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1. Introduction

Optimal stopping problems attracted generations of mathematicians due to both their interesting math-
ematical characteristics and their important applications. Early work was developed by Dynkin [12],
Grigelionis and Shiryaev [19], Dynkin and Yushkevich [13]. A general theory can be found in books by
Shiryaev [36] and Peskir and Shiryaev [31]. Several methods have been developed to deal with this type of
problems.

Methods based on excessive functions date back to the pioneer work of Dynkin [12], and have been
used by, among others, Dynkin and Yushkevich [13], Fakeev [14], Thompson [37], Shiryaev [36], Salminen
[34], Alvarez [1], Dayanik and Karatzas [11], Lamberton and Zervos [24], among others. These methods are
tightly connected with the concavity and monotonicity properties of the value function.

An alternative approach based on variational methods and inequalities was pioneered by Grigelionis and
Shiryaev [19], and Bensoussan and Lions [8]. It was used in many works, namely Nagai [27], Friedman
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[16], Krylov [22], Bensoussan and Lions [9] @ksendal [28], Lamberton [23], Lamberton and Zervos [24],
Riischendorf and Urusov [33], Belomestny, Riischendorf and Urusov [7], among others. Usually this approach
requires some regularity assumptions on the problem’s data and on the value function. Progress has been
made in relaxing these assumptions, showing that the value function satisfies the appropriate variational
inequality in various weak senses (see, for example, Friedman [16], Nagai [27], Zabczyk [39], @ksendal and
Reikvam [29], Bassan and Ceci [4], Bensoussan and Lions [9], Lamberton [23], Lamberton and Zervos [24]).
The variational approach allows for the development of some effective numerical methods (see, for example,
Glowinski, Lions and Trémolieres [17], or Zhang [40]).

A third approach, based on change of measure techniques and martingale theory, was introduced by
Beibel and Lerche [5,6], and was further developed by several authors, namely Alvarez [1-3], Lerche and
Urusov [26], Lempa [25], Christensen and Irle [10]. This approach proved successful in characterizing the
optimal strategy at any given point of the state space.

In this paper we consider the optimal stopping problem of a general diffusion when the optimality criterion
is an integral functional. More precisely, we seek the stopping time 7 maximizing the expected outcome

T

J(z,7) = Ea / P TI(X,)ds | | (1)
0
where
t
pr = /T(Xs)ds 0<t<my, (2)
0

and X solves the stochastic differential equation
dXt = O((Xt)dt + O'(Xt)th (3)

up to the explosion time 77 (possibly infinite). E, means expected value conditional on Xy = x, W is a
standard Brownian motion and r, a, o and II are measurable real functions, satisfying minimal assumptions
discussed in Section 2 below. In particular, the functions r, a, ¢ and IT may be discontinuous. As usual, 7
is an admissible stopping time if and only if it is a stopping time with respect to the filtration generated by
the process X and 7 < 7; almost certainly.

This class of optimal stopping problems has received little attention compared with optimal stopping
problems where the functional being maximized is of type

J(@,7) = By [e P TH(X,)Xrer] - (4)

This is understandable, since the functional (4) arises naturally in many applications, particularly in the
theory of American Options in mathematical finance. However, the problem (1)—(2)—(3) also has important
applications, among others, in the theories of Asian Options and Real Options. Further, some known prob-
lems in the literature of optimal stopping and stochastic control can be reduced to the form (1)—(2)—(3) (see
for example, Graversen, Peskir and Shiryaev [18], and Karatzas and Ocone [20]). It is known that, under
an integrability assumption (see Remark 2.1 below), Problem (1)—(2)—(3) can be reduced to an equivalent
problem of the form (4)—(2)—(3). We do not assume such integrability condition and therefore reduction of
(1)—(2)—(3) to (4)—(2)—(3) is, in general, not possible. Similarly, it is common to assume that the instan-
taneous discount rate r(-) in (2) is non-negative (see e.g. Alvarez [3], Beibel and Lerche[6], Belomestny,
Riischendorf and Urusov [7], Christensen and Irle [10], Dayanik and Karatzas [11], Fakeev [14], Graversen,
Peskir and Shiryaev [18], Grigelionis and Shiryaev [19], Lamberton [23], Lamberton and Zervos [24], Lempa
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[25], Oksendal and Reikvam [29], Peskir [30], Ruschendorf and Urusov [33], Samee [35], Zabczyk [39]), but
in this work we do not put any constraint in the sign of r, requiring it to satisfy only a local integrability
condition.

Our approach is closely related to the works of Riischendorf and Urusov [33], and Belomestny, Riischendorf
and Urusov [7]. We show that the value function solves a variational inequality in the Carathéodory sense.
Thus, it is a continuously differentiable function with absolutely continuous first derivative, and it is not
necessary to consider further weak solutions. The free boundary is fixed by a C; fit condition, coupled with
a global non-negativity condition. Notice that the necessity (or not) of a smooth fit principle is a topic of
current literature. For instance, works by Dayanik and Karatzas [11] (section 7), Villeneuve [38], Riischendorf
and Urusov [33], Belomestny, Riischendorf and Urusov [7], and Lamberton and Zervos [24], prove that in
certain cases, the smooth fit principle holds. This contrasts with works by Salminen [34], Peskir [30], and
Samee [35], which find examples where the smooth fit principle fails.

Riischendorf and Urusov [33] and Belomestny, Riischendorf and Urusov [7] deal with the problem
(1)=(2)—(3) assuming that the function IT is of so-called “two-sided form”. The corresponding variational
inequality is solved assuming a priori that the value function coincides on its support with the solution
of an ordinary differential equation with two-sided zero boundary condition. Therefore, the method does
not provide any information in cases when the value function is of some other form (e.g., a solution of the
differential equation with only one-sided zero boundary condition), even if IT belongs to the restricted class
of functions of “two-sided form”. In this paper, we solve the variational inequality without assuming any
particular behavior for IT or the value function, obtaining a characterization of the value function in terms
of IT and the fundamental solution of a system of linear differential equations. As can be expected with
this generality, the value function can assume many different forms, but it can always be found, at least
on a given compact interval, by solving a finite-dimensional system of nonlinear equations. In particular,
we address the issues raised in the remarks after Theorem 2.2 and in the remarks after Theorem 2.3 of
Riischendorf and Urusov [33], as well as in the remarks after Theorem 2.2 of Belomestny, Riischendorf and
Urusov [7].

Lamberton and Zervos [24] show that the value function for the problem (4)—(2)—(3) is the difference
between two convex functions. Every function with absolutely continuous first derivative can be represented
as the difference between two convex functions, but the converse is not true, since the derivative of a convex
function can have countably many points of discontinuity. Thus our results show that the value function for
the problem (1)—(2)—(3) is somewhat more regular than the solutions in [24].

Contrary to the results above, we do not assume any bound on the growth of the value function. This
reflects the fact that in our approach the value function can be constructed as the upper envelope of a
family of fundamental solutions, rather than as a lower envelope, as in the superhamonic characterization
used in Dayanik and Karatzas [11], and Lamberton and Zervos [24]. Also, our proof is considerably shorter
and much simpler, using only the Ito-Tanaka and occupation times formulae and some basic theory of linear
ordinary differential equations. Our characterization of the value function reduces to some finite-dimensional
equations, which is quite convenient for applications.

