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Abstract

We study the existence of the nonsymmetrical conic shock wave produced by a supersonic flow
past a distorted conic projectile. For the weak conic shock wave, we establish the existence and its
linear stability using the mathematical model of an isentropic irrotational flow.
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1. Introduction

The mathematical model for shock waves in hydrodynamics is the quasi-linear
hyperbolic system of Euler equations:

oo+ Z?=1 dx; (pvj) =0,
3 (pvi) + Y0y Oy, (pvivj +8ijp) =0, i=1,2.3, (1.1)
3 (PE) + 31 0., (pv, E + pj) =0,

In (1.1), (p, v) are the density and the velocity of the gas particles; e + %|v|2 is the
total energy, and the pressyse= p(p, E) is a known function.
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The shock front can be described by certain jump discontinuity in the solution of the
system (1.1), see [5,8,19]. Itis a typical free boundary problem because the position of the
shock front is unknown beforehand and should be determined as part of the solution.

An important problem in the shock wave study is the supersonic flow around solid
projectiles. Physical observation shows that as the solid projectile travels through the air, a
steady shock front will be produced in front of the solid object. If the projectile has a blunt
head, the shock front will be detached from the projectile. And if the projectile has a harrow
and sharp pointed head, the shock front will be attached to the head of the projectile.

Two simplest special cases of attached shock waves were discussed in the book
Supersonic Flow and Shock WayBkby R. Courant and K.O. Friedrichs.

One case is the two-dimensional oblique shock front produced by a sharp plane wedge
[5, IV.C]. More generalized such shock waves are further studied in [11,18] where the
wedge sides are general curves, and a 3-dimensional version was studied in [3].

Another special case is the three-dimensional symmetrical conical shock produced by
a sharp symmetrical regular cone [5, VI.B]. The discussion in [5] employed the simplified
irrotational isentropic mathematical model where the system of Egs. (1.1) can be reduced
to a second order scalar equation.

For the irrotational flow, we hav€ x v=0, i.e.,

axiijaxl.U,‘, i,j=l,2,3.
Consequently in the conservation of momentum equations in (1.1), we have

vj8x_/vi =v;j0yVj = ESXI.U

Therefore, for an isentropic irrotational compressible flow, the conservation of mass and
momentum in the system (1.1) can be rewritten as:

{ Bip+ Y51 0, (pvj) =0,
v + 33010, (V2 +8;;h) =0, i=123.

Here h(p) is the specific enthalpy determined within a constant by the thermodynamic
equation of state and the formula

a?(p)

1, 2
5

(1.2)

h(p)= >0 (1.3)

wherea(p) is the sound speed with?(p) = dp/dp > 0. For an ideal gas,
Yp

(y—=Dp’

In the case of polytropic ggs= Ap?,

2

_ Aypr—1 _a
- -1
From the irrotationality assumption, we can introduce a velocity potegit@lch that

V¢ =v. Then the momentum equations in (1.2) can be integrated to obtain the Bernoulli’s
relation

1
a,¢+§|V¢|2+h(p)=c, (1.4)
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whereC is a constant. Sind€(p) > 0, the density can be determined through the inverse
function of the enthalpy by;¢ andV¢:

1 1
p=h1(C—a,¢—§|w|2)EH(C—az¢—5|V¢|2). (1.5)

Substituting (1.5) into the equation of conservation of mass in (1.2), we obtain a second
order quasi-linear wave equation for the velocity potergial

3
OH + )8y, (g, H) =0,
i=1
In particular for the steady flow considered in this paper, all the time derivatives vanish and
we obtain a second order quasi-linear equation for the velocity potential

3
> 0k (¢ H) =0. (1.6)

i=1
From relations (1.3) and (1.5), it is easy to obtain that
H/H' =a°. (1.7)

Therefore, Eq. (1.6) can be further rewritten into

vi v v3
<; - 1>¢X1X1 + <; - 1>¢x2x2 + <; - 1>¢X3X3

2v102 2v1v3 2v2v3
+ 7¢x1x2 + 7¢x1x3 + 7¢x2x:3 =0 (1.8)

with v; = ¢y, (i =1,2,3).

It is easy to see that for a supersonic flow| & a), Eq. (1.8) is normally hyperbolic,
i.e., the symmetric matrid, = («;;) consisting of the coefficients of the principal part
of (1.8) has one positive and two negative eigenvalues, and for a subsonig¢wvowd),
Eq. (1.8) is elliptic.

The special case of three-dimensional symmetrical conical shock waves produced by a
sharp symmetrical regular cone was studied in [5, VI.B] using the simplified irrotational
isentropic mathematical model where the system of Egs. (1.1) can be reduced to the second
order scalar equation (1.8).

Let us look at a sharp solid symmetrical regular cone moving at a steady supersonic
speed through a compressible isentropic gas, with the axis of the cone parallel to the
velocity. The flow in front of the shock front is uniform. From the geometrical symmetry,
Eqg. (1.8) governing the flow behind the shock front becomes a nonlinear ordinary
differential equation, and the conic shock wave can be formulated as a boundary value
problem for this ordinary differential equation. It was shown in [5] that one solution
to the boundary value problem corresponds the weak conic shock front observed in
aerodynamical experiments.

However, a rigorous stability discussion of such conic waves using the irrotational
isentropic mathematical model (1.8) has not been available and the problem of general
non-symmetrical conic shock waves remains open.
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In this paper, we study the existence of distorted non-symmetrical conic shock waves
generated by a projectile which is a small perturbation to a sharp symmetrical regular
cone, using the same irrotational isentropic model as in [5]. In particular, Theorem 4.1
on the linearized problem provides the linear stability of the symmetrical conic shock
wave solution obtained in [5] for the irrotational isentropic conic shock wave model. The
justification of using the model in the study can also be found in [12,17].

In particular, for a uniform flow in the direction ak-coordinate, we have; = v =0
andvz = ug in (1.8). The corresponding velocity potential functiomis= upx3. And it is
readily checked that (1.8) is hyperbolic feg > a and elliptic forug < a.

