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Let Q be a domain in C™ and A?(£2) denote the Bergman space, the set of square integrable holomorphic
functions, of 2. Since the Bergman space A2?({2) is a closed subspace of L?(Q), there exists a bounded
orthogonal projection Pq from L?() onto A%(Q). This is called the Bergman projection for 2. We denote
the Bergman kernel of 2 by K2. The Berezin transform BoT of a bounded linear operator T' on A2(2) is
defined as

BoT(z) = (T2, kY),

where k2(¢) = K®(¢,2)/y/K%(z,2) is the normalized Bergman kernel of Q and (.,.) denotes the inner
product on A4%(Q).

Berezin transform is an important notion in operator theory. For instance, it is used to characterize
compactness of operators in the Toeplitz algebra on the unit disc and the unit ball (see [1,16]) and in a
subalgebra on more general domains in C™ (see [4,5]). Berezin transform is also an important tool in the
characterization of compactness of the Hankel operators in [2].

There are different notions for convergence of operators on A?(2). For instance, one can ask if a sequence
of bounded operators defined on the same Bergman space converges to a bounded operator in the operator
norm or in the weak sense. Now assume that, for each j, T} is a bounded operator on A%(Q;) and Q; C
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(or Q C Q). Since the operators T)s are defined on different spaces it does not make sense to talk about
convergence of {7} in norm or weakly. However, we can compare Berezin transforms. That is, we can ask if
{Bq,T;} converges to BT pointwise, locally uniformly, etc. This notion generalizes the weak convergence
of operators because BqT; — BqT' pointwise on 2 whenever T)s are defined on A%(Q) and T; — T weakly.

Let {Q;} be an increasing sequence of domains whose union is Q. Ramadanov showed that (see [12,13])
the Bergman kernels { K%} converge to K** uniformly on compact subsets of £ x . In this paper we prove
results in the spirit of Ramadanov’s result for Berezin transforms of bounded operators on the Bergman
space.

The plan of the paper is as follows: In the next section we will state our main results. The proofs will be
presented in the following section.

1. Main results

To state our results we need to define the restriction operator. Let U C €2 be domain in C™ and Rg :
A%(Q) — A2(U) denote the restriction operator. That is, R:f = f|y. Then the adjoint R{¥* : A2(U) —
A%(Q) of RY is a bounded linear map and one can show that (see, for example, [3])

R f(2) = / K9z, w) f(w)dV (w),
U

where dV is the Lebesgue measure in C™. We note that if U C (2, then Montel’s Theorem implies that R§:
is compact. Also Rj;TRy is a bounded linear operator on A%(Q) whenever T is a bounded linear map on
A2(U).

Throughout this paper Ef denotes the extension of f onto C™ trivially by zero and Ry will denote R%
when the domain € is clear from the context. Then the formula for Rg* above is R&* = PoF.

For z, w € Q, let K%(w) = K®(w, z). Notice that the normalized Bergman kernel k% is well- defined
whenever K*(z, z) # 0. In [8], Engli§ observes that there are unbounded domains in C™ for which the zero
set Z of the Bergman kernel on the diagonal K*(z, z) is not empty. Namely, we denote

Z={z€Q:K%z,z2)=0}.
Definition 1. A domain © in C" is called a non-trivial Bergman domain if A?(Q2) # {0}.

We note that €2 is a non-trivial Bergman domain if and only if Z # Q. If Q is bounded, then Z is
empty because the constant functions belong to A?(Q) and K(z, z) > 1/|[1]|?> > 0 for all z € Q. Therefore,
bounded domains are non-trivial Bergman domains as well. The set Z, if not empty and not equal to €,
is a real-analytic variety in 2 with zero Lebesgue measure and it is a relatively closed subset of Q2. The
normalized Bergman kernel £ is a well defined function in A2(Q) for z € Q\ Z. In this paper we will always
assume that €2 is a non-trivial Bergman domain.