This paper is organized as follows. Section 2 contains the complete definition of problem (1)—(2)—(3), with
the formulation of our working assumptions. Section 3 contains an outline of some elementary background
material and sets some notation not introduced in Section 2. Section 4 contains the main results in the
paper and some discussion on their usage to solve problems of type (1)—(2)—(3). Proofs of these results are
postponed to Section 6. Section 5 contains some examples of solutions of optimal stopping problems.

2. Problem setting

Let a,rm,II1: I — R, o : I —]0, +00[ be Borel-measurable functions, where I =]m, M| is an open interval
with —co <m < M < +o0. I = I U{oc} denotes the one-point (Aleksandrov) compactification of I.
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Assumption 2.1. The functions %, —5 are locally integrable with respect to the Lebesgue measure in I.

By Theorem 5.15 in Chapter 5 of Karatzas and Shreve [21], Assumption 2.1 guarantees existence and
uniqueness (in law) of a weak solution for the stochastic differential equation (3), up to explosion time. In
all the following, (2, F,{Fi}+>0, P, X, W) denotes a given weak solution up to explosion time of equation
(3). 71 denotes the explosion time, and the process X is extended to the time interval [0, 400 by setting
X; = oo for t > 7. For every t > 0, ]-"tX is the o-algebra generated by {X;}o<s<:, augmented with all the
P-null events. Due to continuity of X, the filtration {F;}, is right-continuous. We denote by 7 the set of
all stopping times 7 adapted with respect to the filtration T{]—'tX }i>0 such that 7 < 77. The optimal stopping
problem considered in this paper consists of finding the maximizers of (1) over the set 7.

For any real-valued function f, we set

[ (@) = max(f(2),0),  f(2) = max(—f(x),0).
Besides Assumption 2.1, we take the following assumptions concerning the functional (1):

Assumption 2.2. The function 5 is locally integrable with respect to the Lebesgue measure in I.

Assumption 2.3. The function % is locally integrable with respect to the Lebesque measure in I, the sets

{z €I :1I(x) >0} and {x € I : II(x) < 0} have both positive Lebesgue measure, and

TI

E, /e""HJF(Xt)dt <400  Vzel (5)
0

Remark 2.1. If (5) is replaced by the stronger

TI

E, /e*pt III(X;)| dt]| < 400 Vo eI,
0

then Problem (1)—(2)—(3) can be reduced to a problem of type (4)—(2)—(3). However, such reduction is not,
in general, possible under condition (5).

It turns out (see Proposition 6.2) that Assumption 2.3 is equivalent to the apparently weaker:

Assumption 2.4. The function % is locally integrable with respect to the Lebesgue measure in I, the sets

{r €I:1I(x) >0} and {zx € I : TI(z) < 0} have both positive Lebesque measure, and there is some x € I
such that

TI

E, / =PI (X, )dt | < oo
0

We will see in Section 3 that local integrability of 2, —> and % is necessary and sufficient for existence of
solution for Equation (8) and therefore, it is necessary for existence of solution of the variational inequality
(7). Further, if the set {x € I : II(x) > 0} is negligible, then 7 = 0 is trivially optimal. Conversely, when
the set {z € I : TI(z) < 0} is negligible, then 77 is trivially optimal. Taking into account the equivalence
between Assumptions 2.3 and 2.4, if B, [ [, e #*IIT(X;)dt] = +o0 and E, [ ;" e 711~ (X;)dt] < 400 then
77 is trivially optimal. If E, [ [, e " IIT(X;)dt] = E, [ [y eI~ (X;)dt] = 400 then, the functional (1) is
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not well defined at least for some stopping times 7 € 7. Thus, Assumption 2.3 excludes some trivial cases
and cases where optimization cannot be carried over the set 7.

In Riischendorf and Urusov [33], a similar problem is considered without requiring E [ [, e 711" (X;)dt] <
00, opting instead to optimize (1) over the set of all stopping times 7 < 77 such that E, UOT e“’tH(Xt)dt]
is well defined. It is shown that such formulation includes cases where the value function

T

V(z) = Etelg)_IET /e*pSH(Xs)ds . (6)

is well defined and finite but there is no optimal stopping time. We will show below (Theorem 4.1) that
Assumptions 2.1, 2.2 and 2.3 exclude the occurrence of such phenomena: an optimal stopping time always
exists of the form

r=inf{t>0:V(Xy) =0} A7y
3. Background and notation

Taking into account the general results relating variational inequalities with optimal stopping (see, e.g.
Peskir and Shiryaev [31] or Krylov [22]), it is expected that the value function (6) satisfies the Hamilton-
Jacobi-Bellman equation

o(z)®

min {r(x)v(w) —az)'(z) — 5 U (x) — H(x),v(az)} = 0. (7)

Often, similar variational inequalities are presented in slightly different forms, as free boundary problems,
as in Grigelionis and Shiryaev [19]. Obviously any solution v of (7) must coincide with a solution of the
ordinary differential equation

v (@) = (z) = 0, (8)
in any interval where v(z) > 0. Equation (8) is equivalent to the system of first-order differential equations
w'(z) = A(z)w(z) + b(z), (9)

where

w(:c)_<g,((?)>, b(x)—<_2g(x)> and A(x)_<gr?x> _Qim)

o(x)? o(x)? o(x)?

Solutions for the system (9) are understood in the Carathéodory sense, that is, w : I — R? is said to be a
solution of (9) if it is absolutely continuous and satisfies

w(z) = w(a) + / (A(2)w(z) +b(z))dz  Vzxel,

a
where a is an arbitrary point of I. Thus, the solutions of equation (8) are continuously differentiable

functions with absolutely continuous first derivatives. Similarly, we say that a function v is a solution of the
Hamilton-Jacobi-Bellman equation (7) if and only if v is continuously differentiable, its first derivative is
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absolutely continuous, and v satisfies (7) almost everywhere with respect to the Lebesgue measure. In other
words, any solution v of equations (7) or (8) can be written as the difference between two convex functions
with absolutely continuous derivatives. This class of functions is a subset of the class used in Lamberton
and Zervos [24], but we do not use this fact in this paper.

Let

_ | dul@,y) f12(z,y)
Pevy) = <¢21(m,y) ¢22($ay)>

be the fundamental solution of the homogeneous system w’ = Aw. That is, ® the unique solution of the
matrix differential equation

5o ®@) = AWR(),  Ba) = 1d
where Id represents the identity matrix.

