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Abstract

In this paper, we investigate optimal policies for an age-depenaeatinensional food chain
model, which is controlled by fertility. By using Dubovitskii—-Milyutin's general theory, the maxi-
mum principles are obtained for problems with free terminal states, infinite horizon and target sets,
respectively.
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1. Introduction

The study of the control problems of age-structured single species was initiated by
Rorres and Fair [1]. Since then, the control problem has received many attentions from sev-
eral authors [2-9]. For the control problem of multi-species, Albrecht et al. [10], Lenhart
et al. [11], Crespo et al. [12] and Ma et al. [16] considered several systems, respectively.
However, their results are not concerned with age factor. To the best of our knowledge,
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there are no results on the topic of control problems of age-structured interacting species.
In order to bridge this gap, we in the sequel investigate several optimal control problems
for an age-dependentdimensional food chain model.

In paper [2], Chan and Guo studied optimal birth control policies for the following
model of Mckendrick type:

%—f + g—Z =—u(a,t)pa,t), O<a<ay, t =0,
p(a,0)=po(a), O<a<ay, (1.1)
p(0,1) =/3(t)faal2k(a)h(a)17(a,l)da, t >0,

wherep(a, t) stands for the population density of agat timez, a.. is the life expectancy

of individuals. Control variablg(¢) is the average fertility of females at timek(a) and

h(a) denote, respectively, the female ratio and the fertility pattgri;az] is the fertil-

ity interval with [a"fh(a) da = 1. The functional approach suggested by Dubovitskii and
Milyutin was adopted in the investigation of above model (1.1). Maximum principles for
problems with free ends, the time optimal control problem, problems with target sects and
infinite horizon problems had been derived, respectively.

Motivated by the idea of Chan and Guo [2], the aim of this paper is to establish nec-
essary optimality conditions for the above mentioned optimal control problems by using a
powerful functional approach first suggested by Dubovitskii and Milyutin [13] for general
extremal problems. In particular, our results extend those of Chan and Guo [2].

The remainder of this paper is organized as follows: In Section 2, we will introduce a
basic model and consider its well-posedness. In Sections 3-5, we will establish maximum
principles for the control problems with free terminal states, infinite horizon and target
sets, respectively.

2. Themodel and its well-posedness

In [15], Webb studied the stability of nontrivial equilibrium solution of the following
model:

S B = —[in(py ) + mi2(pyy Dllita, 1), i=1,2,

:0,0)= [o° Bi(L—e*Dli(a,t)da, i=1,2,

li(a,0)=¢i(a), i=12,

p[i('vt) = /000 li(a, t) da, l = 11 27 (av t) € (07 OO) X (07 OO),
wherel;(a,t) (i =1, 2) are the density with respect to agef ith population at time;
a1, a2, B1, B2 are all positive constantgs;; (7, j = 1, 2) are all bounded and twice contin-

uously differentiable function fronR to (0, co). In this article, we consider the effect of
age factor for control problems of the interacting species. To do so, motivated by the idea
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of Webb [15], we introduce the following food chain system composedagfe-dependent
species:

9 9
P+ = —pi(a, 1) p1— ria, ) P2(1) pa,

iy O = —pi(a, 1) pi + Aai—2(a, ) Pi—1(t) pi — hai—1(a, 1) Pisa(t) pi,
i=2,3,....,n—1,

Wn 1 31— (@, 1) pu 4 Aon—2(@, 1) Pa1(1) pa, (2.1)

pi(0,1) = Bi (1) /aalz mi(a,t)pi(a,t)da, i=12,...,n,

pi(a,0) =pjoa), i=L12,...,n,

Pi(t)= [y pia,t)da, i=1,2,....n, (a,1)€Q,

whereQ = (0,a4) x (0, 4+00), [a1, az] is the fertility interval, and the other parameters
mean as follows (for the sake of convenience, throughout this paper, we suppase that
1,2,....n):

pi(a,t). the density ofth population of age at timer;
wui(a,t): the average mortality ath population;

Bi(t): the average fertility ofth population;

M (a, t): theinteraction coefficientés=1,2,...,2n — 2);
m;(a,t): the ratio of females inth population;

pio(a): the initial age distribution ofth population;

ay: the life expectancy, & ay < +oo0.