Throughout this paper, we will assume the uniform supersonic incoming flow be
parallel to thexz-coordinate. Let the surface of the solid distorted cone be given by
x3 =m(x1, x2), and the corresponding shock front be giverxhy= w(x1, x2). Obviously,
we haven(x1, x2) > u(x1, x2). For the non-symmetric conic shock problem, the boundary
conditions accompanying (1.8) on the solid surface and on the shock front are:

e On the solid surfaces = m(x1, x2), the velocity of fluid is tangent to the surface:

My @xy + My Pxy — Gxg = 0. (1.9)

e On the shock frontz = u(x1, x2):
— ¢ is continuous across the shock front:

¢ = ¢o = uoxz; (1.10)
— the Rankine—Hugoniot condition
(HX1¢X1 + Mx2¢x2 - ¢X3)H = —UuopPo. (111)

It was shown in [5, VI.B] that given the supersonic incoming flow, there is a critical

valuem,. such that a symmetric solid cone surfage= ml,/xf + x22 with m1 > m. will
produce an attached symmetrical conic weak shock. We will call this symmetrical conic
shock in [5] throughout this paper theackground shock wavand the corresponding
solution of the velocity potential to the boundary value problem (1.8), (1.9), (1.10), (1.11)
thebackground solutio . For the background conic shock wave, the corresponding shock
front is then given by

x3=p,1,/xf+x§

with constanfuy < mj.
The main result of this paper in Section 2 states that if

m(x1, x2) — m1y/ X2 + x2

is of the order (D(xf + x%)N) with sufficiently large N, i.e., if the distorted non-
symmetrical solid cone is a small perturbation of a symmetrical regular cone, then there
exists a corresponding non-symmetrical distorted conic shock wave solution near the tip of
the conexz = 0.

It is worth mentioning that the conical shock wave studied in this paper is different
from two-shock waves resulted from the shock interaction or an initial jump. The latter has
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been studied, within context of the Euler system of equations in [2,10,15], and within the
context of a second order wave equation in [16]. From the viewpoint of physics, the flow
in the domain behind the shock front under study in this paper is supersonic, while it is
subsonicin [2,10,15,16]. Geometrically, the conic domain has a higher order of singularity
in contrast with the domain in [2,10,15,16] which is isomorphic to a quarter space.

The special difficulties in the study of conic shock waves are the following. First of all,
the high order singularity at the vertex of the conic shock wave implies a higher order
singularity in the corresponding differential equations. Secondly, the free boundary of
the shock front intersects with the fixed boundary of solid surface at the vertex of the
conic projectile. The standard partial hodograph transformation which changes the free
boundary of shock front into a fixed one in [13] would also at the same time change the
fixed solid surface into a new free boundary. In this paper we use a generalized nonlinear
partial hodograph transformation to overcome this dilemma. This generalized hodograph
transform is a composition of the usual partial hodograph transformation and a nonlinear
transformation of the unknown function. It will change the shock front and the solid surface
into fixed boundaries at the same time.

This paper is arranged as follows.

In Section 2, we introduce a singular conical coordinates system to formulate the
problem and state the main theorem of the paper. A generalized nonlinear partial hodograph
transformation is employed in Section 3 to transform the free boundary problem into
an equivalent boundary value problem with fixed boundaries. The main theorem is
then restated in the new coordinates. For this new boundary value problem with fixed
boundaries, we derive in Section 4 the energy estimate for the linearized problem which
also provides the linearized stability of the conic shock wave for the isentropic irrotational
flow model in [5]. Finally, a linear iteration process is used to prove the existence of
distorted conic shock wave solution.

2. Conical coordinates, main theorem

Because of the conical geometrical feature of the problem, it is natural for us to
introduce the conical coordinatées vy, 6):

X1 = yzCOSY, X2 = yzSsino, X3=2, (2.1)

wherey is the radial directiorq is the angular direction in the cross section perpendicular
to the cone axis, anglis the axial direction of the cone which coincides with the direction
of the uniform incoming supersonic flow.

In the conical coordinate&, y, 0), the symmetrical background conic shock wave
solution hasy = b1 as its symmetrical conic solid surface ané: s1 as its position for
the shock front. And for the distorted non-symmetrical conical shock wave, the distorted
solid surface is given by = b(z, 8) and shock front is defined by= s(z, 6).

We require that the distorted solid surface is sufficiently close to the symmetric cone,
ie.,

b(z,0) — b1 =0(z"), (2.2)
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with N being a sufficiently large number. The main question of the non-symmetric conic
shock wave problem is to determine the location of the distorted shock freni(z, 6)
together with the velocity potentigl(y, z, 0) in the domainb(z,0) <y < s(z,0), z > 0.

From the assumption (2.2), we would expect that the background conic shock front and the
non-symmetric distorted conic shock front also satisfy a similar relation

5(z,0) —s1=0(z") nearz=0. (2.3)

Let's denotev, the velocity component in thee1, x2)-plane in the radial direction, i.e.,
the y-direction in polar coordinates, 0), andvy the velocity component in thecy, x2)-
plane perpendicular to the radial direction, i.e., #hdirection in polar coordinates, 9).
We have the following relations far, andvs:

vy = v1C0SH + v2SiNf = ﬂ,
z

vp = 2 COSH — v1 SiNG = @. (2.4)
<y

At the background solutios®, we obviously havey = 0.
Let B8 be the angle such that

tang = xf +x§/x3 =y.