Local integrability of = and 5, as required in Assumptions 2.1 and 2.2, is necessary and sufficient for
existence and uniqueness of ®(x,y) for every x,y € I (see e.g. Theorem 1.3 in Filippov [15]). The additional
Assumption 2.3 guarantees existence of one unique solution for the non-homogeneous system (9) defined in
the whole interval I, for every initial condition v(a) = 91, v'(a) = 02 with a € I, 91,92 € R. Any solution of

(9) can be written in the form

x x

w(z) = ®(a, ) w(a)Jr/(I)(a,z)*lb(z)dz = CID(a,x)w(a)+/<I>(z,x)b(z)dz, (10)

a a
where a is an arbitrary point of I. That is, any solution of (8) can be written in the form

x

v(z) = v(a)p11(a,z) + v (a)p12(a, ) — /

a

2015)22)@2(2,;1;)@, Vo € 1. (11)

For any a,b € I, with a < b, and any d € R, we introduce the functions

Va,d(z) = dor2(a, z) — / %qﬁlg(z,x)dz rvel, (12)

J; 25 a2, b)dz o11(2)
[a,b] _ Ja a(?) _
e

p12(z, x)dz z el (13)

a

These functions are, respectively, the solution of (8) with initial conditions v(a) = 0, v’(a) = d, and the
solution of (8) with boundary conditions v(a) = v(b) = 0. We will show below (Proposition 6.1) that
Assumption 2.3 implies ¢1a(a,b) > 0 for every m < a < b < M and hence v!*? is well defined and is
the unique solution of the corresponding boundary value problem. Belomestny, Riischendorf and Urusov [7]
proved a similar result using the probabilistic representation of such equation (8). We provide a shorter and
more general proof using classical arguments from the theory of ordinary differential equations.

If a =m or b= M (or both), then we can pick monotonic sequences a,, b, €]a,b[ such that lim a, = a
n—oo
and lim b, = b. If there is a function v :]a, b[— R such that

n—oo

. [an ,bn] .
nhﬂn;()v (x) = v(z)
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for every x €la, b] and every sequences a,, b, as above, then we denote that function by vl*? | Existence of
plmbl ylaM] - ylm M) defined in this way is not in general guaranteed. Proposition 4.1(c) below shows that
they exist in important cases. Notice that in the case a = m (resp., b = M), the definition above does not
imply that il_r)r}l vletl () = 0 (resp., aljiir})v[a’b} (x) = 0). We will be specially interested in intervals such that

a<b and  0l*Y(2) >0 Vz €la, bl (14)
Thus, we introduce the following definition.

Definition 3.1. We say that an interval Ja, b[ with m < a < b < M, is mazimal for condition (14) if it satisfies
(14) and is not a proper subset of any other such interval.

If a =m or b= M (or both), we say that ]a,b[ is maximal for condition (14) if there is a monotonically
increasing sequence |ay,, b, [ with m < a,, < b, < M, such that every |a,, b, [ satisfies (14), Ja,b[= U Jan, by |,

neN
and Ja, b[ is not a proper subset of any other such interval.
In the following, £ denotes the set of all Lebesgue points of the function z f((f))g such that II(z) > 0.
L~ denotes the set of all Lebesgue points of the function = — % such that II(z) < 0.

4. Main results

In this section we state our main results without proofs. Full proofs are postponed to Section 6.

Throughout this section, Assumptions 2.1, 2.2 and 2.3 are supposed to hold.

Our characterization of the value function (Theorem 4.1) relies on maximal intervals for (14) and the
corresponding functions v[*?!. Before stating the main result of the section, we give the following properties
of maximal intervals.

Proposition 4.1. The following statements hold true:

a) Different maximal intervals for (14) have empty intersection.

b) Every x € LT lies in some mazimal interval for condition (14). Conversely, if a, b[ is mazimal for (14),
then Ja, b[NLY # 0.

c) If Ja,b] is maximal for (14), then vl is well defined even if a = m and/or b = M, and v!*¥(z) >0
for every x € I. Conversely, if v is a solution of (8) such that v(z) > 0 for every x € I, and a < b are
two consecutive zeroes of v, then |a, b is mazimal for (14).

By definition, maximal intervals have positive length. Since they are pairwise disjoint, this implies that
there are at most countably many different maximal intervals for condition (14). Consequently, we have the

following characterization of the value function.

Theorem 4.1. Let {]ax,bx[, k= 1,2,...} be the collection of all mazimal intervals for condition (14).
The value function (6) is

vlewOl(x)  for x €lag,bp], k=1,2,...,
V(z) = { 0 for x € T\ U)ak, br|- (15)
k

The random time 7 = inf {t > 0: V(X;) = 0} A 71 is an optimal stopping time.
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Theorem 4.1 begs for some practical way to identify the maximal intervals for (14). Proposition 4.1 gives
some important information. We complete it with the following:

Proposition 4.2. For any a € I, b €|a, M], |a, b[ is mazimal for (14) if and only if:

a) ve0(x) >0 for every xz € I, and
b) there is a sequence a,, €la, M[NL™ such that {x > a, : v4, o(x) <0} # 0 for every n and

lim a, = a, and lim (inf {x > a, : v,, 0(z) < 0}) =b.
n—o0 n— oo

In that case, plad] = Vg0
For any b€ I, a € [m,b], ]a,b[ is mazimal for (14) if and only if:

c) vpo(x) >0 for every x € I, and
d) there is a sequence b, €lm,b[NL™ such that {x < by, : vy, o(x) <0} # O for every n and

lim b, = b, and lim (sup {z < b, : vy, 0(x) <0}) =a.
n—oo

n— oo
In that case, v[@Y = Vb0-

Fix a interval Ja,b] with m < a < b < M, maximal for (14). Due to the propositions above, we have

vl@b = v, o = vy0. By (12), vl o(z) == [7 i}g;} ¢22(z, x)dz. Hence, the points a, b solve the following set
of nonlinear equations
[ 1) [ 1(e)
z z
— b)dz =0 —= b)dz =0 b. 16
/J(Z)Q(bm(Z, )dz =0, /0(2)2@2(2, )dz =0, a< (16)
a a

If Ja, M| is maximal for (14) and a € I, then for any sequence {b,, € I},eN converging to M, a solves the
equation:

by,
nhﬁn;() %(ﬁlg (2,b,)dz = 0. (17)

Similarly, if ]m, b[ is maximal for (14) and b € I, then for any sequence {a, € I},cn converging to m, b
solves the equation:

L
hm (z)2¢)12( 5 n) 0 (18)

In Section 5 we will see that equations (16), (17), (18) simplify considerably when X is a geometric Brownian
motion.
Theoretically, the value function can be found through the following steps:
(I) Find the solutions of (16). Discard any solutions (a,b) such that [ %qblg(z,x)dz > 0 for some
z el
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This yields at most countably many solutions (ax, bi), k& = 1,2, ..., and the collection of all the intervals
between consecutive zeroes of some vy, o is the collection of all maximal intervals for (14), with a > m
and b < M.

(IT) If there is some a € I such that v, o(x) > 0 for every = € I, then find

a=inf{a €1 :v40(x) >0 for every x € I'}, b=sup{bel:uvpo(x)>0forevery z cl}.

If & > m, then |m, a[ is maximal for (14). If b < M, then ]b, M| is maximal for (14).
This yields all maximal intervals of type |m, a[ or |b, M|, if such intervals exist.
(IIT) If for every a € I there is some = € I such that v, o(z) < 0, then I is maximal for (14).

5. Examples

Riischendorf and Urusov [33], and Belomestny, Riischendorf and Urusov [7] characterize the value function
(6) as the solution of a free boundary problem, assuming that the function IT is of “two sided form” and the
support of the value function is an interval [a, b], with m < a < b < M. The results in the previous section
do not require any particular structure neither for IT nor for the value function.