Here, without loss of generality, we assume thatithgopulations have the same life ex-
pectancy.
Throughout this paper, we always assume that

(H1) wi € Lige(Q), mila,1) >0, [g* pi(a, 1 +a)da=+o0, (a,1) € Q.

(H2) 0< Mi(a, 1) < Ay, (a,t) € Q, Ag are constantsk(=1,2,...,2n — 2).

(H3) 0< mj(a,t) < M;, (a,t) € Q, M; are constants, and; (a, t) = 0, whena < a1 or
a > aj.

(Ha) Bi € Ui :={hi € L®(0,00): 0< fo < hi(1) < B0 Vi >0}, U =[[_; Ui.

(Hs) pio € L*(0,a4), pio(a) > 0,Va € (0,a+).

For any givenl" > 0 and
v=(v1,02,...,v,) € L2(Q7,R"), Qr=(0,a4)x (0,T), v=0,

define

ay

V,-(t):/v,-(a,t)da, i=12,...,n.
0
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Consider the system
B+ 2 = —pa(a, Hpr— Ma, HV2(0) p1,
apk + apk = —pk(a, 1) px + k2@, ) Ve-1() p — Azk—1(a. ) Vipa (t) pi.
k 2 3,...,n—1,
W 4 98 = — 1y (@, 1) pu + A2n—2(@. 1) Vi—1(t) P, (2.2)
pi (0, 0= Bi(0) [;2mi(a,1)pi(a,1)da,
pi(a,0) = pio(a),
Vi) = [o T vila,t)da, (a,1) € Qr.
In view of [9,14], we know that the above system has a unique nonnegative solution
P’ =P}, p3..... py) € C(0, T; L*(0, ay; R")) N L™(Qr; R"),

and
pilay,t)=0, Vtel[0,T],i=12,...,n

Note that, from the comparison principle of linear system [9], it follows thiga, 1) <
pi(a,t), (a,t) € Qr, whereps is the solution of the system

M W (a1,

y10,1) = Bu(1) [;2 ma(a, )yi(a, 1) da,

yi(a,0) = pio(a), (a,t)€ QOr.
Similarly, if vi_1(a,t) < pr-1(a, 1), ¥(a,t) € Qr, thenp(a,t) < pi(a,t), (a,t) € Or,
in which p; (k=2,3,...,n) is the solution to the system

B 3 — —pa, ye+ dak—2(a. O[5 pe-a(a. 1) da,

yk(O, 1) =,3k(t)faafmk(a, Hyk(a,t)da,

yi(a,0) = pro(a), k=2,3,...,n, (a,t) € Qr.

For anyvt = (v§, 0%, ..., vk) € L2(Q7; R"), 0 < v < j;, let the corresponding state be
pkz(pfpg.”,pﬂ(k_-12)x-Q1JQP.”xﬁ:=pl—1ﬁ.Hfmbwsﬂom(22)
that

W 409 — iyxy — A VE(O)x1 — (Vi (1) — VE(0)rp2,
ag,k + axk = — X 4+ Aar—2ViE (Oxk — a1 ViE  (Dx
+ (VL) = V2 ) Aak—2pE — (V1 (1) = V2 1)) A2k—1P,
ak_§3 n—1, 2.3)
2 8 = Xy + A2n—2VE  (Oxn + (VE 1 (6) — V2 (1)A2n—2p2,
xz-(O, 1) =Bi(0) [, mi(a,)xi(a,1)da,
xi(a,0)=0,
Vi) = [5Tvk@,nda, k=12, (a,t) € Q7.




Z Luoet al. / J. Math. Anal. Appl. 287 (2003) 557-576 561
Multiplying (2.3); by x;,i =1, 2, ..., n, and integrating oKi0, a+) x (0, r) yields
t
2 2
[x2C.0) <C/||v%(wS) —v3(-,9)|"ds. (2.4)
0
e G 12 < e fgUlvi_g (o 8) —vE_y 9|12
FlvE L9 =02 L)) ds, (2.5)
k=2,3,....,n—1,
and
t
2 1 2 2
a0 < c / lot_y(os) — 02y C.5)|Pds, (2.6)
0
wherec is a constant independentdf, k = 1, 2, | - || is the ordinary norm in.2(0, a;).
Set

I={v:(vl,vz,...,vn)eLz(QT;R”) 0<vi(a,t) < pi(a,1), ¥(a,1) € Or}.