Let v, denote the velocity component of the flow tangential to the suaceonstant and
pointing to the positive direction ofz-coordinate, and, the velocity component of the
flow in the normal direction to the surfage= constant, pointing to the upstream of the
shock front (i.e., the negative direction.ef-coordinate). Obviously, we have

vy = v3C0SB + v, Sing,

v, = vy, COSB — v3Sing. (2.5)

It is readily checked that we have the following relations

cosd sing
V1 = ¢X1 = Z (by - Zy ¢97
sing cosd 2.6)

V2=0x,=—¢y + — ¢y,
Z zy
y
V3 = ¢x3 =¢, — z(ﬁy

From the boundedness of the flow velocity vector, vo, v3) and the relation (2.4) we
conclude that the solutiop and¢;, ¢, /z, ¢9/z are all bounded near=0.
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For the second order derivativesgfwe have

cofo sinf o sin® sinf o sin®
¢x1x1 = ZZ ¢yy + (zy)2 ¢99 - W‘P)‘Q + W‘b) + (zy—)2¢9’
sinf o cofo sin® cof6 sin®
Xoxp = Z2 yy + (zy)2 ¢99 + W(ﬁye + z2y (by - (zy)2 ¢9,
2
¢x3)¢3 = (bzz + :_2¢yy - Zz_y¢zy + i_zﬁbyv
sin® sin® cosd sin® cosd
Prxix, = 572 byy — 2(zy)2¢00 + 2 byo — 222 ¢y — )2 ¢,
cosy y Ccosd sing sing cosy
¢x1x3 = e zy ZZ ¢yy - 2y ¢z(—? + ZZ (by(-? - ZZ (bya
sing ysing cosy cosy sing
xox3 = Z zy T Z2 yy + 2y ¢z0 - ZZ ¢y0 - ZZ ¢y~

2.7)

Rewriting Eg. (1.8) in the new conic coordinaiesy, 6) and then multiplying the two

sides of the equation hy?, we obtain

22a00p-- + a11¢e9 + a220yy + 2200190 + 22a02¢;y + 2a12¢y0
+ zaop, + a1¢p +azpy =0, Inb(z,0) <y <s(z,0).

(2.8)

The coefficientsy;; anda; in (2.8) are all bounded functions @£, ¢9/z, ¢,/z. At the

background solutiow, the coefficients;; can be written explicitly as:

v3 2
apo = <—> -1
a

(vy — yv3)? 5 1 (2
2= 2 (l+y):co§ﬂ 271
V3Vg
aor=—— =0,
asy

2
v3U, v3 1 V3V .
= —y[=2-1)=—— sing |,
a02 a? y<a2 ) cosp ( a? + '3>

(2.9)

As in [5] and [4], we will always assume in this paper that the background shock is a
weak shock and the normal component of the velogjtyehind the shock front is close

to the one ahead of the shock, i.e.,

vn/SINB ~ ug,/SiNB = ug.

(2.10)

It is readily checked thaigg > 0, a11 < 0 andazz < 0 in (2.8). Eq. (2.8) is normally
hyperbolic inz > 0 and having; as time-like direction. Eq. (2.8), however, is degenerate

atz =0.
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Next let’'s examine the boundary conditions in the conic coordingtes 6). On the
solid surfacey = b(z, ) we have

b+ zb)¢. + y("f) (1+y(b+zb))<¢y)=0 ony=b(z,6). (2.11)

On the shock frony = s(z, 8), we have the velocity potentigl(y, z, ) = uoz with
uo being the constant supersonic velocity in front of the shock wave. Since the directional
derivative of¢p normal to the shock front is never zero behind the shock front, we can use
¢ (v, z,0) = uoz to describe the shock front. Then the Rankine—Hugoniot condition (1.11)
can be written as

(2, + 02, + b3 (b3 — u0)) H = (¢ — u0)uopo. (2.12)
Inthe(z, y, #) coordinates Eq. (2.12) becomes

2 2 2
(3] #5(5) o) Jo
2z Yo\ z
(abz—&—uo)uo(br po)=0 ony=s(z.0). (2.13)

In addition, it is easy to verify that in the new conic coordinates the absolute value of the
flow velocity has the expression:

¢> 2

Vo) = (2.14)

1 sin y
< Costpy — —¢9, + —¢9 ¢ — Zﬁby)
Eq. (2.8) for the velocity potentlaflb(y, z,0), together with the boundary value
conditions on the solid cone-like surface (2.11) and on the shock front (2.13), constitute
the mathematical formulation of the non-symmetrical conic shock waves. The following is
the main theorem on the existence of conic shock waves of this paper.

Theorem 2.1. Consider the free boundary value problem consisting of @) in the
domainb(z,0) <y < s(z,0), 0 <z, 0< 6 < 27, and the boundary conditio(2.11) on
the fixed boundary = b(z, ), and the boundary condition®.13) and¢(y, z, 0) = ugz
on the unknown boundary=s(z, 6).

Assume that

o the solid symmetric regular cone= b satisfyb; < m_* as in[5, VI.B] such that a
background weak conic shock wave exists

e the non-symmetrical solid conic surfage= b(z, 8) be a sufficiently smooth function
and (2.2) be satisfied for sufficiently larg¥.

Then the free boundary value probléi8), (2.11), (2.13) has a unique classical solution
(¢, s) in a neighborhood of = 0 which corresponds to a weak perturbed conic shock
wave.

Remark 2.1. In Theorem 2.1, the condition (2.2) for largé means that the non-
symmetrically distorted conic solid projectile is tangential up to the high okén the
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symmetric regular cone at the tip of the cane- 0, i.e., the perturbation is sufficiently
small. We will use this fact in the proof of the existence of the distorted conic shock wave
in the process of linear iteration in Section 4. The background symmetric conic shock wave
solution will be taken as the first approximation in the linear iteration.

Since¢ is of the order @z) nearz = 0, we can replace the unknown functignby
a new functionyr such thatp(z, y, 0) = zy(z, y, ). To further simplify the notation and
formally remove the degeneracyat 0, we set

t=Inz, z=¢é". (2.15)

The transform (2.15) moves the point 0 to r = —oo and formally removes singularity
atz =0in (2.8), (2.11) and (2.13). In addition, the transform (2.15) will also allow us in
Section 4 to use only the usual hyperbajieveighted norm instead of a combination of
n-weighted and*-weighted norms used in [1] and [15].

