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1. Introduction

Let {pn(x) = 2™ 4+ ---} be the orthonormal polynomials with respect to the weight w(z) = e~¥(*)

on an interval [a,b]. Throughout this paper, we assume that v is real and differentiable in (a,b), and all

moments of the weight exist. By orthogonality, we have the three-term recurrence relation:

xpn(:zr) = an+1pn+1(x) + Olnpn(x) + anpn—1($)7 n>1,

with initial conditions: po(z) = 4o and p1(z) = 11 (z — ap), where

b
an = /:Upn(x)pn,l(;v)w(x)dx =, n>1,
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b
ay = /xp%(x)w(x)dm, n > 0.

a

It is noted that the zeros of orthogonal polynomials are real and simple [38, Theorem 3.3.1], and the zeros

of p, and p,41 interlace [38, Theorem 3.3.2]. Recall that the associated polynomials p,(cn)(m) corresponding

to the recursion (1.1) are generated by p((Jn) () = l,pgn)(x) = (x — ap)/an, and

l‘pl(:) (gj) = an+k+1pgj_)1(:c) —+ an+kpl(cn) (:13) + anJrkpl(cn_)l (.’1?), k Z 1. (12)

Chen and Ismail [10] derived the lowering relation

Pp(2) = =B (2)pn(2) + An(2)pn-1(2), (1.3)
where

b

b
i / @) Z W) o oy,

r—y

An(z) _ w(y)pi(y)
an y—

a

Bu(x)  w(®)pa(y)pa1(y)|"

an y—x

+ P (Y)Pn—1(y)w(y)dy.

r—y

a

b
! !/
/ v'(z) — ' (y)
a
For convenience, we define a linear operator

e R e (O (1.4

It is readily seen that A, (z) = L(anp?)(z) and B, (z) = L(anpnpn—1)(z).

Stieltjes [36,37] found an electrostatic interpretation of the zeros of Jacobi polynomial ple? )(w) with
a > —1 and 8 > —1. Place n unit movable charges randomly in the interval (—1,1), and two fixed charges
(14+a)/2 and (143)/2 at the end points 1 and —1, respectively. Assume the interaction force between charges
e; and ey with a distance r apart is 2ejes/r. Then the equilibrium for the n movable charges is achieved
at the zeros of Py(la’ﬁ )(x) To evaluate the energy at equilibrium one needs to compute the discriminant
of P{** )(ac), which Stieltjes did in [37] and Hilbert later gave another proof in [24]. For an exposition of
these results we refer the interested reader to [38, §6.7] or [26, Chapter 3]. A more general model for all
polynomials orthogonal with respect to a weight of the form w(x) = e~*(*) was formulated by Ismail [25],
which used the author’s earlier evaluation of discriminants of these types of orthogonal polynomials. The
key relations used in this approach are the lowering relation (1.3) and its adjoint (the raising relation). The
details are available in [26, Chapter 3].

More recently, Dillcher and Stolarsky [13] used algebraic methods to evaluate the resultant of two linear
combinations of Chebyshev polynomials of the second kind. Gishe and Ismail [20] gave an alternative method
of computing the same resultant and resultants of more general combinations of Chebyshev polynomials
of the first and second kinds. This work was generalized recently in [32] to quasi-Jacobi polynomials. The
concept of quasi-orthogonal polynomials was introduced by Chihara in [11]. Starting with a sequence of
orthonormal polynomials we generate quasi-orthogonal polynomials recursively by

qn () an(ﬂf) + cnpn—1(x), (1.5)
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where ¢,, is any given constant which may depend on n, and go(z) = po(z). Dickinson [12] proved that there
exists a sequence T} such that

Topn(z) = Togo(x) + - - + Than(z) for all n > 0. (1.6)

By [38, Theorem 3.3.4], ¢,(z) has n distinct real roots. Some properties of the zeros for quasi-orthogonal
polynomials with respect to classical weights have been studied in [8,14-18,29]. A sample of an applied
problem using quasi-orthogonal polynomials is in [42]. We refer to [21,39-41] and references therein for
applications of quasi-orthogonal polynomials in quadrature and interpolation. Some studies on orthogonality
of quasi-orthogonal polynomials when the sum in (1.6) has fixed length are given in [2,7].

In the present paper we provide a detailed study on quasi-orthogonal polynomials regarding their differ-
ential equations, discriminants and electrostatics. In Section 2 we derive a three-term recurrence relation
for the quasi-orthogonal polynomials {g,(x)}. We also find an inverse to (1.5) where we express p,(z) in
terms of g, (z) and ¢,—1(z) and identify a lowering operator for the ¢,’s and use it to find a differential
equation satisfied by the quasi-orthogonal polynomials. In Section 3 we evaluate the discriminant of quasi-
orthogonal polynomials in terms of the recursion coeflicients of the p,,’s. Section 4 contains an electrostatic
equilibrium model of n unit charges allowed to move on a straight line that are subjected to an external
field. The equilibrium position is at the zeros of ¢, (z). Section 5 contains two important examples of the
quasi-orthogonal polynomials associated with Freud and Jacobi weights.

The problem of characterizing orthogonal polynomials of a certain type has attracted the attention of
many mathematicians. Al-Salam’s interesting article [4] surveys the literature on the subject at the time of
its writing. In Section 6, we give a necessary and sufficient condition, on ¢, for ¢, to become orthogonal
polynomials. Determining the sequence ¢, which makes g, orthogonal on R turned out to be related to
the moment problems of the associated orthogonal polynomials of positive integer order of the polynomials
{pn}. The standard references to the moment problems are [1], [34]. The recent book [33] incorporates some
of the recent results. Simon’s article [35] explored the moment problem as a problem in spectral theory of
operators. We also reformulate our results as a nonlinear problem in functional analysis. In other words
we rephrase the problem of finding all the p,’s which make the ¢,’s orthogonal in terms of an equivalent
spectral problem.

