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are allowed. In this case, a new and more general matrix extension of the discrete
Painlevé I equation is found.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

Matrix extensions of real orthogonal polynomials were first discussed back in 1949 by Krein [50,51]
and thereafter were studied sporadically until the last decade of the XX century, being some relevant
papers [7,12,41]. Then, in 1984, Aptekarev and Nikishin, for a kind of discrete Sturm-Liouville operators,
solved the corresponding scattering problem in [7], and found that the polynomials that satisfy a relation
of the form

ka(x) = AkP}ch(x) + BkPk({)C) + Azilpkfl(x), k=0,1,...,

are orthogonal with respect to a positive definite measure; i.e., they derived a matrix version of Favard’s
theorem.

In a period of 20 years, from 1990 to 2010, it was found that matrix orthogonal polynomials (MOP)
satisfy, in some cases, properties as do the classical orthogonal polynomials. The first explicit (nontrivial)
example of matrix-valued orthogonal polynomials satisfying a second-order differential equation was given
by Griinbaum in [42] as a byproduct of [44-46]. Later, in a very different way, other examples were obtained
in [33].

Let us mention, for example, that for matrix versions of Laguerre, Hermite and Jacobi polynomials,
i.e., the scalar-type Rodrigues’ formula [34,35] and a second order differential equation [13,31,33] has been
discussed. It also has been proven [32] that operators of the form D = 9*Fy(t) + 9'Fy(t) + 0°Fy have as
eigenfunctions different infinite families of MOP’s. A new family of MOP’s satisfying second order differential
equations, whose three term recurrence relation coefficients do not behave asymptotically as the identity
matrix, was found in [13]; see also [15]. We have studied [4,5] matrix extensions of the generalized polynomials
studied in [1,2]. Recently, in [6], the Christoffel transformation to matrix orthogonal polynomials on the
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real line (MOPRL) were extended to obtaining a new matrix Christoffel formula, and in [8,9] more general
transformations —of Geronimus and Uvarov type— were also considered.

It was 26 years ago, in 1992, when Fokas, Its and Kitaev, in the context of 2D quantum gravity, discovered
that certain Riemann—Hilbert problem was solved in terms of orthogonal polynomials on the real line
(OPRL), [37]. Namely, it was found that the solution of a 2 x 2 Riemann—Hilbert problem can be expressed
in terms of orthogonal polynomials on the real line and its Cauchy transforms. Later, Deift and Zhou
combined these ideas with a non-linear steepest descent analysis in a series of papers [26,27,29,30] which
was the seed for a large activity in the field. To mention just a few relevant results let us cite the study of
strong asymptotic with applications in random matrix theory, [26,28], the analysis of determinantal point
processes [23,24,52,53], orthogonal Laurent polynomials [56,57] and Painlevé equations [25,49].

The study of equations for the recursion coefficients for OPRL or orthogonal polynomials in the unit circle
constitutes a subject of current interest. The question of how the form of the weight and its properties, for
example to satisfy a Pearson type equation, translates to the recursion coefficients has been treated in
several places, for a review see [63]. In 1976, Freud [38] studied weights in R of exponential variation
w(z) = |z|? exp(—|z|™), p > —1 and m > 0. For m = 2,4, 6 he constructed relations among them as well
as determined its asymptotic behavior. However, Freud did not find the role of the discrete Painlevé I,
that was discovered later by Magnus [55]. For the unit circle and a weight of the form w(#) = exp(k cosf),
k € R, Periwal and Shevitz [60,61], in the context of matrix models, found the discrete Painlevé I equation
for the recursion relations of the corresponding orthogonal polynomials. This result was rediscovered later
and connected with the Painlevé III equation [48]. In [10] the discrete Painlevé II was found using the
Riemann-Hilbert problem given in [11], see also [62]. For a nice account of the relation of these discrete
Painlevé equations and integrable systems see [22], and for a survey on the subject of differential and discrete
Painlevé equations cf. [19]. We also mention the recent paper [20] where a discussion on the relationship
between the recurrence coefficients of orthogonal polynomials with respect to a semiclassical Laguerre weight
and classical solutions of the fourth Painlevé equation can be found. Also, in [21] the solution of the discrete
alternate Painlevé equations is presented in terms of the Airy function.

In [16] the Riemann—Hilbert problem for this matrix situation and the appearance of non-Abelian discrete
versions of Painlevé I were explored, showing singularity confinement [17]. The singularity analysis for
a matrix discrete version of the Painlevé I equation was performed. It was found that the singularity
confinement holds generically, i.e. in the whole space of parameters except possibly for algebraic subvarieties.
The situation was considered in [18] for the matrix extension of the Szegd polynomials in the unit circle
and corresponding non-Abelian versions discrete Painlevé II equations. For an alternative discussion of the
use of Riemann—Hilbert problem for MOPRL see [47].

Let us mention that in [58,59] and [14] the MOP are expressed in terms of Schur complements that play
the role of determinants in the standard scalar case. In [14] an study of matrix Szegd polynomials and the
relation with a non Abelian Ablowitz—Ladik lattice is carried out, and in [3] the CMV ordering is applied
to study orthogonal Laurent polynomials in the circle.

In this work we obtain Sylvester systems of differential equations for the orthogonal polynomials and
its second kind functions, directly from a Riemann—Hilbert problem, with jumps supported on appropriate
curves in the complex plane. The differential properties for the weight function are fundamental. In this case
we consider a Sylvester type differential Pearson equation for the matrix of weights. We also study whenever
the orthogonal polynomials and its second kind functions are solutions of a second order linear differential
operator with matrix eigenvalues. This is done by stating an appropriate boundary value problem for the
matrix of weights. In particular, special attention is paid to non-Abelian Hermite biorthogonal polynomials
on the real line, understood as those whose matrix of weights is a solution of a Sylvester type Pearson
equation with given first order matrix polynomial coefficients. In Theorem 5 we give conditions such that
Hermite type matrix biorthogonal polynomials and corresponding second kind functions are eigenfunctions
of second order differential operators.
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Several applications are given, in order of increasing complexity, as well. First, we return to the non-
Abelian Hermite biorthogonal polynomials on the real line, and give nonlinear matrix difference equations
for the recurrent coefficients of the non-Abelian Hermite biorthogonal polynomials. Next, we consider the
orthogonal polynomials and functions of second kind associated with matrix of weights, that satisfy a
differential matrix Pearson equation with degree two polynomials as coefficients. To simplify the discussion,
only a left Pearson equation is considered. In this case, the support of the measure belongs to an appropriate
branch of a hyperbola, and the recursion coefficients are shown to fulfill a non-Abelian extension of the scalar
alternate discrete Painlevé I equation. Finally, a discussion is given for the case of degree three polynomials
as coefficients in the left Pearson equation characterizing the matrix of weights. However, for simplicity only
odd polynomials are allowed. In this case, a new and more general matrix extension of the discrete Painlevé
equation is found. To end this study we present a comparison with the results already obtained by several
authors in the scalar and matrix cases.

The layout of the paper is as follows. In § 2 we introduce the basic objects and results fundamental to the
rest of the work. Then, § 3 is devoted to study the interplay between fundamental matrices with constant
jump and structure formulas. In § 4 and 5 we characterize sequences of orthogonal polynomials whose matrix
weight satisfies a Pearson—Sylvester matrix differential equation by means of a Sylvester matrix differential
system and a second order differential operator. Finally, in § 6 we show how to derive Painlevé equations
for the matrix recurrence coeflicients of orthogonal polynomial sequences associated with matrix weight
functions of “exponential” type.

2. Riemann-Hilbert problem for matrix biorthogonal polynomials
2.1. Matrix biorthogonal polynomials

Let

wah oo waN)
W = c (CNXN’
WD o I (VLN)

be a N x N matrix of weights with support on a smooth oriented non self-intersecting unbounded curve -,
without end point, in the complex plane C, i.e. W) is, for each j, k € {1,..., N}, a complex weight with
support on v. We define the moment of order n associated with W as

1 n
Wn:% 2"W(z)d z, neZy:={0,1,2,...}.
v

We say that W is regular if the matrix moments, W,,, n € Z, exist and the matrix of moments,

Wo - W,

§.k=0,....n : : )
W, - W,

Up = [Wj+r]

is such that

detU,, # 0, ne”Zs. (1)
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In this way, we define a sequence of matriz monic polynomials, {P,';(z)} were deg P-(2) =n,n € Z,

left orthogonal and right orthogonal, { PR(z)}
matrix measure W, by the conditions,

neZy’

nez, > Were deg PR(2) = n, n € Z ., with respect to a regular

1
7 PJ{(Z)W(Z)deZ = 6n’kC,:1, (2)
¥
1 _
5 KW (2)PR(2)d 2z = 6,01, (3)
¥
for k=0,1,...,n and n € Z, where (), is a nonsingular matrix.

We can see that sequence of monic polynomials {P}},ecz, are defined by (2) with respect to a regular
matrix weight, W. In fact, taking into account a representation for P,'; as

Pr(z) =pl oz +pl 2" i e
such that for each j =0,1,...,n—1
/P'/I;(Z)W(Z)Z] dz = pE,an+j +p,{)an+j_1 N +pf;lej+1 W =0,
¥
and with j =n
/P:{(Z>W(Z)z" dz = pE,nWQn er,{,nWQn_l 4. +pﬁ;1Wn+1 P W = co
y

In matrix notation we have

[pf,n pf;zl pl{,n pE,n] Un = [0 0 --- 0 Cn_l] .

From (1) we know that the above linear system has an unique solution, i.e. there exists and are unique the
matrices pf’n,pﬁ;l, . ,pi’n,pe’n, and so the sequence {P,';}nez+ is uniquely defined up to a multiplicative
nonsingular matrix defined by (2).

This last sentence is a direct consequence of the non-singularity of the last block of U !, i.e. the one in
the position (n + 1), (n + 1), of the matrix U !, as (see for instance [40])

A|B
u,'=
Cc|D
-1
with D = (Wgn — Wy oo W JUL (W - WJnfl]T> , and det D = %&H. The same

can be seen for {PF},cz, .

Notice that neither the matrix of weights is requested to be Hermitian nor the curve v to be on the real
line, i.e., we are dealing, in principle with nonstandard orthogonality and, consequently, with biorthogonal
matrix polynomials instead of orthogonal matrix polynomials.

The matrix of weights induces a sesquilinear like form in the set of matrix polynomials CV*N 2] given
by
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(P.Qhw = / P(:)W(2)Q(2)d 2,

ol

in the sense that, for all P, P, Py, Q,Q1,Q2 € CN*N[2] and A, B € CV*¥ we have

(P14 P, Q1 + Q2)w = (P1,Qu)w + (P2, Qu)w + (P1, Q2)w + (P2, Q2)w
<AP7QB>W = A<P7Q>WB

Moreover, we say that {P,';(z)}nez+ and {P)f(,z)}nez+ are biorthogonal with respect to a matrix weight
functions W, as from (2) and (3)

1

27”(PL PRy = 6nmCi n,m € Zy. (4)

As the polynomials are chosen to be monic, we can write

PJ;(z) =12" +ptnz"_1 —I—pf)nz"_2 N pf’n,
PR(2) = Iz" +p%{,nz"71 +p§7nz”72 + -+ PR

with matrix coefficients p’fﬁn,pé,n € CN*N | =0,...,n and n € Z, (imposing that P = Pon =1,
n € Zy). Here I € CV*¥ denotes the identity matrix.

