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1. Introduction

Due to its important applications in biological and medical sciences, chemotaxis research has becomes
one of the hottest topics in applied mathematics nowadays and tremendous theoretical progresses have
been made in the past few decades. This paper is devoted to making further development for the following
quasilinear chemotaxis systems with logistic source and consumption of chemoattractant, reading as

ug = V- (D(w)Vu) — xV - (uVv) + plu —u?), z€Q,t>0,

=Av—uv, x€Q,t>0,
(D(u)Vu—xu-Vv)-V:%:O, x €Nt >0, (1.1)
u(z,0) = up(x), v(z,0)=uwvy(x), z€Q,

2% 0
where Q € RV(N > 1) is a bounded domain with smooth boundary 9Q, A = Z Ep 2, % denotes the
outward normal derivative on 92, x > 0 is a parameter referred to as chemosen51t1V1ty, pu(l —uw)(p > 0)
and —ovu are the proliferation or death of bacteria according to a logistic law and the consumption of
chemoattractant, respectively. Here u = u(z, t) and v = v(z, t) denotes the density of the cells population and

the concentration of the chemoattractant, respectively. The nonlinear nonnegative function D(u) satisfies
D € C?([0,0)) (1.2)
and
D(u) > (u+1)""* for all u > 0 (1.3)

with m > 0.
In order to better understand model (1.1), we can see some previous contributions in this direction.

Assuming that u = 0, the chemotaxis model (1.1) can be reduced to quasilinear chemotaxis model with

consumption of chemoattractant

{ut—v-(D(u)Vu)xv~(qu), z € Qt>0, (1.4)

=Av—uv, z€Qt>0. ’

When D(u) = 1, Tao and Winkler ([20]) proved that problem (1.4) possesses global bounded smooth
solutions in the spatially two-dimensional setting, whereas in the three-dimensional counterpart at least
global weak solutions can be constructed which eventually become smooth and bounded. When D(u) >
Cp(u+ 1)™~1 satisfies (1.2)-(1.3) with m > % in the case N = 1 and m > 2 — £ in the case N > 2,
it is shown that system (1.4) admits a unique global classical solution that is uniformly bounded ([27]),
while if m > 32 5 (N >3), (1.4) has a unique global classical solution (see Zheng and Wang [49]), which
improves the results of [25] (2 — N—+4 < 21?{,]12 for N > 3). Apart from the aforementioned system, a source
of logistic type is included in (1.4) to describe the spontaneous growth of cells. The effect of preventing
ultimate growth has been widely studied [14,18,50]. For instance, in three-dimensional case and D(u) = 1,
Zheng and Mu ([50]) proved that the system (1.1) admits a unique global classical solution if the initial data
of v is small; while if p is appropriately large, Lankeit and Wang ([18]) obtained the global boundedness
of classical solutions of (1.1) for arbitrarily large initial data, and for any p > 0, they also established the
existence of global weak solutions. Recently, if N = 3, Jin ([14]) showed that for any m > 1, > 0 and for
arbitrarily large initial datum, the problem (1.1) admits a global bounded solution. Note that the global

existence and boundedness of solutions to (1.1) is still open in higher dimensions (N > 4). It is the purpose
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of the present paper to clarify the issue of boundedness to solutions of (1.1) without any restriction on the
space dimension.

We sketch here the main ideas and methods used in this article. One method of this paper is that we
use the Maximal Sobolev regularity approach to prove the existence of bounded solutions. The Maximal
Sobolev regularity approach has been widely used to obtain the existence of bounded solutions of the partial
differential system (see e.g. [6,7,36,48,34]). Moreover, by careful analysis, one can develop new LP-estimate
techniques to raise the a priori estimate of solutions from

in{1+ o 2
me{ ax[THmax < <2 Mool Los () 2] }(Q)(Which is a new a-priori estimate) — LP(Q)(V p > 1),

and then in view of the Moser iteration method (see e.g. Lemma A.1 of [19]), we finally established the L*°
bound of u (see the proof of Theorem 1.1). Our main result is the following:

Theorem 1.1. Assume that uy € C°(Q) and vy € WH(Q) both are nonnegative, D satisfies (1.2)~(1.3)
with m > 0. For any positive constants x and p > 0, if

_ M ;
m> { 1 2x[14+max; <s<2 Ao (8)|lvollLoo (0)23] if N<2

1 if N=>3,

then there exists a pair (u,v) € (C°(Q x [0,00))NC>(Q x (0, 00))? which solves (1.1) in the classical sense,
where \g is a positive constant (see Lemma 2.3). Moreover, both u and v are bounded in Q x (0,00).

By Theorem 1.1, we derive the following Corollary:

Corollary 1.1. If N < 2 and m = 1, then for any p > 0, then (1.1) possesses a unique global classical
solution (u,v) which is bounded in 2 x (0, 00).

Remark 1.1. (i) If N = 3, then Theorem 1.1 is consistent with the result of Jin ([14]).

(ii) As far as I know that this is the first result which gives the relationship between m and £ that yields
to boundedness of the solution.

(iii) The idea of the paper can also be solved other type of the models, e.g., chemotaxis-haptotaxis model
(see [46]) and Keller—Segel system with logistic source (see [47]).

(iv) Tt concludes from Theorem 1.1 that large exponent m and % benefit the boundedness of solutions.