In Example 1 we discuss a case where II is of “two sided form” but the value function may fail to satisfy
the assumption in [33,7], depending on parameters. Example 2 deals with a simple case where II is not of
“two sided form”. In both Examples, we assume that the process X is a geometric Brownian motion and
the discount rate is constant. This means that a(z) = ax, o(z) = ox, r(z) = r, with «,0,r constants
and I =]0, +oo[. Moreover, P,{r; = 400} = 1, for every z €]0,+o0o[, where P, denotes the conditional
probability in Xy = x. The matrix A(x) is

A(x)—(2 1)

o212 o2z

Before presenting the examples, we will discuss the fundamental solution ® associated with this matrix.
The ordinary differential equation (8) takes the form

rv(z) — azv’(z) — %x%”(m) —II(x) = 0. (19)

Using the change of variable x = e* and y(z) = v(e®), this reduces to the equation with constant coefficients:

o2

) - (o= G ) ) - S - 1) <o (20)

The fundamental matrix ® is characterized by the roots of the characteristic polynomial of (20)
2 2
P(d) = —%dQ - (a - %) d+r.

Let dy and ds be the roots of P. The model’s data, (r, a, o) may be parametrized by (dy, d2, o) through the

relations

2 2
a:%(l—dl—dg) and r:—%dldg.

Three different cases must be considered: (i) d; = do € C \ R, (ii) d; = d2 € R and (iii) dy,d> € R with
dy # ds.
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Case (i): Let dq = a + ib, do = a — ib. The fundamental matrix associated to Equation (19) is

g\ bcos(blog(%));a sin(b log( %)) msin(bliog(%))
<I>(Sr,y) = (;) (a®+b%) sin(blog(2)) b cos(blog(¥))+asin(blog(¥))

X
by Y b
Thus, the function y — ¢1 2(z, y) has infinitely many zeroes. Therefore, in light of Proposition 6.1

—+oo
E, / =TI (X,)dt | = 400 (21)
0

for every x €]0,+oo[ and every measurable IT such that the set {z > 0:II(x) > 0} has strictly positive
Lebesgue measure. Thus, Assumption 2.3/2.4 fails.
Case (ii): Let d = d; = dy. In this case, the fundamental matrix is

pye(U sy | et )

O(z,y) = (; _§log(%) 2 (1+dlog (%))

For every x €]0,+oo[, the function y — ¢12(x,y) has one unique zero. However, a tedious but trivial
computation shows that

lim olw7 (x) = 400 for every z >0
n—-+oo

whenever II is non-negative and the set {x > 0 : II(z) > 0} has strictly positive Lebesgue measure. Thus,
(21) holds also in this case.
Case (iii): Without loss of generality, we assume that d; < da. The fundamental matrix is

(1) ()" ()% ()"
o _ da—d; R — 99
<x7y) - (E dl—li(ﬁ)dg—l dg(ﬁ)d2717d1(g)d171 ( )
didy=+ (dz—dsw - da—dy -

Like in case (ii), for every & > 0 the function y — ¢12(x,y) has one unique zero. Thus, the discussion
above leaves this as the only interesting case. For this reason, in both examples below we will assume that
di,ds € R, with d; < ds.

Notice that in case (iii), substitution of (22) in (12), yields

x

z\%2 _ (z\%
Va,0(z) = @ __21)02/(;) . ) II(z)dz. (23)

a

Equations (16) reduce to

b b
/ 711 (2)dz = 0, / 2 MI(2)dz =0, a<b, (24)
a a

and Equations (17), (18) become

+oo

b
/ 2~ 27 (2)dz = 0, /z_dl_lﬂ(z)dz =0, (25)
0

a
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respectively. Notice that (23)—(24)—(25) show that the inverse volatility Z; acts as multiplicative parameter
in the value function.

Example 1. Fix 0 < 1 < 22 < +00, and let II be the piecewise constant function
(z) = 2X[gchg@](:r) —1, forall z>0.

This function is of “two sided form” in the sense of Belomestny, Riischendorf and Urusov [7].
Due to Proposition 4.1, ]0, +o0o[ contains one unique maximal interval for (14), and it contains the interval
|1, z2[. Due to (23), for any a €]0, 21],

t0l@) = 77 (£ Ga(e) — 2" Ga(a)
with
7 (a7 —am %) for x <
Gie) =@ <a_di — 2o x_di) for 21 <o <o
:i_il (aidi — 2274 4 225% — :U*di) for x > xo, i=1,2.

From this, it can be checked that if do > 0, then for every sufficiently small a > 0 we have v, (z) > 0
for every x # a. Therefore, the interval |0, z1] is not contained in the maximal interval for (14). A similar
argument applied to the function vy o with b > x5 shows that if di < 0 then the interval [z, +o00[ is not
contained in the maximal interval for (14). Therefore, for any d; < da, ]0,+00[ cannot be the maximal
interval. If d; < 0 < dg then the maximal interval Ja, b[ must be such that 0 < a < z1 < 29 < b < 400.

To see that in the case di < dy < 0 the maximal interval can be either Ja,b[ with 0 < a < z1 <z <b <
+oo or ]0,b] with 23 < b < 400, we consider the case dj = —2, do = —1, where explicit computations are
trivial. Notice that for II of “two sided form” and for 0 < a < b < 400, ]a, b[ is maximal if and only if (a, b)
solves (24). For d; = —2, dy = —1, it is easy to check that (24) admits a solution with 0 < a < b < 400 if
and only if z; > %2, and in that case

3z, — 29 b 312 — 11
a=———">= = ——
2 ’ 2

If 2y < %2, the maximal interval is |0, b[, with b satisfying the second equality in (25), that is

b=1/2 (a3 — 2?).

Therefore, the value function is

Va,0(2) = vpo(x), for z € [a,b] ) 2

= ’ ’ f —

V() {0, for = ¢ [a, b] R
vpo(x), forz<b . To

= ’ < -
Viz) {0, forx > b ifa, < 3’

with a, b given by the expressions above. In the second case, the value function is not supported in a compact
subinterval of ]0,+o0o[. Thus, this is an example of a problem that is not solved by the results in [33,7].
Graphs of the value function for both cases are shown in Fig. 1. Notice that the case dy < d2 < 0 corresponds
to a negative discount rate and the value function is unbounded.
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Fig. 1. Value functions for Example 1. The gray lines represent the functions II. The black lines represent the value functions V.
The dashed lines represent the functions vy o. Left-hand picture: 1 = 1, z2 = 2. Right-hand picture: z; = é—g, zo = 2. In both
cases, 0 = 1, di = —2, do = —1. Figures drawn to the same scale.

Similar examples with 0 < d; < dg showing that the maximal interval can be either ]a,b[, with 0 < a <
x1 < T3 < b < 400, or ]a,+oo[, with 0 < a < x; can easily be constructed.

Example 2. Fix 0 < 21 < 22 < 13 < 14 < +00, and let II be the piecewise constant function

H(:L‘) = 2X[w1,w2] ($) + 2X[w37w4](x) - L

Thus, IT is positive in two separate intervals. This is the case discussed in the remarks following Theorem 2.3
of Riischendorf and Urusov [33], and Theorem 2.2 of Belomestny, Riischendorf and Urusov [7]. To discuss
this case, we introduce the functions

Hl(z) = 2X[w1,12] (I) -1 HQ('I) = 2X[$37I4] (I) - L

Let V, V1, V5 be the value functions corresponding to II, II;, I3, respectively, and let v, o, Ui,m UZ,O be the
corresponding functions defined by (23).

