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1. Introduction and main results

In this article, we discuss the existence of sign-changing and nontrivial solutions for the following
Kirchhoff-type problem

—(a+0b [, |Vuldz) Au=ou+ pu?® inQ, (1.1)
u=20 on 012,
where Q € RN(N = 1,2,3) is a bounded domain with smooth boundary 9§2,a > 0,b > 0, and «, 3 € R are
two real parameters.
Let LP(Q)(1 < p < 400) be the Lebesgue space with the norm |ul, = ([, [u[Pdt)*/? and HE () be the
usual Hilbert space with the norm [[ul| = ([, [Vu|?dt)!/2. From the Sobolev and Rellich embedding theorem,
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the embedding H}(Q) < LP(£2) is continuous for any 1 < p < 2* and is compact for any 1 < p < 2*, where
2* ;=400 if N =1,2 and 2* := ]\?—fz =6 if V = 3. And then, there is a positive constant 7 > 0 such that

Julo < 7llull, fula < 7ljull  for any u € Hg(Q). (1.2)

Problem (1.1) can be seen as a special form of the following Kirchhoff problem

—(a+0b [, |Vul|?dz) Au= f(z,u) inQ, (13)

u=0 on 0}, '
which is the stationary case of a nonlinear wave equation

Upp — a+b/|Vu|2dx Au = f(x,u), (1.4)

proposed by Kirchhoff [8] in 1883. (1.4) is an extension of the classical D’Alembert’s wave equation by
considering the effects of the changes in the length of the string during the vibrations. The parameters in
(1.4) have practical physical meaning: u denotes the displacement, f is the external force, b represents the
initial tension, and a is related to the intrinsic properties of the string. Some early works related to problem
(1.4) are [9,10,13,15].

In recent years, more and more researchers began to pay attention to the existence of the sign-changing
solutions of Kirchhoff problem in bounded domain, see [1,4,7,11,12,14,16,18-20,23]. Specially, for the case
that the nonlinearity f satisfies super-3-linear growth condition, Mao and Zhang [14], Shuai [18], Cheng
and Tang [20] studied the existence of sign-changing solutions for problem (1.3). For the case that the
nonlinearity f satisfies asymptotically 3-linear growth condition, Zhang and Perera [22], Mao and Luan [12]
obtained the existence of sign-changing solutions for problem (1.3) via variational methods and invariant
sets of descent flow. And in 2017, by the non-Nehari manifold method, Cheng and Tang [4] showed that if
f(x,t) = r(x,t) + Bt3 satisfies

(f1) f(z,t) =o(t) as [t| — 0 uniformly in z € ;
(f2) (i) B> buo and r(z,t) = o(t?) as |t| — oo uniformly in x € €, and
(ii) there exists a 0y € (0,1) such that for any ¢ > 0 and 7 € R\{0}

000A1|1 7t2| >0

(t1)? -

where \; is the first eigenvalue of (—A, H}(Q)) and jg := inf{max{[ju™ ||, |u=||*} : [uF[} =1, u € H}(Q)},
then problem (1.3) has a sign-changing solution with positive energy and precisely two sign-changing do-
mains. We must point out that the condition (fy) implies 7(x,t)t < afgAit?> < alit? for any (x,t) € Q x R.
Especially, in the same year, Zhong and Tang (see [23]) studied the non-existence and existence of sign-

{@ r(tn)

= (tT)3:| sign(1 —t) +

changing solution for problem (1.1) and obtained the following result: there is a constant A > 2u? such
that

(i) for any @ < aA; and 0 < 8 < bA, problem (1.1) has no sign-changing solutions,

(ii) for any o < aAj and 8 > bA, problem (1.1) has at least a sign-changing solution with two sign-changing
domains, where pq > 0 is the first eigenvalue of the following eigenvalue problem

(1.5)

— [o |VuPdzAu = pu® in Q,
u=20 on 0,
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and can be defined as follows:

_ [[ul*

1 — .
weHY(Q\{0} |ul}

In [4] and [23], the methods of finding sign-changing solutions depended heavily on the conditions
r(x,t)t < alt? and o < a)j, respectively. So an interesting question is whether these conditions can
be relaxed to obtain a sign-changing solution for problem (1.1).

We first present some facts about the eigenvalue problem (1.5). According to [17], the eigenvalues of
problem (1.5) can be defined as

PO 4
o= it max (=), (L6)

where S*~! denotes the unit sphere in R¥, ¥ := {h € C(S*"1,H) : hisodd} and H = {u € H}(Q) :
i =1}, and we have 0 < pg < pio < -+ < p < --+ and p — +00 as n — oo. Moreover, according to

|u
[22], p1 has a normalized eigenfunction ¢4 > 0 in €, but we do not know whether 4 is simple and isolated.
Finally, we denote by o(—|| - |>A) the set of eigenvalues of problem (1.5) defined by (1.6) and B,, the set of
solutions for a given . With regard to the eigenvalues of problem (1.5), we want to mention [16]. Using the
Yang index, Perera and Zhang also constructed an unbounded sequence of minimax eigenvalues of problem
(1.5), denoted by 0 < 17 < 73 < -+ <, < --- and vy, — oo as k — oco. But it is not clear whether the
sequences {7} and {ux} are coincident expect for k = 1.

Before stating our main results, for convenience, let us first give some notations. Define the C! energy
functional E, g: H}(Q) — R as follows:

E,p(u) = %Ha(u) + iGﬁ(u) for all u € H (),
where
Ho(u) = allul* — oful3,  Ga(u) := bllul|* - Blulj.

