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1. Introduction

In the theory of weighted polynomial approximation on the real line, the weight w,(x) := exp(—|z|*),
a > 1, plays a fundamental role. Let C,(R) denote the set of continuous functions f(x) on R such that

lim wq(x)f(z) =0, a>1. (1)

|z]— 00

The rate of approximation is measured by the weighted modulus of continuity. It is formed as the sum
of two quantities: the main part and the tail part. Let f(z) € Co(R), and for 0 < h < 1, let

s

nf(x) = Z (:)(—1)2]0(3:—}- (r/2—=10h), r=1,2,....

=0

The r-th order weighted modulus of smoothness for the weight w, (x) is defined as
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wr(f, wa,t) := sup ||wa($)AZf(w)H{|ac|§h*1/(°‘*1>}
0<h<t

(2)

+p€ir111f71 [wa(f =P {je|>t-1/@-13, a>1,
where II,._; is the set of polynomials of degree at most r — 1 (see Ditzian-Totik [1], Ch. 11, Definition 11.2,
where a more general situation is handled, for L,, 1 < p < c0). Here and in what follows, || - || or || - |
means the supremum norm over a set I or R, respectively. First we prove a basic property of this modulus.

Lemma 1. If f(z) € Co(R), a > 1, then

lim w,(f, we,t) =0.

t—0+
Proof. Consider the K-functional
Kr 7tT We — inf a - t" feY (r)
(5t = inf(lwalf = o)+ wag ™)

of an f € Co(R) (cf. [1], (11.1.1)). It is known that this K-functional is equivalent to the modulus (2) (see
[1], Theorem 11.2.3). Thus it is sufficient to prove that

tgrél+Kr(fvt Jwa = 0.

Given an arbitrary ¢ > 0, we choose a polynomial p = p(z,¢) such that ||w,(f — p)|| < €. This is possible
since according to the Akhiezer-Babenko condition, polynomials are dense in C,(R). Next, choose ¢ > 0 so
small that t"[|wa,p|| < . Thus K,.(f,t")w, < 2¢ for such t’s, which proves the statement. 0O

Working with such a modulus, one can state direct and converse approximation results, Bernstein type
inequalities, etc. Among others, the following Jackson type theorem holds (stated also for L, norms). Let

E,(f,wq) = inf [Jws(f—p)ll, a>1,
pell,
be the best weighted polynomial approximation for continuous functions satisfying (1).

Theorem A. (Lubinsky [7], (3.12)). Let r > 1. If f(x) € Co(R), then

1
E,(f,wa) < crws (f,wa, nl_—l/a> , a>1.

Of course (2) makes no sense when o = 1, i.e. when
—lal

w(z) =wi(z) =e

In this borderline case, it was Freud, Giroux and Rahman [3] who first established a polynomial approxi-
mation result in L' metric: they proved that if f(z) € L*(R), then

inf /@U(w)lf(fﬂ)*p(w)ldeC w(f, @) + / w(x)|f(x)dz |,

degp<II,
|z[>v/n

where
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wlfi) = s [Al(fwydo+t [ o)) ds.
R

|h|<t
R
In the supremum norm, the following definition works:

wy(fyw,t) == sup [lw(@) AL f (@)l {jz)<eerty
0<h<t (3)
+ inf fu@)(f(@) = p)l{a/zesi-1y, 0<e<1

p€ll,
(see e.g. [7], (5.2), where again the definition is more general as mentioned above). Just like in case a > 1,
we prove the basic property of this modulus.

Lemma 2. If f(z) € C1(R), then

li =0.
Jim wr(fw,) =0
Proof. We cannot repeat the proof of Lemma 1, since in case & = 1 we do not know the K-functional. The
tail part in (3), even with p(x) = 0, decreases to zero when t — 0+, by (3). As for the main part, we get,
even for z € R,

w(@)| A £ ()] =w(z) |3 () (1 fa + (/2 — i)h) — f(@)

7
=0

ro-lal _
<2 |y7ﬂ§§h/z|f(y) f(z)]

<2 max [l () — e () 4 (b g £ ()

<L2"w*(wf,rh/2) + rh||wf]|],
where w* is the ordinary modulus of continuity of the function g(z) := w(x)f(z) on R. Thus we have to
show that lim; o4 w*(g,t) = 0. Since by assumption lim,|_, g(x) = 0, the function G(x) := g(tan(z/2))
is continuous and 27 periodic. We obtain
lg(z + h/2) — g(x — h/2)| =|G(2arctan(xz + h/2)) — G(2arctan(z — h/2))]
<w*(G,2(arctan(x + h/2) — arctan(z — h/2)))
<w*(G, 2h)

which tends to zero as h — 0+. O

In (2) the presence of the infimum (called “tail part”) is necessary in order to achieve some results for
this modulus, since in the first term (called “main part”) the norm cannot be extended to the whole real
line. However this is not so obvious at all in case of (3); this will be clarified in Section 2. Lemma 1 ensures
that the next theorem is a reasonable estimate for the best approximation.

Theorem B. (Lubinsky [5], Theorem 1). Let f(z) € C1(R). Then

En(faw) < Cpwy (f7w L)

"logn

where ¢, > 0 does not depend on f and n.
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2. Jackson-Favard type inequalities

For differentiable functions the so-called Jackson-Favard type inequalities provide estimates for the best
(weighted) approximation. Let f(z) be such that f("=1(z), r > 1, is absolutely continuous and ||we.f" || <
00. Then we have

Croa -
En(f,wa) < m“waf( )|| < 00, a>1 (4)

(see Freud [2] for o > 2, and Levin-Lubinsky [4] for 1 < a < 2). Obviously, the condition ||wef] < oo
here implies lim|,|—,o wa () f(x) = 0, since otherwise no polynomial approximation would be possible for
such functions. We mention that the latter implication can also be seen directly, namely by the ’'Hospital
rule we have

lim wa(@) /0D (@)] = i o SO SO

|z| =00 || =00 exXp |‘T|a

Jo IfC )]t

lz|so0  €exp |z|®

o Pa@O @)

|z]|— o0 a|x|a*1

< ”waf(r)”
- « |z|—o0 |CC‘O‘71

<

=0, a>1.