If D(u) =1 and p = 0, —uw in the v-equation is replaced by —v + u, then (1.1) becomes the well-known
Keller-Segel model introduced by Keller and Segel (see Keller and Segel [16,15]) in 1970:

1.5
nw=QAv—v+u, x€Qt>0. (1.5)

{ut:Au—XV-(qu), zeQ,t>0,
Over the last decades, the Keller-Segel model has been extensively investigated; in particular, a large amount
of work has been devoted to determining whether the solutions are global in time or blow up in finite time,
see, for example, Cieslak et al. [9,8], Burger et al. [2], Horstmann and Winkler [12,30] and references therein.
Additionally, recent studies have shown that the solution behavior can be also impacted by the volume-filling
or prevention of overcrowding (see Calvez and Carrillo [3], Hillen and Painter [11]), the nonlinear diffusion
(see Zheng [38,39,42], Ishida et al. [13], Tao and Winkler [19,35]]), and the logistic damping (see Wang et
al. [24,26], Winkler and Tello [22,29], Zheng and Wang [44], Peng et al. [51,52]).
Before stating our main results about the model (1.1), let us mention that Tuval et al. ([23]) proposed
the following chemotaxis(-Navier)-Stokes model,
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ur+w-Vu=V-(Du)Vu) — xV - (uVv), ze€, t>0,
vt+w-Vo=Av—uv, z€Q,t>0,

wy = Aw + k(wV - w)+ VP +uVe, x€Q, t>0,
V-w=0, z€dQ, t>0,

(1.6)

which describes the motion of oxygen-driven swimming the cells in an incompressible fluid, where w rep-
resents the velocity field of the fluid subject to an incompressible Navier-Stokes equation with pressure P
and a gravitational force V. Here k € {0,1} is related to the strength of nonlinear fluid convection. The
chemotaxis fluid system (1.6) and its closely related variant have extensively been studied during the past
years (see e.g. Chae et al. [4,5], Tao and Winkler [21,31-33], Zheng [42,45] and references therein).

2. Preliminaries

In order to prove the main results, we first state several elementary lemmas which will be needed later.
Lemma 2.1. ([10,15,/0,41]) Let s > 1 and ¢ > 1. Assume that p > 0 and a € (0,1) satisfy

P q 1 1
N ( a)8+a(2 N) and p <a

| =

Then there exist co,cy > 0 such that for all u € WH2(Q) N L4 (52),

[ullwr2@) < COHVU||%2(Q)||“H1LEG(

/ 3
q Q) + COHUHLE(Q)'

Lemma 2.2. (/21,/4]) Let T > 0, 7 € (0,T), A > 0 and B > 0, and suppose that y : [0,T) — [0,00) is
absolutely continuous such that

y'(t) + Ay(t) < h(t) for a.e. t€(0,T)

with some nonnegative function h € L. ([0,T)) satisfying

loc
t+7
/ h(s)ds < B for all t€ (0,7 — 7).
i

Then

B
y(t) < max {yo +B,— + 23} for all t€(0,T).
AT

Lemma 2.3. ([6,7,/3]) Suppose v € (1,4+0), g € LY((0,T); L"(Q)). Let v be a solution of the following
initial boundary value

v—Av+v=g, (x,t)eQx(0,T),
ov
5 =
v(x,0) =vo(z), (z,t) € Q.

0, (a,t) €00 % (0,T),

Then there exists a positive constant Ng :== \o(€2,y, N) such that if s € [0,T), v(-,50) € W*7(Q)(y > N)

90(550) _ 4 when

ith
wi £
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T T
[ IO nads <2 ([ a9 Eaayds + (ot s0)yan o)
EN) S0

899

Lemma 2.4. (Lemma 2.2 of [/9]) Suppose that 8 > max{1, 252} and Q C RN(N > 3) is a bounded domain

with smooth boundary. Moreover, assume that

NEB+1)—2(6+1)

AE28+2, ¥ 3 ).

Then there exists C' > 0 such that for all p € C%(Q) fulfilling ¢ - 8—“’ =0 on 99 we have

2(A—N) 2NB—(N—2)X

IVl < CIIVEI T D20l gy ™ el o) ™ + Cllelli @)

The first lemma concerns the local solvability of problems (1.1). The proof is based on well-established

methods involving the Schauder fixed point theorem, the standard regularity theory of parabolic equation

(for details see Lemma 1.1 of [29] and [1,9,24,26,28,37]).

Lemma 2.5. Suppose that Q@ C RN(N > 1) is a bounded domain with smooth boundary, D satisfies
(1.2)-(1.3). Then for nonnegative triple (ug,vo) € C(Q) x Wh(Q), problem (1.1) has a unique local-

in-time non-negative classical functions

u € CUQ x [0, Trnaz)) N C*L(Q X (0, Trnaz)),
{ v € CYUQ x [0, Traz)) N C*HQ x (0, Trnaz)) N L2 (0, Trnaz); WH(Q)),
where Tynae denotes the maximal existence time. Moreover, if Tyae < 400, then
[u( )llLe() =00 as t /7 Thao
1s fulfilled.
Lemma 2.6. (Lemma 3.2 of [14]) There exists C > 0 such that the solution (u,v) of (1.1) satisfies

Hu(’t>||L1(Q) <C fOT all te (Ovaam)a
||U("t)||L°°(Q) < HUO||L°°(Q) fOT all t € (OaTmax)

and

t+71
//u < C forall t€(0,Tmer —T),
where
{1 2 s
= min{1, ~Taz
4 6

Now, collecting Lemma 2.4 and Lemma 2.6, we derive that:

(2.1)

(2.6)

Lemma 2.7. Let N > 3 and 8 > max{1, ¥2}. Then there exists a positive constant ko such that the solution

of (1.1) satisfies

2 2 _
1901252, ) < Ro([[VolP~ D202 g +1).