It must be noted that Section 6 provides an orthogonality preserving nonlinear transformation. It is
expected to have applications within integrable systems.

2. Difference and differential equations

It follows from (1.1) and (1.5) that

Cn—1

anl(x) = pnfl(x) + Cnflpn72(x) = pnfl(x) + [_anpn(x) + (.’t - anfl)pnfl(m)],

n—1

which, together with (1.5), implies the inverse relation

Pn—1(z) Cnlfn In—1 qn—1(z)

An—1FCn—1T—Cn—10n—1 —CnQn—1
< pn(l‘) ) Gp—1+Cn—1T—Cn—10n_1+Cn—1Cnln  Apn-1+Cn1T—Cn—1Qn_1+Cn_1Cnan ( Q7L(33) )
An—11+Cn—1T—Cn—10p_1+Cn—1Cnan Ap—1+Cn—1T—Cn—10p_1+Cn—1Cnan

The above equation can be used to express the recurrence relation

At 1Gn+1(T) = A 1Pns1(T) + Cnp10n 10 (T) = (T — an + Cug1@n41)Pn(T) — @npr—1()

in terms of the ¢,,’s. The result is



M.E.H. Ismail, X.-S. Wang / J. Math. Anal. Appl. 474 (2019) 1178-1197

)(anfl + cp—1x — Cnflan71>Qn(w) - Cnanflqnfl(x)

an+1Gn+1(2) =(2 — ap + Cpt1an41
Gp—1+ Cn—1T — Cp—1Qpn—1 + Cp—1Cnap

Cn—1anqn(T) + an—1gn-1(z)
Ap—1 + Cp—1& — Cp—1Q0p—1 + Cn—1CnGn

—ay,
A further simplification yields the more compact form

an41ln—1(7)qn+1(2) = [0 (@) ln-1(2) = cp-1anln(2)]gn(®) — @n—1ln(2)gn—1(2),

where r, () = — ap + cpp1an+1 and Uy (z) = cprp () + ay.
On account of (1.3), we express ¢, (z) in terms of p,(z) and p,_1(z),

() = Pl(2) + cnpl_y (2)
= =B (2)pn(z) + An(2)pn-1(z) = cnBn-1(2)pn-1(z) + cnAn—1(2)pr—2(z)
B an—1Bn(z) + cnanAn—1(x)

= an1 pn(x)
Ap-14,(2) — cpan—1Bn_1(x) + chxAn_1(x) — chon_1An_1(x
L no (z) 1B ( )a 1(z) 1An—1( )pn_l(ar)-
n—1

Next, we shall express ¢/,(x) in terms of g, (z) and p,_1(z):

Gp—1Bn(x) + cpanAn—1(x)

i) = i)
e An an — an_ 2 mn nd — tnttn— ATL—
L@ 1[An(z) + ¢ By (z) — ¢ L@)] + (chan + cn® — cpn-1) 1(x)pn71(33)~
Ap—1
Note that
an—1Bn(z) + cpanAn_1(x
: ( )Cl 1 1( ) = L(anpnpnfl + Cnanpifl)(x) = L(anq”pnfl)(x)’
n—
and

an-1[An(2) + cnBn(z) — o Bn_1(2)] + (Zan + cnx — cpom—1)An_1(x)

Up—1

:L(anp?z + CnanPrPn—1 — CpGn—1Pn—1Pn—2 + Cianpifl + Cn(m - anfl)pifl)(x)
:L(anpi + CnnPnPn—1 + Cianpifl + CnanPnPn—1 + Cn(x - )pifl)(x)
=L(ang?)(z) + cov' ().

We can rewrite (2.2) as

Q;L = _L(anann—l)Qn + [L(anqgl) + Cnvl]pn—l = _BnQn + (An + Cnvl)pn—h

where A,, = L(anq?) and By, = L(anqnpn_1). For the special case ¢, = 0, we have A,, = A,, and B,, =

Actually, we have following relations:

Bn B cnAn—
= = L(gupa—1) = Lpapa-1) +eal(ph 1) = =+
! n n—1

A, cnBy + Can )

_:L2:L2 nLnn— nLnn— =
o (¢2) = L(py) + cnL(Papn—1) + cnL(gnpn-1) o T -

1181
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Now, we take a further differentiation on (2.3) to obtain

q;: = - B:ALQn + (A;l + Cnvll)pn—l - Bn[*BnQn + (An + Cnv/)pn—l]

- A, _
+ (An + cnv/)[_Bn—lpn—l + nl (_an<Qn - Cnpn—l) + (Z‘ - an—l)pn—l)]
n—1
=[B! + B2 — (Ap + cnt) An—1—gn
Gp—1
+[A! + v 4+ (A + V') (=B, — Bp_1 + an_l (cnan + 2 — an_1))|pn_1-
n—1
Note that
_ A, _
_Bn_anl + l(cnan"‘rm_an*l)
Gp—1
:L(_anqnpn—l — Qp—-1Pn—1Pn—2 + p%_l(cnan +x — an—l))
=L(—nqnPn—1 + Cnnpy_1 + (¥ = )Ph_1 + AnPppn—1) =’
We obtain
¢ = [-B + B2 — (A + ent)) Ay aa" [ + [AL + cnt” + (An + cnt' )0 pn-1. (2.6)
n—1