For any u,v € H}(Q), we have
(E'o5(u),v) = (a+b|ul?) /VuVUdm — a/uvdm - B/u%dx,
Q Q Q

where (-,-) denotes the usual duality between H~1(2) and H}(Q), and from the variational view of point,
the weak solutions of problem (1.1) correspond to the critical points of the functional E, g. Furthermore,
if u € H}(Q) is a solution of problem (1.1) and u® # 0, then u is a nodal solution of problem (1.1), where
ut(z) := max{u(z),0} and v~ (x) := min{u(x),0}. By a simple calculation, we can obtain

Ho(u) = Ho(u™) + Ha(u”™),  Ga(u) = Ga(u®) + Ga(u”) + 2blju™|*u |,
v, b _
Eop(t) = Bap(u’) + Bas(u”) + 5 Jlu” [P lu ],

(Bl p(u),u™) = Ho(uh) + Ga(u®) +bl|u™|*[lu”[|?,
(Bl p(u),u™) = Hao(u™) + Ga(u™) + bllu™|*Ju|*.

Set

Mo = {u € Hy(Q): ut #0, (B0 p(u),ut)y = (F'qp(u),u”) = O},
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evidently, M,,s contains all the sign-changing solutions of problem (1.1), and M,z is a subset of Nehari
manifold N,z related with the functional E, g:

Noyg ={u € HJ(Q) : (E'o p(u),u) = Hy(u) + Gg(u) =0} .
If u € Ny,3, we have

1

Eop(u) = 7 Ha(u) = —EGB(U).

Now we are ready to state our main results. We begin with the nonexistence of sign-changing solutions
for problem (1.1). We need to introduce the following infimum:

+4 11204, 112 -4 120112
M*::hﬁ{nmx{'“"+dﬁ“”“",W" ﬁﬂu4|nu||}:ueliﬂgxut¢0}
4 4

2., 412 2 — |12

Juti Ju~ i

Theorem 1.1. If (o, 8) € (—00, aXa] X (—00, buy )U(—00, ar1] X (—o0, bu*], problem (1.1) has no sign-changing
solutions.

Remark 1.1. If p is simple, (—o0,aXs] x (—o00,buy) of Theorem 1.1 may be replaced with (—o0,als] X
(—o0, bu]. We will show that pg < p* < 400 in Lemma 2.1. If pg = p*, we have (—o0,a\] x (—o0,bu*] C
(—00, ads] X (—o0,buy], but if p1 < p*, (—oo,ar] x (—oo,bu*] and (—o0, ads] X (—o0, bu] are different.
But, Zhong and Tang in [23] considered the nonexistence of sign-changing solutions for problem (1.1) with
only for the case a < a\; and 0 < 8 < bA. Hence, Theorem 1.1 extends and supplements the result of
Zhong and Tang in [23].

In order to find sign-changing solution with positive energy of problem (1.1), we need to divide Mg,
into the following three sets:

MLy ={ueMag: Ga(w®)+bllut||lu|* < 0},
M2 g ={ue Mag: Gau®)+blut|?|lu]* > 0},
M g={ueMag: (Gslu®)+bllut|?lu|?) (Gslu™)+bllut|?u|?) <0}.

We will minimize the energy functional E, g restricted to Mi 5, instead of Mg g. Let
Ar(8) = {u € Hy(9) : u™ # 0,Gy(u™) +blJu*|*[Ju”||* < 0},

we define

ar(B) = inf {min{ (i ”“_”2} ‘u€ AL(B)} ,

w37 Ju |3
and we assume that ap(8) = +oo if AL (8) = &. Our main result is the following theorem:

Theorem 1.2. Assume that (o, 8) € (—o00,aar(8)) x (bu*,+00), then problem (1.1) possesses at least a
sign-changing solution uq g with positive energy.
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Remark 1.2. Comparing the definitions of ar(f) and A;, we obtain Ay < ar(8) for any § > bu* in
Lemma 2.4. In addition, a couple of main properties of the function «y(8) are collected in Lemma 2.4
below, although some of them are not directly related to the proof of Theorem 1.2, they can help us
understand the graph of the function ar () more intuitively.

We obtain the existence of sign-changing solution for problem (1.1) when a < aar(f) and 8 > bu*, while
Zhong and Tang [23] only considered the case for a < a\; and § > bA. Theorem 1.2 expands the scope of
the existence of sign-changing solution for problem (1.1), and hence, Theorem 1.2 can be regarded as the
extension and supplementary work of Zhong and Tang. It is easy to see that the nonlinearity at + 8t does
not satisfy the condition (f;) of [4]. Therefore, our result is new and interesting,.

Finally, we will consider the existence of nontrivial solution for problem (1.1) with negative energy. Let
{Ar} be the eigenvalues of (—A, Hi(Q)), and let 3 € R, define

where B, is the set of solutions for problem (1.5) for a given u, and we assume that a*(8) = —oo if
Bs/, = {0}. Let g4 be the (k4 1)th eigenvalue of problem (1.5), define

kg :=min{k € N: 8 < bpgy1}.
The third result of this paper is stated in the following theorem:

Theorem 1.3. Suppose that % € R/o(—| -1?4A), for any & > max{a*(B), \ks+1}, problem (1.1) possesses
at least a nontrivial solution u with E, g(u) < 0.

Remark 1.3. As far as we know, Theorem 1.3 is the first result on the existence of nontrivial solution for
problem (1.1) with negative energy.