Define the mapping; : I — 1,

(Gv)(a,t) =p"(a,t), V(a,t)eQr,
and an equivalent nor |« = > 1 [lvill«,

IIUiII*:/||Ui(~,t)||2e*4“’dt, i=1,2,...,n

Using (2.5) and (2.6), we get that

T n
IGvt — G2, = ||p1—p2||*=f<Zfo(-,r>||2)e‘4”dt
0 i=1
T t

n—1
<//c<||u%(-,s)—uf(-,s)||2+22||u}(-,s)—v,?(-,s)||2
i=2

00

+ || v%(. ,8) — vr%(. ,8) ||2)e4a dsdt

T T
</<Z||v G, s)—v G, s)|| )/2ce At dtds
0

i=1
T

/(ZHv( 9 =29

| =

1
=§||v1—v2||*.
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So, G is a contraction or(/, || - ||x) and there is a unique fixed point, which is the
solution of the system (2.2). Thus, the following result is true.

Theorem 1. For any given 8 € U, thereis a unique solution p# of system (2.1) such that

(i) p? €C(0,00; L%(0,ay)).
(i) 0<pf(a.n) < pila,n),Ya.0)€Q,i=12....n.
(iii) It can be shown in a similar manner that p# depends continuously on S.

3. Freeterminal problem

In this section, we consider the following control problem: deterniife p*), 8* € U,
such that

J(B*, p*)=min{J (B, p), Be U, (B, p)is subjectto (2.1)
JB.p)=Jo Jo" LB1®), ..., Bu(®), p1(a,1),.... pala, 1), a,0)dadt  (3.1)
+ /2 Y fo Ipita, ) — pi(@)?da,
whereT > 0andp;(a) >0 =1,2,...,n) are fixed. The functiondl defined on
ﬁ B; x ]"[ L x[0,a4] x [0,00), B; =[Bo, 8%, Li =L?(0,ay),
i=1 i=1
satisfies the following conditions:

(C1) 0L/9B; anddL/dp; (i =1,2,...,n) are continuous in the firstiZarguments, and
is continuous in its all variables.

at

(C2) /|8L(,31, ooy Bus p1(@), ..., pn(a),a,1)/3Bi|da
0
and

a+
/|3L(,81,...,ﬂn,pl(a),...,pn(a),a,t)/8p,-|da (i=12,...,n)
0
are bounded for any< [0, T'] and any bounded subset of
n n
]_[Bi x l_[L,- x [0, at] x [0, T1.
i=1 i=1

In the sequel, we denot@, p, a, t) by

(BL(D), ..., Bu(0), p1(a.1), ..., pu(a.1),a,t1).



Z Luoetal. /). Math. Anal. Appl. 287 (2003) 557-576 563

Theorem 2. Any solution (8*, p*) of problem (3.1) with
BE()S;i(t) =max{B:Si(1): fo< Bi < B°), Vrel0,Tlae,i=12...n,
where

a+
Si(0) = / [4¢(0. )i p)(a. 1) — IL(E*. p*.a.1)/0fi]da
0
gi (i=1,2,...,n) isthe solution of the adjoint system

% 4 3 — 11y gy — m1Biqr(0, 1) + Aagi Py (1)
+ 5 (%, p*.a. 1) — [o " (k2pba2)(a, 1) da,
Bk 4 B — 1y g — miBiqi(0, 1) — Aok—oqi P4 (1)
+ Aok—1qi Pt 1 (1) + 3pk Lg*, p*.a.1)
+ Jo " 2r—3pf_1qk—1 — A2k P} ax+1)(a, 1) da, (3.2)
k=2,3,....,n—1,
Bn 4 300 — Yy — B (0, 1) — Au—2qn P4 (1)
+ 317;1 (,3* p*.a, t)+f0 (A2n— 3pn 19n-1)(a, t)da,
gi(a,T) = pi(a) — p/(a,T),
gi(ay.1)=0, Pr(t)=[g" pfa.t)da, (a.1)€ Qr.