We rewrite (2.3) and (2.6) in matrix form,

Q;L _ B B B _Bn B An + CILU, dn
qn —B! + B2 — (A, + cv)Ap_1an/an—1 Al + cpv” + (Ay + cpv' )0 Pn-1) "

We may solve g, and p,_; in terms of ¢/, and ¢/ by taking inverse of the coefficient matrix in the above
equation. Especially, we obtain the second-order differential equation

(A 4 ca)q! — [AL + e v + (A + cnv' )], + Ag, = 0,

where
A = —B,[A 4+ v + (Ap + co! W] — (Ay + cpv) =Bl + B2 — (A, + cpv')An g an l-
n—1
A further simplification gives
Al e’ _ _ _ A e - a
11 n n ! / ! 2 n n !/ / n
n— (= +)q, + B, — B, — By(———+ V') + (A, + cpv')An— n = 0. 2.7
= (G )+ | (G o)+ A g (27)
Especially, when ¢,, = 0, we have
Al Al an
P — (G + 00, + (B, = By = Bu(™ +0') + ApAny ——Ipn =0,
An An Gp—1

which agrees with [26, (3.2.12)—(3.2.14)]. Now, we denote V,,(x) = v(z) + In %ﬂcw(x) By variation of
parameters, we note that a general solution of the differential equation (2.7) should be a linear combination
of ¢, (x) and f(z)g,(z), where f'(z) = " (®)[q,(x)] 2. Actually, if w(z) vanishes at the end points a and b
and it can be analytically continued to the complex plane, we follow the idea in [26, §3.6] to introduce the
function of the second kind:
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Qula) = s | q";y)w;y)dy, v ¢ [a,b]. (2.8)

Theorem 2.1. Assume that w(x) vanishes at the end points a and b and it can be analytically continued to
the complex plane. The function of the second kind Q,(x) defined in (2.8) satisfies the differential equation
(2.7) for x not in [a,b]. Moreover, the sequence of functions Qn(z) satisfies the recurrence relation (2.1) for
n > 2.

Proof. Let h be any polynomial of degree no more than m. We have by orthogonality

/b [h(z) — h(y)lpm (y)w(y) dy =0, (2.9)

r—y

a

We will make frequent uses of the above identity in this proof. An integration by parts gives

r—=Yy

b b
()0 (2)] = 7/ qn;y)w(y) dy — / 2 (Y)w(y) + gn(y)w'(y) dy.
Since w'(x) = —v'(z)w(z), we have
w(@)[Q(2)gn(7) = Qn(2)g, (2)] = [w(2)Qn ()] gn () — w(@)Qn(2)[g, (x) — gn ()0’ (2)]

b

_ / @ ()20, () — an W)V ()]0 (y) dy — /b n (y) (4 (%) — an(@)0" (@) w(y) |

y
a v y a v y

:/b 0, (y)[an () —qn(y)]w(y)dy+/bqn(w)qn(y)[v’(l‘) — VW)
a e y a T y 7

where, in the last step, we have made use of (2.9) with h(z) = ¢,(x) and m = n,n—1 respectively. We make
another integration by parts, and use the fact that ¢, (y) is orthogonal with the derivative of the polynomial
[gn(x) — qn(y)]/(z — y) when x is treated as a parameter, to obtain

w(@)[@n(7)gn(7) = Qn(@)g, ()]

b

_ / @ ()lan(2) = ;W' W ly) \ - /b I (@)an ()" (2) — V' (y)lw(y) ,

Y
r—=Yy r—=y

_ /b G W)V (x) — v'(y)]w(y) dy+ /b [4n () = 4 (9)]gn W)V (@) w(y) ,

r—=y r—=y

a a

Y

The first integral in the last expression is A, /a,. Since [¢,(2) —¢.(y)]/(z —y) is a polynomial of degree n — 1
with leading coefficient ~,,, we obtain from orthogonality that the second integral in the last expression is
eV (2)Vn/Yn-1 = ' (z)/ay,. Thus, we have
A, + e (z
w(@)IQ ()an (x) — Q) (@) = ),

Gnp
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which, by a simple calculation, implies that

e - qv<(x>)

Thus, Q,(z) is a solution to the differential equation (2.7).
To show that @, (x) also satisfies the recurrence relation (2.1), we note from (2.9) that

b b
k " [awly) , 1 Y (y)w(y)
xQ"(x)w@c)a/ =y dywma/ oy

for any n > k. It is readily seen that

b
1 / a/nJ’,llnfl(y)Q’ﬂ‘Fl(y)
w(y)dy

an+1ln—1(2)Qn+1(x) = w(@) T —vy
B 1 /b [rn(y)ln_l(y) — cn_lanln(y)]qn(y) - an—lln(y)Qn—l(y)
w(x) T—y

a

w(y)dy

:[rn(x)ln—l(x) - Cn—lanln(x)]Qn(x) - an—lln(x)Qn—l(gj)

for all n > 3. When n = 2, we subtract the left-hand side from the right-hand side of (2.1) and make use of
(2.9) to express the difference as:

1 /b [r2(2)l1(z) — ra(y)l1(y)]cap1(y) — ar[la(x) — la(y)]e1po(y)

w(x)a T—y

w(y)dy.