We organize this paper as follows. For the rest of this section, we recall a variant of the deformation lemma
(see [21], Theorem 2.3) which is very important for proving Theorem 1.2 and Theorem 1.3. In Section 2,
we will be devoted to completing the proofs of Theorem 1.1 and Theorem 1.2. In Section 3, we present the
proof of Theorem 1.3 via minimax method.

Lemma 1.1. Let I be a C'-functional on a Banach space X, S C X,c € R, £,8 > 0 such that

8
I (w)]| > § for any u € I ([c — 2¢, ¢ + 2¢]) N Sas.
Then there exists a deformation n € C([0,1] x X, X) such that

(t,u) =u, ift=0 orif u ¢ I~ ([c — 2&,c+ 2¢]) N Sas;

( 7Ic-‘re N S) IC_E,'

(n(t,u)) is non increasing with respect to t for any u € X;
(( u)) < c for any u € I°N Ses and t € [0,1],

if I is even, then n(t,-) is odd for any t € [0,1].
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2. The proofs of Theorem 1.1 and Theorem 1.2

In this section, we will first pay attention to the proof of Theorem 1.1. From the definition of M, g, to
prove Theorem 1.1, we just need (E/, 5(u),u™) # 0 or (E}, 5(u),u”) # 0 for any u € Hg(Q2) with ut # 0.
In order to achieve this goal, we need to discuss the property of p* defined in Section 1.

Lemma 2.1. py < p* < +oo. A1(8) # @ if and only if 5 > bu*, where
A1(B) = {u e Hy(Q) : u* £0,Gs(u®) +bfut|?[u”||* < 0}.

Proof. From the definitions of p* and pq, we first have

©* = inf < max Wl ,

+14 +1121],,— 12 — |4 1212
{ {uu e }:ueHol(m,uiio}

Ju |3

[ + 2w

cu € H(Q),u® # 0}
ut ’

> {
{|“+”4 ue HQ),ut 2 o}
>t {

U+|4

[[ull*

Cue HY(Q )\{0}}
= k1.

Let 8 > bu*, from the definition of u*, there is a ug € HZ(Q) with u(j)[ % 0 such that

) — )

+ 1|14 +112 —112 — 114 +112 —112
§>max{||% 1%+ Hluo [Pflug 15 flug 1%+ Hlug Flluo I }>/f

‘Uo |4 |“5‘3

which shows that bllug ||* + bllud |2 [lug |2 — BluL|} < 0. Hence ugp € Ay (B).
On the other hand, if A, () # @, there exists a ug € Hg () with uZ # 0 such that

bllug [I* + bllug |1*lug |1 — Blug |3 < 0.

Therefore, we have

X{II ug |* + llug IP[lug 1 flug I1* + llug [*[lug ||2} B
b,

|Uo |4 7 |ug |4

and by the definition of y*, one has p* < 2 that is 8 > bu*. O

It follows from the proof of the above lemma that if 3 < bu*, then A;(8) = @, that is, Gg(ut) +
bllut|?u=|? > 0 or Gg(u™) + bllut||?|u||> > 0 for any u € H}(Q2) with u* £ 0.

Proof of Theorem 1.1. (i) a < a)g, 8 < buy. According to [2], the second eigenvalue Ay of the operator —A
in H}(2) can be characterized as

2 g2
A2 —inf{max{ IZ+|”2 , ||u_||2 } tu € Hé(Q),u;{O},
2

lu=[3

hence for any u € H}(Q) with u* # 0, it holds
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[Ju” ]
< or M < .
lut3 lu=|3

Let a < a)g, for any u € H(Q) with u® # 0, we obtain
Ho(u®) = alu®|? = alu™[3 > a(|lu™* = Xou™[3) 2 0
or
Ho(u™) = allu™[* = afu™[5 > a(fu™ | = Az|u™[3) 2 0.
If 8 < buy, from the definition of p;, we have
Ga(w®) = bllu™|[* = Blu*[5 > b([[w*||* = pa|u™|3) 2 0
for any u € H}(Q) with u® # 0. Therefore, if (a, 8) € (—00,aMa] x (—00, buu1), we obtain that either
(E'ap(u),u’) #0 or (E'qp(u),u”)#0,

that is, My 3 = @.
(i) @ < aXy, B < bu*. Let B < bu*, from Lemma 2.1, we obtain for any v € Hg () with u® # 0, it holds

Ga(uh) +bllu™|*lu™[I* 20 or  Ga(u™) +bllu™|*u”|* > 0.
And if a < a)q, it follows that
Ho (u*) = al|u®|? — au®[3 = al[|lu™||* = Aju™[3) > 0
for any u € H}(Q) with u® # 0. Hence, if (o, 3) € (=00, a\;] x (—00, bu*], we can also see that either
(Elap(u),u’) #0 or (E'qp(u),u”)#0,
namely, M, 3 =@. O

In the next part of this section, our purpose is to prove theorem 1.2 by means of considering the mini-
mization problem on M}X g- 1t follows from Lemma 2.1 that A;(B) # @ when 8 > bu*. Next, we will first
prove that the set MY, 5 = A1(8) N Map # @ if (o, B) lies in a suitable set of R*. And then, we present

the properties of az,(8). Finally, the infimum mg g := inf  Eqo (u) can be achieved by some u € M}, s
uEM,, 5 ’

for any o < aap, () and 8 > bu*.