In the example given in [8], there exists a bounded function ¢ on an unbounded pseudoconvex complete
Reinhardt domain € such that the Berezin transform BoTy of the (bounded) Toeplitz operator on {2 has a
singularity at a point in Z. However, the map z +— k! is continuous from Q\Z to L?(12) since

K%(w, 2)
VEQ(z,2)\/K(w,w)

and both K(w,z) and K% (w,w) converge to K(z,z) as w converges to z in Q\Z. Hence, the Berezin

[ 2 — 2Re (K2, k2) = 2 — 2Re

z W

(1)

@ —

transform BT of a bounded operator T on A%(2) is always a well-defined, bounded and continuous function,
on O\ Z. This can be seen from the inequality |BoT(z)| = [(Tk3, k2)| < ||T|| and

z'z



N.G. Gogiis, S. Sahutoglu / J. Math. Anal. Appl. 491 (2020) 124295 3

|BaT(2) = BT (w)| < [(Thz, k2 — k)| + (TS = k). ki) |

for every z, w € Q\ 2.
Our first two results below can be seen as analogues of Ramadanov’s and Skwarczyniski’s Theorems.

Theorem 1. Let {§;} be a sequence of domains in C" such that ; C Qjyq for all j and Q = U2,
be a non-trivial Bergman domain. Let T be a bounded linear map on A%(S). Then Bq, RQJ,TREJ_ — BT
uniformly on compact subsets of Q\Z as j — oo. Furthermore, if Q) is bounded, then EBq, Ro, TREJ_ — BqT
in LP(Q2) as j — oo for all 0 < p < 0.

Theorem 2. Let Q be a non-trivial Bergman domain and {Q;} be a sequence of domains in C™ such that
Q C Q1 CQj for all j. Assume K% (z,2) — K%(z,2) as j — oo for every z € Q. Let T be a bounded
linear map on A%(Q). Then Bq, (jo)*Tjo — BqT wuniformly on compact subsets of Q\Z as j — oo.
Furthermore, if Q is bounded, then Bq, (jo)*Tjo — BqT in LP(Q) as j — oo for all 0 < p < co.

The next result describes the convergence of the Berezin transforms when the symbols of Toeplitz op-
erators are restricted onto the subdomains. To clarify the notation below, ¢|y denotes the restriction of ¢
onto U, Ry ¢.

Theorem 3. Let {€2;} be a sequence of domains in C" such that Q; C Qj41 for all j and Q = U2,y be
a non-trivial Bergman domain. Assume that T = Zinzl Ty T, 15 a finite sum of finite products
!

m=1 T¢m,1

BQjTQJ’ — BT uniformly on compact subsets of Q\Z as j — oo. Furthermore, if Q is bounded, then
EBq,T% — BT in LP() as j — oo for all 0 < p < occ.

of Toeplitz operators with bounded symbols on Q and T =3 -~-T¢m’km|nj for each j. Then

‘Qj

Remark 1. We note that the 7% in the theorem above depends on the symbols and hence representation
of T. However, representation of products of Toeplitz operators is not unique. For instance, Celik and
Zeytuncu in [6] showed that there exists a Reinhardt domain 2 in C? such that there exists non-trivial
nilpotent Toeplitz operators on A%(Q2). Hence the zero operator has multiple representations. However, since
the Berezin transform of T is independent of its representation, the Berezin transforms of 7% converge to
the same limit for any representation of 7'

For a function ¢ € L4(f2), assuming the Toeplitz operator T} is bounded on A%()), we define the Berezin
transform Bo¢ of ¢ as Bao(z) = BaTy(z) for z € Q. Hence

Boo(z) = (Tpkd, k) = (Pogk, k) = (pk2, k) = / P(w)|kL (w)*dV (w).
Q

As a consequence of Theorem 3 and Dini’s Theorem we have the following corollary.

Corollary 1. Let {Q;} be a sequence of domains in C™ such that Q; C Q41 for all j and Q = U328 be a
non-trivial Bergman domain. Assume that ¢ € L1(2) for some 0 < q < 0o so that Ty, is bounded on A%(12).
Then there exists a subsequence {ji} and functions ¢, € L>(S2;,) such that B, ¢ — Bag¢ uniformly on
compact subsets of Q\Z. If Q is bounded, then EBq;, ¢ — Ba¢ in LP(Q) as k — oo for all 0 < p < 0.