(2.7)
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Proof. Let ¢ = v and A = 26 + 2 in Lemma 2.4, then by using %/\ = 2 and (2.4), we can obtain
the result. O

3. A priori estimates
In this section, we are going to establish an iteration step to develop the main ingredient of our result.
Firstly, employing almost exactly the same arguments as in the proof of Lemma 2.1 in [29] (see also Lemma

3.2 of [14]), we may derive the following Lemma:

Lemma 3.1. Under the assumptions in Theorem 1.1, we derive that there exists a positive constant C such
that the solution of (1.1) satisfies

/|Vv(m,t)|2 < C forall t€ (0, Tyas) (3.1)
Q

and

t+T1

/ /[|Vv|2 +u? + |Av|?!] < C forall t€ (0, Trae —T), (3.2)

t Q
where T is given by (2.6).
Lemma 3.2. Let g(I) := p— (I — 1)x — (I — 1)xXo||vol o= ()23, where | > 1, X, p are positive constants,
Ao = maxi<s<2 Ao(2, 8, N) and Ao is the same as in Lemma 2.3. Then there exists a positive constant
lo € (1,2] such that

g(lo) = 5. (3.3)

Proof. Obviously, g(1+

= 45 and g is monotonically decreasing with respect to [. Next,
, so that, with the help of

1 )
2x[1+Xollvoll Loo () 23]

choose Iy = min{1 + ],2}, and then, lp < 1+

_w _w
2x[1+Xollvoll Loo ()23 2x[1+Xollvol Loo (02) 23]

monotonicity of g, we also derive that

glo) > g(1+ F )= g

2x[1 + Xo|lvo |l oo () 27]

The proof Lemma 3.2 is completed. O

Lemma 3.3. Let (u,v) be a solution to (1.1) on (0,Tiaes) and D satisfy (1.2)—(1.3) with m > 0. Assume

“w
that m > 1 — o s s Aol = @ ]
C :=C(p, |9, iy Ao, x) such that

and N < 2. Then for all p > 1, there exists a positive constant

/up(x,t) <C forall te€(0,Thaz) (3.4)
Q

Proof. Firstly, let us pick any sy € (0, Tpnqer) and so < 1. Then from the regularity principle asserted by
Lemma 2.5, we derive that (u(-,s0),v(:,s0)) € C*(Q) with ava—:‘J) = 0 on 09, so that in particular we can
there exists a positive constant K such that

lu(-, 7)) £ K, [[v(, 7)) < K and |[Vo(-,7)||pe) < K for all 7€ (0, sq]. (3.5)
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Assume that [y is the same as in Lemma 3.2. Multiplying the first equation of (1.1) by ue~!  integrating
over ) and using (1.3), we get

1d bl —
lO HUHLZO(Q) (lo_l)/u o 3|V’LL|2
(3.6)
< fx/V (uVv)ule! +/ul°*1(uu—,uu2) for all ¢ € (0, Trmaz),
Q Q
which implies that,
lo+1 _
l dt” HLlO(Q) < —T/ulo _X/V.(uVU)ulo 1
¢ ¢ (3.7)

l 1
+/ (—0;' ulo 4wl (pu — uu2)> for all t € (0, Trnaz)-
0

Next, for any positive constant £; > 0, we derive from the Young inequality that

l 1
/<Ol+ ulo Jrul“l(yu,uuz))
J 0
lo+1
= 5 /ulO +u/ul0 —u/ul‘)“ (3.8)
0

Q

/ o+l Ci(e1,lp) forall t € (0, Thaz),
Q

IN

where

1 L+1\ 7" (lg+1 fo1
Citent) = 7 (2 200) (B )

Now, integrating by parts to the first term on the right hand side of (3.6) and using the Young inequality,
we conclude that

—X/V . (qu)ul”_1

= (lop— 1)X/ul°*1Vu~Vv

Q
-1 [ .
< TX/“ |Av] (3.9)
Q
< o= Dx [ ulal
Q

< (lo— 1)X/ul°+1 + (lo — 1)x/ |Av[o L for all t € (0, Traz)-
Q

Thus, inserting (3.9) into (3.7), we conclude that
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1d lp+1
o atlze@ < (e (o= 1)X—u)/ul°“dx— l—/ulde
Q

0
Q

+(lo — 1)X/ |Av|otlde + Cy (e, o).

For any t € (s, Tynaz ), employing the variation-of-constants formula to the above inequality, we obtain

1
E\lu( )50
1 i
< e e 0) [ )+ (615 (= Dx = / k)60 / ¥ dads
t
+(lp — 1)X/e_(l0+1)(t_s)/|AU|IO+1d.TdS+Cl(51,lo)/€_(lo+1 (t=5) 4g
(3.10)
S0 Q So
t
< (e1+(o—1)x— u)/ef(lﬁl)(t*s) /ulOHda:ds
S0 Q

t

+(lo — 1)X/67(l°+1)(t’s)/|Av|l°+1d:cds+02(lo,61),
S0 Q

where

t
1
Cai= Calloer) == Tlule 50l oy +C’l(al,lo)/e—(lo+1)(t_s)ds
S0

Ci(e1,lo)

< 1
> %H’u( SO)HLIO(Q)+ lo+1

Let t € (s, Tnaz) and rewrite the second equation as
—Av+v=—vu+w.
Now, by Lemma 2.3 and (2.4), we derive that for all ¢t € (0, Tynqz),

t
(Io —1)X/e_(l°+1)(t_s)/|Av|l°+1dxds
50

Q
t

= (lo—1)X€7(10+1)t/e(l0+1)s/|AU|lo+1d$d8

S0
t
< (lp— 1)X6*(lo+1)t>\o //6(10+1)S| —vu+v\l°+1d:cds+€(l°+1)50||U(50,t)\|if{,t,1lo+1
Lso
< (lo_l)xef(loJrl)t;\o ||v0||Loo(Q)2ZO+1//6(10+1)5(ul0+1-l—1)d$d8+6(10+1)50”U(80,t)||i;[)/t£0+1 ’
L so Q