Proof. For any givenh = (h1, ho, ..., h,) € Ty (B*) (the tangent cone t& at 8*) and
¢ > 0 small enough, we hay#’ := g* +¢c¢h e U.
Denoting byp® the state corresponding fi5, we can write

J(B%, p°) = J(B*, p"),

ie.,
T at
//L(,Bs p,a,t)dadt + = Z/ pi(a,T)— p,(a)]
0 i=1lg
T a4
//L(ﬂ p* a,t)dadt + = Z/ pia,T) - pi@]’d (3.3)

110

Dividing (3.3) bys and passing to the limit as— 0", we obtain that

. Ta+ 8L * * aL * *
3 //[him—(ﬁ P+ @ D E (8, p ,a,r)}dadr
=l PO 3B pi
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ay

+ / @, D[pia.T) - pi@)]da >0, (3.4)
0

wherez;(a, t) :=lim,_ o+ e[ pf (a. 1) — p}(a,1)] satisfies

%44 %8 = gy — M piZa(t) — M Pj (D)1,

a“ +3 aZk = — 2k + rok—20; Zr—1(t) — Aok—1pg Zi+1(t) + Aok—2 P 4 (t)zk
—hx-1Pf Dz, k=2,3,....n—1,

(3.5)
382;, + 82” = —UnZn + A2n— 2[7 n—1(f) + A2n— ZP* 1(I)Zna
zi(0,0) = B (1) [2(mizi)(a, 1) da + hi(t) [2(m; p})(a, 1) da,
zi(a,00=0, Zi(t)= [y zi(a,)da, (a,1)€ Qr.

Multiplying (3.5); by ¢i(a,t),i =1,2,...,n, integrating onQ7 and using system (3.2),
we derive out that

ay
{//z,(a t)—(ﬁ p.a, r>dadr+/z,(a T)[pi@.T) — pi@)]d }
i=1

0

_—Z/q,(O t)/(m,pl)(a t)da - hi(t)dt. (3.6)

i= 10
Combining (3.4) and (3.6), we are led to that

T at
{//[q,(O Hym;(a, t)p, (a, t)—ﬁ(ﬁ ,p*,a, t)i|da hi (t)dt}

holds for any: € Ty (8%), so [7]S; € Ny, (B7) (the normal cone t&/; at 8). The proof is
complete. O

4. Infinite horizon problem

In this section, we consider further the optimal control problem. Egid p*), 8* € U,
such that

J(B*, p*) = min{J(ﬁ p), BeU, (B, p)is subjectto (2.1)
J(ﬂ,p)=fo 0 TL(B1(), ..., Bu(1), pr(a,t),..., pu(a,1),a,t)dadt,

with other conditions similar to that in problem (3.1). Moreover we suppose that for each
admissible pai(s, p), the integral in (4.1) is convergent.
Itis easy to prove that the following result is true.

(4.1)
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Lemma 1. If (8*, p*) isa solution to problem (4.1), then for any given T > 0, (8*, p*) is
a solution to the problem

Jr(B*, p*) = min{Jr (B, p), B €U}, w2
IrB,p) = [y JoH LBL®), ..., Bu(0), pr(a,0), ..., pala,1),a, ) dadt,
where (8, p) is subject to the system
B+ = —pa@. 0p1—ra(a, D Pa(1)pr,
Wy Ok — 1y (a, 1) pr + hak—2(a, 1) Peo1 () px — Aak—1(a, 1) P (0) pi,
k=2,3,....,n—1,
N " (4.3)
o T 30 =—Mn(a,t)pp + A2n—2(a, 1) Pp—1(t) pn,
pi0,1) =i (1) [;2mi(a, 1) pi(a,1)da,
pi(a,0) = pio(a), pi(a,T)=pj@,T), (a,1)e€Qr.

Hereand inthe sequel, Q7 := (0,a4) x (O, T).