Recall that r,(x) = 2 — ay, + cnr1an+1 and 1, (z) = ¢prn(x) 4+ a,. This quantity equals

b
L) / fe1(2 + y)eapi () — areacrpo(y)w(y)dy =

w(x
a

0162/71 - a16201/70

w(@) =0

because a1 = vp/v1. Hence, Q,(x) also satisfies (2.1) for n = 2. This completes the proof. O
3. Discriminants

By [38, Theorem 3.3.4], g, () has n distinct real roots, denoted by 1, - - , 2,,. The discriminant of ¢, (z)
is defined as [26, (3.1.8)]

n
D(gn) =7 ] (& —ax)? = (=1)" D202 ] d(ey)-
1<j<k<n j=1
In view of g, (z;) = 0, we substitute (2.2) into the above equation to obtain

D(gn) = (~1)"=D/21=2 T p_s(a))

Jj=1
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% ﬁ an—1[An (7)) + cnBn(x)) — cnBn—1(x;)] + (C?zan + cnTj — cnan—1)An—1(7;)
. An—1 )
j=1
Now, we let m,(x) = pn(z)/vn be the monic orthogonal polynomials and write g, (z) in terms of m,_1(z)
and m,_o(x):

( — ap—1)pn—1(x) — ap_1pp—2(x)

qn () = pu(T) + Capp-1(z) = + cnpn—1()
T — Qp—1+t Cpanp

= ’Yn—lﬂ-n—l(m) -

Qg n

Ap—1

Yrn—2Tn—2(T).
Recall that a, = y,—1/7n. We rewrite the recurrence relation (1.1) as

Tm (%) = (T — Qm—1)Tm-1 — a12n—177m—2(m)

for all m > 2, with initial conditions m (z) =  — g and mp(z) = 1. Schur’s formula [38, (6.71.2)] gives

n n—1
n(n— n Tn—1 n%n—1Tn-2 n
02 [t = a2 [y
n—2 )
= Yn-1(tn-1Yn—2)""" H G§J~
j=1
It then follows that
D(Qn) = ’Y:Ll an/an 17 H
X H{an 1[4 )+ enBu(x5) — enBn-1(x)] + (cRan + caTj — cnan—_1)An—1(z;)}.

A further calculation shows that

1 1 t A cnBn (2 CnBn_1(x; CnTi  CpOp—1.An_1(x;
2H H[ a(])+ (J)_ 1 j)—l-(Ci—F J _ 1) 1 ])]

G G Gnp Qp Gp—1

We use the operator in (1.4) to rewrite

Ay, (x) N cn B () B cnBr_1(x) 2 CnT cnan_l)An_l(x)
(079 anp (7% (075 G, An—1
2 2
CnlGnp—1Pn—1Pn— CnTPy CnQn—1Pp
=+ (pi + CnPnPn—1 — Pn1Pn=2 coph 1+ oot = 1) ().
Qn, n an,
Since —an_1pn—2(Yy) + YPn-1y) — @n—1Pn—1(y) = anpn(y). We rewrite the right-hand side of the above
formula as
L(p? 2 2 _ 2 = L(q? Cnv,(m)
(pn + CnPnPn—1 + CnPn—1Pn + CpPyn_1 + Cn(x )pnfl/an)(x) = (qn)(.’ﬂ) + @

A () + cpv' ()

Qn
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where we have made use of the identity

b b
+/®%w—w@mﬁ4@mwMy=uu»

a

L((z = )pp_1)(x) = —w(y)ps_,(y)

Thus, we reach at the following formula for the discriminant

n—1 n
An(z5) + env' (z5)
D(g) =" | 117 ) 1] . :
7=0 Jj=1 n
_ = _on " An(x)) + env ()
= f}/gn 2 H a?+2] 2 H n\tj - J . (31)
j=1 j=1

Especially, let ¢,(z) = ¢n(x)/7n» be the monic quasi-orthogonal polynomial. We have from -~, =
Yo/(a1 -+ - ay,) that

AL
D(Gn) = 2 2nD Ha2] H x] + v (x])

4. Electrostatics

We consider the model of n movable unit charged particles {x1,--- ,z,} in an external field V;,(x). The
particles are restricted to a linear segment (a, b), where [a, b] is the smallest interval containing the support
of e=V»(*) Here, we use V,, instead of V, to indicate the possible dependence of external field on the number
of particles. The energy is given as E,, = —InT, (a1, - ,x,) where

n
Tolxy, - 2n) = H e~ Vnlz;) H (l’j - l'k)Q.
j=1 1<j<k<n
The equations describing the equilibrium positions are

OlnT,(z1, - ,2p)

= 07 . = 1’ ’n
89:]- J
Equivalently, we have
2”: ACH)
— ()’
e d()

where ¢, (x) = yn(z — 1) - (x — ). By (2.7), we obtain

oy = Aua) et @)
Vi) = ey et T .

We obtain an analogue result as in [25].



M.E.H. Ismail, X.-S. Wang / J. Math. Anal. Appl. 474 (2019) 1178-1197 1187

Theorem 4.1. If the external field

An (@) + cp'(2)

Qp

Valz) =v(z)+1n

is a convex function (i.e., V.!(x) > 0) in (a,b), then the equilibrium position of n movable unit charges
in (a,b) in the presence of this external field is uniquely attained at the zeros of q,(x), provided that the
particle interaction obeys a logarithmic potential and that T, (y1,- - ,yn) — 0 as (Y1, ,yn)? tends to any
boundary point of [a,b]™, where

n

Tn(yla"' 7yn = exp Z H (yj_yk)2
j=1 1<j<k<n

The mazimum value of T,, and the equilibrium energy are given by

n

— 25
To(z1, - ,2y) = €xp g vn(z5) Haj ,

j=1
and
n
Z vn(z;) — 2j1Inajl,
j=1
respectively, where x1,--- ,x, are the zeros of q,(x).