(3.11)
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where \g = maxi<s<2 Ao(€2, 8, N) and Ag is the same as in Lemma 2.3. By substituting (3.11) into (3.10),
we get

1
%”u('at)”li)lo(g)
t
(1 + (lo — 1)x + (lo — D)xAol|vol| poe ()2 — M)/ef(lﬁl)(tfs) /ul"HdmdS
So Q (3.12)

IN

+(lo — 1)xe~otDE=0 Xg|u(s0, 1) 19E]

W2.lo+1
t

- 1)Xe—<lo+1>txoHUO||LOQ(Q)2%+1//eﬂo“)sczxds+02(zo,51).
Q

S0

Now, using 1 < Iy < 2, then we conclude that

(lo — Dx + (lo — DxAollvoll oo ()2
> (lo — 1>X + (l() - 1)X5\0||'U0||LOO(Q)2!0+1.

Therefore, in light of Lemma 3.2, we derive

(o = Dx + (o = DxAoflvollm@2* = & = [ = gllo)) = 5 = & —g(lo) <0,

so that by the choice of e; = 4 in (3.12), we derive that there exists a positive constant C'3 such that

/ul0 (z,t)dx < C5 for all t € (59, Tmaz)- (3.13)
Q

__u . — mi _u - ok
Case 1 + o moluolm ] < 2 then lo = min{l + 5o mress 2 = 14 s oo loe @2
and 1 < Iy < 2. Next, we fix l[g < q < 22_1‘;0 and choose some o > % which is close to % (eg. a €
50(2—10)? .
(3.5 + mpel s With 0.< do < 3(:2%- — q)) such that
1 2l
<4713 T~ < . (3.14)
a2 tsle—3) " 2=l

Now, involving the variation-of-constants formula for v, we have

t
v(-,t) = et (EAFD (L g0) 4 /e_(t_s)(_AH)(—v(-, s)u(-,s) +v(,8))ds, t€ (s0,Tmas)- (3.15)

S0

Hence, in view of N < 2, it follows from (3.5), (2.4) and (3.15) that there exist positive constants pg, Cy
and Cjs such that
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[(=A+ 1)%(-, )] La(a)

t

< 04/@*s)—“—%%—%)ﬂo(t*s)u — v, 8)u(, 8) + 0, 8)|| o (0 ds
S0
el N(1_1 (3.16)
+Ca(t = 50) 7T D lu(, 50) | 21
+oo
< C’5/aiafg(%fé)ef”ogda—FC%(t—50)_0‘_%(1_%)[(.
0

Hence, due to (3.14) and (3.16), we have

2]
/|V’U(~7t)|q < Cg forall ¢ € (so,Tmaz) and q € (lo, ﬁ) (3.17)
J 0
Finally, in view of (3.5) and (3.17), we can get
/|Vv(-,t)|‘1 < Cr forall £€ (0, Tpae) and g€ (g, 5-20) (3.18)
—lo

Q

with some positive constant C'7.

1= _ n
m |: 2X[1+AOHUOHLOC(Q)23]:|
2

Since m > 1 — yields to € = > 0, so that, by [p = 1+

_m
2x[1+Xolvoll L oo () 2%]
(see Lemma 3.2), we derive that

_ 2]
2x[1+Xolvoll oo (2) 2]

14 1+

o
X halvolee @] 2lo
21y

_ 22
2x[1+Xollvoll Loo (2)23] (3.19)

QO:(l

[ m =
- < € 1- < 2
2X[1+A0”U0HL°°(Q)23])+ T ( 2X[1+/\0|\Uol|m°(n>23])+ (

Next, for any p > max{l,1—m,m+1ly—1— fl—g}, multiplying both sides of the first equation in (1.1) by
uP~1, integrating over Q, integrating by parts and using (1.3), we arrive at

1d .
sl + 0= [wm s
Q

_X/v : (qu)up‘lder/u”‘l(uu— pu®)d (3.20)
Q Q

IN

x(p—1) /up*IVu - Vudz + /upfl(pu — pu?)dz,
Q Q

which together with the Young inequality implies that

1d .
il + 0= [um Vs
Q
3.21)
-1 2p—1 (
< Z)T/um+p_3|Vu|2dx+ %/uz’ﬂ_ﬂVvﬁdx— g/up+1dx+Cg
Q Q Q