In [33,7] it is remarked that if the support of V; is an interval [a,b] with 0 < a < b < 400, then V;
solves both the free-boundary problem corresponding to II; and the free-boundary problem corresponding
to II, but V4 may coincide or not with V in [a,b]. We will show that the results in Section 4 above easily
distinguish these cases.

Suppose that do > 0 (the case d; < 0 is analogous). From Example 1, there are constants 0 < a1 < x1 <
r9 < by < 400 such that:

1
_ ) va, o), forz €lay, by],
Viz) = { 0, for = ¢]ay, by[.

Since Jay, bi[ is maximal for (14) with respect to Iy, vy  is non-negative in J0,4oc0[. It is easy to check
that v,, o coincides with v, in the interval |0, 3] but these functions are distinct in the interval Jz3, +-o00l.
Thus, it may happen that v,, o(x) < 0 for some x > z3. In that case, Proposition 4.1 shows that Jai, b1] is
not maximal with respect to II and therefore v, ¢ does not coincide with the value function V' in [aq, b1].
The Fig. 2 shows an example of this configuration. Conversely, if vy, o(z) > 0 for every z €]0, +o0[, then
Ja1,b1[ is maximal with respect to II and V coincides with Uél,o in the interval [a1,b;]. The right-hand
picture in Fig. 3 shows an example of this configuration.

Another way to see the same phenomenon is as follows. Let |aq, b1[, Jag, b2[ be the maximal intervals with
respect to IIy and Ilo, respectively (by Example 1, these intervals exist and are unique, with a,as > 0).
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Fig. 2. Example 2: Value functions for II; and II. The gray line represents the function II. The dashed line represents the function
Uil,o* The dotted line represents the function v,, 0. The black line represents the value function for II. In its support, the value
function coincides with a function v,,0 with a < a;, but this is not apparent in the graph due to scale. Parameters: 1 = 1, 2 = 2,
1‘3:3,1‘4:4,0':%,dlz—l,dzzl.

Fig. 3. Example 2: Value functions for II;, II5, and II. Grey lines represent the function II. Dashed lines represent the functions
”(111,0' Dotted lines represent the functions vi‘ .o- Black lines represent the value function for II. Left-hand picture: z1 =1, z2 = 2,
xr3 = 2.5, x4 = 3.5, by = 2.73 > a2 =~ 2.12. Right-hand picture: 1 = 1, 2 = 2, x3 = 3.5, x4 = 4.5, by = 2.73 < az =~ 3.09. In both
cases, 0 = %, di = —1, da = 1. Figures drawn to the same scale.

If as < by, then Proposition 4.1 states that these intervals cannot be maximal with respect to II. Hence,
the maximal interval for IT must be a larger interval ]a, b containing ]ay, by [U]ag, b2[. Conversely, if ag > b1,
then Jay, b1[, Jaz, b2] are both maximal with respect to II, and therefore the value function is

vél’o(x) = g, 0(2), for z € [ag,b1],

V(z) =< v2 o(x) = va,0(z), for z € [ag,bs),
0, for = ¢ [ay,b1] U [ag, ba].
The Fig. 3 shows an example with as < b7 and an example with as > b;.
6. Proofs
6.1. Some preliminary results

The results in Section 4 depend critically on the following Proposition.

Proposition 6.1. Suppose Assumptions 2.1 and 2.2 hold. If there is some function I satisfying Assump-
tion 2.3, then ¢12(a,b) > 0 for every a,b € I with a < b.

The proof of this Proposition requires several intermediate lemmata, which we formulate and prove below.
As a corollary, we will prove the following.

Proposition 6.2. Under Assumptions 2.1 and 2.2, Assumptions 2.5 and 2./ are equivalent.
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Another easy corollary of Proposition 6.1 is the following Lemma, that will be useful to several arguments
in the next subsections.

Lemma 6.1. Suppose Assumptions 2.1, 2.2, and 2.5 hold. If u,v are solutions of (8), and there are two points
a,b € I such that

then u = v.
Proof. Follows immediately from Proposition 6.1 and equality (11). O

To prove Proposition 6.1, we start with Lemmata 6.2 and 6.3, which contain some simple properties of
the fundamental solution ®.

Lemma 6.2. Under Assumptions 2.1, 2.2, the following statements are true for every a € I:

a) There is some b €]a, M| such that ¢12(a,x) > 0 for every x €]a,bl.

b) If there is some x €la, M| such that ¢12(a,xz) = 0, then $11(a,b) < 0 and ¢22(a,b) < 0 for b =
min{z > a: ¢12(a,x) = 0}.

c) If the function x — ¢12(a, ) is strictly positive in the interval |a,b|, then the function x — ¢12(x,b) is
strictly positive in the interval ]a, bl.

Proof. Statement (a) follows immediately from the fact that

0
8—I¢12(a7$) = ¢2a(a,x) Ve el
and ¢12(aa a) - Oa ¢22(aa a) =1
To prove statement (b), notice that ¢o2(a,b) = %¢1,2(a,b) < 0. Since det®(a,z) > 0 for every z € I,
¢12(a,b) = 0 implies ¢11(a, b)Paz(a,b) > 0, and the statement follows.
Finally, to prove statement (¢), we start by recalling that ®(a,b) = ®(z, b)®(a, z). Therefore:

b12(0.0) = oy (rale.D)ons (0.2) = Gna (D)o, ). (26)

If ¢12(a,b) > 0, this reduces to

7¢12(a,b)¢12(a,x) o11(a, x) $11(a, b)
dr2(z,b) = det®(a, z) <¢12(a7m) ¢12(a, b)) '

A simple computation shows that

9 ¢ui(a,x) _ det®(a,x)

oz ¢12(a,:c) B ¢12(a,$)2 <0

Hence, the function x ¢“EZ’2 is strictly decreasing in ]a, b] and therefore ¢12(x,b) > 0 for every x €la, b|.

12
If ¢12(a,b) = 0, then the equality (26) reduces to

_ ¢11 (a7 b)¢12(a7 JU)
det®(a,z)

P12(x,b) =

By statement (b), ¢11(a,b) < 0 and therefore, ¢12(z,b) > 0 for every x €]a,b[. O
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Lemma 6.3. Let Assumptions 2.1, 2.2 hold, and suppose that there are some a,b € I such that a < b and
¢12(a,b) = 0. Then, for every o’ €]m,a[ there is some b/ € [a,b] such that ¢12(a’,b") = 0. Similarly, for
every b’ €]b, M| there is some o’ €]a,b] such that ¢12(a’,b’) = 0.

Proof. Fix a,b € I such that a < b and ¢12(a,b) = 0. Without loss of generality, we may assume that
¢12(a,z) > 0 for every = €]a, b (take a subinterval, if necessary).
Fix o/ < a. Since = > a, ®(a/,z) = ®(a,z)P(a’, a), we have

P12(a’,x) = dp11(a, x)d12(a’, a) + Pr2(a, x)daa(d’, a) Yz €]a, bl.

By statement (b) of Lemma 6.2, this must be negative for every z sufficiently close to b if ¢12(a’,a) > 0.
Thus, ¢12(a’, ) must have a zero in [a, b[.