Hence |Jwa f V| < oo, and we can repeat the above consideration with r — 1 instead of r, etc., finally
arriving at the relation lim|,|_, wa(7)f(x) = 0. Note that this property does not hold for a = 1: take
f(z) =e®, then [|wf®)| = limy_soo w(z) f(x) = 1, for any r > 1.

Lubinsky also proved that in case o = 1 no similar result can hold for » = 1.

Theorem C. ([6], Corollary 1.3). There does not exist a sequence e, > 0 with lim,_,~ £, = 0 such that for
all f(z) absolutely continuous with ||wf'|| < co we would have

E.(f,w) <enl|lwf|, n=12,....

We now generalize this statement for » > 1. We will see that, while positive results like (4) are easily
obtained from the statement for » = 1, the other direction is not so straightforward.

Theorem 1. Let r > 1. Then there does not exist a sequence €, > 0 with lim,_,~ &, = 0 such that for all
f(x) with absolutely continuous f"=Y(z) and |Jwf™]| < oo, we would have

E.(f,w) <el|wfO|,  n=12.... (5)

Proof. Since the statement is true for r = 1, we may assume that r > 2. Suppose indirectly that the
statement is not true for an r > 2, i.e. there exists a sequence &, > 0 with lim,_,.. €, = 0 such that for all
f(z) with absolutely continuous f"~1(z) and [Jwf™| < co we have (5). We will deduce a contradiction
from this inequality. Let g(z) be an arbitrary absolutely continuous function such that [|wg’|| < oo, and
consider the Steklov transform
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Tt+en
1

Inr(T) = %, Inr—1(y)dy,  gna(z) = g(z) (6)

T—ep

of g(x). By induction it is readily seen that

gn,r(ﬂf): = / / (w4t +- ) dty .. dt . (7)

—en
Hence

w(@)|gn.r(x) — g()] (8)

En E AT o o 2}

g% 7/ / g (t)dt | dty...dt._1

—E€n —En x

en | THtitFtra

e("‘_l)an 7 )
S @yt / / / w(t)|g' ()| dt| dty ...dt,_

—En —En x
r—1)er—Deng
< ( )2T_1 2 lwg |, r€R.

On the other hand, we obtain from (6)

r—1 r—1
g (@t en) — g0 (@ — )

2e,

9l (z) =

whence

r—1) 6(7._1)8n /
1l S0 S g gl < oo 9)

gl < = ng

n

Now we wish to apply (5) with g, ,(x) in place of f(x). For this purpose we have to show that g, ,(x) €
C7(R). We obtain, using (7),

w(@)|gn.r ()|

("" en
<(271/ /e et eallg (e 4ty o ) by dbe
6 T
n —E&n
Se(’"’”" max  (w(y)|g(y)]) >0 as |z[— oo,

lyl=|z|—(r—1)en
since g(x) € CH(R). Thus by (5) we get
En(gn,rw) < & lwgi) || < e Dne, Jug'||
This together with (8) yields
En(g,w) < lw(g = gn.e)l + En(gn,r, w) < crenllwg'|l,

which means that the Favard inequality holds in case r = 1, which is impossible. This contradiction proves
the theorem. O
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3. A modified Jackson-Favard inequality

In [6], Remark (d), Lubinsky mentions the possibility of a slightly modified Jackson-Favard inequality in
the form

En(fyw) < mullwf | + lwfll{jz1z¢.

where {n,} \ 0 and {&,} ' oo are two sequences independent of f. In fact, such an estimate can be given
for higher derivatives, even with a restricted norm for the Favard part.

Theorem 2. Let v > 1. Then for all f(z) € C1(R) such that f"=V(z) is absolutely continuous we have

1w f | {12/ <ne 41}
log" n

En(faw) <c < + ||wf||{z|>n51}> >

where 0 < e < 1 is arbitrary fized, and c, > 0 depends only on r.

Remark. Notice that we did not require the boundedness of ||w f("||, as long as we have [|wf") || (j2/<pnetr} =
o(log" n) as n — oo.

The following corollary shows that the tail part in the estimate of Theorem 2 may be larger than the
main part.

Corollary. There exists an f(z) € C7(R) such that

W 112/5>n:—11 log" n
lim sup [wfll{jz>ne—1} log

n—00 ||wf(r)||{\x\§n5+r}

= 0.

Namely, otherwise we would have for all such f(z)

wa(r) H{|x|§n5+r}
log" n

E,(f,w) <c,

by Theorem 2, which contradicts Theorem 1 with &, = 1/log" n.

Proof of Theorem 2. This is an easy consequence of the result of Lubinsky (see Theorem B above). We
have to estimate the first part of the modulus of smoothness (3). We have

RS (@) =D @+ h/2) = A7 (= 1)2)
=h" (Y () = fU Y ()

=p"! /f(’“)(t) dt, x—rh/2<u,v<x+rh/2.

Hence

u

wl@)| 857 )] <2t [l d

v

<re™ 2R wf O\ aj<ne srnszy, 2] <0t
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Thus (3) yields with 0 < h <t =1/logn,

”wf(T)”{lac\gnf-‘rr}
log" n

wr(f7wa 1/10gn) <cr + ”wf”{IwIZnE—l}, n>2,

which proves the theorem. O
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