Lemma 2.2. For every u € A;(B) with Hy(u™) > 0, there exists a unique pair (sy,t,) € RY x Rt such that
syt +tyuT € MY 5 and Eqp(syut +t,u”) = max Eop(sut + tu™). Moreover, if (E', p(u),u™) <0,
: s

then (sy,ty) € (0,1] x (0,1].

Proof. First of all, from the definition of Mé)ﬂ, it is easy to see that s,u™ +t,u” € M}lﬁ = A (B)NMapg
if and only if (s, t,) is a unique solution of the following system:

s'Ga(ut) + bt |ut|*u™||? = —s*Ha (u®),

t1Gp(u”) + bs*t*|Jut|?[Ju”||* = —t*Ha(u™).
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Therefore, it is sufficient to prove that the following system has a unique pair positive solution:
SGp(u™) + 0T |[u|*[lu”||* = —Ha(u"),
Sollut | lu”|]? + TGa(u™) = —Ha(u").
For any u € A;(B), that is Gg(u®) + bljut||?|[u~||? < 0, with H,(u*) > 0, we have

Gp(u®)  bllu®|*|lu™ ]
blut|*[lu=|* Gp(u)

= Gp(u®) Gp(u™) — (Gllu™]* [lu=[*)?* >0,

—H,(u" Bt ]|w |
DS:‘ (u™) w1

= —H,(u")Gs(u) + bllut|?||u"||?Ho(u™) > 0,
CHaw")  Galu) (uW)Ga(u™) +bllu™|*|lu™ [FHa(u™)

Ga(u™) — Ho(u™)
bllutPllul* — Ha(u”)

= —Ha(u7)Ga(u®) + bl|u™|?[lu”[|* Ha(u™) > 0.

Hence, let S = % and T = %, (S,T) is the unique solution of system (2.1). Consequently, let s, = S
and t, = T2, we conclude that s,ut + t,u~ € M}LB.

Moreover, since s,u™ + t,u~ € /\/l(llﬁ C My s and Gg(u*) < 0, by a direct computation, we obtain

_ OPEqp(sut +tu™)

4 952 = Ho(u") +355Ga(u) + bt Jut *[lu” |
§ (Suvtu)
=2s2Ga(u™) <0, (2.2)
’E, T tu
0= PLaslC WDl ) + 8265 0) + b2 o P
(Swtu)
=2t2Gp(u") <0, (2.3)
B p(su® +tu”) 20— 12
B= , = sty |lut|?u”|? > 0, (2.4)
0sot (5urta)
B? — AC < 0. (2.5)

Hence by (2.2)-(2.5), we have E, g(s,u™ + t,u™) = max Eq g(sut +tu™).

Finally, if H,(u®) + Gg(ut) + bllut|?lu=|? = (F'ap(u),u*) < 0, thus H,(ut) < —Gaut) —
bllut||?|lu~||?. Notice that Gs(u*) < 0 and H,(u*) > 0, one has

Ds = —Ha(u")Gg(u™) + bllu™|*|u™|[* Ha(u™)
< (Ga(u®) + blut|Pllu=]*) Ga(u™)
=Bt w1 (Galu™) + bl [lu”]?)
= Gp(u")Gp(u™) = b%[|u|[*|u”]*
=D.

Similarly, we can see that Dy < D. Hence, (s,,t,) € (0,1] x (0,1]. O
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Lemma 2.3. M{, 5 # @ for any (o, B) € (=00, aa1(B)) x (bu*, +00), where

U2 (ot 12
a1(B) = sup {min{”ZJr”% , ”Z*HQ } RS Al(ﬁ)}.

=3

Proof. Let 8 > bu*, it follows from Lemma 2.1 that A;(8) # &, hence a;(8) > —oo. Suppose that
a < aaq(fB), from the definition of oy (3), there is a ug € A;(3) such that

+ 2
2 o {81 D)
a ug 3 ug I3
Therefore, we conclude that ug € A;(8) and Ha(u(j)[) > 0. Combining with Lemma 2.2, we have ug €
ML 5 O

In the following, let us recall the definition of ay (), and then we will discuss the main properties of

ar(B). Let
AL(B) = {u € Hy(Q) s u™ £ 0,Ga(u®) + blut|*u|* < 0},

we define

12 (1= 12
ar(B) = inf {min{ Izﬂnﬁ' , ”Z_'L } tu € AL(B)} )

=3

We assume that ar(8) = +oo if AL(8) = @. Notice that A;(8) C AL(B), we have ar(8) < ai(8). The
following lemma contains the main properties of ar(3).

Lemma 2.4. The following assertions hold:

(i

(ii) ar(B) is decreasing for any B8 > bu*;
(iii) ar(B) is right-continuous for any B > bu*;
(iv) Let Kag = AL(B) N{u e HJ(Q): Ho(u') <0}, if Kap # D, then o > aar(B) and B > bu*.

[

) arp(B) = 4o for any B < bu*, and A1 < ar(B) for any 8 > bu*;

=

Proof. (i) Similar to the proof of Lemma 2.1, it is easy to obtain that Az (8) = @ for any 8 < bu*, and
thus ar(8) = +oo.