Now, fix &' > b. Since ®(a,b’) = ®(b,b")P(a,b), ¢12(a,b) = 0 implies ¢12(a,b’) = ¢12(b,b')daa(a,b). By
statement (b) of Lemma 6.2, this must be negative if ¢12(b,d’) > 0. Hence the function x — ¢1a(z, ') must
have a zero in Ja,b]. O

Lemma 6.4 relates the sign of ¢12 with the sign of solutions of equations of type (8). To prove Propo-
sition 6.1, we need to consider such equations with different functions instead of II. That is, we consider
variants of equation (8) of the type:

v'(x) — g(x) =0, (27)

where g : I — R is a measurable function such that % is locally integrable in I with respect to the Lebesgue
measure.

Lemma 6.4. Suppose Assumptions 2.1, 2.2 hold, and let g : I — [0, +00[ be a measurable function such that

% is locally integrable, and f: f((;))z dz > 0. Equation (27) admits a non-negative solution in the interval

[a,b] C I if and only if $12(a,z) > 0 for every z €]a,b].

Proof. The function

x

() = Kons(a.o) - [

a

29(2)
Tz)zd)lz(z, x)dZ
is a solution of (27). For sufficiently large K €]0, +o0], it is non-negative in [a, b], provided ¢15 is strictly
positive in ]a, b].

Now, suppose that there is some o €]a, b] such that ¢12(a,zg) < 0. Without loss of generality, we may

assume that o = b = min{z > a : ¢12(a,z) = 0} (take a subinterval on [a, b], if necessary). Fix v, a solution
of (27). By (11),

b

v(b) = v(a)pi1(a,b) — / i?i;g ¢12(2,b)dz.

a

Lemma 6.2 states that ¢11(a,b) < 0 and ¢12(z,b) > 0 for every z €]a, b[. Therefore, v(b) < 0. O
For any a € I, we define the stopping time

T =inf{t >0: Xy =a} A7y
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It is clear that 7, in an admissible stopping time, as defined in Section 2.

The following Lemmata 6.5 and 6.6 relate the solutions of equation (27) with the value of a functional
of type (1). The results and the arguments in the proofs are similar to several published results (see,
e.g. Dayanik and Karatzas [11], Riischendorf and Urusov [33], Belomestny, Riischendorf and Urusov [7],
Lamberton and Zervos [24], and references therein). However, since similar arguments are used to prove
other results below, we outline the argument in the proof of Lemma 6.5.

Lemma 6.5. Suppose Assumptions 2.1, 2.2 hold, and let g : I — [0, +o0[ be a measurable function such that

4 is locally integrable. Let v be a solution of equation (27), non-negative in a compact interval [a,b] C I.

Then

Proof. Consider the sequence of stopping times
t
0, =min{ n,inf¢t>0: /Uz(XS)dS =norp,=-n
0

Using the Ito-Tanaka formula and the occupation times formula (see for example theorem VI.1.5 and
corollary VI.1.6 in Revuz and Yor [32]), we obtain

e PraATyAOn v(XTa/\Tb/\Qn) —

Ta AT A0y, TaANToN\Op,

2
=v(x) + / e P (—rv +av’ + %v”) o Xyds + / e P (ov') o XodWs =

0
Ta ATy A0y, TaANTH N0y,
=v(z) — / e P g(Xs)ds + / e P (ov') o XsdWs.
0 0
It is easy to check that
Ta AT A0y
E, / (e (ov') 0 Xs)2 ds| < ne* max{v'(z)? : x € [a,b]} < 0.
0
Therefore, E,, [fOT“ATbAa" e Ps (ov') o Xdes] =0 and
Ta ATy N0y,
0 S Ex [eipm/\rb/\env (XTQ/\TZ)/\Gn)} = 1}(.13) - EQL / eipsg(Xs)ds
0

Making n — oo, the result follows from the Lebesgue monotone convergence theorem. O

Lemma 6.6. Suppose Assumptions 2.1, 2.2 hold, and fix a compact interval [a,b] C I such that ¢12(a,z) >0
for every x €]a,b]. Let g : I — R be a measurable function such that 2 is locally integrable with respect to
the Lebesgue measure.
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There is one unique solution of equation (27) with boundary conditions v(a) = v(b) = 0. If v is such a
solution, then

E, / e P g(Xg)ds| = v(z) Vz €la,bl.
0

Proof. Existence and uniqueness of v follows directly from equality (11).
Fix [a,b] as above, and let 6,, be the sequence of stopping times introduced in the proof of Lemma 6.5.
Thus,

Ta ANTH Oy,

E,. [e_pm”b“’"v(XTaATbAgn)] =v(z) — E, e Prg(Xs)ds| . (28)

(=)

For every stopping time 6 < 7, A 7, we have

0 0 TaN\Tp
0<e™” =1+ / —e Por(Xg)ds =1+ /e*ps (r~(Xs) —rt(Xy))ds <1+ / e Por=(Xs)ds.
0 0 0

Substituting r~ for ¢ in Lemmata 6.4 and 6.5, we see that E, [ OT“Mb e_Psr_(Xs)ds} < +o00. Since v is

bounded in [a,b] and v(X,, rr,) = 0, the Lebesgue dominated convergence theorem states that

'n.h—>ngo E, [efp*a”b“’"U(Xra/\rb/\en)] =0.
Using the Lebesgue monotone convergence theorem on the right-hand side of (28), we obtain the lemma in
the case g > 0. In the general case g : [a,b] — R, the lemma holds for the positive function |g|. Hence, we
can apply the Lebesgue dominated convergence theorem to both sides of (28) to finish the proof. 0O

The result provided in the next lemma is already known and its proof can be found in Karatzas and
Shereve [21], Chapter 5.5.C.

Lemma 6.7. Under Assumption 2.1, for every m < a < b < M and every x €]a,b[:

7o B,
a

b _ [?1 2a *
fae fa ;ZdZdel

Poim <1} =

In particular, 0 < P, {1, < 7,} < 1 for every x €]a,bl.
The preceding lemmas allow us to obtain Lemma 6.8, from which Proposition 6.1 follows.

Lemma 6.8. Let Assumptions 2.1, 2.2 hold, and fix a,b € I such that a < b and ¢12(a,b) =0, then

To! NTyr

E. / e P g(X;5)ds| =+
0

for every o' €]m,al, ¥ € [b,M]|, x €|a’,V[, and every measurable function g > 0, such that
{z € [d,V] : g(x) > 0} has positive Lebesgue measure.
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Proof. Fix [a,b] as above. Without loss of generality, we may assume that ¢12(a,z) > 0 for every = €]a, ]
(take a subinterval if necessary). Fix o’ €|m,a], b’ € [b,M], and a measurable function ¢ > 0 such
that {z € [@/,b] : g(z) > 0} has positive Lebesgue measure. Due to Lemma 6.3, we may assume that
{z € ]a,b] : g(x) > 0} has positive Lebesgue measure (shift the interval, if necessary).