In the new(t, y, ) coordinates and for the new functign Egs. (2.8), (2.11) and (2.13)
become

aoo(¥r + 2 + Vye) 4+ araryy + azoWes + 2a01¥sy + 2a02¥10 + 2a12Y v
+ (a0 — ao0) (¥ + VY1) + (a1 + 2a0) ¥y + (a2 + 2a02) Yo
=0 inb(t,0)<y<s(t,0). (2.16)

b
(b+b)W + V) + y—‘;we — (1+y(b+b))Yy=0 ony=b(,0). (2.17)

G, Vo, Uy ) = [W2 + 725 + (W — y¥y)?]H + (Y — y¥ry)uo(H — po)
=0 ony=s(t,0). (2.18)

In Eq. (2.18), we have used the fact that the shock frsoet s(¢,0) can be implicitly
defined byyr = ug. In contrast to Eq. (2.8), the coefficients in Eqg. (2.16) are all smooth
functions of their arguments and have no singularity-at—oo.

Therefore the proof of Theorem 2.1 is reduced to the proof of the existence of the
solutiony for (2.16)—(2.18) near= —co.

Besides, the absolute value of the flow velodip| in the new coordinateg, y, 9)
can be expressed by the new functipn

2
(2.19)

5 sing . cosd
IVo|® = ‘((30591/@ - Tl/fe, siN6Yyry + Tllfe, 2 ylﬁy)

3. Generalized nonlinear hodograph transfor mation

In the boundary value problem (2.16)—(2.18), the boundasy b(z, 6) is the fixed
boundary with the given functiob(z, 6). However, the shock front boundayy= s(z, )
is unknown and should be determined along with the unknown fungtiofo study such
free boundary problems, the typical approach is to perform a transformation to fix the
unknown free boundary. Naturally the transform would involve the function describing the
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free boundary. The resulting problem would be a boundary value problem in a domain with
fixed boundaries.

One useful method to fix a free boundary is the partial hodograph transformation.
The partial hodograph transform takes the unknown functign y, ) as one of the
new coordinates, and has been successfully used in the study of the Stefan problems in
heat transfer [9,14] and the shock wave problems in [13]. In order that the transformed
new problem be equivalent to the original one, it is crucial that the vegipris not
perpendicular to the normal direction of the free boundary. In the symmetric conic wave
problem, itis easily derived thatty € [by, s1], we havey, > 0 for the background solution,
see [5, VI.B]. Hence the partial hodograph transformation should be valid throughout
the domain between distorted solid come- b(¢, 0) and the distorted conic shock front
y =s(t,0).

However in the problem (2.16)—(2.18), while such a transformation would fix the
free boundary = s(z, 6), it will at the same time also change the fixed solid boundary
y = b(t, 0) into a new unknown free boundary.

To overcome this difficulty, we introduce the generalized nonlinear hodograph transfor-
mation which will fix the free boundary = s (¢, ) while at the same time change the fixed
boundaryy = b(z, 6) into a new fixed boundary. This generalized hodograph transforma-
tion has the form

y—>b

yo=t. wm=0. y2=_mo 3.1)
The transformation (3.1) can be decomposed into two parts. The first step is to introduce a
new unknown function/, i.e., we perform a nonlinear transform of unknown functions:

— y— b

V(0.3 =S (3.2)
Then we take the unknown functiah as an independent variable in the new coordinates,
i.e., we perform a standard partial hodograph transformation:

Then the transformation (3.1) is the composition of the standard partial hodograph
transformation (3.3) and the nonlinear transform of unknown functions (3.2). Under the
transformation (3.1), it is obvious that the fixed solid boundary b(z,6) becomes a
new fixed boundary, = 0 and the free shock front boundary= s(z, 9) becomes a fixed
boundaryy, = 1.

In order that the transformation (3.1) would change the problem (2.16)—(2.18) into an
equivalent problem, we must show that (3.1) is uniformly nonsingular and invertible in the
domainb(t, 0) < y < s(t, 0). For this we have the following

Lemma 3.1. For the nonlinear generalized hodograph transformati@al), there is a
numbereg > 0 such that in the neighborhood of the background shock wave solution, we
have

y—b4+uo—y >2e>0 and 9,y2>e>0 inb(t,60)<y<s(,0). (3.4)
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Hence the transformatio3.1) is uniformly nonsingular and invertible in the domain
b(t,0) <y<s(,0).

Proof of Lemma 3.1. Since we consider the domair< y < s, we always have —b > 0.
From (2.4) andp = zy/, we havey, = v, which is the flow velocity in the radial direction.
For the background solution, we havg> 0 in the domairb < y < s, hencey, > 0. On
the other handyr = ug aty = s(¢, 8). Therefore we conclude

y—b+ug—¥ >0 inbt60)<y<s(t,0). (3.5)

To show thaty — b + ug — v is uniformly bounded away from zero in the domain, we
can consider the domain in two separate regions. In the region outside a neighborhood of
the free boundary = s(¢, 0), we haveug — ¥ > g9 > 0 because) = ug at y = s(¢, 9)

andyr, > 0. In the region outside a neighborhood of the solid cone susfaeé(z, 0), we
obviously havey — b > ¢g > 0. Therefore, we have

y—b4+upg—v >e0>0 inb,0)<y<s(t,0). (3.6)
On the other hand, we have
Yy —=Db)+ (uo— )

dyy2 = . 3.7

PTG —b) + wo— )P 3.7
Using the same argument, we have

dyy2=>e0>0 inb(t,0)<y<s(,0). (3.8)

Combining (3.6) and (3.8), we obtain (3.4) and this completes the proof of Lemmai3.1.

By Lemma 3.1, the transformation (3.1) is uniformly nonsingular and invertible,
and hence the free boundary problem (2.16)—(2.18) will be changed into an equivalent
boundary value problem with fixed boundaries= 0 andy, = 1 under the transformation
(3.2).

Let us denote the inverse transformation to (3.1) by

t = yo, 0=y, y =u(yo, y1, ¥2)- (3.9)

Then we have the identity

y =u(yo, y1, y2(t,6,y)) =u(t,6, y2(¢,6, y)).