We note that, as Proposition 2 below shows, ¢ in the corollary above might have to be different from
R, ¢.
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Remark 2. If the domain {2 is not bounded, then the Berezin transform BoTy of the Toeplitz operator of
a bounded symbol ¢ does not have to be in LP(2). For instance, let ¢(z) = Re(z) and Q = {z € C : 0 <
Re(z) < 1}. We note that K%(z,2) # 0 for any z € Q as (z + 1)~} is square integrable on €. Since ¢ is
bounded and harmonic, we conclude that BoT, = ¢ which is not in LP(Q) for any 0 < p < oo.

In the following proposition we compute the asymptotics of the Berezin transform of log|z| on annuli
that converge to the punctured disc. Also it shows that the first conclusion in Theorem 3 is not true if we
drop the assumption that the symbol is bounded. The function log|z| € LP(D \ {0}) for all 0 < p < oo and,
Lemma 6 implies that,

1
Bp\ {0} log |z| = Bp log |z| = §(|Z\2 —1).

Proposition 1. Let A, = {z € C :r < |z| < 1} and ¢(z) = log |z|. Then

Ba,¢(2) = —— —

uniformly on compact subsets of D\ {0} asr — 0F.

The following proposition shows that the last statement in Theorem 3 is not true in general for operators
in the Toeplitz algebra. One can argue as follows. Let ¢(z) = log |z| be a symbol on D* =D \ {0}. One can
show that Ty is compact on A%(D*) (as A%(D*) = A%(D) and ¢ = 0 on the unit circle). However, compact
operators are in the Toeplitz algebra (see [7, Theorem 6]). Hence, T} is in the Toeplitz algebra; yet, by
Proposition 2 below, {BATTQ‘:‘T} does not converge to Bp«Ty in LP.

Proposition 2. Let A, = {z € C : r < |z| < 1}, D* = D\{0}, and ¢(z) = log|z|. Then Ty is a compact
operator on A%2(D*) and

lim ||[EBa, T || o) =
Jim, IEBA, TS || Lo =) = 00,
while || Bp-Ty| -~y < 0o for all 1 < p < oc.

2. Proofs of Theorems 1, 2, 3 and Corollary 1

We start with a simple lemma.

Lemma 1. Let Q be a non-trivial Bergman domain in C™ and U C Q be a subdomain. Then Rj; KU = K
forzeU.

Proof. For z € U and f € A%(Q) we have
f(2) = (Ruf, K] )v = {f, Ry KT ).
Because of the uniqueness of the Bergman kernel, we conclude that Rj; K/ = K. O

We will need the following results of Ramadanov and Skwarczynski (see [11, Theorem 12.1.23 and The-
orem 12.1.24] and also [12,13,10,15]).

Theorem 4 (Ramadanov). Let Q2; be an increasing sequence of domains in C™ such that Q = U2, Q;. Then,
K% — K9 as j — oo locally uniformly on © x €.
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Theorem 5 (Skwarczyriski). Let {§;} be a sequence of domains in C™ such that Q@ C Q;1 C Q;. Then,
K% — K% as j — oo locally uniformly on Q x Q if and only if K% (w,w) — K®(w,w) as j — oo for all
w € Q.

Let U be a subdomain of a domain §2. Since
K%(2,2) = sup{| f(2)” : f € A*(Q) and | f|| = 1},
we have 0 < K%(z,2) < KY(z,2) for every z € U. Hence, if K(z,2) # 0, then KY(z,z) # 0.

Lemma 2. Let {Q;} be a sequence of domains in C™ such that Q; C Q11 for all j and Q = U328 be a
non-trivial Bergman domain. Then for each compact set K C Q\Z, we have

lim sup || R§ k7 — k?”]ﬁ(g) = 0.

J =X 2eK /
Proof. First we note that 0 < K®(z,2) < K%(z,2) for all j and z € K. So since K C Q\ Z we have
K% (z,2) # 0 for all j so that K C Q;. Let jo be chosen such that K C Qj,. Lemma 1 implies that
R, k2 = K$/\/K%(z,2) for j > jo. Then for z € K and j > jo we have

K$ K$

VES (2 VEOG2)

||R§F2]-k7?] - k?HLQ(Q) =

L2(Q)
k2 (1 - \/Kﬂ(z,z)/\/KQJ(z,z)>

=|1- \/KQ(z,z)/\/KQj(z7z)

L2(Q)

Ramadanov’s Theorem (Theorem 4) implies that K**(z,z)/K%(z,2) — 1 uniformly on K as j — oc.
Therefore, sup, ¢ || B¢, ked — k| r2() — 0as j — oo, O

The following Lemma, which is used in the proof of Theorem 1, might be of interest on its own right.