If B> bu*, then @ # A1(8) C AL(B). From the definition of A, for any sign-changing function u €
H}(Q), we have min{%, %—} > A1. Hence, in order to prove \; < ar(f), it is sufficient to show
that for any 8 > bu*, there exists a minimizer ug € Ag(8) of ar(8). Set {u,} C AL(B) be a minimizing

sequence for ar,(8), namely

+1|2 —2
ar(8) = liminf min { |||Zi:2 ’ Huri” } .
n |2

Denoted by vy, := % Hu 7> therefore {vn} is bounded, and then there is a subsequence, still denoted by
{vn}, and vg, wy, wy € H&(Q) such that

Up = vo,  UF —wy, v, —wy in H(Q), (2.6)

vy = vo, vF —wi, v, = wy in L?(Q) and LY(Q). (2.7)
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Since the maps v — u* and u — w~ are continuous from LP(Q) to LP(2) (see [3], Lemma 2.3), we have
vy =wp > 0and v, =wy <0 in Q. Since {u,} C AL(B), one has

bl |1 = Bluiy 5+ bllt 1%z 1 = bllun | lluzy |* = Bluz [ < 0. (2.8)
Hence, from the weak lower semicontinuity of norm, (2.6) and (2.7), we obtain
G (vy) + bllug |12 llvg |I* <liminf (Gp(vy) + bllvst[12]lvy, |7)

bllu I = Blusy 5 + bllt |1 [lur 1) < 0.

= han_l)lIlf n ||

ARG

From (1.2), (2.8) and v # 0, for any n, we have

bllw u:l: 2 /6 u:t 4
bt = Al o Blli _ gy < ooy

which implies that |v;F]|2 > ﬁT4, and then |[vE|} > ﬁ27-4 for any n. Combining with (2.7), we obtain v # 0.
Hence together with (2.9), we have vy € Ar(f).
On the other hand, from the weak lower semicontinuity of norm, (2.6) and (2.7) again, we have

Iun|2}
w3 " Jun 3
] Y /unllg}

w3/ [l Jum 13/l |12

vill? llvi ||2}

UTJ{% ’ |Un‘2

v
2min{ o } > ar(B).
|Uo+|% 7 |vg |§

By vo € AL(B) and (2.10), one gets that ug := vg is a minimizer of the function ay(8). Consequently, we

arn(8) = hnrggf min

n—oo

(2.10)

= lim inf min |
n— o0

i
— lim inf min {
"

laf 1 Nlugll?
[ufl3 ’ luzl3

(ii) Set bu* < p1 < P2, then AL(81) C AL(B2), which implies ar(f82) < ar(f1), that is, ar(8) is
decreasing for any § > bu*.

have ar,(8) = min > A for any B > bu*.

(iii) Since ar(B) is decreasing for any 8 > bu*, it is sufficient to show that ap(8y) < 5 hénJro ar(B) for
—Po

any [y > bu*. Due to the function ay (8) is monotone and bounded in some right neighborhood of 5y, we
have lim ar(8,) = 5 lién OaL(ﬁ) for any decreasing sequence {f,} with 5, — 8o + 0 as n — oco. By the
n—00 —Bo+

proof of assertion (i), there exists a minimizer ug, € AL(8,) of ar(B,) for any n € N, that is,

lim Il I W21 ar(B) = lim az(B). (2.11)
n—>oo |uﬂ | |u’6n|2 n—»00 B—pBo+0
Moreover, without loss of generality, we suppose that ||u§n || = 1, then passing to an appropriate subsequence

if necessary, ug, — u. in Hi(Q) and ug, — u, in L?(Q) and L*(Q). Now let’s prove that u, € AL (Bo). First
+ —

i=Gs,(uz,) +bllug, g |I* <0,

we have uf # 0. Moreover, by the weak lower semicontinuity of norm, it holds

of all, since {u?ﬂ} converges to u¥ strongly in L*(Q) and 2b — Bn|ugE

G (u) + bl |2 e | < limint(Gi, (u ) + Bl |z, ) < 0.

“lluj,
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Therefore, u, € AL (5p). Moreover, we have

A P fug ) o g 1P g, 1P
ar(Bp) < min { ”lui_:% , I ”2 } < hnrggfmm Bn Bn ) (2.12)

|us |3 |u5 | |“5n|2

Hence, it follows from (2.11), (2.12) that ar(5y) < lim ar(B).
B—Bo+0

(iv) In fact, by the proof of Lemma 2.1 and @ # Ko C Ar(B), we obtain 8 > bu*. Suppose that

u € Kq g, then u € Ap(8) and % < 2, and from the definition of az(3), we obtain ar(8) < ‘I +|H2 , thus

a>aarn(f)and §>bu*. 0O

Lemma 2.5. For any «a < aar(8) and 8 > bu*, there is ug € M;B such that

Eop5(ug) = map = el/\ritfl E,p(u) and mgp > 0.
o, B

Proof. It follows from Lemma 2.3 and «1(8) > ar(8) that M}I,B # @ for any (a, ) € (—o0,aar(f)) x

(bp*, +00). Let {u,} C M;,B be a minimizing sequence for the functional E, g, namely Eq g(un) — Ma,g
as n — co. From the definition of ay,(5), we have

||ui||2 > aL(6)|ui|g for any u € Mtlx,ﬁ

Hence, we get

Bopitn) = 1Ho() = (el | = s (Bl )
+ el P~ @)
1 2 2 1 —2 o —2
> el 1P = st 1) + el — s )
= wB) ey, e
Cdag(p)

which implies that {u,} is bounded from a < aar(8). Hence, we can assume that, up to subsequences,
there exists ug € Hg () such that

uf = uf in HYQ), uf —uf in L2(Q) and LY(Q)
We first claim uoi # 0. Indeed, by (1.2), the definitions of Mi,ﬂ and ar(f), we have
allug [1* < allug |* + bllusy [|* + bllat 1y |12

= aluy, |3 + Bluy |1 < toaar,(B)]uy 5 + Blus |3 (2.13)