2.2. Three term relations

From (2) we deduce that the Fourier coefficients of the expansion

n+1
2P (2 Z 0w Pe(z

are given by (', = On, k = 0,1,...,n — 2 (here we denote the zero matrix by On), £',,_; = C,1C, 1
(is a direct consequence of orthogonality conditions), £f', ., = I (as PY(z) are monic polynomials) and
o, = ptn — pbnﬂ =: B~ (by comparison of the coefficients, assuming Cy = I).

Hence, assuming the orthogonality relations (2), we conclude that the sequence of monic polynomials
{Pr(2)

}n z, is defined by the three term recurrence relations

ZP#(Z):RI{H( ) + 5LPL( )+ bpr'; 1(2), ne€”Lsy, (5)
with recursion coeflicients

L. .1 1 L. —1
Bn = pL,n _pL,n+1? Tn = Cn Cn*h

with initial conditions, Pt = Oy and P} = I.

Any sequence of monic matrix polynomials, { PR(z)}
to {P,';(z)}nEZ+
the Fourier coefficients of zPR(z) in the expansion

neZ with deg PR = n, biorthogonal with respect

and W(z), i.e. (4) is fulfilled, also satisfies a three term relation. To prove this we compute

n+1

mn mn 1
ZPE(Z) = E P/?(z) R,k> fR,k = —QWi/ZPICL(Z)W(Z)PS(Z)dZ'
k=0
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From (2) we have (g, = I, lg, = Co3;CY l, ) = Cn 1 Cptand £, = Oy, k= 0,...,n — 2, ie.
the sequence of monic polynomials {P,'f )}n ez, satisfies

PRy =0n,  Fy=1,  zPi(2) = Pia(2) + PR(2)B + Pra(2)nn, né€ s, (6)
where
B = CuBrCrt, = OO = G O,
and the orthogonality conditions (3) are satisfied.
2.3. Second kind functions

We define the sequence of second kind matriz functions by

1 [ P

QL (2) := 5 ;_ . W(Z')dz, (7)
Y
1 PR !
Q) = 5 [ W2 ®
2l

for n € Z . From the orthogonality conditions (2) and (3) we have, for all n € Z, the following asymptotic
expansion near infinity for the sequence of functions of the second kind

Q;(Z) = _Crzl(lz_n_l +qﬁ,nz_n_2+"')7 (9>
Qn(z) = —(I=" 4 grp2 " 24 ) Ot (10)
From now on we assume that the measures WK j & {1,..., N} are Holder continuous. Hence using

the Plemelj’s formula, cf. [39], applied to (7) and (8), the following fundamental jump identities hold

(Qn(z ))+ (Qu(2)")_ = Pr(2)W(2), (11)
(Qn(2)), — (Qn(2)) _ = W(2)Pi(2), (12)

z € 7y, where, (f(z))i = hm f(z + ie); here + indicates the positive/negative region according to the
orientation of the curve ~.

Now, multiplying equation (5) on the right by W and integrating we get, using the definition (7) of
{Q';L(z)}nez+, that

1 plyr
Jﬁ/ﬁﬂﬁwwmz=tﬂm+&¢@ncﬁ@4@4@-

2mi 2z —z
v

As =1+ from the orthogonality conditions (2) we conclude that

z/f z’ z?

2Qn(2) = Qi1 (2) + BrQn(2) + € Crr Q1 (2), ne Ly,

with initial conditions



8 A. Branquinho et al. / J. Math. Anal. Appl. 494 (2021) 124605

Q' ,(2) = QR (2) = —C=} and Q5(2) = QR(z) = — ZL/

where Sy (z) is the Stieltjes-Markov like transformation of the matrix of weights W.

Sometimes in the literature some authors distinguish between Markov transforms and Stieltjes transform
when we are dealing with measure defined on a bounded or an unbounded interval, respectively, of the real
line. Here we unified the notion as the scalar Markov convergence theorem (stated for the bounded case) is
still valid for the unbounded case when the moment problem is determined.

It can be seen that

P = o [ IO ar s L [ Bz,

2mi z -z 2mi zl —z
v v

i.e. we have the Hermite—Padé like formula for the left orthogonal polynomials,
Pr(2)Sw(z) + B0 () = Q). me iy,

where

’(1)( )= L/—PJ;(Z/) — P}{(Z)W(Z/)dw, ne”rls,

Pty 2 i z -z

is a polynomial of degree at most n — 1 said to be the first kind associated polynomial with respect to

{PT';(Z)}%ZJr and W (z). Similarly, for the right situation we have the associated

1 PR PR
PE’(I)(Z):%/W(z) n+1(z)_zn+1( )dw, nezs,
¥

and the corresponding Hermite-Padé like formula for the right orthogonal polynomials,
Sw()PR(z) + PV () = Qi(z)  ne Ly
2.4. Reductions: from biorthogonality to orthogonality
We consider two possible reductions:
i) When the matrix of weights W (z) with support on v is symmetric, i.e. (W(2))" = W(z), z € 7, then
R L T R L T
Pn (2) = (Pn(2)> ) Qn(z> = (Qn(z)) ) zeC.
Moreover,
(Pt (PHY Yy = /P z)(Ph(x)T da.
¥
ii) When the matrix of weights W (z) is Hermitian positive definite with support on v C R, i.e. (W (x))! =
W(z), x € R, then

PRz) = (PL(2)", QR =(Q5)", zecC.
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In this case we have

(Pr, (Po)w = /P,&(a:)W(a;)(P,&(:@)T dz.
R

2.5. Fundamental and transfer matrices vs. Riemann—Hilbert problems

We can summarize the left three term relation as follows

[—Jgfﬁﬁ)@ —c%éz()z)} - ] [—OHPTLI(D?AZ:) - n%?m}

and

Pk’(l)(z)
~Cn P (2)

n

_ [zf—ﬁk Cnl]

-C,, On L,(1)

_C7L—1Pn_2 z

Py (2)
( >] '

In terms of the left fundamental matriz Y,-(z) and the left transfer matriz TE(z),

Yor(2) = {—c:fz(a?_l(z) - ff‘é?_l@}’ Th(z) = [’ZI__ka %fvl]

we rewrite the above identities as follows
Yo (2) = Tp(2)Yr(2), nez,.

From these we see that det YL (z) =det Y} (z) =1,asdet T- =1 on C \ yforn € Z,.
For the right orthogonality, we similarly obtain from (6) that

|:P7I§+1(Z) —Pi(z)Cn] _ {PS(Z) —Pﬁl(z)Cn-l] [zI—BS —Cn}

Qr(z) ~QRC] T Q%) Q%G | Gt o
and also
ZI_BE _Cn
(PR PR e0] = [P —PS@(z)CnH ot ON]

as we have the Hermite—Padé like formula for the right orthogonal polynomials,

QR(2) PR(2) + PN (2) = QR ().

Taking the right versions of fundamental matriz YR () and transfer matriz TR(z),

PR(z) —PR (2)C,_1 2 - R —C

R __ n n—1 n R — n n
O =g koo o=l o
we see that det Y,R(2) = det YR(2) = 1, because det TR =1 on C \ 7 for n € Z,.

Note that,
C. Oy C. Oy 17"
R _ n L n
Tn (Z) - [ON _Cn1:| Tn(z) |:0N _Cn1:| ’ ne Z-i-'

Now we can state the following left Riemann—Hilbert problem.
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Theorem 1. The matriz function Y- (2) is, for each n € Z, the unique solution of the Riemann—Hilbert
problem; which consists in the determination of a 2N X 2N complexr matriz function such that:

(RH1): Y.L (z2) is holomorphic in C \ v;
(RH2): has the following asymptotic behavior near infinity,

YR = (106 [ ]

Oy Iz7"

(RH3): satisfies the jump condition

As well as its right version.

Theorem 2. The matriz function Y,X(z) is, for each n € Z,, the unique solution of the Riemann—Hilbert
problem; which consists in the determination of a 2N x 2N complex matriz function such that:

(RH1): Y,R(2) is holomorphic in C \ v;
(RH2): has the following asymptotic behavior near infinity,

Vi@ = [ ] o),

(RH3): satisfies the jump condition
1 0
R _ N R
0RO, = |y 7 0E@) sen

Remark 1. Conditions (RH2) and (RH3) are direct consequences of the representation of the second kind
functions (9), (10) and the inverse formulas (11), (12), respectively.

Remark 2. For the symmetric and Hermitian reductions these two Riemann—Hilbert problems are equivalent
and for the fundamental matrices we have

YR(z2) = (YT'L‘(z))T, symmetric case,

YR(z2) = (YL(E))T, Hermitian case.

n

In both cases, we will use the notation
Y, (2) == YE(2).

We define the family of normalized left fundamental matrices {Ss(z)} associated with {Y,-(z)}

by means of

neZ neZ

TLEZ+.

n

sie=vie |5 ).

ON Iz"

Taking into account the representation of { P} (z) }n€Z+ and {Q%(2)} n (5), we arrive to the asymptotic

representation for the normalized fundamental matrices

neZy !
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1 -1 2 —-1.1
PLn -Cy, -1 PLn —Cral | o -3
Stz =1+ ' z  + ’ 2T+ 0(277),
"( ) |:—Cn1 ql},n—1:| _C’ﬂflptn_l qE,n—l ( )

for z — oo, where
1 1 _ Al
PLn = PLn+1 = Bnﬂ
2 2 _pL1 —1
pL,'VL - pL,n+1 - an,n + Cn On—h

3 3 _ npL.2 -1 1
pL,n - pL,n+1 - /Ban,n + Cn CnflpL,nflv

and

1 1 _ nR
QL,n - qL,nfl - ﬁrw

2 2 R 1 -1
QLm - qL,n—l = ﬁnqL,n + CnCnJrl‘

Observe that we will also have the following asymptotics for z — oo,

st 1= e 6]

*Cn—l qﬁ’n,1
112 -
pI{,n 70’@ ! _ pE,n 7Cn 1qﬁ,n -2 -3
+ 1 1 2 Z7+0(277).
_O’ﬂ—l qL,n—l _Cn—lpL,n—l qL,n—l
For the right version we have normalized right fundamental matrices {S’E(z)}n ez, associated with

{YnR(Z)}n€Z+
Iz 0
R(y N R
with asymptotic behavior at infinity given by

1 2 1
PR —Ch1]| Pr.n —PrRn—1Cn-1] __o -3
SRy =T+ " 27+ no_ ’ 2744+ 0(z77),

n( ) |:Cn 1 q&?,n—l :| 7q|:1{,n07l 1 q%,n—l ( )

for z — oo, and the asymptotics for the inverse matrix is

1
—1 P n 7Cn— _
(SS(«Z)) =1- |:_g’;1 que,nj 21

2

p]f?,n —Cn,1 p%,n _p]ﬁm_lcnfl _9 O _3
T\ ot oL T ot 2 27+ 0(77).
n qR,nfl qRﬂ’L n qR,nfl
Here
1 1 R
pR,n _pL,n+1 = Bn7
2 2 1 R —1
pR,n _pL,n+1 = pL,nﬁn + Cn71Cn 5
3 3 2 R 1 —1
PrRn — PRn+1 = pL,nﬂn +pL,n_1Cn—1Cn 5

and
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1 1 _nL
qR,n - qL,n—l — Mno
2 L
drR,n — (JL n—1— QL b+ +1C