Lemma 3. Let Q be a non-trivial Bergman domain in C" and U C Q be a subdomain. Let T be a bounded
operator on A%(2). Then

BaT(2) _ KY(z,z2)
By(RuTR})(2)  K%(z,z2)

for z € U\Z.
Proof. For z € U\ Z, we use Lemma 1 to get

Bu(RuTRy;)(2) =(TRikY , Rk )
KU(z,z)

~K%(z,2)

C KU(z,2)

Hence the proof of Lemma 3 is complete. O
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Corollary 2. Let Q2 be a non-trivial Bergman domain in C™, U C Q be a subdomain, and T be a bounded

linear operator on A?(Q). Assume that p € U and 1 < a < oo such that Iézgzg —aasz—p, z€U\Z.

Then BT is continuous at p if and only if By (RuTRy;) is continuous at p.

Now we are ready to prove Theorem 1.

Proof of Theorem 1. The proof of locally uniform convergence is a result of Theorem 4 together with
Lemma 3. Indeed, Theorem 4 implies that

K% (2,2) /| K%(z,2) = 1
locally uniformly on © x © as j — oo. Then Lemma 3 implies that
BQ]. RQjTR;()j — BQT

locally uniformly on Q as j — oo.

To prove the second part we assume that €2 is bounded and 0 < p < co. From the first part of the proof,
we know that Bq, Ro, TR — BoT uniformly on compact sets as j — co. Furthermore, |BoT'(z)| < ||
and |EBq, R, TR (z)| < ||T|| for all z €  and all j. Then, using the Lebesgue Dominated Convergence
Theorem, we conclude that EBgq; Ro, TR;SJ_ — BoT in LP(Q) as j — c0. O

Lemma 4. Let Q be a non-trivial Bergman domain and {Q;} be a sequence of domains in C™ such that
Q2 C Qi1 CQy forall j. Assume that Ko, (z,2) — Kaq(z,2) as j — oo for every z € Q. Then for each
compact set K C Q\Z, we have

lim sup ||jo kS — k‘?HL‘Z(Q) =0.
J—00 2eK

Proof. If K*(z,2) > 0 for some z € €, then K% (z, z) > 0 for large j because K*% (z, z) increases to K*}(z, z)
as j — oo. Furthermore, there exists an open neighborhood of z for which the normalized Bergman kernels
k% and k% are well-defined for j large enough. Since K C Q\Z is compact, all of the functions in the
statement are well-defined for large j, and the limit makes sense.

Let 0 < € < 1 be given. For each z € K, we choose a compact S, C € so that ||k§’||L2(Q\Sz) < €. Recall
that the map z +— k%! is continuous from Q\ Z to L3() (see (1)). For any z € Q\ Z we choose an open set
U, C Q\Z so that z € U, and Hk:g2 - kgHLz(Q) < € when w € U,. Then

Q Q

kaHLz(Q\SZ) <et |k HL2(Q\SZ) <2
for w € U,. Since K is compact, there exist z1, -+, 2z, € K so that K C U, Uz, . The set S = U;-”ZlSZ]. cQ
is compact as well and

Q
sup 1% 2oy < 26
Using Theorem 5, we have
Q; Q €
sup |k (w) — kL (w)| < ——m———= 2
zeK,w€S| i ( ) ( )| VOl(S)+1 ( )

and
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2
ij 2 _ kQ 2 < 8—
P~ B <

for large enough j. Then by integrating the above inequality over S and using ||Ic?“ L2 < 2¢ we get

(\S)
||k?j||2L2(S) 2 ”k?H%Q(S) —e?>1-4e” —? =157,
which implies Hk?’ | 22(\s) < V/5e when j is large enough. Then using (2) we get
IR kS — k|| 2y < ||k — k?HLZ(S) + |2 | L2vsy + 1527 || 220 s)
< (3+V5)e
for j large and z € K. Hence,
lim sup ||jo kb — k?”LQ(Q) =0.
J=7® 2eK
The proof is finished. O
Proof of Theorem 2. For z € O\ Z, we define f(z) = BaT(z) and
Qj * Qj
[i(2) =Baq,(Ry’)" TRy (2)
9;(2) =(TR'K k) 2

for each j. Then

Fi(2) = (R ) TRy k& k&) 12 = (TRG' KD, Ry k) L2 o).