The functionu(yo, y1, y2) can be treated as the new unknown function in the new
coordinates(yo, y1, y2), and the boundary value problem (2.16)—(2.18) forwill be
transformed into an equivalent problem for the unknown functiop, y1, y2). Once

we find the function:(yo, y1, y2), then by the invertibility of the transformation, we can
determine uniquely the original unknown functigriz, y, 6) from (3.1).

However, if we simply taka (yo, y1, y2) as the new unknown function, the equation for
u(yo, y1, y2) obtained from (2.16) will have a singularity gt = 0. This formal singularity
comes from the special form of the transformation (3.1). Let us examine the nature of this
singularity.
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By (3.2), we have
Y _ (G —btuo—y)? y—b
W y—b v2

Sincedyr = (3y/dy)dyr, the principal part of the equation f@r obtained from (2.16)
will have the form

(3.10)

—b _ _ _ —_ — —_
<yW )[aoown + a11%yy + a22¥ee + 2a01%1y + 2a02%10 + 2a12%y6 |- (3.11)

The coefficients of the principal partin (3.11) obviously have singulagity b) ™ 1 because
¥ = O(y — b). But for the first order derivative terms gf, some coefficients may have
the singularity(y — )~2. This singularity comes from the terms such as

Yy =5 [( Iz )'ﬁ’}zcwz )1/’”8 < V2 )w’

These singularities can not be canceled out by multiplying on both sides of the equation a
factor(y — b).

Sincey —b=u — b = O() = O(y2) neary, =0, the equation for the unknown
functionu(yo, y1, y2) obtained under the partial hodograph transformation (3.3) will have
a singularity aty, =0

To remove this formal singularity, we introduce a modified new unknown function
o (yo, y1, y2) to replace the functiom(yo, y1, y2). The functionw(yo, y1, y2) is defined
as follows:

u(yo, y1, y2) — b(y0, y1)

y2 '
The definition of the functiom (yg, y1, y2) has taken into account the fact that- b =
O(y2) neary, = 0 and hence removed the formal singularity in the coefficients. We will
see later in (3.18) and (3.19) that the new equatiofor, y1, y2) has no singularity. We
denote this modified new transformation of (3.9) as

w(yo, y1,y2) =

u(yo, y1, y2) — b(yo, y1)
t = Yo, 0=y1, (0, y1, y2) = = . (3.12)

We now begin to derive the boundary value problem satisfied by the unknown function
o (y0, y1, y2) in the new coordinateS, y1, y2) from the boundary value problem (2.16)—
(2.18). For simplicity of notations, we denote briefly

§.0,y)=y—b+uo—y. (3.13)

By (3.6) we havet > 0. Obviously the boundary value problem (2.16)—(2.18)ors
transformed under (3.13) into an equivalent boundary value problegigth the same
principal part, except for a negative sign.

Using the notatior§, the generalized nonlinear hodograph transformation (3.1) can be
written as

y=b (3.14)
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In particular, we have the following identity
_u—>b
2 EGoynw)
Combining (3.9), (3.12), (3.13) and (3.14) we obtain

®(y0, y1, y2) = & (yo, y1, u(y0, y1, ¥2))- (3.15)
From (3.14) we compute the following differential relations

dyog=dt, dy1=do,

_ &b &G —b) di + —§bs —&p(y —b) d9+$—$y(y—b) dy. (3.16)

dyz

g2 g2 £2
To solve (3.16) with respect afy, we obtain
Eb; +&(y —b) Ebp +&(y — b) g2
dy = dyo + dy1 + dyo. 3.17
YT R0 T n0-n T Eno-n P G

Therefore we obtain the following relation between,,, »,,, ®,,) and(;, &, &,) which
decides the relation between the principal parts of Egs. (2.16) and the new equation for
w(y0, ¥1, y2):
Ebi +&(y —b)
a_ygy &+ Léy
ayo S_Ey(y_b)
@yo dy §bo +50(y — D)
(2_}1) (gl‘s 597 éy) 59 + ayléy 50 %. _ Sy (y _ b) S) (3 8)
" L I
dy2"" )
The Jacobi matriDe’ /D&’ of the transformation (3.18) is:

&+

&y

3 (wyg, Wy, Wy,)

J =
a(él‘véﬁs Sy)
5 0 [Eb: +& (v — b)IE
E-50 -0 TN T—
§ [£bo + £ (y — b) &
0
E-E50—b  [E-&EO-DP (3.19)
%-3
0 0

(6 — & (y — D)2
From (3.6) and (3.13) we have
E-6E(0-D=0-b+wo—¥)—A—=yYy)(y—-0)
=@uo—Y)+¥y(y—0)>0. (3.20)

This implies that the matrix (3.19) is nonsingular everywhere in the regior) <
y < s(t,0). Consequently the transformation (3.18) is invertible in the considered region.
Therefore the free boundary problem (2.16)—(2.18) for the unknown funatiois
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transformed under the transformation (3.12) into an equivalent problem for the new
unknown functionw (yo, y1, y2). In particular, the new problem is defined in the domain

0 < y2 < 1 with fixed boundaries. We denote this new second-order quasi-linear partial
differential equation for the unknown functian(yo, y1, y2) in the fixed domain G< y» < 1

as:

Z ajj (@, Vo)oy,y, + 1 (0, Vo) =0
i,j=0,1,2
in—oco<yo<—T,0<y1<2r, O<y2 <1 (3.22)

By the relations (3.18) and (3.19), it is readily checked that the coefficient m@affix
of the principal part in Eq. (3.21) is congruent with the matey;) in Eq. (2.16) by the
following relation:

(aij) = I (aij)J, (3.22)

where the matrix/ is the non-singular matrix in (3.19). The coefficients mattix;) in
Eqg. (3.21) has all its elements being smooth real valued functions of their arguments. The
lower order termd (w, Vw) in (3.21) are also all smooth functions of their arguments, the
explicit form of which is of no consequence in the following discussion.

For Eg. (3.21) we make the following observations.