For every constant € €]0,b — a[, we have ¢12(a,z) > 0 for every = €]a,b — €[. By equality (11),

[ B (e, - s 202
$12(a,b—¢) ¢12(e,2) = / o(z)?

a

ve(z) = d12(z, )dz

is the unique solution of (27) with boundary conditions v(a) = v(b — €) = 0. Since ¢12 is continuous on

both arguments, it follows that ¢12(z,b — &) converges to ¢12(z,b) uniformly with respect to z € [a, b] when

e — 0F. Therefore, it follows from statement (c) in Lemma 6.2 that lir(r)l+ ve(z) = 400 for every x €la, bl.
E—r

By Lemma 6.6, for every x €]a, b[ and every ¢ €]0,b — x[, we have

Tot NTyr TaNTp—e
E,. / e P g(Xs)ds| > E, / e Pg(Xs)ds| = ve(x),
0 0

and therefore, E, [fOT“’ATb/ e—Psg(Xs)ds} = o0 for every = €]a, b[.
Now, fix ¢ €]a,b[ and z €]a’,b'[\]a,b[. Assume that z €]d’, [ (the case x €]c, V[ is analogous), and let

0, = inf{t > 0: p = n}. By Lemma 6.7, there is some n € N such that P, {7, < 74 A 6,,} > 0. Therefore,

To! ATyt [ To/ ATy
E, / e P g(Xs)ds| >E, / e*”Sg(Xs)dsX{TKTa/}
0 L 7
[ Tor NTypr
>E,. / e_(p‘“_pfc)g(Xs)ds e_p’CX{TC<ra,/\0n}
L Tc

To! NTyr
>E, / e P g(Xs)ds| e "Pp{r. < T NOp} = +00. O

0

Concerning the proof of Proposition 6.2, notice that the final argument in the proof of Lemma 6.8 shows
that existence of some z € I such that E,, [ ;" e=?*II'* (X;)dt] = oo implies that E, [ [ e=**IIT(X;)dt] = oo
for every = € 1.

6.2. Proof of Proposition 4.1

The following Lemma is an easy consequence of Proposition 6.1.
Lemma 6.9. Suppose Assumptions 2.1, 2.2, and 2.3 hold. For any point o € I such that vy, o(x) < 0 for
some x € I, there is a compact interval [a,b] C I satisfying (14) such that xo €]a, b[. Conversely, if [a,b] C I

satisfies (14) and there is some x € I such that v[*%(z) < 0, then there is a compact interval [a', V] C T
satisfying (14) such that [a,b] Cla’,b'[.

Proof. Due to Proposition 6.1, equality (12) implies that the mapping d +— vy, q4(x1) is strictly increasing
for fixed x¢ < =1, and strictly decreasing for fixed x; < xg.
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Fix zg, 1 € I such that vy, o(z1) < 0, with zg < z1 (the case x1 < x¢ is analogous). Fix d > 0 sufficiently
small such that vy, 4(z1) < 0. Since d > 0, there is some € > 0 such that vy, 4(x) > 0 for every = €]z, zo+¢]
and vy, 4(x) < 0 for every x € [xg — €, zo[. Set b = min {z > xg : vy, a(x) < 0}. It is clear that b €]z, z1].
Then, there is some di < v, 4(b), such that v 4, (zo —€) < 0. Let @ = max {z < z¢ : vy, (¥) < 0}. Since
Vb, dy (T) > vyy.qa(x) for every x < b, it follows that a €]zg — &, zo[. Thus, x¢ €]a, b[ and ]a, b| satisfies (14).

If there is some x €]b, M| such that vl®®l(z) < 0, then, we can use the argument above taking v, q
with d > (v[a’b])/(a). If there is some 2 €]m,a[ such that vl*’)(z) < 0, then, we can take vy 4 with
d < (W) ). o

The argument used to prove Lemma 6.9 can be adapted to prove the following Lemma.

Lemma 6.10. Suppose Assumptions 2.1, 2.2, and 2.3 hold. For any compact intervals [a,b], [a',b] C I
satisfying condition (14), such that a < a' <b </,

ol*Y](2) > max (U[“’b} (z), vlo" V] (x)) Vz €la,V[.
Hence, [a,V'] satisfies (14).
Proof. Let

d = max {d >0 : vgq(z) = vl¥¥](z) for some z € [a’,b’]} .

Notice that d > (U[“’b})/ (a), and therefore v, j(x) > vlotl(z) for every z > a.
By continuity, there is some & € [a’, ] such that v, ;() = ol@" Vl(#). If & €]a’, b'[, then the maximality
~ ’ /
of d implies that v/ () = (v[“ b ]) (). Thus, by uniqueness of the solution of the ODE (8) with given
initial value and derivative, v, ; = vl@’ ¥l Since this is a contradiction, we conclude that # = ' and

’ ’ 4 ’ ’ !
v;,&(b/) < (v[“ b ]) (V). Therefore vl*¥] = v, g and v, () > vl V() for every z < V. O

Proposition 4.1 follows from the lemmata above.

Lemma 6.10 shows that if Z lies in some interval satisfying (14), then the union of all intervals containing
& and satisfying (14) is a maximal interval for (14). The fact that maximal intervals are pairwise disjoint is
also an immediate consequence of Lemma 6.10.

Fix # € L*. Then, v} 4(z) = — f ?}Z()ZQ ¢a2(2)dz < 0 for every = > &, sufficiently close to . Therefore,

vz,0(z) < 0 for every x > #, sufficiently close to &, and Lemma 6.9 shows that # lies in some interval

satisfying (14). Conversely, if [a,b] C I and v!*(z) > 0 for every = €]a,b[, then the equality (11) implies
that fb (=) $12(z,b)dz > 0 for some x € [a,b[. Due to Proposition 6.1, this implies |a, b[NLT # (.

z o(z)?

If Ja,b[C I is maximal for (14) then Lemma 6.9 states that v[®®!(z) > 0 for every z € I. Conversely,

any [a,b] C I such that v[*?(z) > 0 for every & € I must be maximal, since any non-negative vl* ¥ with

[a,b]

a’ < a and V' > b, must coincide with v in at least two points and therefore, by Lemma 6.1, it must

coincide with vl®?].

[a.8] s well defined and

It only remains to prove that if ]a,b[ is maximal and a = m or b = M, then v
non-negative. Let ]a, b[ be maximal for (14). For any compact intervals [a1, b1], [az, bs] satisfying (14), such
that [ay,b1] Clag, bs[ and [ag, bs] Cla, b[, Lemma 6.1 implies that vl®1:01)(2) < vl@2:021(2) for every = €]ay, by|.
Hence, for any monotonically increasing sequence of compact intervals [a,, b,] Cla, b] satisfying (14), such

that Ja,b[= U [an,bn], the function v(z) = lim vl®nl(z) is well defined, it is strictly positive in the

interval Ja, b[ and does not depend on the particular sequence [a,, b,]. Further, vl*»t»](z) and (v[an’bn])/ ()
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converge uniformly on compact intervals. Hence, v must be a solution of Equation (8) and v(z) > 0 for
every x € I.

