + 2)dy = o, * P, (@) = 10, (),
and therefore

/ max /som Y)ene (y + z)dydr = [ max op, 4p,(2)dz =
ni;<ng n1<nz
Rm
1 1 1 1
max ————— o (|[all/(m +n2)t ) do < [ o (|[oll/(2n2)¢ ) do =2
n1<no (n1 + ng) & (n2) «
Rm R™
Remark 5.2. Proposition 5.5 is a special case of Proposition 3.5 in [32] where it was proved, in particular,
that if a density ¢ on a commutative group is symmetric and strictly aperiodic and ¢, := ¢©*" then the
conclusion of Proposition 5.2 holds; we include Proposition 5.5 and Remark 5.1 as simple applications of

our general results.
We turn now to averaging by convolutions of nonsymmetric densities.

Proposition 5.6. Let 1 < o < co. Assume that ¢ is a density on R™ such that

1) its characteristic function belongs LY(R™) for some a > 1 (this is the case when the density ¢ is
bounded),

2) fam |z o()de < oo, [ zo(x)dz =0, and

3) its covariance matriz 'V (i.e. the matriz with the components Vi; = [@zjo(x1,...,0m)de,i,j =
1,...m) is non-degenerate.

Then the sequence {©*"} is ergodic and weakly tempered of each order, hence pointwise averaging.

Proof. Our sequence is ergodic by Example 5.4. We will prove that it is weakly tempered of any order k.
Along with the m-dimensional Cauchy density 1 and the normal density 6y, we will consider the functions
() :=n"% Y0 11 n~2Q.(n"2x)0y (n~2z) where Q,, r > 1 are polynomials of degree d < m + 1 which
does not depend on n and, up to a constant, are specified in [8]. We apply Proposition 19.2 in [8] with
s =m+1if m > 2; in the case when m = 1 we apply a theorem in [43] (see also the Note in §19 in [8]).
For each m > 1 we have:
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™" (2) = 037(2) = An(2)] = 0o(n™ "7 )" (z), = € R™. (5.7)
It is clear 67" (xz) < Cy*"(x) and, if v > 1,
An(2) < Dn~3n~ %0,y (n~"%2) < Fn= 39" (z) (5.8)

where C, D, F are positive constants. Therefore formula (5.7) implies for all z € R™:

" (x) < Gy (x),

and Remark 2.6 and Proposition 5.5 show that {¢*"} is weakly tempered of any order k. By virtue of
relations (5.7) and (5.8), we have:

/ o™ (@) — 077 ()] de = o(1). (5.9)

By Proposition 5.5 the sequence {6*"} is ergodic, and (5.9) readily implies that {¢©*™} possesses this property
too. It remains to use Proposition 4.1. O

In [7] the following theorem was proved: let ¢ be a strictly aperiodic density on Z such that

S0t 220(z) < o0, Yoo, zp(z) = 0; then for each invertible measure preserving transformation 7 of a
oo
Z=—00

o-finite measure space (2, F,m) the sequence ) f(T*w)p*™(z) converges m-almost everywhere for
each f € L*(Q2, F,m),p > 1. The following statement provides a generalization of this theorem in several

directions.

Proposition 5.7. Assume that ¢ is a strictly aperiodic density on Z™,m > 1, 3 pm |[2]]"e(2) < oo,
> .crm 29(2) = 0. The sequence {p*"} is pointwise averaging.

Proof. The proof is similar to that in Proposition 5.6: Corollary 22.3 in [8] presents an analog of for-
mula (5.7), and this gives us analogs of formulas (5.5) and (5.9). O

Remark 5.3. Theorems 5.6 and 5.7 follow from Proposition 5.2 and Theorem 5.7 in [13] and Theorem 1.2
n [19]. Our goal was to provide two more examples of weakly tempered, but not regular, sequences.