Remark 3.1. The transformation (3.1) is a composition of a nonlinear transform of
unknown functions (3.2) and a classical partial hodograph transformation (3.3).

An unknown function transformation which does not change the coordinates obviously
does not alter the hyperbolicity and the time-like or space-like directions. It has also been
shown in [13, Proposition 2.2] that partial hodograph transformation does not change the
hyperbolicity and the time-like or space-like directions of a second order partial differential
equation. Finally, the introduction of the new unknown functio¢yo, y1, y2) in (3.12)
obviously does not change the hyperbolicity and the time-like or space-like directions.

Consequently, we conclude that the new equation (3.21) is also normally hyperbolic
with yg being a time-like direction angh a space-like direction.

Next we consider the boundary conditions which should be satisfied by the new
unknown functionw(yg, y1, y2) in the coordinateqyo, y1, y2). These conditions are
derived from the conditions in (2.17) and (2.18).

First we look at boundary condition (2.17) on the solid conic surfageb(z, ). Under
the transformation (3.1), the solid surface boundasyb (¢, 6) becomes the new boundary
y2 = 0. The boundary condition (2.17) fgr on the boundary = b(¢, ) can be rewritten
first as a condition for the functiom by (3.9), and then be further written as a condition
for the new unknown functiom by (3.12).

On the boundary,; = 0, we haveu(yo, y1,0) = b(z,0). Sinceb(t,0) is a known
function, the values of, d,,u andd,,u on the boundary, = 0 are therefore all known
functions. The boundary condition (2.17) is a relation for the funcficend its first order
derivatives ony = b(¢, 0). Under the transformation (3.1), it becomes a relation for the
functionu(yo, y1, 0) and its first order derivatives oyp = 0. Since(u, 9y,u, d,,u) are all
known functions ory, = 0, consequently the boundary condition derived from (2.17) for



526 S. Chen et al. / J. Math. Anal. Appl. 277 (2003) 512-532

the variable: is nothing but a condition on the normal derivative é@yo, y1, 0) ony; = 0.
We denote this condition fdt,,u simply as

dy,u=g1 0Ony,=0, (3.23)

whereg is a smooth known function opp = 0. According to (3.12), the value @, u

on y2 = 0 is simply the value of the new unknown functienon the boundary; = 0.
Consequently, the boundary condition (2.17) under the transformation (3.1) becomes the
following equivalent new boundary condition feryo, y1, y2) on y, = 0:

o(y0,y1,0)=g1 ony,=0. (3.24)

Without loss of generality we can further assugye= 0, which can be achieved by
performing a simple transformation.

The Rankine—Hugoniot condition (2.18) on the free boundasys(z, 8) becomes in
the new coordinategyg, y1, y2) @ hew nonlinear relation fovy on the fixed boundary
y2 =1, on which the value of functioff is a given constanig. By (3.13) the values of
(Y, e, ¥y) can be expressed l§§;, &, &,). Then the condition (2.18) for the functian
can be expressed as a relation for the unknown fundéiidriVe denote this relation as

G, Yo, Yy, u0) =I'(5,50,8y) =0. (3.25)

Therefore, in the new coordinates, y1, y2) the boundary condition (2.18) fgr becomes
an equivalent nonlinear relation for the new unknown functidmo, y1, y2) on the fixed
boundaryy, = 1:

I (P Y wyg, 0y, 0y,)) =0 ony,=1. (3.26)

The transformP 1 in (3.26) is the inverse of the transforknin (3.18) which is nonsingular
near the background solution.

Because of the equivalence of the free boundary value problem (2.16)—(2.18) and the
new fixed boundary value problem (3.21), (3.24) and (3.26), the main Theorem 2.1 can be
restated for the new boundary value problem (3.21), (3.24) and (3.26) as

Theorem 3.1. Consider the boundary value proble8.21), (3.24)and (3.26) for the
unknown functionw(yo, y1, y2) in the domain with fixed boundariesyo, y1, y2) €
(=00, —T) x [0, 27] x (0, 1).

We assume, similarly as in Theor@, that

o the solid symmetrical regular cone= b1 satisfyb1 < m;l asin[5, VI.B] such thata
background weak conic shock wave exists

e The non-symmetrical solid conic surfage= b(z, 0) is a sufficiently smooth function
and (2.2) is satisfied for sufficiently largev, i.e., after the transformations in this
section, the transformed functiga obtained from the background conic shock wave
solution satisfies the equations in the problg®1), (3.24)and (3.26) at yg = —oc0
up to the ordelO(e"?0) with v sufficiently large.

Then for the fixed boundary value problem of second order hyperbolic equ&tiah),
(3.24)and (3.26) there exists a positive large constaits> 1 such that in(—oo, —T),
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(3.21), (3.24)and (3.26) has a unique classical solutian(yo, y1, y2) which corresponds
to a distorted non-symmetrical conic shock wave.

Since Theorem 3.1 is equivalent to Theorem 2.1 in Section 2, the next section of the
paper is devoted to the proof of Theorem 3.1.

4. Linear iteration and existence

In this section we first establish the energy estimate for the linearization of the boundary
value problem (3.21), (3.24) and (3.26) under the assumption of weak shock. Then we use
the method of linear iteration to derive the existence of the distorted conic shock wave
solution in the Theorem 3.1.

From the assumption that the distorted non-symmetrical solid cone is a small
perturbation of the regular symmetrical cone in the sense that it is tangential to the
symmetrical regular cone up to sufficiently high order, the transformed background conic
shock wave solution2 can serve as an approximate solution. The linearization and
iteration will be carried out in the neighborhood of this background solution. In particular,
the transformed background solutighis independent of1 since the background solution
@ is independent of the variabde

This background solutiofe will be used as the first approximatiag = £2 in the linear
iteration to establish the existence of a classical solution for (3.21), (3.24) and (3.26) by a
limiting process.