The motion of unit particles in the external field V;,(z) is governed by the following dynamical system:

xf(t) = A —|— Z

7j:17"'7na
k= lk;ﬁj )

- :Ck(t

where V! is given in (4.1). Clearly, the zeros of g,(x) correspond to an electrostatic equilibrium. However,
the dynamics of above system is usually oscillating. To calculate the numerical values of the zeros of ¢, (z)
for an arbitrary external field, we impose an artificial damping coefficient § > 0 and solve the following
friction system numerically:

2 :_Vri(xj(t)) 1 — o i=1.---.n

The value of § can be chosen by trial and error method. In general, a larger § could better help to damp
the oscillation, but may require more time to converge to the equilibrium.

5. Examples
5.1. Freud weight

We consider the Freud weight w(z) = e~*(*) with v(x) = 2* —2tz2. Tt can be calculated that [26, page 57]

A, B,
=42 —t+al +al,,), — = dxa,.
a

Qanp n
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Consequently, we obtain

B, B Ay

=0 g, T = A(zan 4 cnx? —ent + cna% + cnai_l),

(075 an, An—1

A, A B B

=T e, e =4t —t+ad + afH_l + 2cpxan + Ax? — At 4+ Ea? + a2 )
Qp Gnp G, Qp

=A4[(1 4 2)a® + 2cpanz + (1 +c2) (a2 —t) + aiﬂ +c2aZ_ ).
The above formulas are valid for all n > 1, and when n = 1, we need the compatibility condition ag = 0.

Note that L(q2) = A, /a,. The discriminant (3.1) is given as

n
D) =% | T[>
j=1

" cnxS — cpte;
X 4[(1 4+ ci)x? + 2cpanz; + (1 + c%)(ai —t)+ afH_l + ciai_l R B
=1

J

]

an
The differential equation is ¢/ (z) — V.. (z)q,,(z) + Sn(2)gn(z) = 0, where

21+ )z + 2cha, + ¢, (322 — t) /ay,

V) (z) =
n() (1+c2)a? + 2cpane + (L+c2)(a2 —t) + a2 4 +c2aZ_y + cn(2® —tx)/ay

+ 43 — Atz
is the derivative of external field for electrostatic equilibrium problem, and

4(an + 2cy
Sn(l') = a% M — 16(xan + Cn$2 —cpt + Cnaq% + Cna%—l)2
Gnp

4 ? — et + coay + caa;,
_ Awan +enx Lt 1) 1) 41600 — b4 a2 + @) (1 + )

3
cn(x® —tx
+ 2¢canT + (1—|—ci)(ai — 1) —|—ai+1 —|—cia%_1 + —n( )

)

Qn

It is noted that V”(x) may not be non-negative if ¢, # 0. Moreover, when ¢, # 0, one can observe that
V! (x) has at least one simple pole, which corresponds to a real zero of the cubic polynomial A, + v,
Numerical computation suggests that electrostatic equilibrium may not be unique even in the simple case
ofn=1,t=0and ¢, # 0.

Let pp(2) = Ypz™ 4 Bpx™ ' + Az 2 + 2”3 4 - Recall the lower relation ¢/, = —B,q, + (A, +
eV )pp_1 in (2.3). By matching the coefficients of 22 2”1 2™ 2"~1 on both sides, we obtain

0 =—4cpanyn +4cpyn—1,
0= —4av, — 4cnan(Bn + cnyn—1) + 4(1 + 2 )anyn_1 + 40 fn_1,
0=—4decpan(An + cnfn_1) — 4ai(6n + enYn-1) — 4cn(ai + aiﬂ —t)anYn
+dep A1+ 41+ 2)anBu_1 + 42002 — o) V-1,
Ny, = — 4denan (i + CnAn—1) — 4ai(/\n + cnfBn-1) — 4cn(ai + ai_l —t)an(Bn + cnYn-1)
+dcppin_1 + 414 a1 + 4(2¢,0% — cut)Bn_1
+4[(1+eR)(ap — 1) + anpy + chag 1JanTn-1.
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By symmetry, we have 3, = pu, = a, = 0, where «,, is the coefficient in three-term recurrence relation

(1.1). The first three equations above are trivial if combined with the following relations which are obtained

by comparing the coefficients of z™,z" 1, z""2 2”3 in the recurrence relation zp,_1(z) = anpn(z) +
Y g

an—1Pn—2(T):
Yn—1 = AnYns Pn—1 = anbn, An—1 = apAn + aGn—1Vn—2, fin—1 = Anpin + an—10n—2.
The fourth equation gives a nonlinear relation between the recurrence coefficients:
n = 4a(ay_; +ap +aq,y — 1),
which agrees with [26, (3.2.20)].

5.2. Jacobi weight

For the Jacobi weight w(x) = (1 —2)*(1+z)? with a, 8 > —1, we have v(z) = —aln(1 —z) — fIn(1 + )
and v'(r) = 1% — Hiz = % It follows from [26, (3.3.13)—(3.3.15)] that

Ap  a+pB+1+2n
an 1— a2 ’

B, nla+8+1+2n)8—a+z2n+a+p)

an 2(1 — xz2) (n+a)(n+p) 1’

where

Ap =

a+B+2n\ (a+B—-1+2n)(a+B+1+2n)’

(a+B+1D(a+1)n(B+1),
Cn+a+B8+Dnl(a+B8+1),

2 \/ n(a+n)(B+n)(a+ B+ n)

n =
By (2.4) and (2.5), we have

B, nla+pB+1+2n)B—a+z2n+a+pB) | h, +cn(a+ﬂfl+2n)
an 2(1 — z2) (n+a)(n+p) hn—1 1—22 ’