Let X = L>®(0, T; R") x C(0,T; L%0,a,; R")). We first investigate the necessary
conditions which must be satisfied for the solution of problem (4.2) and (4.3).
Define
2={B.peX: po<B)<P 1[0, Tlae, i=12 .. n},
22 ={(B. p) € X: (B, p) solves system (4.3)

Then problem (4.2) and (4.3) is equivalent to the following problem: Egid p*) € £21.N
£27, such that

Jr(B*, p*) =min{Jr (B, p), (B, p) € 21N 22}. (4.4)

In what follows, we will use the general theory of Dubovitskii and Milyutin for ex-
tremal problems to deal with problem (4.4), which deeds to determine the corresponding
cones.

Under the assumptions fak(8, p), the functionalJr is differentiable at any point

(8, p) and

T a

VAR )—i/f B LB, pas0) + pia, )= (B, fra,1) | dads

T 7p 7p _- 1 aﬂl 7]77 3 pl ) 8pl 1p1 ) .
i=lp 0

SinceJr (B, p) is regularly decreasing &8*, p*), its directions of decrease cone is

Ko= {(;37 P) €X: J}‘(;B*v p*)(ﬁ’ P) < O}

If Ko# ¢, then for anyfp € K (the dual cone oKp), there exists.o > 0 such that
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T ay

fo(/ip)=—xoZ//[ﬁimg—;(ﬁ*,p*,a,o

i:lO 0

oL
+Pi(a,t)a—p(,3*,p*,a,t):| dadt. (4.5)
A

Note thatf2; = £21 x C(0, T; L2(0, ay; R")) (Where 21 = {8 € L(0, T; R"): Bo <
Bi(t) < %) is a closed convex subset &f Thus

iNt(221) = int(£21) x C(0, T; L?(0, at; R™)) # 4,

where int£21) denotes the interior of21. Hence the feasible directions cone f@n
at (B*, p*) is K1 = {A(int(£221) — (B*, p*)): 1 > 0} := {A((B, p) — (B, p*): (B,p) €
int(£21), A > 0}. For any functionalf1 € K*, if there existsa; (1) € L1(0, T) (i = 1,2,
...,n) such that

n T
AB.PY=) f a; (1) Bi (1) dt, (4.6)

i=1 0
then [13, p. 76]
> ai®)[Bi — ()] >0, VB €lBo. ). t€[0. T] ae. 4.7
i=1
Next we determine the tangent directions cones®rat (8*, p*). As far as the mild
solutions are concerned, system (4.3) is equivalent to the system
ui(a, 1) = [§[pa(r, 1) — pro(0)ldt + [y p1(a.s)ds
- f(; faaf B1(s)mi(a, s)pi(a,s)dads
+ 2 pa(e, $)[pa (T, s) + A (T, $) Pa(s)ldT ds =0,
ur(a, 1) = [ [pe(t. 1) — pro(ldt + [y pela,s)ds
- f(; faaf Br(s)mi(a, s)pr(a,s)dads
+ fo Jo pr(T. )k (r. s) — Aat—2(, 8) Pi1(s)
+ An—1(t, ) Pry1(s)]ldtds =0, k=2,3,...,n—1,
wn(a, 1) = [§[pn(t, 1) = puo()dt + [ pula,s)ds
— I3 S Bu(s)mn(a. 5)puta. s) dads

+ o S (T ) a2, 8) — han—2(t, ) Pa_1(s)1dT ds =0,
p,-(a,T):p;"(a,T), i=12,...,n.

(4.8)

Define the operatof : X — C(0, T; L%(0,a; R")) x L0, T; R"),
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[GB. p)]@,1) = (u1(a,1), ..., un(a,1),
pi(a, T)—pi(a,T),..., pn(a,T) — py(a,T)).
So0,$22 ={(B. p) € X: G(B, p) =0}, and
G'(B*, p") (B, p) = (v1(a,0), ..., va(a@, 1), p1(@, T), ..., pula, T)),