First we introduce the Sobolev spaces which will be employed in this section to establish
the energy estimate and the convergence of the iteration sequence. We willvesghted
Sobolev norms which were widely adopted in the study of hyperbolic boundary value
problems. For smooth functiomswhich vanishes nealpy = —oco, we define the following
s-order norms for nonnegative integer

127 T
_ 2
lolZ )= ///6 2mopo| ke (yo, y1. y2)|“dyody1dyz. (4.1)
ko-‘rk:SO 0 —o0
On the boundary,; = 1 we define the boundary norms
—T 27
2y 2
(@)2,.1 = // > e ?mop?o|vh | w(yo. y1. D[ dy1dyo.
“> 0 ko+k=s

We will use the following norm to indicate that the normal derivatives are also included:
—T 27

—ony 2
<<w>>§,n,T=// ) e 2'”07721‘0|Vf0,),1,}v2w(y0,yl,y2)|y2:1dy1dy0- (4.2)
—o0 0 k0+k=S

Finally we denote

NellZ, 7 = lwlZ, 7 + (@2, - (4.3)
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The completion of smooth functions vanishing near= —oo with respect to the
norm (4.3) is a Sobolev space and will be denotediasBYy the Sobolev’'s embedding
theorem [1], theH, functions have:-order continuous classical derivatives fos 1 + n.

We are looking for a solutiom close towg for the boundary value problem (3.21),
(3.24) and (3.26). For this purpose we write the solutioin the form

w=wo+ o, 4.4

whereow is the small perturbation atp. Because the functiosg is known, the boundary
value problem (3.21), (3.24) and (3.26) tercan be rewritten into an equivalent boundary
value problem foro.

First of all, we rewrite (3.21) into an equivalent equationdoby applying the Taylor
expansion to the lower order ternigw, Vw) in Eq. (3.21) at the background solution
wo= 82

2 2
> aij(wo+ @, Viwo +@))dy,dy,0+ Y aj(wo+ @, Viwo + @)y, o
i,j=0 j=0
+az(wo+d)o=f, in—oco<yo<-T, 0<y1 <27, O<ysr<1. (4.5)

Becausevg is the background solution, Eq. (4.5) is satisfied up to the orde @PQ near
yo = —o0 if we takew = 0.

Applying the Taylor expansion similarly to the boundary condition (3.26) at the
background solutiomyg, we can rewrite (3.26) into an equivalent form

2
> B1j(wo+ @, Viwo + @)y, + Polwo + @)= g, onyp=1. (4.6)
j=0

And again becausgg is the background solution, Eq. (4.6) is satisfied up to the order of
O(e*¥0) nearyg = —oo for @ = 0.
To simplify the notation let's denote
Aij(d))Eoc,'.,'(a)0+d),V(wo+d))), i,j=0,1,2;
Aj@) =aj(wo+ o, Viwo+ @), j=012
B1j(®) = B1j(wo+ @, V(iwo+ @), j=0,1,2
Az(w) = az(wo + w); Bo(w) = fo(wo + w).
Using the expanded equations (4.5) and (4.6) to replace (3.21) and (3.26), we can rewrite

the boundary value problem (3.21), (3.24) and (3.26)4dnto an equivalent boundary
value problem for:

2
L= Y  Aij@)dy,dyo+ Y Aj(@)dyd+ Az@)o
i,j=0,1,2 j=0
=f, in0<y2<1, (4.7)

®=0, ony,=0, (4.8)
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2
M(é)o = Z B1j(@)dy,0 + Bo(@a =g, onyz=1 (4.9)
j=0

The linearized boundary value problem for (4.7)—(4.9wat x ~ 0, i.e., near the
background solutiony, is the following linear problem:

2
3 Ay(0dy a0+ Y Aj(X)dy, 0+ As(X)@

L(x)o =
i,j=0,1,2 j=0
=f, in0<y2<1, (4.10)
®=0, ony,=0. (4.11)
2
M@= B1j(x)dy;&+ Bo(x)o=g, onyz=1. (4.12)
j=0

For the linear boundary value problem (4.10)—(4.12) and integerl, we have the
energy estimate for its solutiai

Theorem 4.1. Let wp correspond to the background conic shock wave solution in
Theorem®.1 and 3.1. Assume the positive integer- 2 andn > no be sufficiently large.
Then there exists a sufficiently small numBge 0 such that for all functiong € Hy41

and |Ixlls+15.7 < 80, the linear boundary value probler#.10)—(4.12)has a unique
solutiona satisfying the energy estimate

NooliZ 1, 7 < Co(1F12, 7 + ()2 ,.7) (4.13)
where the constant; depends only o8y and is independent of.

Proof. Letx(y2) be a monotone smooth function which is 0 ngas= 0 and 1 neay, = 1.
Obviously, Eq. (4.10) multiplied by £ (1—«) +« will separate the boundaries =0 and

y2 =1 and we can consider the boundary value problem near0 andy, = 1 separately.
Therefore the proof of Theorem 4.1 can be reduced to the study of two boundary value
problems: one near the boundagy= 0 and the other near the boundapy= 1.

At the boundary»> = 0 which corresponds to the solid non-symmetrical conic surface,
the boundary value problem (4.10), (4.11) is the classical Dirichlet problem for a second
order hyperbolic equation [7]. Therefore we obviously have the energy estimate (4.13) for
the solutionw with ¢ = 0.

At the boundaryy, = 1 which corresponds to the non-symmetrical conic shock
front, the boundary value problem (4.10) and (4.12) is the linearization of problem
(3.21), (3.26) which in turn is obtained from the original quasi-linear second order wave
equation (1.8) and the Rankine—Hugoniot condition (1.11) by two transformations: the
first transformation is the introduction of conic coordinates (2.1) and the second is the
generalized nonlinear partial hodograph transformation (3.1).

The conic coordinates introduce the singularity at the tip of the distorted cené
which is formally removed by the singular transform (2.15). The conic coordinates do not
change the well-posedness of the boundary value problem at anypeidbr yg > —oo.
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The shock wave for second order nonlinear hyperbolic equations was studied in
[13] with the method of the partial hodograph transformation. It was shown in [13,
Sections 2.5-2.6] that under the partial hodograph transformation, the multi-D linear
stability conditions are satisfied for the linearized boundary value problem as long as
the Lax’ shock inequality is satisfied. The multi-dimensional linear stability conditions
are equivalent to the Garding’s conditions for slant derivative boundary value problem of
second order hyperbolic equations.