6.3. Proof of Theorem 4.1

Consider a compact interval I’ = [m/, M'] with m < m’ < M’ < M. We will start by proving a version
of Theorem 4.1 for the problem of maximizing (1) over the subset 7' = {7 € T : 7 < 70y A Tap }-

Theorem 6.1. Suppose that Assumptions 2.1, 2.2 and 2.3 hold. If v : [m', M'] — [0,00[ is a Carathéodory
solution of the Hamilton-Jacobi-Bellman equation (7) with boundary conditions v(m') = v(M') =0, then v
coincides with the value function

T

Vir(x) = sup E, /efptH(Xs)ds rxel, (29)
TET'

and T =1inf {t > 0: v(X:) = 0} A Ty A Tapr s a mazimizer of (1) over the set T'.

Proof. Let v : [m', M'] — [0, 00[ be a Carathéodory solution of (7) such that v(m’) = v(M’) = 0.
Fix # € T, and consider the sequence

t
f,, = min < n, 77/, inf tZOZ/O’Z(XS)dSZHOI'pt:—TL
0

Notice that, due to Lemma 6.8, Assumption 2.3 implies ¢13(m’,z) > 0 for every = €]m’, M']. Therefore,

Lemmata 6.4, 6.5 imply that E, [ OT’""ATM' e Ps H(Xs)|ds] < 00. Therefore, the argument used to prove
Lemma 6.5 yields
0N, )
E, [e7 P 0(Xgpne, )| = v(z) + Eq / e P (—rv +av + %v”) o Xyds| =
0
ONO,, ) Ny,
=v(z) — E, / e P <rv —av’ — %v” - H) o X.ds| —E, / e P I1(X,)ds
0 0

2
for every x € I'. By assumption, rv — av’ — %v” —I1 > 0 and v > 0. Hence,

NS
0<E, [e?0v(Xrpp,)] <v(z)—E, / e PoII(X,)ds
0
The Lebesgue monotone convergence theorem states that
N 0
lim E, / e P II*(X,)ds| =E, /e—ﬂsni(xs)ds ,
n—oo

0 0

and therefore
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0
E, /e_pSH(Xs)ds < ov(x).
0

Since 6 is arbitrary, this proves that Vp, < wv.

The random variable inf{t > 0 : v(X;) = 0} is a stopping time, since it is the first hitting time of
a closed set by a continuous process adapted to a complete filtration. Fix x such that v(z) > 0, and
let a = max{y € [m/,z[: v(y) =0}, b = min{y €]z, M'] : v(y) = 0}. Then, v coincides with a solution of
equation (8) in the interval [a,b] and, since ¢12(m’,y) > 0 for every y €]m’, M'], Lemma 6.2 shows that
¢12(a,y) > 0 for every y €]a, b]. Therefore, Lemma 6.6 states that

and thus Vi, =v. O

The next theorem shows that under Assumptions 2.1, 2.2 and 2.3, a function v satisfying the assumptions
of Theorem 6.1 exists.

Theorem 6.2. If Assumptions 2.1, 2.2 and 2.3 hold, then the Hamilton-Jacobi-Bellman equation (7) admits
a solution with boundary conditions v(m') = v(M’) = 0. This solution is given by the right-hand side of
(15), with I' instead of I.

Proof. Let {Ja,bp[C I', k=1,2,...} be the collection of all maximal intervals for (14), and let v : I’ —
[0, +00] be the function defined by the right-hand side of (15).

It can be checked that v is continuously differentiable with absolutely continuous first derivative, and
hm+ v(z) = IEIJP/[— v(xz) = 0. For almost every z € J]ax, bi[, v satisfies the differential equation (8). By

r—m

k
Proposition 4.1, L1 C [J]ax, bx[. Therefore, for almost every z € I' \ J]a, by [:
k k

Hence, v is a solution of the Hamilton-Jacobi-Bellman equation (7). O

Theorems 6.1 and 6.2 show that Theorem 4.1 holds for any compact interval I’ C I. We now proceed to
prove that it holds for I.
Suppose that Assumptions 2.1, 2.2 and 2.3 hold, pick a monotonically increasing sequence of compact

intervals I, = [ap,b,] C I such that I = |J I, and let
neN

T

Vo(z) = sup E, /e_p"H(Xt)dt )
TETH
0
where T, ={1 €T :7 <74, ATy, }
Theorems 6.1 and 6.2 state that V;, is the Carathéodory solution of (7) with boundary conditions v(a,) =
v(by) = 0, and a corresponding optimal stopping time is

Tp =Iinf{t >0: V(X)) =0} A7y, ATp,.
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Since T, C Tpe1 C T, it is clear that
Vi(z) < Vg (z) < Vix), VY € [an,bn], n € N. (30)

For every stopping time 6 € 7 and every = € I, the Lebesgue monotone convergence theorem states that

_GAT(,,nATbn r o T
lim E, / e I (Xy)dt| =E, /e*ptH*(Xt)dt ,
n—oo

L 0 ] LO .

_0/\‘ran/\‘rbn T r o ]
lim E, / e I (Xy)dt| =E, /e_ptH+(Xt)dt
n—oo

L 0 ] LO _

Therefore,
9 ONTa,, AT,
E, /e_”‘H(Xt)dt =lmE, / e P Xy )dt | < lim V,(z).

0 0

Since this inequality holds for every stopping time 6 € T and 6 A 7,, A7, € Ty, it follows that

V(z) = lim V,(z) Vo e 1.
n—roo
By Definition 3.1 and Theorems 6.1 and 6.2, it follows that the value function V satisfies (15).
From the considerations above and (30), it follows that the sequence 7, is monotonically increasing and
converges to 7 = inf {t > 0: V(X;) = 0} A7r;. Therefore, the Lebesgue monotone convergence theorem states
that

lim E, /eiP‘HjL(Xt)dt =E, /eiPtHJr(Xt)dt ,

n—oo
LO _ 0 i

lim E, /e’PtH’(Xt)dt —E, /e’ptﬂ’(Xt)dt
LO i LO .

Hence,
V(z) = h_)m Va(x) = h_>m E, e P II(Xy)dt| = E, /eiPtH(Xt)dt
0 0

That is, 7 is an optimal stopping time.
6.4. Proof of Proposition 4.2

Let Assumptions 2.1, 2.2, 2.3 hold.

Fix a € I, b €]a, M], and suppose that ]a,b[ is maximal for (14). By Proposition 4.1, vl*? > 0. The

[a,b]

proof of Proposition 4.1 shows that v is a solution of the differential equation 8, even in the case b = M.

Hence v1*? = v, o and (a) holds. Fix [a;,b1] Cla,b[, a compact interval satisfying (14). Then, there is an
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interval Jag, by [, maximal for (14) when we consider the interval |m, bi[ instead of I. By Proposition 4.1,
vl*2:01] must be non-negative in Jm, b1[. Hence, plazbi] = Vq,,0- By the considerations preceding Theorem 6.1,
Vay,0(b1) = 0. Since v,, 0(x) > 0 for every x > ag sufficiently close to ag, it follows that there is some ag € £~
arbitrarily close to ag. Thus, (b) also holds.

Now, fix a € I, b €]a, M|, and suppose that (a) and (b) hold. Let a,, be a sequence as in (b), and let

b, = inf { > ay, : v,, 0(z) < 0}. Since Ja,b[= | Jan, b,[, Lemma 6.10 guarantees that |a, b[ satisfies (14).
neN
Due to Lemma 6.1, non-negativity of v, o implies that ]a, b[ is maximal for (14).

The proof for the case b € I, a € [m, [ is analogous.
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