z 17z

Let K C ) be a compact set. By Cauchy-Schwarz inequality we have

sup |g;(2) = f ()| = sup (TR KD — ThE, k2)
zeK zeK

< sup HTRSJ‘ kY TkS
zeK

L2 ()

z

§TsupHRJk7—k: .
I sup || Rk — k2],
The last term above converges to zero by Lemma 4. Therefore, the sequence {g;} converges to f uniformly
on K.

Using Cauchy-Schwarz inequality again we have

Qj . Qj . Qj .
1fi(2) = gj(2)| = [(TRQ' K, R’k — k)| < | TR’ kS — k2 2(e).

Lemma 4 implies that the last term above converges to zero uniformly on K. Hence, |f; — g;| — 0 uniformly
on K as j — oo. Therefore, {f;} converges to f uniformly on K.

As in the proof of Theorem 1 we prove the second part as follows. We assume that 2 is bounded. From the
previous part of this proof we know that {f;} converges to f uniformly on compact subset of Q. Furthermore,
IlfillLoe @y < [IT|| for all j. Then using the Lebesgue Dominated Convergence Theorem, we conclude that
{f;} converges to f in LP() as j » oo forall 0 < p <oco. O
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Now we are ready to prove Theorem 3.

Proof of Theorem 3. It is enough to prove the result for finite product of Toeplitz operators as it is easy
to conclude the theorem for the finite sums of such operators. So let T' = Tg  ---Ty, where ¢1,...,¢m €
L>°(92). One can easily show that BoT € L>(2) and B, T% € L>(;) for all j. Furthermore, one can
show that

max{||Bo, T L~ (a,), |BaT || L~} < 161l - - [|mllL=(0)-

Let f;(z) = |BaT(2) — EBq, T (z)| for z € Q. Then

[ fillzo @) < 2l|¢1llLe) -+ |PmllL () (3)

for all j.
We will use induction to prove that

sup{| T k% (w) — Tk (w)] : z,w € K} — 0

as j — oo. So first let us assume that T' = Ty, is a Toeplitz operator. Let K be a compact set in Q\Z. As
in the proof of Lemma 4 for a given € > 0, there exists a compact set S C Q and jo € N such that K € Q;,
k2 |2\ s5) < € for all z € K, and ||k§2’ llL2(0;\5) < € forall z € K and j > jo. Let us consider the following
equalities.

Ty, K (w) = T3 k% (w) =(1k2, K2, w))a — (6152, KD (,w))a,
:<¢1k?aKQ(7w)>S - <¢1k?j7KQj('aw)>S
+ {01k, KO (L w)ans — (01K27, K (L w))o,s-
There exists Cg > 1 such that 1/Cx < K% (w,w) < Ck for all w € K and all j > jg since by Theorem 4,

the continuous functions {K*% (w,w)} converges to K (w,w) uniformly on K.
Without loss of generality we can assume that

3
kS P —
1B L2\ s) K (w, w)
Q. S
N < )

for j > jo and all z,w € K. Then

[(o1kS, K2 (L w))ans| + [(91k27, K% (L w))a,s| < 26|l =)
for all z,w € K. Also

sup { [(p1kZ, K2 (., w))s — (p1k7, K% (L w))s| 1 z2,w e K} =0
as j — oo (a consequence of Theorem 4). Then

limsupsup{‘T¢1k?(w) — T;}jk?i (w)‘ Tz, w E K} < 2|91 Lo (0)-

Jj—o0

Since ¢ is arbitrary, we conclude that
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sup{‘Tglk?(w) — szkgj(w)‘ tZ,w € K} — 0
as j — oo. We note that for z € ©; we have

’ K2z z) 1j/€?j,K?j>Q _ <T¢1k?,K§2>Q

KQJ(z z) y
Bo, T3 (2) — BaTy, (2 e
1 K%2,2) .0, . q. Q

= T, 7k Ty, K, . 4

KQ(Z,Z) KQj(Z,Z) 1 vz ( ) 1 ( ) ( )

Hence Bg, T(?lj — BTy, uniformly on compact subsets of Q\Z as j — oo.