According to the assumption of weak shock (2.10), the normal directional velocities
of the fluid satisfy the Lax’ shock inequality that the velocity is supersonic in front of
the shock and subsonic behind of the shock. We notice that the generalized nonlinear
partial hodograph transformation (3.1) is a composition of the usual partial hodograph
transformation and a nonlinear transformation of unknown functions. A nonlinear
transformation of unknown function introduces only a factor into the principal parts of
the differential equation and the boundary conditions and this obviously does not change
the nature of the boundary value problem.

Therefore, except for a non-zero factor the linearized boundary value problem (4.10)
and (4.12) has the same principal parts as the boundary value problem obtained from the
second order hyperbolic equation by the usual partial hodograph transformation. Hence the
linearized boundary value problem (4.10) and (4.12) satisfies the Garding conditions for
the second order hyperbolic equation and the solution satisfiageari energy estimate
of the form of (4.13) as in [6]. Consequently, the solution of (4.10) and (4.12) satisfies the
energy estimate (4.13) near the boundgry-= 1.

Combining the energy estimates for the boundary value problems-a0 andy, = 1,
we obtain the energy estimate (4.13) for the solutioin the domain O< y» < 1.

The dependency of the constafit is obtained from two considerations. First of all,
it comes from the fact that Sobolev spadds with s > [%] are Banach algebras and
for which we have the Gagliardo—Nirenberg Inequality [1]. Secondly, because both the
Dirichlet boundary value problem and the Garding boundary conditions are stable under
small perturbation of the coefficients in the differential equation as well as in the boundary
conditions, so once Theorem 4.1 is provedfoe 0, it remains to be true for all smafl.

And this concludes the proof of Theorem 4.10

Using the energy estimate (4.13) obtained in Theorem 4.1, we will employ the linear
iteration to establish the existence of the solution for the problem (3.21), (3.24) and (3.26)
and hence prove Theorem 3.1.

Proof of Theorem 3.1. We need only to prove the existence of the solutifor the
boundary value problem (4.7)—(4.9) which is equivalent to the problem (3.21), (3.24) and
(3.26).

First we note that the problem (4.7)—(4.9) is simply the first-order Taylor expansion of
(3.21), (3.24) and (3.26) abo. The coefficientsd;; (®) = a;j(wo + @, V(wo + w)) and
By (w) = B1j(wo + @, V(wo + @)) are perturbations of the corresponding coefficients
andpy; in (4.5) and (4.6) atp and we have

f== ) dij@o.Vao)(@o)yy, —I(@o, Vo), (4.14)
i,j=0,1,2
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g =—G(P 1 ((®0) 9, (@0)y;. (@0)y,). U0). (4.15)

By the assumption that the distorted non-symmetrical solid cone is tangential to the
symmetrical regular cone up to sufficiently high order and the corresponding property of
the first approximate solutiomg, the right-side termg’ andg in (4.10) and (4.12) vanish

of sufficiently high order atg = —oo. Therefore for fixed andn, and for any giver > 0,

we can choose-T > 1 such that

A2 7 +(8)2, 7 <. (4.16)

For the problem (4.7)—(4.9) we perform the linear iteration as follows. Wedake O
the first term in the iteration, and define inductively,1 as the solution of the linear
boundary value problem

2
Z Aij(@x)y, Oy 1 + Z Aj (k) dy; wr+1 + Az(@k) k41

i,j=0,1,2 j=0
=f, in0<y<l, (4.17)
wk+1=0, ony,=0. (4.18)
2
> B1j(@1)dy;dnr1+ Bo(@irsi=¢, onyz=1 (4.19)
j=0

From Theorem 4.1, we have the energy estimate (4.13) for the soliytionof (4.17)—
(4.19) as long a&y in the coefficients of (4.17)—(4.19) satisfies

llkllls+1,9,7 < S0 (4.20)
fors > 2.
Under the assumption (4.20) we obtain by (4.13) the estimate;fos:
NinallZ g, 7 < Cs(IFIZ 7+ (@)2,.7)- (4.21)

and the constard; in (4.21) depends only odp.
For this fixedsg, becausef and g vanish up to the order of @"°) at yg = —oo for
largev, then by (4.16) we can choos€ly > 1 andT < Tp such that

Cs(IF1Z ) 7 +(&)2,.7) < do. (4.22)
(4.20) is obviously satisfied fdr = 0. (4.21) and (4.22) show that if (4.20) is true far
then itis also true fok 4+ 1. Hence (4.20) is satisfied for allwith such choice offp. This
proves the uniform boundedness of the sequénde thes + 1 order norm| - |ls+1.5,7-

The proof of the convergence of the sequefigg is standard. Let

O = k41 — W.

Thenwy satisfies the boundary value problem:

L(wy) oy = —[L(d)k) — L(d)k,]_)]d)k in0<yz<1, (4.23)

5]( =0 onyz = O, (4-24)

M (i) @y = —[M(d)k) — M(cbk_l)]d)k ony,=1 (4.25)



532 S. Chen et al. / J. Math. Anal. Appl. 277 (2003) 512-532

By the Gagliardo—Nirenberg Inequality for the norms of product and composition [1], we
have

I[L (@) = Lidn- x|, 7

([M (@) — M(@x-v]ox),_p, 7
Then from the energy estimate in Theorem &l satisfies

N7 < ComalBeallPg kI - (4.20)

When we choosé < €., so that

Cllk—1lls—1,n,7 Ml lls,n.7

NN

Cllk—1lls—1,m,7 Nk lls.p,7-

. 2
Co-tllinli?, 7 <1,

then sequencéw;} converges in theH;_1-norm. This completes the proof of Theo-
rem3.1. O
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