Theorem 3. Let Y- and YR be, for each n € 7., the unique solutions of the Riemann—Hilbert problems in
Theorems 1 and 2, respectively; then

0 I 0 —I
Loy—1 _ R
Proof. Let us remember that {P,';}nez+ satisfies (5), i.e.
ZPJ;( ) Pr%-i—l( ) ﬂLPL( )+C 1Cn IPL 1( ) TLEZ+,

with initial conditions Pt; = On and Pt = I; and {P,Ff}nez+ satisfies (6), i.e

tPY(t) = Pra(t) + PR()CuBrCrt + PRy (DC1 Oyt n€ Ly,
with initial conditions PR, = Oy and P} = I. Multiplying the first equation on the left by PR(¢)C,, and

the second one on the right by C,, Pt(z) and summing up, we arrive after applying telescoping rule

(=) Y PR(OCkPr(2) = PR(t)CuPriy (2) = PRA(DCuPE(2),  n€ Ly (14)
k=0

hence for t = z,
PE(Z)CnPr%H(Z) = n+1( 2)C Py (2), ne€Zy; (15)

As {Q'—} ez, (respectively, {Q,RL}nGZJr) satisfies (5) (respectively, (6)), with initial conditions Q" ;, = QR , =
—C~ 1, Q5 = QR = Sy (2), proceeding in the same way with {Qi:b}nez+ and {Qﬁ}neZJr in place of {P,';}nez+

and {Pn} respectively, we arrive, for all n € Z, to

nezZy’

(=) Y QROCKQE(2) = QR(NCHQh11(2) — Qf 1 (D CnQy(2) + Sw (2) — S (8); (16)

k=0

hence for t = z,

Qn(2)Cn@Qri1(2) = Q11 (2)CnQy(2),  n€Zs. (17)

Applying the same procedure mixing the P’s and the Q’s we get, for all n € Z,

(z=1) Y QRHCKPE(2) = QR (H)CPE 1 (2) = QR 11 () CuPr(2) + 1, (18)
k=0

(z =) PRH)CLQ5(2) = PR(1)Cn@Qk 11 (2) — PR (HChQk (2) — (19)
k=0

and when t = z we arrive to, for alln € Z,
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Qn11(2)CnPr(2) = Qu(2)Cn Py (2) = 1, (20)
P(2)CnQp 41 (2) = Py (2)Cn@Qp(2) = 1.

Equations (14), (16), (18) and (19) are known in the literature as Christoffel-Darboux formulas. Now,
from (15), (17), (20) and (21) we conclude that

—QR_1(2)Cn1 —QR(2) B
|: Psfl(z)cn—l PR(Z) :|Y7IL_(Z)—I, nEZ_;,_,

n

and as

[ ARO[ ey ] mezs

we get the desired result. O

Corollary 1. In the conditions of Theorem 3 we have that for alln € Z,

Qn(2)Pia(2) = Pr(2)@Q5 1 (2) = O Ly, (22)
Py 1 (2)Qn(2) = Qna(2)Pi(2) = Oy, (23)
Q(2) P (2) = Py (2)Q5(2) = 0. (24)

Proof. As we already proved that the matrix

[—Q51(2)Cn1 —QE(Z)]
PR y(2)Crt PR(2) |7

is the inverse of Y,-(2), i.e.

_QE— (2)Cr—1 _QrRz(Z) T
o )[ PR (2)Co s fﬁ<z>} =5

and multiplying the two matrices we get the result. O

Corollary 2. In the conditions of Theorem 3 we have that for alln € Z .,

1 -1 2 1 —1
_ ®Rn-1 C _ QR 4R C _

O I I el I S O

n—1 pR,n pR,n—l n—1 pR,n
1 C 2 C 1
R _ A n—1 n—1 _ A n—1 n—1PL n—1 _
(Sn(2)) =T+ Cri1 1 z7! C—1n2 5 " 2

n pL,n n pL,n—l pL,n

3. Constant jump on the support, structure matrices and zero curvature

So far we discussed the connection between biorthogonal families of matrix polynomials for a given
matrix of weights W and a specific Riemann-Hilbert problem. Now, to derive difference and/or differential
equations satisfied by these families of matrix polynomials we will move to a simpler setting and we will
assume that the following hold

i) The matrix of weights factors out as W (z) = W-(2)WR(2), z € ~.
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ii) The factors W' and WR are the restriction to the curve v of matrices of entire functions Wt(z) and
WR(z2), z € C.

iii) The right logarithmic derivative ht(z) := (I/V'-(z))/(V[/L(z))f1 and the left logarithmic derivative
hR(2) := (WR(Z))_1 (WR(Z))I exist and are entire functions.

We underline that for a given matrix of weights W (z) we will have many possible factorization W(z) =
WL (2)WR(2). Indeed, if we define an equivalence relation (W', WR) ~ (W' WR) if and only if W-WR =
WUYWR, then each matrix of weights W can be though as a class of equivalence, and can be described by
the orbit

{(VV"(;S7 »~'WR), ¢(z) is a nonsingular matrix of entire functions} .
3.1. Constant jump on the support

Given assumptions i) and ii), for each factorization W = WWR  we introduce the constant jump funda-
mental matrices which will be instrumental in what follows

WL(Z) ON
Zyn(2) =Yy 25
R GIO] A (25)
WR(2) Oy
ZR(z) = VR Zy. 26
n(z) |: ON (WL<Z>)_1 n (Z)’ ne + ( )
Taking inverse on (25) and applying (13) we see that Z% given in (26) admits the representation
0 -1 0 I
R(.) — Liyy—1
2207 o @ |G o] ez (27)

Proposition 1. For each factorization W = W-WR, the constant jump fundamental matrices Z(z) and
ZR(2) are, for each n € Z, characterized by the following properties:

i) They are holomorphic on C \ 7.
ii) We have the following asymptotic behaviors

Loy — P W) on
Zy(2) = (I +0(z71)) { On Iz”(WR(z))l} ’
Z"WR(z) Uy

ZR(z) = [ } (I+0(:"1),

On (Wh(z))~tz™n

for z — oco.
iii) They present the following constant jump condition on -y

I 1 I 0

L L R N R
(@6, = (@) [ 3] @), =] %] @)
for all z € v in the support on the matriz of weights.

Proof. We only give the proofs for the left case because their right ones follow from (27).

i) As the W(z) and WR(z) are matrices of entire functions the holomorphicity properties of Z. are
inherited from that of the fundamental matrices YL.
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ii) It follows from the asymptotic of the fundamental matrices.
iii) From the definition of ZL(2) we have

LZ
(Z52), = (V). [W () On } ,

Oy (WR(z)™

and taking into account Theorem 1 we arrive to

@), = i) [, MO ]

now, as

LR il Wl )

we get the desired constant jump condition for Z5(z). O

Remark 3. For the symmetric and Hermitian reductions we assume

W) =p(z),  WRE) = ()T, WE) =p@) (), ZR=)=(24:)",  symmetric,

W) =p(z),  WR(z) = (p(2)), W=p=)(p(2)",  ZR)=(242)",  Hermitian.

3.2. Structure matrices

In parallel to the matrices Z5(z) and ZR(z), for each factorization W = W-WR, we introduce what we
call structure matrices given in terms of the right derivative and left derivative (logarithmic derivatives),
respectively,

ME(z) = (Z5(2)) (Z5(2) ", MR() = (2R(2)) T (2R(2)) .

It is not difficult to prove that

Ms(z)[? OI]M,LL(Z){O I], nez,.

Proposition 2. The following properties hold:
i) The structure matrices M~ (z) and MR(z), defined on subsection 3.2, are, for each n € Z.y, matrices of

entire functions in the complex plane.
ii) The transfer matriz satisfies

T5(2)Z5(2) = Zy 11 (2), Zp ()T (2) = Zyia (2), ne L.
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iii) The zero curvature formulas

[o{v gﬂ = My 1 (2)T5 (2) — Ty (2) My, (2),

I Opn

oy o | = THO ML) - MEGITEG)
n € Zy, are fulfilled.

iv) The second order zero curvature formulas

[ I Oy I Oy

o o | M MELE [ o | = ()T - THG) 08,

I Oy

On ON} = TR(2) (MR (2)” = (MR (2))*TR(2),

o o | M)+ 15 |

n € Zy, are satisfied.

Proof. Again we only give the proofs for the left case. We begin to prove that the sequence of matrix functions

{M(2)}, cz, 18 a sequence of matrices with coefficients given by entire functions. In fact, (My), =

((Z,LL)/)+ ((Zk)_1>+, and applying the constant jump condition we get

o = (28) [ 1] [oh 1] (@) = e
It follows from the definition of Z\ that
Th(z) = Vi () (Vr() T = Zha(2)(Z5(=)
Taking derivatives on T},(z) we get
(Th(2)) = (Zra () (Z5(2) 7 = 2 (2)(Z5(2) " (20(2) (Z5(2) ", nels,

and so, taking into account that

(Z51(2)) (Z5(2) 7" = (251(2)) (2551 (2)) T 2541 (2) (Z5(2)) ™ = ME TE

we get (28). Using the same ideas we derive (29).
Now, multiplying (28) on the left by M5 | we get

MrIZH {Ofv gg] = (Mkﬂ(z))QT:{(Z) - (MrIZHT:{(Z))M:{(Z)a

and again by (28) applied to the term M}, T:(z) we get (30). O
Higher order transfer matrices

Tro(2) = Trpo(2) - T(2), T p(2) =T (2) -+ T po(2),

satisfy

Yoio(2) = T ()Y (2), Yoie(2) = Yo (2) T ().
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Proposition 3. The following zero-curvature conditions hold, for all n,l € Z .,

(T 4(2)) = MEy oy (2)T5(2) = TE(2)ME(2),  (TR,(2)) = TR(2) MR, 141 (2) — MR(2)TR(2).

n

Proof. As before we only give a discussion for the left situation. It is done by induction: First of all recall
that £ = 0 is just the already proven zero-curvature condition. Now, assuming that it holds for £ we prove
it for £ + 1:

(T5 11 (2)) = (Trspn (DTS (2) = (T 1 (2)) T p(2) + TE oy (2)(T5 4(2))
= (M7I{+Z+2(Z)T7I;+Z+1(z) - T7IZ+£+1(Z)Mk+£+1(2))TrIZ,£(Z)
+ Tk+e+1(z) (Mk+e+1(Z)Tr%,e(2) - T,';Z(z)MT';(z)),

= rLz+é+2(Z)T7IZ+£+1(Z)Tk,£(Z) - TTIL_+€+1(Z)TTI;,€(Z)MTLL(Z)7
and the result is proven. 0O

Proposition 4 (Computing the structure matrices). If the subindex + indicates that only the positive powers
of the asymptotic expansion about infinity are kept, for each factorization W = W WR, we have for all
n € Zy, the following power expansions for the structure matrices, defined on subsection 3.2,

L (ot [VHE) (V) On L
M"”‘(‘g”()l On (WR<Z>)1<wR<Z>)’] (59 ); )

—1 R /
MR(z) = | (SR(2)) " (WE=) — (W5(2) On 1] SR z) . 33
(2) (( (2)) [ On W) (W) (2) X (33)

Proof. Using assumption i) in Proposition 2, we find the expressions for the left structure matrix, M:(z),
in terms of SL(z) and W(z) = W(2)WR(z). For doing so we require the use of the definition of S(2), i.e.
2"Wh(z 0
A =sie |70 D
On 2 (WR(2))

and consequently, we find

Mb(z) = (S5(2)) (S5(2)) ™"
(W"(z))/(W"(z))_1 +nz1 On

S::L z —1 ’
5l )l On —(WR(Z)) (WR(Z)) —nz~

o

Given assumption iii) in the beginning of this section, on the entire character of the right derivative,
(WL(z))/(WL(z))fl, and of the left derivative, (I/I/R(,z))f1 (WR(Z))/, and since (57';(2))/(5,';(2))71 has only
negative powers of z in its Laurent expansion, and given that the structure matrix M"(z) has entire coeffi-
cients, the asymptotic expansion of M (z) about co must be a power expansion.