6. Appendix
6.1. Some properties of invertible Lamperti operators and Lamperti group representations

6.1.1. Basic properties of Lamperti operators in L, 1 < a < 0o

Let «, 8 be mutually conjugate numbers, 1 < a < oo, L* = L*(Q, F,m), and let M(Q, F) denote the
linear space of all F-measurable functions on Q. An operator ¥ in M (2, F) is said to be strictly positive
if Tf > 0 a.e. whenever f > 0 a.e. In this section the term “invertible Lamperti operator” means that the
operator and its inverse are Lamperti operators.

Definition 6.1. A mapping ¥ in F is called a o-automorphism if (1) it maps F onto F and is invertible, (2)
T(US2,A,) = U2 TA, if A, are disjoint, (3) U(A°) = (PA)° for each A € F, (4) m(PA) =0 if and only
if m(A) =0.
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Proposition 6.1. Fach invertible Lamperti operator T in L%, 1 < a < 0o, has the following form:

Tf(w) = h@)Tf(w); (6.1)

here 1pyh € L¥(Q, F,m) when m(A) < oo, h # 0 m-a.e., and ¥ is an invertible strictly positive linear
transformation in M (S, F) with the following properties:

(1) For each A € F, U1, is an indicator of a set in F, denoted WL; the mapping A — WA is an
o-automorphism of the o-field F (hence 1 =1 and A — m(A) := m(VA) is a measure on F equivalent to
m).

(2) [0 S| = (S, f € M(Q, F).

(3) (W) = Wfr,y € Ry, f € M(Q,F).

(4) 9(f-g9)=Vf Vg, f,ge M(Q,F).

(5) If f,g € M(QLF) and gV f € L*(Q, F,m), then [, g - Vfdm = [,V g f¥dm; in particular, if
Ufe LY (QF,m) then [,V fdm = [, f%dm.

1
(6) \IJ% = (—dm‘l’ 1) m-a.e.

dm
Moreover,

— o\ L
() Tl = 1~ (1RD(GE) = [l < 0.
Vice versa, each operator T' of the form (6.1), where h(w) # 0 m-a.e. and V is an invertible strictly
positive operator in M (Q) with the above properties (1)—(6), is an invertible Lamperti operator in L*.

Proof. Properties (1)-(4) are well-known (see [28]).

Property (5) follows from the “leading” special case when f = 15,9 = 1p, A,T € F,m(A) < oo,m(T) <
0ot [ 1r - Wladm = m(I' N WA) =m(¥ (VT NA)) = (\I/ TNA) = [, U p - 1492 dm.

Let us prove Statement (6). Using Property (5) with ¥~! instead of ¥ we obtain: for each A € F we
have:

m(A) = m(TT'A) = g (T1A) = / d;”q’ U ydm =
m

Q
/\I}dm\p .1A ) qu,—l dm

dm dm

Q

which implies Statement (6).

Property (7): ||T]|2 =  sup | [, |Tf*|dm|; on the other hand, by Property (5), [,Tf*dm =
Fllflh<1

Jo hoU(f¥)dm = [, @ thedm fogm = [(f*) where I(u) is a linear functional on L'; hence
esup, U h[* g2] = [[Il|: = ||T]l3. ©

Definition 6.2. We will refer to formula (6.1) as the canonical representation of the Lamperti operator 7.

Proposition 6.2. (1) If Ty, T> are invertible Lamperti operators then ThTs is also an invertible Lamperti
opemtor and thTz = th . \I/T1 hT27 \I/Tsz = \IJT1 \I/Tg- Hence \IIT*1 = \117_«1, h,T—l = (W;lh)_l

(2) An invertible Lamperti operator is positive if and only if h > 0 m-a.e., so each positive invertible
Lamperti operator is strictly positive.

(3) The modulus of an invertible Lamperti operator T is defined as follows: |T|f(w) = |h(w)|V f(w). It
is clear that |T| is an invertible strictly positive operator, |T f| = |T||f], f € L*(Q, F,m), | T1Tz| = |T1]| - |T»|
and [T~ = |T|71.

(4) If T is an invertible Lamperti operator in LY(1 < a < o0) then the conjugate operator T* is an

invertible Lamperti operator in LP. Moreover T*g = U~ 1h - % W1y, ge LP; hence Upe = UL by =
Uth . 4
m
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Proof. 1. Follows from (6.1).