for some positive constant Cg. In light of the Holder inequality and (3.18), we derive at
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q0—1 1
2 1 2 1 0 0
X (p2_ )/up+1—m|vv|2 < X (p2_ ) /U‘IO 7 (p+1—m) /|VU|2qO
o 3 5 (3.22)
mip_1 gp¥l=m
< CQHU +2P : | 27’11 +1-m )
L2 —1%;:1(9)
where Cy is a positive constant. Due to ¢o > 1,p > max{1 —m,m +1lp — 1 — (l]—‘;}, we have
l 1-—
0 < g p+ m < 400,
m4+p—1~—"qg—-1m+p—1
which together with the Gagliardo—Nirenberg inequality implies that
Collu™ 2 T < CulIVu™ 2 g ™5 T, o
T U u U mEp—
? 2olt e — @ 10 L) =T Q) L%?Oj Q)
< Cu(Ive™ T i )
2[qg(p+1—m)—lg(ap—1)]
m+ 1 P .
_ CH(HVU p— ||L2 )qo( +p—1) + 1)
(3.23)
with some positive constants Cig,C71 and
2(m+4p—-1) 2(”"""%7—1)(110;1) 2 2((Q0—1) )
2lp 2qo(p+1—m 2lp 2qo(p+1—m
H1 = 2 2(m+p—1) = (m+p - 1) ) 2(m+p—1) (07 1)'
1-F + Zzge=D 1-§+ XD
R _ I — —
On the other hand, in view of (3.19), by lp = 1+ SN TES WA pees ey and m > 1 IES WA e AL
derive that
1—m) —lo(go — 1
qo(p + m) —lo(go — 1) <1 (3.24)
go(m+p—1)
Hence, in view of the Young inequality, we have
2
X“(p—1) +1— 2 p—1 +p—3 2
— uP ™Vulfde < 0 u TPVl fde + Cya. (3.25)
Q Q
Inserting (3.25) into (3.21), we conclude that
Sl + 25 [ Wupde+ & [urtiae < oig
P dt ?() 4 2 -

Q Q

Therefore, integrating the above inequality with respect to ¢ and employing the Hélder inequality, we derive
that there exists a positive constant C14 such that

|u(, )l ey < Cra forall p>1 and t€ (0, Taz)- (3.26)

ase 1 —L > 2: then lp = min{1
C + 2x[1+XollvollLoo () 23] — 0 { + 2 [1+>\0HU0HL°°<Q)23

choose some o > 1 which is close to § (e.g. a € (3,5 + q)) such that

2} = 2: we fix [y < ¢ < +o0 and

< +o00. (3.27)
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Now, applying the variation-of-constants formula for v, we conclude that

t
vy 1) = eI ATy () +/ei(tis)(ﬂﬂ)(*v(',S)U('vs)+U(',S))d$, t € (50, Tmaz).  (3.28)
S0

Hence, in light of N < 2, we derive from (3.5), (2.4) and (3.28) that there exist positive constants pg, C15
and Cig such that

[(=A+ 1) (-, )] La(e)

t

< O / (t— ) 0" F @D e P || — (- shu(-,s) + 0(-, 5)|| o ) d
S0
(3.29)
+C15(t — 50) "7 T D] |u(, 50)|| L@
+oo
< 016/070‘7%(%7%)@*’3006&74-016&—30)_0‘_%(1_5)1(.
0

Hence, (3.27) and (3.29) imply that

/\Vv(o,t)|q < Cy7 forall t€ (so,Tinaz) and ¢ € (lo, +00),
Q

which combined with (3.5) yields to

/|V’u(~,t)\q < Cig forall t € (0,Thma:) and ¢ € (I, +0) (3.30)
)

with some positive constant Cis.

Next, for any p > m + 1, multiplying both sides of the first equation in (1.1) by uP~!, integrating over
Q, integrating by parts, using (1.3) and employing the Young inequality, we conclude that there exists a
positive constant Cig such that

1d .
il + o= 1) [ TuPds
Q
3.31)
-1 2 -1 (
< ])T/um+p_3|Vu|2da:+ %/upH_ﬂVvﬁdx— g/up+1dac+019.
Q Q Q

By m > 0, we derive that
p+l—m<p+1,

so that, the Young inequality and (3.30) yield to,

2p—1
XWw=2) (p2 >/up+1_mvv2dx < %/u”“dm—kC’zo?

Q Q

which together with (3.31) implies that
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1d

—1 [ i 7
dt” H »() + 5 /u +p 3|V’u|2dl‘ + Z /up+1d$ < Co. (332)
Q Q

Hence, integrating (3.32) with respect to ¢ and using the Hélder inequality yields
lu(-,t)||Lr) < Coz forall p>1 and t e (0, Tnax) (3.33)
for some positive constant Cyo. The proof Lemma 3.3 is complete. O

Lemma 3.4. Assume that m > 1 and N > 3. Let (u,v) be a solution to (1.1) on (0, Tpmaz). Then for all
p > 1, there exists a positive constant C := C(p, ||, u, x) such that

/up(m,t) <C forall te€(0,Thaz)- (3.34)
)

Proof. Let 8 > max{1, 22} and

B<p<B+(m—1)(B+1). (3.35)

Observing that Vv - VAv = $A|Vo|? — |[D?v|?, in light of a straightforward computation using the second
equation in (1.1) and several integrations by parts, we conclude that

GV ey = [ IR 290 V(a0 - )
1
= §/|V1]|2ﬁ_2A|V1}|2—/|Vv\25_2|D2v\2
Q Q

+/ wwV - (Vo] ~2V0)
Q

B - 28—4 28— 23|VU|2
= 5 /|v 284V + = /\V | £y (3.36)
Q o0
/\w% 2 D22 + /uv|w|2ﬂ—2m+/uvw-V(|W|25—2)
Q

6V
_ /‘V|V |ﬁ’ + /|V |2f3 2 | U| /|V |2ﬁ 2|D2v|2

+/uv|Vv|25_2Av+/quv~V(|Vv|2B—2)
Q Q

for all t € (0, Tynaz)- Now, by using the idea of [13], we will estimate the right hand of (3.36). To this end,
firstly, we observe that

/8|Vv| Vo ‘25 2

Co / ‘Vv‘Qﬁ (3.37)

IN

Call|[Vvl? |72 (00)-
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Let us take r € (0, 3). By compactness of the embedding Wrt22(Q) < L2(8Q) (see e.g. [13]), we have