<atolluf|* + BluE} < atolluf|* + pr|lut],
where to € (0, 1) satisfies a < tpaar(8) < aar(B), which implies that |ju;|? > “E%t“ > 0. From (2.13), we
have

a2(1 — t0)2
Bre

Bluz i = a(l —to)[luz | =
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which implies that ui # 0 by uf — uT strongly in L*(Q).
Using the weak lower semicontinuity of norm and {u,} C M}, 5 C Ai1(8), we obtain

Gig(uy) + bllug |I*[lug ||* < lim inf (G (uzy) + bl |*[luy |?) <0,

and hence ug € A (B). We now claim that H,(uf) > 0. It follows from (iii) of Lemma 2.4 that A (8) N
{ue HJ(Q): Ho(u™) <0} =Kas =0 for any o < aar(B), and hence Hy(ug) > 0. Similarly, Hq (ug ) >
0 due to a < aar(B8) and —ug € A (). The claim is proved.

Moreover, from the weak lower semicontinuity of norm again, one has

Ho(ug) + Gp(ug) + bllud | [lug |1

2.14
<liminf (Ha(u) + Golud) + bl 12z ) < 0. —
n—oo
Then, together with H,(ui) > 0, we obtain
Gp(up) + bllug I ug [I* < 0. (2.15)

(2.14) together with (2.15) shows ug € Ay (8) and (E' 4 5(uo), ud) < 0.
Consequently, from Lemma 2.2, it follows that there exists a unique pair (Sy,,tu,) € (0,1] x (0, 1] such
that sy, ug + tuyug € M., 5. We have

Ma,p < Ea,ﬁ(suoqur + tuo“&)

_ 1 _ _
= Ouﬁ(suou—o‘r + tuouo ) - 1<E/a,ﬁ(8uou3_ + tuouo )7 suoua_ + tuouo >

NN O N N [ S

(a”suou(—; +tuoua||2 - a‘suoua_ thuouag)

»
SN

1 _ _
(allug II* = alug [3) + 5 ta, (allug [I* = alug [2)

0

IN

1, . _
(allug |I* = alug [3) + 3 (allug |I* = alug [3)

(alluoll* = atfuol3)

n—oo

1
< lim inf (Ea’ﬁ(un) — Z(E’Q,B(un),u@) =Mq,g,

which leads to (Su,,tu,) = (1,1). Hence, ug = ua' +uy € /\/1(11’5 and E, g(up) = mq,g. Finally, notice that
H,(uF) > 0, we have

. 1
Me,g = ueﬁf; ) E,p(u) = Ey g(ug) = ZHa(uo) > 0.

Therefore, we complete the proof. O

Proof of Theorem 1.2. Let o < acrp,(8) and 8 > bu*. Assume that ug € /\/l}l”@ is the minimizer obtained in
Lemma 2.5, we now prove that ug is a critical point of the functional F, g, namely E(’%B (up) = 0. The main
idea of the proof comes from [2].

First of all, since Eq g(ug) = maxs =0 Eag(sug +tug) > 0 and Ha(u(jf) > 0, from the continuities of
E, p(sud +tug ) and H,(tuf) with respect to s and ¢, there is a constant 0 < ¢ < 1 such that
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i H,(tuf)>0and 0<m:= E., o tug) < mag, 2.16
e (tug) an m = Imax Bsug +tug) <map (2.16)

where D = (1 — 0,1 +0) x (1 — 0,1 + o). For convenience, define the function g : D — H}(Q) by
g(s,t) = sud + tuy for any (s,t) € D.
Let us suppose now that Ea,g (ug) # 0, there exist 6 > 0 and g > 0 such that

|E, g(u)]| > ¢ forall ue H(Q) and |ju — ug|| < 30.

Let us take ¢ = min{ 72— 95} and S5 = {u € H}(Q) : |[u — uo|| < 26}, Lemma 1.1 implies that there
exists a deformation n € C([0,1] x H}(Q), H3(Q)) such that

(i) n(r,v) =vifr=0orif Ey5(v) < mag— 2¢;

(ii) Eap(n(r,v)) < E,(v) for all v € H}(Q) and r € [0,1];

(iii) Eq p(n(r,v)) < ma,g for any v € S5 with E, g(v) < mq,p and r € [0, 1].

From Lemma 2.2 and (ii), one has

max E r,g(s,t E s,t)) < Mq. g,
(e BB o goy Papng(s ) < max oy Bap(9(5,8) <mays

and Lemma 2.2, (iii) and (8y,,ty,) = (1,1) implies that

max E, r,9(s,t))) < mq,g.
(e 8 (m(r,9(s,1))) B

Therefore, we have

E Lg(s,1))) < . 2.17
Jnax 0,8(n(r,9(s,1))) < mags (2.17)

From the continuities of n and H, and (2.16), there is a constant ry € (0, 1] such that
H,(n*(ro,g(s,t))) > 0 for any (s,t) € D. (2.18)

We now show that 7(r, g(D)) N M}, 5 # @. Let us define go, ¢1 : D — R* as follows:

®o(s,t) = ((Ea /3(5% +tug )75U3>a (E, ,B(SUO + tug ), tuo_>) )
p1(s,t) = (<E;,B(77(T0,g(87t))),77 (0, 9(s:1))), a,ﬁ(n(romg(s’t)))’n_(TO’g(S’t)»)'

From 7(0, g(s,t)) = g(s,t) = sug +tuy for any (s,t) € D and ug € M., 5, Lemma 2.2 and the degree theory
QB m

now yields deg(pg, D,0) = 1. On the other hand, since ¢ < , m < Mg g — 2¢. Hence, from (i), for
any r € [0,1] and (s,t) € 9D, we have n(r, g(s,t)) = g(s,t), and 1t follows that

wo(s,t) = ¢1(s,t) for any (s,t) € dD.