2-3. Each of these statements readily follows from the previous ones.

4. See Proposition 3.1 in [28].

5.1f f € L%, g € LP, then by Proposition 6.1(5), (T'f,g) = [, Tf-gdm = [, V[ - hgdm = fﬂf~ﬁ~
Ulg. d0gm = (f, U~ 1h- U—lg. 42y O
6.2. Lamperti type operators (L-operators) and Lamperti type representations in Banach function spaces

Let (Q, F,m) be a o-finite measure space, B a Banach space contained in M(Q, F).

Definition 6.3. An operator in B is an invertible Lamperti type operator, or in short an invertible L-operator,
if it has a representation (6.1) where 1) h # 0 m-a.e., 2) ¥ is an invertible strictly positive linear trans-
formation in M (9, F) 3) for each A € F, U1, is an indicator of a set in F denoted WA; 4) the mapping
A — PA is an g-automorphism of the o-field F, hence ¥1 =1 and A — r(A) := m(¥A) is a measure on
F equivalent to m.

Of course Statements (1)—(6) of Proposition 6.1 and Proposition 6.2 are fulfilled.

Example 6.1. Let T" be an operator in L>(Q, F,m) “preserving support separation”: T f - T'g = 0 whenever
f-g=0and f,g € L*(Q,F,m). Then it has the canonical representation (6.1) where ¥ is a positive
linear transformation in set SM(, F) of all measurable simple functions on  and the mapping A —
U(A) := ¥p(1,) is an automorphism of the field F (see, e.g. [28]). In general, ¥ does not need to be a
o-automorphism, so in this case T is not a L-type operator. But, of course T'f = h- R, f is a L-type operator
in L>*(X,B,v) if h € M(X,B) and h # 0 v-a.e., and R is the right shift: R, f(z) = f(zy™!).

Proposition 6.3. Let T be an invertible L-operator in L>°(Q, F,m). Then
(1) U is an invertible linear isometry in L (2, F,m);
(2) ||IT||osc = ||lloc = [|¥ 7 h||so, s0 Proposition 6.1(7) is valid here too if we assume - = 0.

Proof. 1) Since ¥(c) = ¢,c € R, and ¥ is positive, |f(w)| < [|fllec m-a.e. implies ¥|f(w)| < U||f]locc =
[ £lloos f € L®(Q, F,m). But T~! is also a L-operator in L>(Q, F,m) and W71 = ¥~ so we have:
U Hg(w)] < ||g]lec,g € L®(Q, F,m). Put g = ¥f in the last inequality. We obtain: ¥~1W f(w)| = |f| <
19 flloo- Thus [[¥f[leo = || lloc, f € L>(Q, F,m).

2) [ITllo = sup  [[hW¥fl[oc < |[hlloc  sup [[fllcc = [|Plloc and [|T1[|sc = [|hllec. O
Fillflleo<1 Fillflleo<1

Definition 6.4. Consider a dual pair of Banach spaces B and B’ with respect to a bilinear form (f,g),
f € B,g € B’ such for a finite constant C we have: |(f, )| < C||f||sllgllz’, f € B,g € B’. Assume T is an
operator in B, and for some g € B’ there is a point ¢’ € B’ such that (T'f,g) = (f,¢'), f € B; in this case
we say that this is the value of the conjugate linear transformation at g € B’ and denote T'g := ¢'.

It is clear that the domain D of T” is a linear manifold in B’.

Remark 6.1. Let T be the conjugate to T in B*. If D = B’ then it is a T*-invariant subset of B* and T”
coincides with the restriction of T* onto B’; T" =T.

Proposition 6.4. Let B and B’ are Banach spaces contained in M(Q, F) and | [ fgdm| < C||f]|8|l9llz,
f € B,g € B where C < oo. If B, B’ is a dual pair of Banach spaces with respect to the bilinear
form (f,g) = [ fgdm on B x B’, and T is an invertible L-operator in B, then its conjugate T" is also
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an invertible L-operator in B', and, as in Proposition 6.2(5), T'g = ¥U~1h - % U lg, g € B, ie.
U = ‘l/_l;hT/ = \If_li_L : %

Example 6.2. L°°(Q, 7, m) and L' (2, F,m) form a dual pair with respect to (f,g) = [ fgdm. Therefore for
each L-operator T in L>(£2, F,m) the conjugate L-operator T” is well defined in L!(Q, F,m).