Next we show the induction step. Let T = Ty, Ty, and T = Ty, o Ty As the induction
g J

|S2j :

hypothesis we assume that T k?j — Tk? uniformly on compact subsets as j — oo. Then

Tk (w) — TU kD (w) =(¢m Tk, K2 (w)a — (¢mTHEDT, K (., w))a,
=(omThS, K2(,w))s — (dm T kY, K% (., w))s
+ (dmThS, K2 (L w)ans
— (T kD, KD (L w))o,\s

As in the previous case, we have

[(6nThE, KO, w))ors| <lbmlie | IR 22or )y K 2w, w)

<ellpmll Loy |1llL= (@)
and
(G Tk, K% (), s| <lém e @ 1T 1R 20,8y KD (w,w)
<ellpmllo(@) - o1l Loe (-
Then

(@ TR, K2 w))ors| + \<¢mfﬂfk?uK"j(-,w>>nj\s
< 2€H¢m||L°°(Q H¢1||L°°

for all z,w € K. Furthermore, by induction hypothesis, we have
sup{|T% k% (w) — TE (w)| : z,w € K} — 0
as j — oco. Then
sup {<¢mTvk§7KQ(-aw)>s — (G T kY K% (L w))s : z,w € K} -0
as j — oo. Hence,

sup{|T% k% (w) — TS (w)] : z,w € K} — 0
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as j — oo. Similar to (4) one can show that

1
K%(z,2)

K9Q(z,2)
K% (z,2)

’BQjTQj (2) — BaT(z)| = TS (2) — Tk (2)]

Therefore, f; — 0 uniformly on K as j — oo.

To prove the second part we assume that €2 is bounded. Then the Lebesgue Dominated Convergence
Theorem together with (3) implies that [, |f;(2)|PdV (z) — 0 as j — co. Hence, EBq,T*% — BoT in LP(f)
as j —oo. 0O

Using very similar arguments as in the proof of Theorem 3 one can prove the following corollary.

Corollary 3. Let Q be a non-trivial Bergman domain and {2;} be a sequence of domains in C™ such
that Q C Qi1 C Q; for all j. Assume K% (z,2) — K%(2,2) as j — oo for every z € Q. Let
T = Zinzl Tgpr To, ., be a finite sum of finite products of Toeplitz operators with bounded symbols
on Q1 and T = an:l T4,011a,

subsets of Q\ Z as j — oo. Furthermore, if Q0 is bounded, then EBQJTQj — BoT in LP(Q) as j — oo for
all 0 < p < o0.

"'Tabm,kmlnj for each j. Then BQjTQj — BqT wuniformly on compact

We finish this section with the proof of Corollary 1.

Proof of Corollary 1. Let ¢ € L1(Q2) and let K C Q\Z be compact. First assume that ¢ is real valued and
¢ > 0on Q. For each k > 1 we define ¢, = min{¢, k}. Hence, ¢, € L>(2) and Bq¢i(z) increases to Bod(z)
for each z € ). By Dini’s Theorem, Bq¢ converges uniformly to Bo¢ on K. By Theorem 3, for each k > 1
there exists ji so that

ol M

sup |EBq;, ¢r(z) — Badr(z)| <

zeK
This means that EBg; ¢ converges uniformly to Bog¢ on K. If €2 is bounded and p > 0, then by the last
statement of Theorem 3, we can find ji, so that ||EBq; ¢r — Badk| rro) < 1/k. By Monotone Convergence
Theorem, we conclude that ||Bagr — Bad||rrq) — 0 as k — oo. Therefore, HEBij b — Badllrr) — 0
as k — oo. Now let ¢ € LI(Q) be real valued. Then we write ¢ = ¢ — ¢~ where ¢, ¢~ > 0 on Q. Since
Bq¢ = Ba¢p™ — Bq¢~, we can apply the first part of the proof to each term. Finally, if ¢ is complex valued
then we can apply the previous part of the proof to the real and imaginary parts of ¢. O

3. Proofs of Propositions 1 and 2

Let D = {z € C : |z| < 1} be the unit disk in the complex plane. The Poisson kernel (see, for instance,
[14, Definition 1.2.3]) on the unit disk is defined as

C+z>_1|z|2

P(Z,C):Re<<_z _|<—Z|2’

where z € D, (| =1.