A similar approach holds for the right context, and we can determine MR(2) in terms of SR(2) and W (2).
Indeed, from

_[WR(z)2" On

ZS(Z) - ON (WL(Z))ilzin S,E(Z),

we get
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MR(z) = (SR(2)) 7' (SR(2))’

n n

—1 / _
+ (i~ | W) V) e s,

On —(W"(z))/(W"(z)) —nz
and reasoning as for the left case we derive the desired result. O

Notice that given the matrices of entire functions h'(z) and hR(z) the structure matrices, using (32), can
be explicitly determined in terms of the coefficients in SL(z) and SR(z). Moreover, when h'(z),hR(z) €
CN*N[2] are matrix polynomials, only the first elements, as much as the degree of the correspond-
ing polynomial, in the asymptotic expansions of SL(z) and SR(z) are involved, and we will have that
ML (z), MR(2) € C2N>*2N 2] are also polynomials with degree deg ML(2),deg ML (2) = max(hk (2), hR(2)).

Remark 4. For the reductions we have

MR(z) = (M,';(z))—r, symmetric,

MR(z) = (ML(E))T, Hermitian.

n

In both cases, we will use the notation
M, (2) :== M(2).
4. Matrix Pearson equations and differential equations

4.1. Matriz Pearson equations

As we have seen, the left and right logarithmic derivatives, ht(z) = (V[/'-(z))/(VV'-(Z))71 and hR(z) =
(WR (z))_l (WR(Z))I, play an important role in the discussion of the structure matrices. This motivates us
to adopt the following strategy: assume that instead of a given matrix of weights we are provided with two
matrices, say ht(z) and hR(z), of entire functions such that the following two matrix Pearson equations are
satisfied

ddVZL _ ()W), (34)
o WRGR G (35)

and given solutions to them we construct the corresponding matrix of weights W = WLWR. Moreover, this
matrix of weights is also characterized by a Pearson equation.

Proposition 5 (Pearson Sylvester differential equation). Given two matrices of entire functions h*(z) and

hR(2), any solution of the Sylvester type matriz differential equation, which we call Pearson equation for
the weight,

= bW (z) + W(2)hR(2) (36)

is of the form W = WLWR where the matriz factors W' and WR are solutions of (34) and (35), respectively.
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Proof. Given solutions W' and WR of (34) and (35), respectively, it follows intermediately, just using the
Leibniz law for derivatives, that W = WWR fulfills (36). Moreover, given a solution W of (36) we pick a
solution W' of (34), then it is easy to see that (W')~!W satisfies (35). O

Remark 5. The matrix of weights W does not uniquely determine the left and the right matrix factors; indeed
if W = WEWR, with factors solving (34) and (35), respectively, then WL =WLC and WR = C—1WR for C
being a nonsingular matrix, gives also another possible factorization W = WLWR, with factors solving the
partial Pearson equations (34) and (35). This indeterminacy disappears when one considers the right and
left derivatives of the factors.

Remark 6. Given two matrices of entire functions h-(z) and hR(z) and a matrix of weights W characterized
by the matrix Pearson equation (36) we have the left and right fundamental matrices Y*(z) and Y}(z) sat-
isfying corresponding Riemann—Hilbert problems. The associated structure matrices are from (32) and (33)

given by,
ht(z 0 -1
O O LA AN RCTE) (37)
ON —h (Z)
+
_1[hHR
e = (i) N s 39
On —h (Z)
+
Remark 7. For the symmetric and Hermitian reductions, we have
hR(z2) = (hL(z))T, symmetric,
hR(z2) = (h"(é))T7 Hermitian,
and (34) and (35) collapse into a single equation
X — h(=)(2),
where h(z) := h(z), and the Pearson equation (36) reads
d
d—v: = h(2)W(2) + W(2)(h(2))", symmetric,
(39)
(Z—W = h(z)W(2) + W(2)(h(2))!, Hermitian.
z

4.2. Sylvester differential equations for the fundamental matrices

The differential structure determined by the Pearson equation for the matrix of weights induces a corre-
sponding Sylvester differential equations for the fundamental matrices as follows.

Proposition 6 (Sylvester differential linear equations). In the conditions of Proposition 5, the left fundamen-
tal matriz Y- (2) and the right fundamental matriz Y,R(2) satisfy, for each n € Z ., the following Sylvester
matriz differential equations,

L z
() =M - vk | (10)
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respectively.

Proof. As M:(z) = (Z'T;(z))/(Z,';(z))fl is the right derivative of the constant jump structure matrix
from (25) we get (40); (41) is proven analogously. O

We write

ML(Z) _ Mtl,n(z) M{_,Q,n(z)
" M;l,n(’z) M2l-,2,n(z) ’ "
to express the previous results in the following manner.

Corollary 3. The Sylvester matriz differential equations (40) and (41) split in the following Sylvester differ-
ential systems

(Pr(2)" + Pr(2)h(2) = Mby () Pi(2) = Mi,0(2)Coo1 Py (2), (42
(Pk—l(z))l + PTIZ—1(Z)hL(Z) = 7;11M2L,1,n(z)PrlZ(Z) + CJLM%Q,n(Z)CnflPrIZA(Z)a

{( h(2)' 4+ Qh()AR(2) = M1, Qh(2) — Mbp 0 (2)Cor Qi (2), (43)
(Qlﬁ—l(z))/ + Qlﬁ—l(z)hR(z) = _C;—11M2L,1,n(z)Qlﬁ(z) + C;—llMé',z,n(Z)Cn—lQlﬁ—1(Z)v

{(P,?(z))’ +hR(2)PR(2) = PR (2)MF (=) = PRy (2)Cnoa My (2), )
(PR1(2)) + BR(2)PR_1(2) = —=PR(2)MRy ,(2)C; 1y + PR (2)Co 1 ME, L (2)Cr Ly,

{(sz))’ + W (2)QR(2) = QR(=)ME (=) — Qi1 (2)Cna ML (2), (15)
(QF1(2) +h2)QR1(2) = —QR () MF2, (2O + Q1 (5)Cna M, ()

We first observe from the linear differential systems (42) and (44) satisfied by the left and right matrix
orthogonal polynomials, respectively, we will be able to extract in some scenarios, see next section on
applications, a matrix eigenvalue problem for a second order matrix differential operator, with matrix
eigenvalues. The differential systems (43) and (45) for the left and right second kind functions also provide
interesting information, and we will use them to discover nonlinear equations satisfied by the recursion
coefficients.

Remark 8. For the reductions we have

(Yn(z))’ =M, (2)Y,(2) — Yo(2) |:}B(;) _(}?(JZ))T:| , symmetric,
(Yn(z))’ =M, (2)Y,(2) — Yo(2) |:}B(;) _(;(];))T :l , Hermitian.

5. Second order differential operators

We firstly derive, as a consequence of the Sylvester differential linear systems, second order differential
equations fulfilled by the fundamental matrices, and therefore by the matrix biorthogonal polynomials and
also by the corresponding second kind functions.

Following the standard use in Soliton Theory, given a matrix of holomorphic functions A(z) we define its
Miura transform by
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M(A) = A'(2) + (A(2))%

Observe that when A is a right (left) logarithmic derivative A = w'w™ (A = w™'w’) we have M(A) =
w’w™l (M(A) = wtw").

Proposition 7 (Second order linear differential equations). In the conditions of Proposition 5, the sequence

of fundamental matrices, {YJL‘}HGZ+ and {Yvﬁ}nezy satisfy
" ! L z M hL z
O A R 101
= M (M ()Y, (2), (46)
" hR z / M hR z 0
s e[ ey [MO L Bl
= YR (2)M(ME(2)). (47)

Proof. We prove (46). First, let us take a derivative of (40) to get

ra) + k) [ e [(hof” _(hORTZ)),] = (M5(2)) V() + M) (1))

but again by (40)

L A
M) (V) = ()Y - bt |1
and if we substitute
MYEEYEE) = (YE(2) + V() [hL( ) O }
n n - n n ON 7hR( )

we finally get

L(y L(s 2
M () = ()Y - o) " v [N T
and the result follows. O

Definition 1. For the next corollary we need to introduce the following C2V*2¥ valued functions in terms
of the difference of two Miura maps

6= [ W] e ([0 B)) e
o=l wno]roto-m ([0 L)) e

Corollary 4. The second order matriz differential equations (46) and (47) split in the following differential
relations
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(PE)"(2) +2(PL) (2)hH(2) + PE(2)M(h(2))

= (M(h(2)) + HE L, (2) Ph(2) = HE 5, (2)Coo1 PE (2) (50)
(@)"(2) - ( )<>hR<z> Q5 (2)M(—h <>>

= (M(BH(2)) + HE 1, (2) Q4 (2) — HY 5, (2)Ca Q54 (2) (51)
(P )”<z>+2hR< )(PR(2))'(2) + M(n <>> R(2)

= PR(2)(M(hR(2) + HR | (2) = PR (2)CuiH L, (2), (52)
(@R)"(2) — 205 () (QR) (=) + <h<>> R(2)

= QR(2)(M(BR(2)) + HR 1, (2)) — QR _1(2)Cn1H5 1 (). (53)

Proof. Is a direct consequence of Proposition 7. O
5.1. Adjoint operators
We now elaborate around the idea of adjoint operators in this matrix scenario.

Given a matrix valued differential operator L defined on certain domain D, that belongs to the N x N
complex matrix functions, we may consider the notion of adjoint operator L* with respect to the sesquilinear

(fra)w IZ/f(z)W(z)g(z)dz.

The adjoint operator L* of the differential operator L defined on the domain D is such that

like form

The existence of such adjoint is a delicate matter indeed. For a discussion of this subject see [43].

In our case and in what follows we will give explicit examples of such constructions.

From now on, and to be consistent with the definition of sesquilinear like form, {.,.)w, we restrict ourselves
to the case when h‘ and AR are matrix polynomials of a specific degree.

Care must be taken at this point because in this definition of adjoint of a matrix differential operator we
are not taking the transpose or the Hermitian conjugate of the matrix coefficients as was done in [31].