Lamperti-type representations in Banach function spaces are representation by Lamperti type operators;
in §3 such representations are generated by Lamperti representations in the spaces L® where 1 < a0 < 00.

6.2.1. Some properties of Lamperti group representations

Propositions 6.1 and 6.2 imply useful properties of Lamperti representations.

If U,,x € X, are invertible strictly positive linear operators in M () each satisfying Property (1) of
Proposition 6.1, we consider the measures 1, (A) := m(¥,A), A € F, equivalent to our basic measure m.

Proposition 6.5. (1) Let T,,x € X be a collection of operators in L“. T : x — T, is a Lamperti right
representation if and only if

fTp(w) =he(w) - fU,(w),z € X (6.2)

where all operators V, in M(Q) are invertible, strictly positive, and possess properties (1)—(6) stated in
Proposition 6.1, U : x — W, is a right representation of X in M(Q) and (w,z) — hy(w) is a multiplicative
right cocycle with respect to the right representation U, i.e. for each x,x1, 2 € X we have: m-a.e. he(w) =1,
vy () = iy Wy () - o ().

(2) If T is a Lamperti right representation of X in L™ then the mapping T : © — T is a Lamperti left
representation of X in LP.

(3) Let T be a positive right representation of X in L. Then for each f € LY we have: T (fT,)* 1 <

| Tella o

Proof. 1. See Propositions 6.1 and 6.2(2).
2. T;T; = (T,T:)* = Ty,, so T* is a left representation. By Proposition 6.2(7), the operators T, are
Lamperti.

3. By (6.2) and Proposition 6.1(5,6), for each g € L?

/g'Ti(me)a_ldm:/QTz.(fo)a‘ldm:/hx gU, - [hy - fU,)° dm =
Q P J
/hg : (gfa_l)‘l’xdm — /gfa—l ) \Ifglhg‘ ' dmy i

dm

Q Q

Since g is an arbitrary function in L?, T (fT,)* ! = fo=t. W lhg - e < ||T[jafo~1. O
Proposition 6.6. Let T' be a measurable invertible Lamperti right representation.
(1) The representation U and the functions (w,z) — he(w), (w,z) — U h,(w) and (w,z) — 9 (W)

dm

are measurable.
(2) The representation |T| is measurable.
(8) The representation T™* is measurable.

Proof. 1. a) For each x and A € F we have 1AV, = 1.1, 7, (w)>0}, 50 {(w,7) : 13V (w) = 1} = {(w, ) :
10Ty (w) > 0} € F x B and {(w,z) : 1p¥,(w) = 0} € F x B. This implies that for all simple functions



56 A. Tempelman, A. Shulman / J. Math. Anal. Appl. 474 (2019) 23-58

f: (w,z) = fU,(w) is measurable. Since WU, is a positive operator, f,, — f in measure implies f, ¥, — fU,
in measure, so the function (w,x) — f¥, is measurable for each f € M(Q,F).
b) If m(Q) < oo, then h, = 10T, and if m(Q) = co then hy = Y ;2, Iz, T, where {A;} is a cover of
by disjoint sets of finite measure; hence (z,w) — h,(w) is measurable.
¢) By Proposmon 6.2(3), U, hy = (hy-1)"1, so (z,w) — W, h,(w) is measurable, too.
d) Let {Ln ,n € N}22, be a sequence of refining covers of Q by sets of finite measure m and let the
collection of sets UmeNL( 2 generate the o-field F; put

A

Then Cfii( ) = lim; 500 g™ (w) m-a.e. (cf. [16], §VIL8), so (w,z) — %(m% is measurable.
m m

2. The definition of |T'| and Statement (1) imply that 7' is measurable.
dn
3. Since fT, = h,-f¥, we have, by Proposition 6.2(7), Tg = ¥, 1h,- n;; U, 1g where g € L#(Q, F,m);
thus, by Statement (1), T* is measurable. O

6.2.2. Lamperti representations T(®)

Let 1 < a < 00,0 <b< «, and let T be a Lamperti right representation of X in L*. We will consider
“right” operators T\") in L% defined for each f € L% as follows: foT." (w) = (fTu(w))®.