Lemma 5. Let 0 < s <1 and z € D. Then
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Proof. Let us fix z = pe’. In (5), we use the property that
Plspe”, ) = Plspe”, c);

and in (6) we use the facts that P, the Poisson kernel, is the kernel of the integral operator that solves the
Dirichlet problem and P(.,e") is harmonic on D (see [14]).

2
1
%/(P(sz,e / 52,e)P(sz,e™)dt

0

27

P(spe', e™)P(sz, et)dt
27

0
2
1
2m

P(spe’, e®)P(sz, e't)dt (5)

0
=P(s%pz, e'?) (6)
o 1—stz!
(1—s%[2[?)?
14 8%z
1— 82|22

Hence, the proof of Lemma 5 is complete. O

A function u(z,w) in D? is said to be separately subharmonic if when one of the variables is fixed in D,
u is subharmonic in the other variable.

Lemma 6. Let G,(z) = log 1@

‘ be the Green’s function for D with pole at a € D. Then
az

)

and the function u(z,a) = BpGu(2), defined for (z,a) € D?, is separately subharmonic on D2.

a—z

B]D)Ga(z) = % (

1—az

Proof. First suppose that a = 0. Using Lemma 5 in the fourth equality below we get

(1—12[*)? [ log|w|
B]DGO( ) T |1 _EZ‘4dV(w)
D
(1 | | 2 1 27
— |z
- /slogs/ = se—“z|4dtd5
0 0

1

2m
—20412) (1 — <2]4|2
(1 — |2f?) 2/ slog s 1/(14 s%z)%) (1 — s?|7] )dtds

—s2|z|2)2 27 et — sz|?2  |eit — sz|?
0

— |

0
! 1 2,2
1
2/ slog s + s%|z| ds
—s?[2[?)? (1 - 52|2]?)
0
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1

(1+s2|2)?)1
2/3 + s2|2]?) ogsds.
— 52[z[2)3

0

One can show that

T =
(1= [zP2?)? 2|22 = 1)2  4fz[2(]2[?22 - 1)

/x(l—l— \z|2x2)logxd z?logx 1 LC

Therefore,

1
1+ 52|2]?) log s 1
21— 222 [ & ds = = (|22 — 1).
(- 1Py [ s s = 51 - )

Let a € D\{0}. Let ¢, (w) = 1a:

(see also [17, Section 6.3]) we have

_w be the Mdébius transform on the disk. Then, using [9, Chapter 2]
w

By Gl (/19 (0 (w))dV (w)

:/%WN%@WWW)
D
= [ Golws. o wav ()
D
1 a—z 2
=BpGo(¢a(z)) = B ( e 1) .

Hence, the proof of Lemma 6 is complete. O

Proof of Proposition 1. The Bergman kernel of the annulus A, is (see [11, Example 12.1.7 (c)])

1 1 k2*wk
KA = - :
(z,w) 2mzw log r * 20 ]; 1—r2k

Let K be a compact subset of D \ {0}. Then for small enough r > 0 the set K is a compact subset of A,.
Let us fix zo € K € A, and let us break down the function K“+(zp,w) into four pieces as

KA (z0,w) = 2, (w) + 9 (w) + 07 (w) + ¥F (w)

where
1
0
w)=— ———
o () 2mzow log T’
2
1 r
W) =———————
o (W) (1—r2 )7rz(2)w2’

Z k-1 (T)k-‘rl
TZ" 7TZ% r% 20 w ’
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3 (w) 1 i kzbw"
' (w) = .
%0 T20W £ 1 —r2k

One can check that the sup{|y; . (w)| : z0 € K,w € A,} and sup{|¢? _ (w)| : z0 € K, w € A,} stay bounded
as r — 07. Furthermore, sup{|¢? (w)| : zo € K,w € A,} converges to zero as r — 0%.