A,  (a+B+14+2n)+2(a+B—1+2n)

an 1—22

_cnn(a+ﬂ+1+2n)6—a+x(2n—|—a—|—ﬁ)
1—22 (n+a)(n+pB) hon_1

The discriminant (3.1) is given by

n n
D( 2n 2 +2_7 2n + Cnv ) ;
I ) I

where

_(n+a+B+1), [Cnta+B+ 1) (n+a+ B+ 1)n!
n 2nn) 2048+ 0(n+a+ 1)I'(n+ B+ 1)
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It can be calculated that

(1 —2?%) o = o (x4 on),
where
” :(a+ﬂ+1+2n)+ci(a+ﬂ—1+2n)a B B2 —a? .
" cn(2n 4+ a+ B) " 2n+a+p)?
Consequently,

ﬁ A, + e’ (x5)  p(2n+ a4 B) " Yngn(—on)
i=1 an a'ZCIn(]-)Qn(_]-)

We then have the following formula for the discriminant

n

. n(9 n . B
D(qn) =2"2 a?+zj on | CM(2n —|—na + ) »yiqn( o)
angn(1)gn(—1)

j=1

Moreover, the derivative of external field is given by

a+1 [B+1 1
V! (z) = - .
n(?) 1—2z 1+x+x+an

Theorem 5.1. If V!(x) > 0, then there exists a unique electrostatic equilibrium. If =V, (z) is a decreasing
function of a, so are the zeros of qn(x). If =V,!(x) is an increasing function of B, so are the zeros of ¢, (x).

Remark 5.2. Consider the simple case when n = 1. It is easily seen that the zero of ¢ (x) is

B—a—2c\/(a+1)(B+1)/(a+B+3)
B+a+2

1 = .
Obviously, if ¢, = 0 or |¢,| is sufficiently small, then x; is decreasing in a and increasing in 5. However, if
|cn| is large, then one may not expect monotonicity property of the zero x; in a or .

Consider another case when n is large. Assume ¢, — ¢ as n — co. We note that a, ~ 1/2 and o,, ~
(14 ¢c2)/(2¢c,). Tt follows that

at+1l pB+1 1
1—=x 1+x z+%7

Viu(x)

and

a+1 p+1 1
(CE— 1)2 (.’L'-i- 1)2 (l’+ 1456(;2)2.

Vi (z) ~

We conclude that the zeros of ¢, (z) are decreasing in « and increasing in 8. If further, a > 0 and 8 > 0,
we have V,/(x) > 0 and the electrostatic equilibrium is unique.

6. An orthogonality preserving transformation

Before we describe our results we just mention that the operator theoretic transformation will be men-
tioned at the end of this section.
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6.1. Orthogonality of quasi-orthogonal polynomials

Our first task is to determine when the quasi-orthogonal polynomials are also orthogonal. To do this we
note that (2.1) gives a recurrence relation for three successive terms g,+1(z), gn(z) and g,—1(x) with linear,
quadratic, and linear coefficients in z, respectively; see [11]. By choosing appropriate c,,, we may reduce the
degree of the coefficients by one and obtain the following three-term recurrence relation

a’ﬂ+1Qn+l(x) = ('T - ﬁn)Qn(x) - ann—l(m>7 (6'1)

where b,, and (,, are determined by the equations

bp(@n—1+ Cno1® — Cp_10p—1 + Cn_1Cnn) = Cpln_1(T — Ay + Cpy1ny1) + Gp_1Gy,
(IZZ - Bn)(an—l + Cp—1T — Cp—1Qp—1 + Cn—lcnan)
= (2 — @n + Cnt10n+1)(An_1 + Cn1T — Cr10p_1) — Cp1a2.

By treating x as a variable and matching the coefficients of linear and constant terms in the above two
equations, we obtain four equations

bncnfl = Cnln-1,
bn(anfl —Cp—10p—1 + Cnflcnan) - Cnanfl(_an + Cn+lan+1) + Gp—10n,

—BnCn—1+ apn—1 — Cp10p—1 + Cp_1CnGy = Cn—l(fan + Cn+1an+1) +an—1— Cp—10p—1,

_Bn(an—l —Cp—1Qnp—1 + Cn—lcnan) = (_an + Cn+1an+1)(an—l - Cn—lan—l) - Cn—lagy

If the g,’s are orthogonal, it follows from the first and third equations that

bn = cnanfl/cnflv ﬁn = Qp + Chapn — Cn+4+1Qn+1- (62)

Now, we substitute the values from (6.2) into the second and the fourth equations respectively to find the
same nonlinear three-term recurrence relation for c,,:
(np—1 Qp

—— tap —Qp_q (63)
Cp—1 Cn

Up+1Cptl = ApCp +
for n > 1. The case n = 1 requires a special treatment. We first define go(x) = po(z) and observe that

a2q2(x) = azp2(x) + azcapi(x) = (z — a1 + azez)pi(z) — arpo(z)
(x — a1 + aze2)(q1(x) — c1qo(x)) — a1qo(x)

= (r — oy + aze2)qi(z) — c1go(w)(z — a1 + azca) — a1qo(2).

Since (z — ap)qo(x) = (x — ag)po(x) = a1p1(x) = a1q1(x) — a1c1go(x), we obtain from the above equation

azqa(x) = (x — aq + asc2)qi(x) —arciqa () + alcho(x)
—c1q0(x) (g — a1 + agzea) — ar1qo(x)

= (z — a; —ajc1 + azea)q1(z) — [ar + c1(ao — a1 — ajer + azes)|qo(x).

When n > 1, it follows from (6.3) that
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CnQn—1

bn - =an + cn(an—l — Qp — ApCp + an+lcn+1)~

Cp—1

Thus, we arrive at the following result.