Definition 2. Motivated by (50) and (52) we introduce two linear operators £- and £R, acting on the linear
space of polynomials CV*V|z] as follows

£-(P) := P" +2P'h" + PM(h"), R(P) = P" + 2hRP' + M(RR)P.
Lemma 1. Let us assume that the matriz of weights W (z) do satisfy the following boundary conditions
Wloy = On, (W’ —2ntW) ‘87 =0, (W’ — 2WhR) }87 =0, (54)

where O is the boundary of the curve v, i.e. its endpoints. Then, W (z) satisfies a Pearson Sylvester differ-
ential equation (36) if, and only if, W(z) satisfies the following second order matriz differential equations

W’ —2(BtW)" + M(EHW = WM(R), (55)
W’ —2(WhR) + WM(hR) = M(RHYW . (56)
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Proof. Taking derivative on (36), we get
W = MKMW + WM(hR) + 2n-WhR.
But, it is easy to see that
(h*W)" = MW + hEWhR, (WhR) = WM(RR) + Rt W R,
and so we arrive to (55) and (56).
The reciprocal result is a consequence of adding the equations (55), (56) and the boundary condi-

tions (54). O

Now, we will see that the operators /- and /R are adjoint to each other with respect to the sesquilinear
like form induced by the weight functions W.

Proposition 8. Whenever W (z) satisfies (36) and the boundary conditions (54), we have that
¢ = ()", (57)
or, equivalently,
(-(P), Pyw = (PLX(P))w,  P(2),P(z) € CV*N[z].
Proof. By using the linearity of these operators it is sufficient to prove
({(Py), PRyw = (Py, X(P))w, nkeZy.

For the sake of simplicity, we omit, the z dependence on the integrands in the integrals. This way, the
orthogonality reads,

(~(PL), PRyw = /(P;)"WPE dz+2/(P,5)' (- W) PR dz+ /P;M(hL)WPE dz,
¥ ¥ ¥
and, using integration by parts, we find
€D PRyw = ((PYWPE) |, — [Py (WEE) = 2ntw) Pz [ Plat(ntywpfas

ol Y

= ((PoYWP)],, - (P75<(WP’§)/ - 2hLW) PE) ‘aw

- /P; (WP —2(h*W PRY + M(h")W PY) dz.

Y

Now, considering the boundary conditions (54) and taking into account that
(W PR)" = W"PE+2W' (PY) + W (PY)",  (h-W P) = (W W) PE + (W W) (PR,

we arrive to
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(€5(PY), PRy = /p (W — 2" WY + M(h-)W)PRd 2
Y
+2/P,';(W’ — h'W) (P,?)’dz+/P,5W(P,5)"dz;

and so

(€5(PY), PRy = /p W((PRY + 2R (PRY + M(F)ER) dz, mke{0,1,2,...)
Y

or, equivalently,

(- (Py), POYw = (Py, £X(PD)w
which completes the proof. O
Remark 9. For a symmetric or Hermitian reductions we find that

Rp) = (ZL(PT))T, symmetric,

RPp) = (If"(PT))T7 Hermitian,
where in the last case we take € R. Relation (57) reads in this case as follows

(P)=P™)T, symmetric,
5(P) = (&(P)T, Hermitian;

for P any matrix polynomial and £ := £-.

Definition 3. Let ot and aR be two N x N matrices and define the following linear operators acting on the
space of matrix polynomials CV*¥[2] as follows

LY(P) := P" + 2P'h* + Pat, LR(P) := P" 4 2hRP" 4 oRP.
Observe that
L-(P) = £~(P) — P M(h") + Pa*, LR(P) = R(P — M(LR)P + oRP.
We have the following characterization.
Theorem 4. The following conditions are equivalent:
i) LR = (EL)* with respect to the matriz of weights W (z).
i) The matriz of weights W (z) satisfies the matriz Pearson equation (36) with the boundary conditions (54)

as well as fulfills the constraint

(b = M(ED)W =W (aR — M(RR)). (58)
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iii) The matriz of weights W (z) satisfies the boundary conditions (54) as well as

W —2(hW) 4 otW = WaR, (59)
W’ —2(WhR)' + WaR = atw. (60)

Proof. Following the ideas in the proof of Proposition 8
(L(P), Pw = (P, LR(P))w
if and only if
(=P M(RY) + Pat, P)y = (P,—M(hR)P + oRP)yy

that is (58) takes place, and so i) is equivalent to ii).
To prove that i) is equivalent to iii) observe that, adding (59) and (60), the following holds
W = (hw)" + (WhR)',

which transforms (36) if we integrate requesting boundary conditions (54). Moreover, if we subtract (59)

and (60) we arrive directly to (58). O

Remark 10. For the symmetric or Hermitian reductions we find that

T

LR(P) = (c~Ph)) symmetric,
LR(P) = (EL(PT))T, Hermitian,
where in the last case we take z € R.
Moreover, the following are equivalent conditions
i) Equations
L*(P)=(L(P")T, symmetric, (61)
L*(P) = (L(P)T, Hermitian;

are satisfied by any matrix polynomial P, where £ := £".
ii) The matrix of weights W (z) satisfies the matrix Pearson equation (39) with the boundary conditions

Wiy =0x. (W= 21¥)],, = Oy, (62
as well as fulfills the constraint

(0 — M(h))W = W(ozT —M(h")), symmetric,
(a0 — M(B)W =W (al — M((h(2))1)), Hermitian,

iii) The matrix of weights W (z) satisfies the boundary conditions (62) as well as

w" — 2(hW)/ +aW = Wa', symmetric,

" 4 t cps (63)
W — 2(hW) + aW = Wa', Hermitian.
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5.2. Eigenvalue problems

Now we discuss a result that links our results based on the Riemann-Hilbert problem with previous
seminal results by Griilnbaum and Durén [31,33,35,36]. The next theorem shows when the polynomials and
associated functions of second kind are eigenfunctions of a second order operator.

Theorem 5 (Eigenvalue problems for Hermite matriz case). Let h(2) and hR(2) be degree one matriz poly-

nomials, i.e.
ht(z) = A2 + B*, hR(z) = ARz + BR, At AR B BR e VXN,

with A%, AR negative definite, and W (z) a matriz of weights that solves (59), (60) subject to the boundary
conditions (54). Then, the following conditions are equivalent:

i) The operators L and LR are adjoint operators with respect to the matriz of weights W (z), i.e. LR =
(£

ii) The biorthogonal polynomial sequences with respect to W(z), say {Pr't'(z)}nez+, {Ps(z)}nez+, are
eigenfunctions of LY and LR, i.e. there exist N x N matrices, A5, AR such that

LY(PY) = At pt LR(PR) = PRAR (64)

n- nd n’ 'n’

with \bC71 = C AR neZy.
iii) The functions of second kind, {Qlﬁ(z)}nem and {QR(2)}

nomials, { P;(2)} and {P}(z)}

ez, associated with the biorthogonal poly-

fulfill the second order differential equations,

ne nezZy’
(@4)"(2) = 2(QL) (2) hR(2) + QY(2) (af — 24R) = AL QL (2), (65)
(@%)"(2) = 20(2) (QR)'(2) + (a* — 24") QR(2) = QR AR. (66)

Proof. ii) implies i). If n #m

(L (Pr(2)), Pr(2))w = Ap(Pr(2), Pr(2)w = O,
(Py(2), LXPr(2))w = (Pr(2), Pr(2))wAy, = 0n;

m

and for n =m

1

1
2mi

ori <P1I’;(Z)7‘CR(P’HR(Z))>W:C;1A$L7 n€Z+7

(LY(Pr(2), PR(2)w = MGt
which implies that (L“(PL(2)), PR(2))w = (P-(2), LR(PR(2)))w, n,m € Z.

i) implies ii). Let us note that the space of matrix polynomials of a given degree is invariant under the
action of the operators £- and LR; hence

LY(PE) =Y AL P
k=0

Now, taking into account the biorthogonality of the sequences P- and PR with respect to W and using that
the operators £- and LR are adjoint operators we have
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_ 1 1 _
)‘Iv_z7kck ' = —<‘CL(P7|Z)’P15>W = —<P1I;’£R(PI§)>W = Cnl)‘z,/c(sn,h n,m € Z,

2mi 2mi

so it holds that £-(PL) = AL PE and also LR(PR) = ARPR where A\LC 1 = C1AR.
ii) implies iii) We return back to equations (50) and (64) and see that

[M(R(2"), Pr(2)] + Hi 1 ()P (2) = Hi o0 (2) Py g (2) = =Py () " + A Pr(2).

Now, multiplying this equation on the right by W(z’)/(z — 2’) and integrating along ~, taking into account
the boundary conditions, we get

M(hH(2)) @y (2) = Q1 (2) M(=hR(2)) + HI 1, ()@ (2) = Hi 5 (2)Q5 -1 (2) = Qr(2) (A% — %) + 27 Q11 (2).

Now, from (51) we get (65). We have proved that if {P,';}n cz, satisfies a second order linear differential
equation the associated functions of second kind also does.
We have that

[ e az - [EPEEAE I L B bz as,

zl—z
5

with the anticommutator notation {A, B} = AB + BA. Now, as

/ (') P,';(z’)W(z’)dz':/mPk(z’)W(z’)dz'+zQQb(z)

2 -z 2 —z
Y Y
— [ AP W) a2 + 20k (),
J

and, in the same way,

we finally obtain

/ MODE) prinw () = MD Q5E). n>2.

2 — "

where we have used the orthogonality conditions for {P,';}n ez, We also have

M(RY)(2') — ot M(RR)(2) — R

/Pk(z’)?W(z’)dZ':/Pk(zl>W<Z/) e
= Q4(2) (M(hR)(2) - o), nz2

Using the same ideas we prove that
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=z

Hiin () o W H L >1,5=1 7
/ nfjJrl( ) ( )dZ - ljn( ) n— J+1( ) n=z1,j= a2~ (6 )
v

In fact, by definition (48) we know that the matrix polynomials Hf ;,, (z') are of degree at most one, i.e.

Hll_,j,n( ) HLO z +H1gn7 HLO

L,1 NxN
1,5,n 1,5,n> ljneC .

Summing and subtracting in (67) H'{]n(z) we get in the left hand side

z z Z—z

Hll_ n ! / ’ / Hlign Hll_jn ’
/f_( DLW -/ 2n) T an & pu W A H ()05 ()

hence, as

Hll_,j,n( ) HL,] n( ) _ yk,o

- ] )
o 1,j,m

we arrive to

HY ()
/ SLinl®) pL (W) = HYO / Pt (W) + HE ()@Y (2).

=z
Yy v

and by the orthogonality of { _it1(2 )}nez+ with respect to W(z) we get for j = 1,2, and for all n =
1,2,..., that (67) holds true.
From (52) and taking into account that LR(PR) = PR AR we get

[PR(2"), M(RR) ()] + PR(2HT 1 0 (2) = PRy (2)HE 1, (2) = —aR PR() + PR(Z) AT

Now, multiplying this equation on the left by W (z')/(z — z’) and integrate (using the boundary conditions)
over v, we get

Qn(2) M(hR)(2) = M(=hY)(2)Q7(2) + QR (2)HT 1 0 (2) = Q1 (2)H3 1 0 (2) = (24" — ") QF + Q1 AT,

and so, from (53) we arrive to (66).
iii) implies ii). Taking derivatives with respect to z we get, after integration by parts and using the
boundary conditions

(@4)(2) = / Pl o,

(2 = 2)?
W / 1
QL // — 2/ - / ) dZ’.
(z/ — 2) Z -z
¥
Moreover,

n

! R,/
—2(QL) (2)hR () :2/P,5(z')W(z’)hR(Z) dz —Q/PL h A s
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Now, we plug all this information into (65) and deduce that

dz = At

2zl —z

/ (PHY"W + 2(PLY (W' — WhR) + PE(W" — 2(WhR)") + WaR)

by the hypothesis over W we get

PR (2) d2 = 0y.