I1Vol711Z2 o) < Culll Vol

Wr+%,2(ﬂ)' (338)

In order to apply Lemma 2.1 to estimate the right-hand side of (3.38), let us pick a € (0,1) satisfying

=
2\4
N[

2|~ +

+
8
2

+ (Nljes

N[

Noting that v € (0, ) and > 1 imply that ~ + < a < 1, we see from the fractional Gagliardo—Nirenberg
inequality and boundedness of |Vv|? (see Lemma 3.1) that

B2
IVl I2, g,

Bila B11— / B
< alVIVoP s lIVol I3 +alvoll 5 (3.39)
< G| VIVU||$ 0 + Co.
Combining (3.37) and (3.38) with (3.39), we obtain
d|Vv|? _ “
[ AR w0R 2 < Vol 520 + Ca (3.40)
o0
On the other hand, by |Av| < v/N|D?v| and the Young inequality, we can get
/uv\Vv|2ﬁ_2Av < \/NHUOHLOQ(Q)/u|Vv|2'8_2|D2v\
@ ) @ (3.41)
< 5 [19oP 2020 4 Nlwolfieiey [ 2902 .

Q

Next, due to the Cauchy—Schwarz inequality, we have

/quv V(Vu?2) = (B-1) /uv|Vv|2(B_2)Vv - V|Vo|?
Q o)

IN

g1 : 2 -
— / Vo224 V]Vl + 2(8 = )lfooll}~ o) / (Vo2 g 4

< % /|V|v o 425 *1)||Uo||Loo(Q)/|U\ Vof2=2

Now, collecting (3.36), (3.40)—(3.42) and using the Young inequality yields

—1
(B )/|VVUB|2+§/V02B2|DQU|2
Q Q

25 317y + 5
(3.43)

IA

04/u2|vu|2f3*2+c4 for all ¢ € (0, Tnax)-
Q
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Next, in light of the Young inequality and using Lemma 2.7, we derive

1
C'4/U2|VU|M_2 < 87/|V7)|2ﬁ+2‘|‘C'5/uﬁ+1
0
@ @ @ (3.44)

1
< §/|Vv\25_2|D2v\2+C5/u6+1 + Cs for all t € (0, Thax),
Q

where kg is the same as (2.7). Inserting (3.44) into (3.43), we conclude that

1d (B-1) 2 5 _
25 Vol + T [19IVelf 4+ 5 [ 19022
Q Q

(3.45)
< Cg,/uﬁ*'1 + C7 for all ¢ € (0, Thaz)-

Q

Let p > 1. Now, testing the first equation in (1.1) with uP?~! and integrating over Q and using (1.3), we
derive

1d —
il + o= 1) [P
@ (3.46)

IN

—X/V-(uvu)u%l +M/upfl(u—u2) for all t € (0, Thnaz)-
Q

Next, integrating by parts to the first term on the right hand side of (3.46), using the Young inequality and
Lemma 2.7, we obtain

—X/V (uVo)uP !

< fl)x/up*IVUoV"u
1
s%JWMw2<>/WﬂW
0
< p—l/umﬂ’ 3|Vl
i) (3.47)
1
B 1 7 QM/(H—)& 1/ 28
= 1 -1 B P m) =g _ B+2
5 8n0(6+ ) [(p — 1)x*] u + S Vol
Q Q
-1 1
< Z)T/um+p_3|Vu\2+§/|Vv|25_2|D2v|2
Q
1
1 -5 51
+% <—<6+1>) [(p—1)x2) 7 / w4 Gy for all ¢ € (0, D),

which together with (3.46) and the Young inequality implies that
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L 3@e=) [ i (B-1) 2 5 ~
L ol + 22 fumsriwup+ O [jgoup 4 3 [ wos-2ipnr
Q Q Q
1 p 1 o 41 s
< = 28—2 D2 2 N 1 1 21 % / (p+1—m) £
@ Q
ﬂL//LLIH(THUQHOSE (3.48)
Q
1 - B ~* 2t )B4
< §/|VU|2B 2\D2v|2 5-1—1 < (B + )) [(pfl)XQ] B /u(pﬂ )4
@ Q

—%/u’OJr1 + Cy for all t € (0,Thaz)-
Q

Collecting (3.45) and (3.48) yield to

3(p—1) _
ey + 55 7 2y + 22 /um+p Vuf?
Q
/ VIvel’ / e
Q
P S N » (3.49)
< 1 — 137 [ et
< 2 <8H0</3+ ) o= [
Q
+C5/UB+1 + Cyo for all t € (0, Tmaz)-
Q
On the other hand, by (3.35), we derive that
B+1
(p+1—m )T <p+1 and B+1 <p+1.
Thus, with the help of the Young inequality, we conclude that
3p—1) [ mi4p—
Nl + 55 1T+ 2 [wm i twa?
Q
/|Vv|25 2| D2y[? + /up-i-l (3.50)
Q
< Cyp forall te (0,Thaz)-
Therefore, letting y := /up + / |Vo|?# in (3.50) yield to
Q Q
Y y(t) + Ci3y(t) < Cra for all t € (0, Thaz)- (3.51)

Thus a standard ODE comparison argument implies boundedness of y(t) for all ¢ € (0, Tpqz). Clearly,
lu(-,t)||Lr @y and [[Vo(-,t)[[126(q) are bounded for all ¢ € (0,T54z). Obviously, by m > 1, we derive
limgs yoo B = limg 400 B4 (m — 1)(B8 4+ 1) = 400, and hence, the boundedness of [|u(-,t)|/z»(o) and the
Holder inequality imply the results. The proof Lemma 3.4 is complete. O
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Our main result on global existence and boundedness thereby becomes a straightforward consequence of
Lemmas 3.3-3.4 and Lemma 2.5.