The following proposition clarifies and justifies this definition.

Proposition 6.7. Let 1 <a <o00,0<b<a,y:=¢ (s01 <y <o)

(1) f € L*(Q, F,m) if and only if f* € L7(Q, F,m); moreover, Hfb||'vy = ||f||2, i.e. the mapping ¢ : f — f°
s an isometric mapping from L onto L7 .

(2) Let T be a measurable invertible Lamperti right representation in L and let

o) () = (fT(1)® where fe L% (6.3)

Then T® : z — T is a measurable invertible Lamperti right representation in LY and ||Tz(b)\|z =

1T, z e X.

Proof. (1) [[/°l3 = (Jo(If1")7dm) = (o [f|*dm) = [I£]3-
(2) Let fTy(-) = hy(:)- fP,(-) be canonical representation of the operator Ty, (see Proposition 6.5). Then

TP =hb - (fU,)P =1 PO, (6.4)

is canonical representation for the operator ngb). It is clear that ngb) is an invertible linear Lamperti operator
in L7, 2 € X. We have T = /T,.~!, and hence ||T£b)\|z = || T%]|¢. The equivalence of the operators T

and T, also implies that T® : z Téb) is an invertible Lamperti representation in LY. Measurability of
T®) follows from (6.4) and Proposition 6.6(1). O

6.3. Examples: distinctions between properties of sequences defined in §2

6.3.1. A regular but not Folner sequence of sets in R?

Example 6.3. The sequence of rectangles A, := [0,n] x [0,1] is regular but not Fglner.
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6.3.2. A Fplner and tempered but non-reqular sequence of sets in R>

Example 6.4. Let {a,} and {b,} be increasing sequences of positive numbers such that b, < an, b, — oo,
sup Z—: = 00. Let Ay, := [—an, an] X [=bn, bp] U [=bp, by] X [—an, ayn]. Then [—ay, an] X [—an, an] C Ap — An,
sup,, [1(An)] (A, — Ay) > sup,, (8a,b,) "1 (4a2) = sup,, 3i- = 00, so the sequence {A,} is not regular. In
addition to the previous assumptions, let a,,—1 = b,,n > 1. Then

An - An—l C ([_(a'n + an—l)yan + an—l] X [_(bn + an—1)7 bn + an—l])
Ua ([_(bn + anfl)a bn + anfl] X [_(anfl + an)a Gn—1 + an])

and

[1(An)] " u[An = Ap—1) < (8anbn — ) '8(an + an—1)(bn + an-1) =

an + by,

16. >
8a,, — by,

— 2.

Hence the sequence {4, } is tempered; it easy to verify that it is Folner.
6.3.3. A Folner and weakly tempered but non-tempered sequence of densities with bounded supports on R

Example 6.5. Let ¢ be a bounded density on R with ffooo xp(x)dr = 0, ffooo 2?¢(z)dz = 0? < 0o and let
s(p) contain an interval (—a,a),a > 0. Put ¢, := ¢*". By the local central limit theorem (see [43]) for each
0O<e<landeachyeR

]. y2 13
*n > 6720‘2n —_ = n
oY) 2 e Tomny )

if n is large enough. Thus if n is large and —a(n—1) < z < a(n—1), we have: 0 € (—a(n—1)+z,a(n—1)+x);
therefore

Yn(x) = sup{e™(y),y € [—an,an] N (—a(n — 1) + z,a(n — 1) + )} >
6al0) > o=

T V2mno

. . a(n—1) 1—¢
Hence, if n is large, n(x)dr > n(x)dr >
e, [ vn(@hde > [°500) v (a)de > S

tempered. But, by virtue of Proposition 5.6, it is weakly tempered of each order k > 1 and ergodic.

2a(n — 1), and the sequence {¢*"} is not
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