Theorem 6.1. Let ¢, be a sequence satisfying (6.3) for n > 2. The quasi-orthogonal polynomials q,(x) =
D () + cnpn—1(x) satisfy the following three-term recurrence relation

an—i—lQn—&-l(:C) :(IE — Qp — ApCp + an+1cn+1)Qn($)

- [an + Cn(anfl — Qp — ApCp + an+1cn+1)]anl(x) (64)

forn > 1. If, in addition, an + ¢ (ap—1 — @y — @ Cr + anp16n41) > 0 for allm > 1, then ¢, (x) is a sequence
of orthogonal polynomials.

Proof. If a1 + ¢p—12 — c_10p—1 + ¢n—1¢nay, # 0, then (6.4) follows from (2.1) and the arguments before
the statement of the theorem. Since both sides of (6.4) are polynomials in 2, this recurrence relation holds
for all x. Let ¢,(z) = gn(x)/vn be the monic quasi-orthogonal polynomial. On account of a, = yp—1/Yn,
we can rewrite (6.4) as

(jn+1(33) :(l‘ — Qpy — ApCp + an—&-lcn-l—l)@n(x)

— aplan + cn(@n_1 — Qn — AnCp + Ant16n41)]Gn—1(2).
The orthogonality of ¢, follows from the spectral theorem for orthogonal polynomials [26]. O

Consider a special case when p,(z) are orthonormal Jacobi polynomials and the coefficient ¢, = ¢ is
independent of n. If ¢,(x) = pn(z) + cpn—1(x) are also orthogonal polynomials, it then follows from (6.3)
that cant+1 + an/c — a,, is independent of n. A simple calculation shows that «,, = 0 and a,, = 1/2; or
equivalently, the Jacobi polynomials are reduced to the Chebyshev polynomials of the first, second, third,
or fourth kind. This coincides with result in [7, Theorem 3.1] for the special case when k = 1 in [7, (3.1)].
Actually, it was proved in [7] that the four Chebyshev sequences are the only classical orthogonal polynomials
whose linear combinations with finite length and constant coefficients are also orthogonal polynomials.

Our next task is to identify the choices of ¢,. Let u,, = a,c,. It follows from (6.3) that

2 2
a ap—1

n
Upp1 — Up + —5 — —— = Qpy — Q1.
Unp Up—1

Adding these equations for consecutive values of n we find that
a2

Un+1 + — =y +C,
Un

where C'= asca + a1 /¢1 — aq is a constant. In other words

2

T %
" an+c_un+1’
which leads to the continued fraction
2
a
Up = — (6.5)
a
U + C o n+1 -
an+2

w1+ C— 2
05+1+ O[n+2+0—...
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For any fixed n, the above continued fraction is associated with the recurrence

(@) = (@ 4 apar) Ty (2) — a2 ) (), k> 1, (6.6)

with initial conditions 7T(()n) (£) =1 and 71'5”) () = x + ay. Tt is clear from (6.6) that the monic polynomials
of (1.2) are (—l)kﬂ',(cn)(—x).

To avoid technical difficulties we shall assume that the moment problem of the polynomials p,, is de-
terminate, that is, it has a unique solution [1,34,33]. In this case, the moment problems of the associated

polynomials 71'](6”)(3:) are determinate for every n =1,2,---. By the spectral theorem of orthogonal polyno-

mials, 71'1(:1) (z) are orthogonal with respect to a unique probability measure 1/1(")(90). The continued fraction

in (6.5) can be expressed as the Stieltjes transform of this measure:

Un, 4™ (y)

Un _ xmoy.— [ W)
& = X" /C'fy'
R

It then follows that ¢, = u,/a, = a, X (C). Thus, we choose C outside the supports of (™) (z) for all
nn=12---.

It must be noted the measure (™ is complicated for many classical polynomials but what is needed is the
Stieltjes function f]R dip(™ (z)/(z — x). The known techniques of finding (™) actually compute the Stieltjes
transform first. This technique was pioneered by Pollaczek and further modified by Askey and Ismail [5].
The Stieltjes functions fR dyp™ (x)/(z—x) have been computed for all classical orthogonal polynomials. The
Askey-Wilson case is in [28]. For a sample of other cases we refer the reader to [22], [23], and the references
cited in these works.

In [31], Maroni considered the polynomials which are orthogonal with respect to the perturbed measure
u defined as

flz) - f(a?o)]

— w(z)de, (6.7)
X )

b b
u(f) = / f(@)du(z) = / Flzo) + A

where xy and A are two constants. The transform from w(z)dz to du(z) is also called Geronimus transform
in the literature; see [3,43]. By choosing zg = —C' = a1 —ay/c1 —agcs and A = ag —ajc¢q — xg, we find that p
defined above is the orthogonal measure for g, in Theorem 6.1. Actually, by the choice of x(, we can prove by
induction that p(an+1¢n+1) = —4(angs). On the other hand, it follows from the choice of A that p(g;) = 0.
Thus, p(g,) = 0 for all n > 1. For any k < n, we then have u(z%q,,) = p((2* —28) (pn+cnpn_1)) + 2k u(gn) =

0, which implies that g, are the orthogonal polynomials with respect to the measure pu.
6.2. Polynomials arising from birth and death process

A birth and death process with birth and death rates \,, and pu,,, respectively, gives rise to two families
of orthogonal polynomials, [26]. The first is the family of birth and death process polynomials generated by
Qo(z) = 1,Q1(z) = (Ao + po — )/ Ao, and

—2Qn () = AQnt1(%) + pnQn-1(2) — (A + pn) Qn (). (6.8)
The second is the family of random walk polynomials

An fon
=—R, ~—— Rau-1(2),
S P (@) 1(a)

R,
* (-T) * An + pin
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with Ro(z) = 1, Ri(z) = z(Xo + po)/lo- It is assumed that A, > 0, 41 > 0 for all n > 0 while py > 0.
Under this assumption, it is known that the zeros of @, are in (0, 00) for all n, while the zeros of R,, lie in
(—1,1), for all n.