Lemma 3.5. Suppose that the conditions of Theorem 1.1 hold. Let T € (0, Tynaz) and (u,v) be the solution
of (1.1). Then there exists a constant C > 0 independent of T such that the component v of (u,v) satisfies

IVu(,t)|lLe(y < C forall te(0,T). (3.52)

Proof. Due to ||u(-,t)| rr(q) is bounded for any large p, we infer from the fundamental estimates for Neu-
mann semigroup (see Lemma 4.1 of [12]) or the standard regularity theory of parabolic equation (see e.g.
LadyZzenskaja et al. [17]) that (3.52) holds. O

Lemma 3.6. Assume that ug € C°(Q) and vg € WH(Q) both are nonnegative. Let D satisfy (1.2)~(1.3)
with m > 0. If

_ o )
m > ! 2x[1+ 2o vo [ oo (2 2°] if N<2,
1 if N=>3.
There exists C > 0 such that
lu(-,t)||Ley < C  forall t € (0, Thmax)- 553

Proof. Throughout the proof of Lemma 3.6, we use C; (i € N) to denote the different positive constants
independent of p and k (k € N).

Case m > 1: For any p > 1, multiplying both sides of the first equation in (1.1) by (u+1)P~}, integrating
over {2, integrating by parts and using the Young inequality and (3.52), we derive that

1d _
il U oy + Ol = 1)/(u+ 1) 8|2
Q

< x [ VeI [ e )
Q Q
= x(p— 1)/(u+ 1)p_1V“'W+/<“+ 1P~ (pu — p®)
Q Q
< xz(p—1)01/(u+1)p_1|VUI+/(U+1)p_1(/~tu—/~w2) (3.54)
Q Q
(p—1) m+p—3 2 2 2 +1—m -1 2
< (u+ ™3 Vu? + 32— 1)C? [+ 1P 4 [+ 177 (= )
o/ / /
(p—1) m+p—3 2 2 2 -1 2
< (w4 ™3 Vu? 42— 1O [+ 17+ [ (et 1P o — i)
o/ Jere]
(p—1) m+p—3 2 +1
< (u+1)™P | Vul* +Cop [ (u+1)P — [ (u+1)P —p [ wPT forall te (0,7),
o/ o= Jvres]

with Cy = Cfx?4p+1, where in the last inequality we have used the fact that [, pu(u-+1)P= < [, p(u+1)P
and — [, p(u+ 1P~ u? > [ puPt. Due to (3.54), we conclude that

m4p—1

d
EHU_F IH’I.ZP(Q) + /(u—|— P + C’g/|V(u—|— 1) 2 |2 < Cyp? /(u+ 1)P forall te (0,7). (3.55)
Q Q Q
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Now, we let lp > max{l,m —1},p:=py =28(g+1—m)+m —1 and

My, = max{1, sup /(qu 1)Pr} for ke N. (3.56)
te(0,T) A

Hence, by the Gagliardo—Nirenberg inequality,

Cap? /(u +1)P*

Q

m+pg
2

1 2D
|| m+pp—1 (357)

Copil|(u + 1) o
Lmﬂ’k T (Q)

M+pk §1

mtp S1 mtp W
< Cpd(IV(+ 1) ||L2+(Q’“ ooy l(w+1) ||L1+Q’3 )™ ||L1+Q’3 Y,
where
N(m+pr—1)
ka ¢ = ka N - 42;:6 _ 2]\](]71C + 1 — m)
mAp—1" mtp—1 1-Y4+N  (N+2)(m+pe—1)
and
N(m+pr—1)
2py, (1-q)= 2py (1_N_ 20 ) =2 2pi + N(m —1)
m+p,—1 m+p,—1 1-4+N (N+2)(m+pp—1)
Therefore, an application of the Young inequality yields
) LESTES e ey Ml NG =T
Capi, /(u + 1P < Cy||V(u+1) > ||L2(Q) + Cspy, [[(w+1) HLl(Q)
Q
s (3.58)
+Copl(u+ 1) A
i ey mipgol) ok
< Gl V(u+ 1) gy + Copp TORE el S

2pr+N(m—1) < 2py;
N(m—1)+m+pr—1 — m+pr—1

Here we have used the fact that
(3.56)—(3.58),

. Thus, in light of m > 1, by means of

(N+2)(m+pyp—1)

Hu + Uy + /(u FIPE < CoppE IO gy 4 1) Hgﬁ(ge '
Q
2y (3.59)
vk mtpp—1
< XM
< MNM?_, forall te€(0,7)
with some A > 1. Here we have used the fact that
_ k _ _
(N+2)(m+pr—1)  2%(Io+1—m)(N +2)+2(N +2)(m — 1) <N+2

prt(N+1)(m—-1) 25U+ 1-—m)+ (N +2)(m—1)

and

2Pk < 2(pr +m —1)

=2.
m+p,—1" m+p.—1
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Integrating (3.59) over (0,t) with ¢ € (0,T"), we derive

/(U + 1)pk (l‘,t) < max{/(u + 1)6%)/_\le371} for all t e (O,T) (360)
Q Q

If [(u+ 1)P(x,t) < [,(uo + 1)P* for any large k € N, then we obtain (3.53) directly. Otherwise, by a
straightforward induction, we have

/ (w17 < N(FLME,)?
¢ (3.61)

- _ 2

)\k+2(k 1)M]§72
< RO

In light of In(1 4 2) < z for all z > 0, so that, taking pg-th roots on both sides of (3.61), we can easily get