Now we will estimate the Berezin transform of ¢(w) = log |w| on A, at zo. First we can write | K4 (2o, w)|?

as

|KA (20, w)? = [0, (w)]* + 2., (w)]* + T,y (w)

where
3 —_—
Wy () =2Re | 00, () Sl (w) + 6L, Zw
=1

+2Re (V2. (w) szzo<w>)+\wizo (@) + |92, ()]

Now we will show that sup { ‘fAr A(w), 4, (w)dV(w)‘ 120 € K} — 0 as 7 — 0T. Using polar coordinates
we compute

1
1
/|<z> 8 )]0V () =i 10y

_r—rlogr—1
|z0|log 7

uniformly on K as r — 0. Hence using the fact that wi)z(’, )2 2o Y3 stay bounded uniformly on A, for

all zg € K we conclude that

T,20

/ (b T zo Z 7/’7" Z(J ) —0
uniformly on K as r — 07. Similarly, we conclude that

/¢ ) [ ()2 v (w) = 0
and

ot Zwm (w) =+ 0

A,

uniformly on K as r — 07 because 1/)%720, 7,/} o 1/)7, -, Stay bounded uniformly on A, for all 29 € K and

1
22 log p
dv(w) =— d
/|¢ ||d)rzo )| (’UJ) (1—7"2)|Zo2/ p p

T

r2(logr)?
=27 50
=)l
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uniformly on K as r — 07. Finally, since ¢, stays bounded uniformly on A, while sup{|¢7  (w)| : 20 €

K,we A} - 0asr— 0" we get

T,20

/¢ 2. ()| dV (w) = 0

and

/ S(w)U2 ,, (w) TR oo (@)dV (w) —

Ay

uniformly on K as r — 0%. Therefore, we showed that

/¢ U, (w)dV(w)|:20 € K p - 0asr— 0%,

Now we turn to [, ¢( w) |42, ( )|2 v (w

1
) 1 log p 1
d _ dp= ——— .
/d) )|z (@) V() 27T|Zo2(10g7‘)2/ p P 4| z0[?

T

Finally,

1
KA KP =
(ZOaZO) - (ZO,ZO) 7T(1 _ |Z0|2)2
uniformly for all zg € K as r — 0% and
3 2 D 2
sup |¢T720(w)| - ‘K (w,zo)‘ czp€eEKweDy =0

as r — 0F. Therefore, we have

Ar(w, 20)|?
Ba, ¢(20) /¢ de(w)
rzo rzo )|2
/¢ 20720 /d) Zo Zo)dv(w)

7"20 )
/qb KA+ (20, Zo)dV(w)

and

(Iz0]*> = 1)

4|zo|? + Bodlao) =

Ba, ¢(z0) = —

uniformly on K as r — 07 because Lemma 6 implies that Bp¢(20) = 3(|z0/> — 1). Therefore, we showed
that
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2> 1

Ba, ¢(z) = EE

uniformly on compact subsets of D \ {0} as r — 0". O
Proof of Proposition 2. The functions {e, : n = 0,1,2,...} form an orthonormal basis for A%(D*) where

en(z) = w/”T“z”. Using integration by parts, we compute

2" T

12 2n+1)32 en(2)

1
Tsen(z) = | 2(n+ 1)/7"2’”rl logrdr | 2™ =
0

Hence, T} is a compact diagonal operator on A?(D*) and by [7, Theorem 6] it is in the Toeplitz algebra.
‘2

Let f(z) = ‘ZT — 4|i|2. Proposition 1 implies that for any ¢ > 0 and any compact set K € D \ {0} we

can choose 1y > 0 sufficiently small so that K € A, and

IBBA T2 ey = [ 1B4, 0PV 2 [ Bao()Pav(s)
K

Ay
> / F()PaV(z) -

for all 0 < r < rg. Then
. A,
hrrg(l)rlfHEBAr% ”ip(]n)*) > ||f||1£p(K) —E&.
Since K and € are arbitrary, we conclude that
o A,
liminf | EBA, T3 1o ey 2 1170 m-)-
Furthermore, one can show that || f||z»p+) = oo if and only if p > 1. Therefore,

||EBATT(;54T ||Lp(]D)*) = Q.

lim
r—0t+
Finally, || Bp+Ty||Lrp+) < 0o for all 1 < p < oo because Lemma 6 implies that Bp-Ty = (|z[*> —1)/2. O
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