From the homotopy invariance property of the degree, we have deg(¢1, D,0) = deg(¢o, D,0) = 1, that is,
there exists (sg,to) € D such that ¢ (sg,to) = 0. Moreover, from (2.18), we have n™(rg, g(so,t0)) # 0, which
implies that 7(ro, g(s0,t0)) € M}, 5.

Finally, from (2.17), we have

Eap(n(ro,g(s0,10))) < Mo = inf Eoa(u),
u o, B

which is a contradiction. Hence, we have E, 5(ug) =0. O
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3. The proof of Theorem 1.3

In this section, our purpose is to prove Theorem 1.3 with the aid of minimax method and Lemma 1.1,
here we need the functional E, sz satisfies the (PS). condition, that is, if any sequence {u,} C Hg () such
that Eo g(un) — ¢ € R, E], 5(un) — 0 as n — 00, {u,} has a convergent subsequence. Let S denote the
closed unit upper hemisphere in R¥*! with the boundary S¥~! and

Apsr = {u € Hy(Q) ¢ [Jull* = poaul3}.
We have the following useful fact:
Lemma 3.1. h(S%) N A1 # @ for any h € {h € C(S%,H}(Q)) : h|gr-1 is odd}.

Proof. Let h € {h € C(S%,H}(Q)) : h|ge—1 is odd}, if there exists ug € h(S%) such that |ugls = 0, we get
up € Aj41. Without loss of generality, we suppose that |uls > 0 for any u € h(S¥). Define h : S* — H}(Q)
as

- B h(z)/|h(2)]4 if z € S,
hz) = { h(=2)/|h(=2)|.  ifze SE

it is not difficult to verify that h € Yrt1. Therefore, from the definition of jz 1, see (1.6), there is zo € S*
such that [[h(20)[|* > prs1lh(20)|f = prs1. Since h(z) is odd, we can choose zy € S¥. Consequently,
h(SE)NAp1 #9. O

Lemma 3.2. Suppose that % ¢ o(—||-[?A), the functional E, g satisfies the (PS). condition for every ¢ € R.
Proof. Assume that {u,} is a Palais-Smale sequence at the level ¢, namely
Eop(un) = ¢, E, g(u,) =0 asn — oo.

We first show that {u,} is bounded. Indeed if not, we suppose that ||u,|| — oo as n — oco. Let v, := T
therefore ||v,|| = 1 and there is a subsequence, still denoted by {v,}, and vy € H{(2) such that

v — v in HY(Q), wvn, — e in L*(Q) and L*(Q).
This shows that

1B’ s ()|l 2 2))+

|<Ela7,6’ (u’n)vvn - UO>| < ||Ela75 (un)H(H(%(Q))*
fen Tl

[[n | - [un?

— ol <y

as n — oo, where C is a positive constant, and we obtain

1
On(l) = WUE/@,B (un), Un — Uo>

EE

(a+ b||un|\2)/VunV(vn — vg)dx
Q

—a/un(vn —vg)dx — 5(2/11?1(11,1 —vo)dx

Q
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= ”ua||2/anV(vnv derb/anV Uy, — Vg)dx (3.1)
a
T |2/ e dw‘ﬁf n )
—b/an n — 00)dx + on (1)

= b(—Avy, vy — v0) + 0n(1)

as n — oo, which implies lim sup(—Awv,,, v, — vg) < 0. Due to the (Sy) property for the operator —A (see
n—o0

[5, Theorem 10]) and ||v,|| = 1 for any n, we have v,, — vy # 0 in H{ ().
On the other hand, we have

Elaaﬂ (un)
[[unl?

on(1) = ( &) = 0u(1) + bllun]? / Vo, Véde — / Bede (3.2)
Q Q

for any & € H (), and hence letting n — oo, we see that
b||v0|\2/voovgdx - B/vggd:p =0, (3.3)
Q Q

which implies that % € o(—| - ||?A) and vy is the associated eigenfunction corresponding to %, and we reach

a contradiction. Hence, {u,} is bounded in H}(Q).

Next, we will show that {u,} has a convergent subsequence. Since {u,} is bounded in H{(2), without
loss of generality, we suppose that u, — ug in H}(Q) and u,, — ug in L*(Q) and L*(Q). Therefore, from
the Holder’s inequality, we have

on(1) = <E,mﬁ (un) — E/avﬁ (u0), un — uo)

= a/VunV(un — wo)dx + b||un|\2/VunV(un — ug)dx
Q

— a/VUOV(un — UO)dIE — b||u0|\2/Vu0V(un — UQ)CLT + On(l) (34)
Q

> allun — uol|* + llun|* (lun|* = [l llluoll)
+ blluoll*(luol|* — [l llluoll) + 0 (1)
= allun — uoll* + b(llunl — lluoll) (Junl* = lluoll*) + 0n (1),

which shows that u,, — ug in Hg(£2) as n — co. Hence the functional E, s satisfies the (PS), condition. O
Proof of Theorem 1.3. The proof can be divided into two cases according to the value range of 5.