/ (PL)"(/) +2(PLY (:)AN() + Phab — AL Py

Hence, we get that {P,';}n cz, satisfies (64). Using analogous arguments it can be proven that the equa-
tion (66) for {Qﬁ}neZJr implies that {Ps}nez+ satisfies (64). O

Let us emphasize that the results in iii) in the previous Theorem regarding the second kind functions,
{Q,';}n ez, and {Q,Rl}n ez, 18 to the best of our knowledge, completely new. Moreover, from Theorem 4,
we see that W in Theorem 5 can be taken as a solution of a Pearson—Sylvester differential equation given
by (36) and that satisfies (58).

Remark 11. For the symmetric or Hermitian reductions we take h(z) = Az + B, with A definite negative,
and W (z) a matrix of weights a solution of (63) subject to the boundary conditions (62). Then, the following
conditions are equivalent:

i) Equation (61) is satisfied.
ii) The matrix orthogonal polynomials with respect to W (z) are eigenfunctions of L.
iii) The functions of second kind, {Qn(z)}nez+,
{Pn(z)}n cz. fulfill the second order differential equations,

associated with the matrix orthogonal polynomials,

(@0)"(2) = 2(Q0)'(2) (=) + @u(2) (a7 =24T) =X, Qulz),  symmetric,

(@n)"(2) = 2(Qn)'(2) (h(2)" + Qu(2) (af = 24T) = X, Qu(),  Hermitian.
The equivalences, described in the previous remark, excluding the one for the second kind functions
(which is new), coincide with those of [33]. Therefore, these results could be understood (in the sense the

biorthogonality includes Hermitian and non Hermitian orthogonality) as an extension of those by Durdn
and Griinbaum to the non Hermitian orthogonality scenario.

6. Nonlinear difference equations for the recursion coefficients

Using the Riemann—Hilbert approach we will derive in this section nonlinear matrix difference equations
fulfilled by the recursion coefficients. We will consider three different possibilities for the Pearson equations
satisfied by the matrix of weights.
6.1. Nonlinear difference equations for Hermite matriz polynomials

We now explore the simplest case when max(deg ht(2),deg hR(2)) = 1 in full generality. We take

h-(z) = A“2 + B, hR(z) = ARz + BR,
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for arbitrary matrices AL, BY, AR, BR ¢ CN*N | with A, AR definite negative matrices. Thus, the matrix of
weights W (z) is a solution of the following Pearson equation (a Sylvester linear differential equation)

W'(z) = (A2 + BHYW(2) + W (2)(ARz + BR).

For simplicity we take v = R. Hence, the structure matrices have, cf. (37) and (38), the following form

Loy gl L L_[a" o L_ B'+[pl A" optARrator!
T G ol PR~ R A e Bl
The Sylvester differential system (40) for the left fundamental matrix is
’ Al Bt 0 [Pl .,AY] ctARp Aot
ot + [rban [ 5 )] = | e, T e, nez
that is, for alln € Z,
(PL) + [P, A% + BY] = [pl,, AP — (G AR + AYC) et PELy, (69)
Cnfl(er_Lfl)/ - |:Cn71QIT_1717ARZ + BR] = (CnflAL + ARCnfl)le_z - [quth ] n— lQn 1> (70)
Cro1(P5_1) 4 Cp1Poi (A2 + BY) + (ARz + BRY) €, PE_,
= (Cro1 A"+ ARCY, 1) PL — [l 1, AR|Cra PE_y (71)

(Qr) — Qk(ARz + BY) — (A2 + BY) @k, = [pr, A QL — (C,, 1 AR +ALC NCho1Qh . (72)

Taking the (n — 1)-th z power of the (69), the —n-th of (70), the —(n — 1)-th of (70) and the —(n + 1)-th
of (72) we get, for alln € Z,
nly + [pl. BY| + [pf 0 AY] = [pL. A s — (C P AR + ARCLY) Cra,
nly + [Qi—laBR] + [qE,n—DAR] = *(Cn—lAL ARCn—l)Cf1 + [QE,W,—lﬂAR] QE,n_l,
Cn-1B"+ BRC 1 + Ci[pl 1, AY] = = (Cr1 A"+ ARG 1) BE 1 — [af 1, AR i,
BRC, + C,B" + [q} ,,, AR]C,, = —C [pt . AY] — (ARC, + anL) B,

After some cleaning we reckon that the system is, for all n € Z, equivalent to

I —

n—1

7LUBL - [ZBI];?AL:I +ALﬂ1L1
k=0

= C1C,AY — O L ARG, — ALe o, Ot ARG,

n—2
CnleL + BRCnfl - Cnfl {Z 5;;7 AL?|

k=0
— (o A"+ ARC,)BS, — [chﬂk (€)1, AR|Cr.
k=0
6.2. A matriz extension of the alt-dPI
We now discuss the case max(h!;(z),h,Rl(z)) = 2, but we perform a strong simplification as we take

hR = 0x and ht = X\ + pz + v2?, with A\, yu, v € CV*V arbitrary matrices but for v being negative definite
nonsingular matrix. Thus, the Pearson equation will be
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W'(2) = (A4 pz +v22)W(2). (73)

We obviously drop off the notation that distinguish left and right polynomials and only describe the results
for the left case. The integrals are taken along -y, a smooth curve for which we have a simple Riemann—Hilbert
problem as depicted in the following diagram:

Branch of the hyperbola 322 — y% = 3
The structure matrix, cf. (37), is a second order polynomial M,,(z) = M22% + M!z + M? with

wo— |V On M- u—[z/,p}l] vCt
" On On]’ " —Cp_1v 0o |’

w2 = | A= [Boon] = [vph] + v(pl)? = pLupl +vCi Cry (1 — [, pE] +7Ba)Ci
" —Cre1 (n+pp_ v —vp}) —Cpv C1

Proposition 9 (Matriz alt-dPI system). The recursion coefficients By, yn of the matriz orthogonal polynomials
with matriz of weights a solution of the Pearson equation (73) are subject to the following system of equations,
foralln e Z,,

n—1
(5[5 3 B4] + 2B + Basa) ) ynss = —(n+ DL, (74)
k=0
n—1
A+ 7(Yn + Yns1 + B2) — wBa + [u, > 51@} (In + Bn)
k=0
n—1 n—1 n—1
Y A= D BuBe] [ YA D B = 0w (75)
m=1 0<k<m<n—1 k=0 k=0

Proof. Given the asymptotics about oo,

_CnQn(Z) — INzinfl + qizfnfz 4. ,
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—n—1

we read the coefficient of z coming from

Cr1@n1(2) = =M31(2)@Qn(2) + M35(2) Cno1Qn-1(2),

with M3, = —Cr_1vz — Coy(u+pp v —vpl), Miy=—Cp_1vCyt, we get (74); and from

Qn(2) = M7} Qn(z) — M{'5(2) Cr1 Qn1(2),
with
My = v 4 (= [n,pl])z+ (A= [eph] — [ p2] + v(ph)? + vCr Cuy — Pl pl)
MﬁQ = I/C;lz + (u — [I/,p}l] + Vﬂn)Cgl ;

—n—1

we deduce (75) from the z -coefficient. O

Another form of writing this result is

Proposition 10 (Matriz alt-dPI system). Given matriz orthogonal polynomials with matrix of weights W (z)
supported on vy, a solution of the Pearson equation (73), the recursion coefficients v, can be expressed directly
in terms of the recursion coefficients By, for alln € Z 4,

n—1

Ynt1 = —(n+ 1)(6 + {7, Z Bk] +7(Bn + 6n+1))71'
k=0

The coefficients B, fulfill, for alln € Z ., the following non-Abelian alt-dPI,

n—1

A+ v+ Yot + B2) = 1B+ 8D e (I + B2)
k=0

n—1 n—1 n—1
+ v Z_:I'Ym — > BB+ {V, ];)Bk} ;Oﬁk =0n.

0<k<m<n-—1

Proof. From (74) we get the 7, in terms of 3, plugged this relation into the second one gives the following
nonlinear equation for the matrices 5,. O

If we assume that v = —1I as expected strong simplifications occur. In the first place we find that

Tn+1 = 7(71 + 1)(1“ - ﬂn - /Bn—'rl)ilv

and, secondly, we derive the following simplified version of a non-Abelian alt-dPI equation

n—1

A= 5721 + n(ﬂ - ﬁn—l + Bn)il + (n + 1)(,“ - ﬂn - /6n+1)71 - Uﬁn =" [“’ Z 64 (IN + ﬁ”)
k=0
Moreover, when we choose v = —I and p = Oy the non local terms disappear and the equation simplifies

further to

_n(ﬁn—l + Bn)_l - (n + 1)(671 + ﬁn-i—l)_l + ﬁrz =\
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Let us remind the reader how the alt-dPI equation appeared for the first time. Going back to the scalar
context, in Magnus’ work [54], associated with the weight functions solution of the Pearson equation W'(z) =
(22 + t)W(2), we can find the following scalar alternate discrete Painlevé I system

7n+7n+1+5r2l+t:07
N+ Yn (Bn"‘ﬁnfl) =0,

which can be written as

n n+1

- — + 85+t =0.
an + ﬂn—l 5n + 571—0—1

6.3. The matrix dPI system

We now increase further the degree of the polynomials appearing in the Pearson equations. We consider
the case with max(hL(z2),hR(2)) = 3, but we perform a strong simplification we take h® = Oy and At =
pz +vz3, with g, v € CVN*N arbitrary matrices but for v being negative definite nonsingular matrix. Now
we take v = R. Observe that we have non taken the more general possible polynomial of degree three, but
an odd one, with well defined parity on z, this simplifies widely the computations.

The associated Pearson type equation for a matrix of weights of Freud type:

W(2) = (uz + =)W () (76)
The structure matrix, cf. (37), is a third order polynomial, that we write as follows

My (2) = M2 + ML2* + M2z + M2

with
v Oy On uC’l]
MO — , Ml _ n ,
" |:0N 0N:| " |:Cn_1,u ON
M2 — [” + 17 vl + pC O Oy } M3 — [ O 5,1051}
" 0N - n—lycyjl ’ " _Cnflé-nfl 0N ’

where &, = i+ [ph, V] + v(C ' Crt + Co 1 Cr), 1 € Ty
With this at hand we find.

Proposition 11 (Matriz dPI equation). The recursion coefficients v, of the matriz orthogonal polynomials
with matriz of weights satisfying the Pearson equation (76) fulfill the following non-Abelian dPI equation

n—1
(M + (Vg2 + Vg1 + m) + [14 Z '7k]>7n+1 =—(n+ 1)1, ne,.
k=1

Proof. Compare the coefficients of 2"~ in the ODE for the second kind functions we get directly (without

additional computations) the MdPI equations for the three term relation coefficients of { P, (z)} |

neZy’

Notice the appearance again of non local terms, that disappear if we take v = —I and the matrix dPI
reads

V1 =NV " = Yn — Va1 — Hy neZs,
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which was derived in the matrix context for the first time in [16] and the confinement of singularities for
this relation was proven in [17,16], see also [47]. In 1995, Alphonse P. Magnus [54] for the Freud weight
satisfying the Pearson equation W’(z) = — (2% +2tz) W (z) presented the following scalar discrete Painlevé I
equation

Y (Vn—1+ Y + Yn41) + 2ty = .
Acknowledgments

We thank the valuable suggestions, comments and criticism by the referees. They significantly improved
the contents and presentation of the manuscript.