The orthonormal birth and death process polynomials are

pn(x) = (_l)nQn<x)

The two equations (6.6) and (6.8) are related by a, = Ay + fin, @nt1 = /Anfint1. Therefore, for any
fixed n, the zeros of W,(c")(x) lie in (—o0,0) for all k, which implies that the support of ¢(™(z) is also in
(—00,0]. Thus, C can be chosen as any positive real number. In the special case of the Laguerre polyno-
mials A\, = n+ 1, un, = @ + n, the measure (™ are the orthogonality measures of the associated Laguerre
polynomials and were found by Askey and Wimp in [6]. A second model for associated Laguerre polynomi-
als is in [27]. The latter work also has the case of Meixner polynomials where A\, = ¢(n + ), un = n.
It must be noted that in both cases of the associated Laguerre and associated Meixner polynomials
the measure (™ is complicated but as we already said earlier what is needed is the Stieltjes function
Je d™(2)/ (2 = z).

For example, in the case of Laguerre polynomials, we have

/ dp™(z)  U(n+1,1—a;z)
T+ 2z U(n,1—a;2) ’
0
where ¥ is the Tricomi ¢ function, [19, Chapter 6]. On the other hand, the Meixner polynomials give rise
to

7dz/;(n)(gc) B (n+z)2F1(n+171+z—ﬂ;n+l+z;c)
t+z oFi(n,1+2z—B;n+z;¢)
0

see (4.6) in [27].
The orthonormal random walk polynomials are

and in this case

a. =0.a, = An/’tn+1
’ (/\n + Hn)(/\n+1 =+ Mn+1)

When A\, =n+ 1, u, = n+ 2v, the random walk polynomials become ultraspherical polynomials and the
(") is the orthogonality measure of the associated ultraspherical polynomials of order n, These measures
as well as the orthogonality measures of their g-analogues were identified by Bustoz and Ismail in [9]. We
mention the example of the g-ultraspherical polynomials C,,(x; 8|q). In this case

/ (1) 2(1—Bg")261(8, BB/AsqB/Asq,a" 1) (6.9)

J ozt (1 —q")A20:1(B,8B/A;qB/Asq,am)
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for z ¢ [—1,1]. Here
AB=z++22—1, and |A4|>|B| (6.10)
6.3. A matriz problem
Tt is known, see for example [30, §31], that a polynomial
f(z)=2"+a1 2" '+ +a,

is the characteristic polynomial of the matrix

0 1 0 0 0
0 0 1 0 0
. 0 ...... 0 ........ 0 ........... 0 e 1 .
—anp —0p—1 Gp—2 —az —a1

There is no such construction known to write f as a characteristic polynomial of a Hermitian matrix.
We now rephrase the results of §6.1 in terms of tridiagonal matrices. Start with an infinite tridiagonal
matrix A,

Qg ap 0
Hy=|% % a2

and define H, to be the n x n matrix formed by truncating H., after n rows and n columns. We further
assume that axy; > 0, € R, for k > 0. Let p,, () be the characteristic polynomial of H,,. It is known that
the orthonormal polynomials p,, in (1.1) are related to p, via

YoPn(Z) = araz - - - anpp(z),

where vo = po() is a constant. We also note that when H,, has a unique self-adjoint extension to ¢? then
the measure of orthogonality of the p,’s is the spectral measure of H,,. The polynomial ¢, in this case is
Yndn, Where v, = yo/(a1 - - - ay,) is the leading coefficient of ¢,,, and

QTL('I) = ﬁn(l’) + ancnﬁn—l(z)'

We now determine the sequence ¢, such that there is an infinite tridiagonal matrix whose truncations have
the characteristic polynomials {g,(x) : n = 1,2,---}. The solution given in §6.1 uses (™ which is the
spectral measure of the Jacobi operator

—Qpn  Qpyl 0
HM™ — | Gnt1 —Qni1  Gpi2
o0

If ¢, = a, X™(C) with X(™ being the Stieltjes transform of the spectral measure ¥ and C being a
constant outside the supports of w(”)(x) foralln =1,2, -+, and if a,, +cp(@n_1—n—ancn+ant1¢nt1) >0
for all n = 1,2,---, then by Theorem 6.1, g, are the characteristic polynomials of the following infinite
tridiagonal matrix truncated after n rows and n columns:
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Bo b1 O
Ty = by B1 by

where 8, = au + ancp — anyicny1 and b2 = ayfan + cn(n_1 — ap — ancy + aniicni1)]. Note that
Gn(z) = 7p(2) + upmn_1(z), where u, = a,c, satisfies the recurrence relation u, 1 = ay, — a2 /u,, + C and
7 (2) are the given monic orthogonal polynomials. We have the following relation between Jacobi matrices

for g, (x) and m,(z).

1 0 ... ap 1 0 ... Bo 1 0 ... 1 0 ...

.8
=N
—

In the special case of C' = 0, we set v, = q,, — Up 41 to simplify a2 = Upvn, A = Upi1 + U, b2 = UpVp_1
and 3, = u, + v, which imply the following factorizations [3]:

(67} 1 0 ... Vo 1 1 0
a% ar 1 ..o 0 v ... up 1
ﬂo 1 0 1 0o ... (%) 1
b? ,81 1 — Ul 1 ... 0 (%
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