(3.53).
Case N <2and 1-—

I . .
- m < 1: Due to Lemma 3.3, we may choose
2x[14+Xollvoll Loo () 23] < < ’ ¥

) p
Do :=1+30 = (3.62)
2x[L + Aol[vo | Loe (2)2°]
such that
/ (u+ 1Y% (2,8) < Co for all £ € (0, Tonas)- (3.63)

Q

Next, testing the first equation in (1.1) by (u+ 1)P~!, integrating over 2, integrating by parts and applying
the Young inequality and (3.52), we derive that

1d _
il 11 ) + oo - 1)/(u+ 1) 8T 2

Q
< fx/V (uVo)(u+ 1P+ /(u + )P (pu — pu?)
) )
< x(p—-1)C /(u + )P V| + /(u + )P (pu — pu?)
(p—1) . : (3.64)
< /(u 1)Vl 4 2(p — 1)C2 /(u +qyptem /(u 1P (o — )
Q Q O

Q

+C1op/(u+ Lypri=m /(u—l— 1)P —M/um'1 for all ¢t € (0,7),
Q Q Q

where Cyg = C7x* + 11+ 1. Here we have used the fact that [, u(u+1)P"' < [ (u+1)P < [ (u+1)PT=™
and — [ (u+1)P"1u? > [ uPT. Therefore, (3.64) yields to
d m4p—1
Dt Wy + [ 17 Co 19004 )™ < Cop? [l 197 foral e 0.7)
) Q

Q
(3.65)
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Let p:=pp = 2F(po + 1 —m) +m — 1 and

M;, = max{1, sup /(u +1)P%} for k€N, (3.66)
te(0,T) o

where py is given by (3.62). Thus, Gagliardo—Nirenberg inequality yields to

012]5%/(“4‘ Lpetizm

Q
- mtPp—l 2(75)1'1:1 7
= Cl2pkH(u + 1) H 2(pklj>1 m)
L =L (Q)
2(Pp+1—m) 2(Pp+1—m) 2(Pp+1—m)
- mPR=L ) ST 52 mpp=1 S =t (1=s2) mipp=l T T
< Cupi(IV(u+1) HLz(B‘}" D (1) o o +[(u+1) Iy )
(3.67)
where
- - 2(m+pr—1) -
20k +1-m) 2k +1-m) 2= Mprim) _ B+ 3(L—m) <9
mApr—1 0 mApr—1 1-2+2 m+ py, — 1
and
. . 2(m+pr—1)
2(pk+1—m)(1_§2) _ 2k +1-m) 1 2- 2(ﬁk+1’:m)>:
m+4pr — 1 m+pr — 1 1—%4—2
Therefore, in light of the Young inequality, we conclude that
~o Pr+l—m D= % %
Crapy; | (u+1)P" < Cul|V(u+1) ||L2(Q + Crapy, I+ 1) HLl(Q
Q
~ m+p 2 tlom) (3.68)
+Cspp | (u + 1)_E_ ||L1(?2}3k '
< OulVu+1)™ ||L2(Q + Cropt” ||(U+1) HLl(Q’“
Here we have used the fact that p’(“+5+(m 1; < Sfl’f;i T and 4(?;(1;2 B > 2. Therefore, in light of m >
_ I
1 RIS WAL by means of (3.62), (3.66)—(3.68),
4(m+py—1) 2(Pg+1— 71n)
5 ~PLFo(m—1 m+p
Dt 1075, /(u P < Cuepp T (o 1)
Q (3.69)
2(Pp+1—m)
< MM LT forall € (0,T)
with some 5\ > 1. Here we have used the fact that
4(m+pp — 1) :42k(l0+17m)+2(m71) <4lo+1fm+2(mfl) <6

Pr+5(m —1) 26(lp+1—m)+6(m—1) lo+1—m+6(m—1)

and
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2(pr + 1 —m) 2 (Po + 1 —m) 1-m

— =2— =2(1+ —
m+pr — 1 2k(po +1—m) + 2(m — 1) ( 2k(pg +1—m) +2(m —1)

) = K.
Here we note that ki = 2(1 + ) for k > 1, where ¢, satisfies g < % for all k with some C77 > 0. Next,
we integrate (3.69) over (0,t) with ¢ € (0,7'), then yields to

2P +1—m)

/(u + 1)Pr(2,t) < max{/(u + l)g’“j\kMk_mfrﬁ’fl } forall te(0,7). (3.70)
Q Q

If [o(u+1)P(x,t) < [,(ug 4+ 1)P* for any large k € N, then we derive (3.53) holds. Otherwise, by a
straightforward induction, we have

_ ~ . : ~ 1Tk .
/(u + 1) < Nt =D T ’“M(l)_["=1 " for all k> 1. (3.71)
Q

On the other hand, due to the fact that In(1 + z) < z (for all z > 0),
ok+1—j B In(1+e;)

k
[ -
=3

ok+1—j  BFje;

IN

IN

2F+H1=7eCi7 forall k>1 and j={1,...,k}.

In light of the above inequality, with the help of (3.71), we conclude that

1

Pk

/(u+1>ﬁk <

Q

. k ]
Shoa G- TE; ry  Hiza

+ o My, ™ forall k>1, (3.72)

>
e

which after taking k — oo readily implies that (3.53) holds. O

Proof of Theorem 1.1. Theorem 1.1 will be proved if we can show T;,,, = 0o. Suppose on contrary that
Tinae < 00. In view of (3.53), we apply Lemma 2.5 to reach a contradiction. Hence the classical solution
(u,v) of (1.1) is global in time and bounded. O
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