References

[1] M. Adler, P. van Moerbeke, Generalized orthogonal polynomials, discrete KP and Riemann—Hilbert problems, Commun.
Math. Phys. 207 (1999) 589-620.

[2] M. Adler, P. van Moerbeke, Darboux transforms on band matrices, weights and associated polynomials, Int. Math. Res.
Not. 18 (2001) 935-984.

[3] C. Alvarez-Ferndndez, M. Mafas, Orthogonal Laurent polynomials on the unit circle, extended CMV ordering and 2D
Toda type integrable hierarchies, Adv. Math. 240 (2013) 132-193.

[4] C. Alvarez-Fernandez, M. Maifias, On the Christoffel-Darboux formula for generalized matrix orthogonal polynomials of
multigraded Hankel type, J. Math. Anal. Appl. 418 (2014) 238-247.

[5] C. Alvarez-Fernandez, U. Fidalgo, M. Manas, The multicomponent 2D Toda hierarchy: generalized matrix orthogonal
polynomials, multiple orthogonal polynomials and Riemann—Hilbert problems, Inverse Probl. 26 (2010) 055009.

6] C. Alvarez—Fernéndez, G. Ariznabarreta, J.C. Garcia-Ardila, M. Manas, F. Marcellin, Christoffel transformations for
matrix orthogonal polynomials in the real line and the non-Abelian 2D Toda lattice hierarchy, Int. Math. Res. Not.
2017 (5) (2017) 1285-1341.

[7] A.I. Aptekarev, E.M. Nikishin, The scattering problem for a discrete Sturm-Liouville operator, Math. USSR Sb. 49 (1984)
325-355.

[8] G. Ariznabarreta, J.C. Garcia-Ardila, M. Mafias, F. Marcelldn, Matrix biorthogonal polynomials on the real line: Geron-
imus transformation, Bull. Math. Sci. (2018) 1-66.

[9] G. Ariznabarreta, J.C. Garcia-Ardila, M. Manas, F. Marcelldn, Non-Abelian integrable hierarchies: matrix biorthogonal
polynomials and perturbations, J. Phys. A, Math. Theor. 51 (2018) 205204.

[10] J. Baik, Riemann—Hilbert problems for last passage percolation in recent developments in integrable systems and Riemann—
Hilbert problems, in: K. McLaughlin, X. Zhou (Eds.), Contemp. Math. 326 (2003) 1-21.

[11] J. Baik, P. Deift, K. Johansson, On the distribution of the length of the longest increasing subsequence of random
permutations, J. Am. Math. Soc. 12 (1999) 1119-1178.

[12] Ju.M. Berezanskii, Expansions in Eigenfunctions of Selfadjoint Operators, Transl. Math. Monographs AMS, vol. 17, 1968.

[13] J. Borrego, M. Castro, A.J. Durdn, Orthogonal matrix polynomials satisfying differential equations with recurrence coef-
ficients having non-scalar limits, Integral Transforms Spec. Funct. 23 (9) (2012) 685-700.

[14] M. Cafasso, Matrix biorthogonal polynomials on the unit circle and non-Abelian Ablowitz-Ladik hierarchy, J. Phys. A,
Math. Theor. 42 (2009) 365211.

[15] M.J. Cantero, L. Moral, L. Veldzquez, Matrix orthogonal polynomials whose derivatives are also orthogonal, J. Approx.
Theory 146 (2) (2007) 174-211.

[16] G.A. Cassatella-Contra, M. Manas, Riemann—Hilbert problems, matrix orthogonal polynomials and discrete matrix equa-
tions with singularity confinement, Stud. Appl. Math. 128 (2011) 252-274.

[17] G.A. Cassatella-Contra, M. Mafias, P. Tempesta, Singularity confinement for matrix discrete Painlevé equations, Nonlin-
earity 27 (2014) 2321-2335.

[18] Giovanni Cassatella-Contra, Manuel Manas, Riemann-Hilbert problem and matrix discrete Painlevé II systems, Stud.
Appl. Math. (2019) 1-43.

[19] P.A. Clarkson, Painlevé equations —nonlinear special functions, in: F. Marcelldn, W. Van Assche (Eds.), Orthogonal
Polynomials and Special Functions, in: Lecture Notes in Mathematics, vol. 1883, 2011, pp. 331-400.

[20] P.A. Clarkson, K. Jordaan, The relationship between semiclassical Laguerre polynomials and the fourth Painlevé equation,
Constr. Approx. 29 (2014) 223-254.

[21] P.A. Clarkson, A.F. Loureiro, W. Van Assche, Unique positive solution for an alternative discrete Painlevé I equation, J.
Differ. Equ. Appl. 22 (2016) 656—675.

[22] C. Creswell, N. Joshi, The discrete first, second and thirty-fourth Painlevé hierarchies, J. Phys. A, Math. Gen. 32 (1999)
655-669.

[23] E. Daems, A.B.J. Kuijlaars, Multiple orthogonal polynomials of mixed type and non-intersecting Brownian motions, J.
Approx. Theory 146 (2007) 91-114.

[24] E. Daems, A.B.J. Kuijlaars, W. Veys, Asymptotics of non-intersecting Brownian motions and a 4 X 4 Riemann—Hilbert
problem, J. Approx. Theory 153 (2008) 225-256.


http://refhub.elsevier.com/S0022-247X(20)30768-X/bibFAE0A9325E65A8129846D04111B224D4s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibFAE0A9325E65A8129846D04111B224D4s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib5058AEB0E4253201AC1433B1A150D3FAs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib5058AEB0E4253201AC1433B1A150D3FAs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibDC599A9972FDE3045DAB59DBD1AE170Bs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibDC599A9972FDE3045DAB59DBD1AE170Bs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib00A9ABEB5D3A7A3EA3E3E4BD619A2DA4s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib00A9ABEB5D3A7A3EA3E3E4BD619A2DA4s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibEFDE81F569CCB7211E56A522B8B55E5Bs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibEFDE81F569CCB7211E56A522B8B55E5Bs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibE26C062FEDF6B32834E4DE93F9C8B644s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibE26C062FEDF6B32834E4DE93F9C8B644s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibE26C062FEDF6B32834E4DE93F9C8B644s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibD72CC43FE13A9029EB75D7B9CEE2E3D6s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibD72CC43FE13A9029EB75D7B9CEE2E3D6s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib8DEF5DBD0A4E7315D149DF042CE27992s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib8DEF5DBD0A4E7315D149DF042CE27992s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibDD7B9938EB4C1EBACB8A6A8F529787DAs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibDD7B9938EB4C1EBACB8A6A8F529787DAs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibBEEF6D3FC2AA9BAA941CDEC47CD2B999s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibBEEF6D3FC2AA9BAA941CDEC47CD2B999s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib9545AD86F66D880E4664A1663EA98DEAs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib9545AD86F66D880E4664A1663EA98DEAs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibF07CEA5A270C83089B29E8831F7E6148s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib2502BDDB86E8301B3684268139665803s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib2502BDDB86E8301B3684268139665803s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibBAF8A1FDA637F57D8CB1EBC5FBD05D4As1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibBAF8A1FDA637F57D8CB1EBC5FBD05D4As1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib17F7DB7477BD97E546626656991FE255s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib17F7DB7477BD97E546626656991FE255s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib707354872D4E8210A2A573B99721B1FBs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib707354872D4E8210A2A573B99721B1FBs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib3688942C75F0B970150A16B0404711C0s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib3688942C75F0B970150A16B0404711C0s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib3F9A3BA560C4D8651008EF1713FEB04Fs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib3F9A3BA560C4D8651008EF1713FEB04Fs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib753BB60C0B1D6C8883F60824668DF9EFs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib753BB60C0B1D6C8883F60824668DF9EFs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib8A58F11A0D66844C4724DC03FFDCDAA5s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib8A58F11A0D66844C4724DC03FFDCDAA5s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib9F5221D0534C18D63026809AB46C175As1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib9F5221D0534C18D63026809AB46C175As1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibA31E6AF45A37BEBEF916CD36F26F6CFEs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibA31E6AF45A37BEBEF916CD36F26F6CFEs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib63BC22206AF6E3BCEBCB3EEB280CA483s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib63BC22206AF6E3BCEBCB3EEB280CA483s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib65EA073DBA6DAC7E3A5AD838A3F4F539s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib65EA073DBA6DAC7E3A5AD838A3F4F539s1

A. Branguinho et al. / J. Math. Anal. Appl. 494 (2021) 124605 35

[25] D. Dai, A.B.J. Kuijlaars, Painlevé IV asymptotics for orthogonal polynomials with respect to a modified Laguerre weight,
Stud. Appl. Math. 122 (2009) 29-83.

[26] P.A. Deift, Orthogonal Polynomials and Random Matrices: A Riemann—Hilbert Approach, Courant Lecture Notes, vol. 3,
American Mathematical Society, Providence, RI, 2000.

[27] P.A. Deift, Riemann—Hilbert methods in the theory of orthogonal polynomials, in: Spectral Theory and Mathematical
Physics: a Festschrift in Honor of Barry Simon’s 60th Birthday, in: Proceedings of Symposia in Pure Mathematics, vol. 76,
American Mathematical Society, Providence, RI, 2007, pp. 715-740.

[28] P.A. Deift, D. Gioev, Random Matrix Theory: Invariant Ensembles and Universality, Courant Lecture Notes in Mathe-
matics, vol. 18, American Mathematical Society, Providence, RI, 2009.

[29] P.A. Deift, X. Zhou, A steepest descent method for oscillatory Riemann—Hilbert problems. Asymptotics for the MKdV
equation, Ann. Math. 137 (1993) 295-368.

[30] P.A. Deift, X. Zhou, Long-time asymptotics for solutions of the NLS equation with initial data in a weighted Sobolev
space, Commun. Pure Appl. Math. 56 (2003) 1029-1077.

[31] A.J. Durdn, Matrix inner product having a matrix symmetric second order differential operator, Rocky Mt. J. Math. 27
(1997) 585-600.

[32] A.J. Durdn, Manuel D. de la Iglesia, Second order differential operators having several families of orthogonal matrix
polynomials as eigenfunctions, Int. Math. Res. Not. 2008 (2008).

[33] A.J. Durdn, F.A. Griinbaum, Orthogonal matrix polynomials satisfying second order differential equations, Int. Math.
Res. Not. 10 (2004) 461-484.

[34] A.J. Durén, F.A. Griinbaum, Structural formulas for orthogonal matrix polynomials satisfying second order differential
equations, I, Constr. Approx. 22 (2005) 255-271.

[35] A.J. Durdn, F.A. Grinbaum, Orthogonal matrix polynomials, scalar-type Rodrigues’ formulas and Pearson equations, J.
Approx. Theory 134 (2005) 267-280.