Case % ¢ o(—|-II*A). First of all, from the definition of o*(f3), we have & > A\, 11 = max{a* (), Ars41}-
According to [6], Ax can be defined as

A = mf su h 2
o= nf s (),
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where Ty, := {h € C(S*"1,8) : his odd} and S := {u € HZ(Q) : |ulp = 1}. There exist a g > 0 and
ho € Tiyq1 C C(S*, H(Q)) such that & > A, 41 + €0 and

€0
max ||ho(2)||? < A + —
max [o()* < huyr +

via the definition of Ay, 1. Therefore we can choose to > 0 small enough such that

p = max E, 5(toho(2))
2eSk8

max ( Geb(ali(IP - a) + JrE1()I! ~ o)D) )

zeShE

2 4 (3.5)
2 (ma (o) P = 2) + 72 max (4]ho(2)* = Blho(2)14)
2 ieste a 4 esks

\ /\

<=0+ 8 may (ol ~ Blho()lE) <0
z€S

On the other hand, using bjux,+1 > 8 and the Holder’s inequality, we get

1 1 1 1
§:= inf E, = inf [ zalul® — soful3 + =bllul|* — =Blul}
(f Baplw) = in H(Qaun salul3 + Jbllul* = 2 Aful]

. Q1o bikgt 4
> it (—5|ﬂ|2|u4 4;7H ||) (3.6)

UeAkﬁﬁ»l kg

=1 -
> inf (_E|Q|§ulz Hu||2+ ,uk/3+1 ||u|4> >
ueAk[3+1 2 4/’“4?;3-‘,—1

From hg € I'g,41 and Lemma 3.1 with k = kg, that is, ho(Siﬁ) N Agzv1 # 9, we have p > 9.

Finally, we will show that the functional E, s has at least one critical value in [§ — 1, p]. Suppose that
the conclusion is false, since the functional E, g satisfies the (PS). condition for every ¢ € R, Lemma 1.1
shows that there exists a deformation n € C([0,1] x Hg(Q), H}(Q)) such that n(t,-) is odd for any ¢ € [0, 1]
and

E,5(n(1,toho(2))) <8 —1 forall z¢c Sk, (3.7)

But notice that ho(2) is odd in S*¥¢ and n(1,u) is odd in H (), we have n(1,tpho(z)) is odd in S*#. From
Lemma 3.1 with k = kg, it follows that n(1,toho (S ")) N Ak, 41 # @. Hence, there exists z; € S* such that
n(1L, (toho(21))) € Akzq1, whence 0 < Ey g(n(1,toho(21))) form (3.6), which is a contradiction with (3.7).
Hence the hypothesis can not hold and the proof is completed.

Case % € o(—| - [*PA). Set £ > max{a*(8), Aks41}, (3.5) holds, that is, there exist a to > 0 and
ho € T'gz41 such that

p = max E, g(toho(z)) < 0. (3.8)
zesks
Choose {BT"} C R\o(—| - ||?)A) with 8, — 8 as n — oo, by a simple calculation, we get

pn = max Ey 8, (toho(2))
zesks

= max (Bualtoho() + 1Bltaha(a)l — 15 ah2)1D)

z€5k8
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_ t4
<p+ 8= Bulty max |ho(2)|; <0 (3.9)
4 zesks

for large n. Notice that 8 < bur, 41, we have B, < bug, 41 for sufficiently large n € N, and hence similar

to the proof of the case % ¢ o(—| - |*A), we see that there exists a critical point u, of E, g, in Hg(Q)
with ¢, := Eq g, (un) € [0, —1, pp], where 6, := }\nf E, g, (u) > —oco. From the Hélder’s inequality and
ue kg+1

(1.2), for any £ € H(Q), we have

(B a5 (tn), )] = (B p(tn) — B g (1), E)| = | (B — ) / W ede
J (3.10)

<|Bn = Bl funlF 1€la < 7418 = Bl lluall® €],
which implies W — 0 as n — oo.

Next we will show that {u,} converges strongly in H(Q). It is sufficient to show that {u,} is bounded
in H}(Q). And then, combining (3.10) with the boundedness of {u,}, we obtain that {u,} is a Palais-Smale
sequence for the functional E, g, thus {u,} has a subsequence, still denoted by {u,}, such that (3.4) holds
and then u,, — ug in H}(Q).

We now prove that {u,} is bounded. Indeed, if ||u,|| — oo as n — oo, let v, =
and (3.3), we can assume v, — vo € Bg/,\{0}. Since

“:H, from (3.1), (3.2)

llw

Pn

4Eq., (un) = (E'ap, (Un), un)) < D)

<0,

= Ha(vn) = W(

if {05, } is bounded, then H,(v,) — Hqa(vo) = 0 asn — oco. But from & > o*(f) = sup{ lull” o ¢ Bs /s \{0}},

[ul3
we see

Ho(u) = aflul]* - aful3 <0

for any v € Bg/\{0}, and hence H,(vo) < 0, which is a contradiction with H,(vo) = 0. Consequently,
up — up in H}(Q) and ug is a critical point of F, g.

We now claim that {,} is bounded. Taking 3y € R such that £, < By < bug,4+1 for sufficiently large
n € N, then (3.6) holds, that is, inf FE, g,(u) > —oo. On the other hand, E, g, (u) > E, g, (u) for any

uEAkﬁ+1

u € HE (), hence {4, } is bounded.
Furthermore, from (3.8) and (3.9), we have

E, g(up) = limsup E, g, (un) = limsup ¢, < limsup p,, < p+o(1) <0,

n—oo n—oo n—oo

which implies that ug is nontrivial solution and its energy is negative, and the proof is completed. O
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