[36] A.J. Durén, F.A. Griinbaum, Structural formulas for orthogonal matrix polynomials satisfying second order differential
equations I, Constr. Approx. 22 (2005) 255-271.

[37] A.S. Fokas, A.R. Its, A.V. Kitaev, The isomonodromy approach to matrix models in 2D quantum gravity, Commun. Math.

Phys. 147 (1992) 395-430.

] G. Freud, On the coefficients in the recursion formulae of orthogonal polynomials, Proc. R. Ir. Acad. A 76 (1976) 1-6.

] F.D. Gakhov, Boundary Value Problems, Dover Publications, Inc., New York, 1990.

] I.M. Gel’fand, S. Gel'fand, V.S. Retakh, R. Wilson, Quasideterminants, Adv. Math. 193 (2005) 56—-141.

] J.S. Geronimo, Scattering theory and matrix orthogonal polynomials on the real line, Circuits Syst. Signal Process. 1

(1982) 471-495.

[42] F.A. Griinbaum, Matrix valued Jacobi polynomials, Bull. Sci. Math. 127 (3) (2003) 207-214.

[43] F.A. Grinbaum, J. Tirao, The algebra of differential operators associated to a weight matrix, Integral Equ. Oper. Theory
58 (4) (2007) 449-475.

[44] F.A. Grtnbaum, I. Pacharoni, J. Tirao, A matrix-valued solution to Bochner’s problem, J. Phys. A 34 (48) (2001)
10647-10656.

[45] F.A. Griinbaum, I. Pacharoni, J. Tirao, Matrix valued spherical functions associated to the complex projective plane, J.
Funct. Anal. 188 (2) (2002) 350-441.

[46] F.A. Grunbaum, I. Pacharoni, J. Tirao, Matrix valued orthogonal polynomials of the Jacobi type, Indag. Math. (N. S.)
14 (3-4) (2003) 353-366.

[47] F.A. Griinbaum, M.D. de la Iglesia, A. Martinez-Finkelshtein, Properties of matrix orthogonal polynomials via their
Riemann—Hilbert characterization, SIGMA 7 (2011) 098.

[48] M. Hisakado, Unitary matrix models and Painlevé III, Mod. Phys. Lett. A 11 (1996) 3001-3010.

[49] A.R. Tts, A.B.J. Kuijlaars, J. Ostensson, Asymptotics for a special solution of the thirty fourth Painlevé equation, Non-
linearity 22 (2009) 1523-1558.

[50] M.G. Krein, Infinite J-matrices and a matrix moment problem, Dokl. Akad. Nauk SSSR 69 (2) (1949) 125-128.

[561] M.G. Krein, Fundamental aspects of the representation theory of Hermitian operators with deficiency index (m,m), in:
Providence, Rhode Island, in: AMS Transl., Ser. 2, vol. 97, 1971, pp. 75-143.

[52] A.B.J. Kuijlaars, Multiple orthogonal polynomial ensembles, in: Recent Trends in Orthogonal Polynomials and Approxima-
tion Theory, in: Contemporary Mathematics, vol. 507, American Mathematical Society, Providence, RI, 2010, pp. 155-176.

[63] A.B.J. Kuijlaars, A. Martinez-Finkelshtein, F. Wielonsky, Non-intersecting squared Bessel paths and multiple orthogonal
polynomials for modified Bessel weights, Commun. Math. Phys. 286 (2009) 217-275.

[54] A.P. Magnus, Painlevé-type differential equations for the recurrence coefficients of semi-classical orthogonal polynomials,
J. Comput. Appl. Math. 57 (1995) 215-237.

[565] A.P. Magnus, Freud’s equations for orthogonal polynomials as discrete Painlevé equations, in: Symmetries and Integrability
of Difference Equations, Canterbury, 1996, in: London Mathematical Society Lecture Note Series, vol. 255, Cambridge
University Press, Cambridge, 1999, pp. 228-243.

[56] K.T.-R. McLaughlin, A.H. Vartanian, X. Zhou, Asymptotics of Laurent polynomials of even degree orthogonal with respect
to varying exponential weights, Int. Math. Res. Not. 2006 (2006).

[57] K.T.-R. McLaughlin, A.H. Vartanian, X. Zhou, Asymptotics of Laurent polynomials of odd degree orthogonal with respect
to varying exponential weights, Constr. Approx. 27 (2008) 149-202.

[58] L. Miranian, Matrix valued orthogonal polynomials on the real line: some extensions of the classical theory, J. Phys. A,
Math. Gen. 38 (2005) 5731-5749.

[59] L. Miranian, Matrix valued orthogonal polynomials on the unit circle: some extensions of the classical theory, Can. Math.
Bull. 52 (2009) 95-104.

[60] V. Periwal, D. Shevitz, Unitary-matrix models as exactly solvable string theories, Phys. Rev. Lett. 64 (1990) 1326-1329.


http://refhub.elsevier.com/S0022-247X(20)30768-X/bib9DBC4DB24AB137CF03E23043880896B1s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib9DBC4DB24AB137CF03E23043880896B1s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib09634E12507A15C1D20735CF95FE7572s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib09634E12507A15C1D20735CF95FE7572s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibA211455323F663D6A374C7B1ACF46D5Cs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibA211455323F663D6A374C7B1ACF46D5Cs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibA211455323F663D6A374C7B1ACF46D5Cs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib77CAE62B24676E7EFE1C54FB65251D84s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib77CAE62B24676E7EFE1C54FB65251D84s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibC920858CDD8F5CFB40986862015BB2B3s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibC920858CDD8F5CFB40986862015BB2B3s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib242CC47038F11EC99AB3B292844D9C7As1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib242CC47038F11EC99AB3B292844D9C7As1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibD5C208032E5D09CC5121442DA16FBB8Bs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibD5C208032E5D09CC5121442DA16FBB8Bs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib9296818878968701C75E80167E556B76s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib9296818878968701C75E80167E556B76s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibADA2C43AF220160CA65FD18F9D1F60FFs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibADA2C43AF220160CA65FD18F9D1F60FFs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib9E1FB6470BA45DFFE8F4300F85301725s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib9E1FB6470BA45DFFE8F4300F85301725s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibEBA439221892ADFF2124F0EA783F6867s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibEBA439221892ADFF2124F0EA783F6867s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib52CE925029BEDF0810F2D17BB72B4E60s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib52CE925029BEDF0810F2D17BB72B4E60s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibC26512C9C63BC97E3118DBAE06CB0B2Ds1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibC26512C9C63BC97E3118DBAE06CB0B2Ds1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibB7E137C6546CCBEB874B95231AE1B638s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib476B34BAF5FB449A2D918C58049E9A7As1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib6759244C144CA3FF1800CA81FEEFCA82s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib6A117C1C8DAEA248CACA1507B93CCB11s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib6A117C1C8DAEA248CACA1507B93CCB11s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib17FCE3A78E487D9CED06B7F7DE99AC1Bs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib5A92DD5CE61462B01FCE2E322144A31Fs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib5A92DD5CE61462B01FCE2E322144A31Fs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibE7F14AA17DE8395E6CC9130B22582EA3s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibE7F14AA17DE8395E6CC9130B22582EA3s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib298805138638528DE50B8857831E4D6Ds1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib298805138638528DE50B8857831E4D6Ds1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibD38CB43884522907CA2B73D2C8BFACC7s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibD38CB43884522907CA2B73D2C8BFACC7s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib29C8757536F4434BE230E9921F5631D4s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib29C8757536F4434BE230E9921F5631D4s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibB9E13CFCE71B182AE9979BF3C1764BB8s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibD6BC2B65DCCB3DC00BCF1A229A5237AFs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibD6BC2B65DCCB3DC00BCF1A229A5237AFs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib047E36D63F29EB00B58D5BC18E5315BEs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib78FE6E0C25862A3CF2E15299C2BC7254s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib78FE6E0C25862A3CF2E15299C2BC7254s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib559BACB57B9EA1625E05989B6C6ADBF3s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib559BACB57B9EA1625E05989B6C6ADBF3s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibF981718475CA86415831F59853D32432s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibF981718475CA86415831F59853D32432s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibBFA256182CEEC9E4D08C35EE034CCBACs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibBFA256182CEEC9E4D08C35EE034CCBACs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib137DCEC44002170DB2D2DCD9C70DBEBFs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib137DCEC44002170DB2D2DCD9C70DBEBFs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib137DCEC44002170DB2D2DCD9C70DBEBFs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib865F1E4CD31486A7A09BAB0948A094B6s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib865F1E4CD31486A7A09BAB0948A094B6s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib46BF532204B8372BE96B442BFB838F76s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib46BF532204B8372BE96B442BFB838F76s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibBB6EDE8301457B4FCE0E0FCD93E41386s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibBB6EDE8301457B4FCE0E0FCD93E41386s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib71077EFB80A06A9861154743F49EF718s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib71077EFB80A06A9861154743F49EF718s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib2D797D616AE05C65834EC626B8B599FFs1

36 A. Branguinho et al. / J. Math. Anal. Appl. 494 (2021) 124605

[61] V. Periwal, D. Shevitz, Exactly solvable unitary matrix models: multicritical potentials and correlations, Nucl. Phys. B
344 (1990) 731-746.

[62] C.A. Tracy, H. Widom, Random unitary matrices, permutations and Painlevé, Commun. Math. Phys. 207 (1999) 665-685.

[63] W. Van Assche, Discrete Painlevé equations for recurrence coefficients of orthogonal polynomials, in: Proceedings of the

International Conference on Difference Equations, Special Functions and Orthogonal Polynomials, World Scientific, 2007,
pp. 687-725.


http://refhub.elsevier.com/S0022-247X(20)30768-X/bib0B021344A056DBC205D681993D21CB1Bs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib0B021344A056DBC205D681993D21CB1Bs1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bib5713A878BF70C6F6B95854AF26C9AAF3s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibFD8EB9B5CF39AEDACC5F0099D4F74F09s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibFD8EB9B5CF39AEDACC5F0099D4F74F09s1
http://refhub.elsevier.com/S0022-247X(20)30768-X/bibFD8EB9B5CF39AEDACC5F0099D4F74F09s1

	Matrix biorthogonal polynomials: Eigenvalue problems and non-Abelian discrete Painlevé equations
	1 Introduction
	2 Riemann--Hilbert problem for matrix biorthogonal polynomials
	2.1 Matrix biorthogonal polynomials
	2.2 Three term relations
	2.3 Second kind functions
	2.4 Reductions: from biorthogonality to orthogonality
	2.5 Fundamental and transfer matrices vs. Riemann--Hilbert problems

	3 Constant jump on the support, structure matrices and zero curvature
	3.1 Constant jump on the support
	3.2 Structure matrices

	4 Matrix Pearson equations and differential equations
	4.1 Matrix Pearson equations
	4.2 Sylvester differential equations for the fundamental matrices

	5 Second order differential operators
	5.1 Adjoint operators
	5.2 Eigenvalue problems

	6 Nonlinear difference equations for the recursion coefficients
	6.1 Nonlinear difference equations for Hermite matrix polynomials
	6.2 A matrix extension of the alt-dPI
	6.3 The matrix dPI system

	Acknowledgments
	References