where

a t t a

v1(a,t)=/p1(f, t)dt+/pl(a,S)dS+//(Mlpl)(t,S)dtdS
0 0 00

t az
- f f ma(a, $)[BEs) pr(a. s) + pu(s) P} (a. 5)] dads

0 a1

r a
+//Al(r,s)[p;(r,s)Pz(s)+p1(r,s)P2*(s)]drds,
00

a 1

r a
vk(a,t):/pk(r,t)dt—i—/pk(a,s)ds—i—//(ukpk)(r,s)drds
00

0 0

t az
—//mk(a,S)[ﬁ;f(S)pk(a,S)+/3k(S)pZ(a,S)]dads

0 a1

t a
—//)\ZIGZ(T:S)[P?;(T»S)Pkfl(s)+Pk(fvs)PJj,1(s)]
00

t a
+ / / Aok 1(1. [P (02 ) Peya(s) + pi(r. ) P4 ()] dT ds.
00

k=2,3,....,n—1,

a t t

vn(a,t)zfpn(r, t)df+/pn(a,s)ds+//(unpn)(t,s)dtds
0

0 0 0

t az
—//mn(a,S)[ﬁZ‘(S)pn(a,S)+ﬁn(S)p72(a,S)]dads

0 a1

t a
- / / hon—2(T. [T, 5) Paca(5) + pu(T.5)PF_ ()] d ds.
00

567

(4.9)

(4.10)

(4.11)
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To show thatG’(8*, p*) is an onto mapping, we solve equati6ii(8*, p*)(8, p) =
(wls w27 cee w2n)y Ie!

Jo pr(@. 0 dT + [g pi(a,s)ds + [g [5 (eapy)(z. s) deds
— Jo [i2mi(a, )[BF(s)pi(a, s) + Bi(s) pi(a, s) dads
+ Jo Jo 21, 9)[P5 (T, ) Pa(s) + p1(z, 5) P3 ()] d ds = wi(a, 1),
Jo e 0 dT + [g prla,s)ds + [g fo (ukpo) (. ) deds
— Jo [i2 mi(a, )[BF(s) pr(a, 5) + Br(s) pji(a, 5)l dads
— Jo Jo rak—2(t. P} (z. ) Pee1(s) + pi(t. $) PE_y(s)]dT ds
fofo 22 k k—11S k -1\ 4.12)
+ fo Jo Aak—1(T. )PE(T. $) Pesa(s) + pi(T, ) Pfoq ()l dT ds = wi(a, 1),
k=2,3,...,n—1,
Jo Pz, ) dT + [3 pula,s)ds + [y fo (npa)(z,s)dT ds
— Jo [22mu(a, )(B;(5)pala, s) + Bu(s)p}(a, s)] dads
- fé Jo 2on—2(T, [P (T, 5) Pa—1(s) + pu(T,5)PF_1(s)]dT ds = wy(a,1),
pi(a, T)=wiy3(a@), i=212...,n,

— pia,T)=wjtp(@), 1=12,....n,

where(wi, wa, ..., wa,) is prescribed.
Note that the linearized system of (2.1)At, p*) is

W1 4 I — —pa(a, 1) pr— rla, D[ P5 (1) pr+ Pa(1) pil,
i Ok — i (a, 1) pi + Aak—2(a, DI PE_y (0 pi + Pee1(t) p}]
— Ak—1(a, DIPF 1 () pk + Per1 () pi1,
k=2,3,....,n—1,
n 4 1 — 1y (a, 1) py + Aon—2(a, OIPF_1 () pu + Pa—1 (1) P,
pi0,0) = [;Zmi(a, DB} 1) pi(a, 1) + Bi (1) p (a, )] da,
pi(a,00=0, (a,t)eOr.

It is easily seen that each mild solution of (4.13) satisfi€s, 1) =0( =1,2,...,n). SO
there is at least one solution to (4.12) if system (4.13) is exactly controllable. In fact, there
exists(B1, B2) such that the corresponding solution of system (4.13) satisfies

(4.13)

pi(a,T)=w;y3(a) —yia,T), i=12...,n,

g ﬁl(a7T):wl+n(a)_yl(aaT)a l:]-a 27"'5”5
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wherey; (a, t) is the solution to the system
Jo v, dt + [y yala, s)ds + [y fo (uay)(z,s)d ds
— Jo [i2mi(a, )5 ()ya(a, s) dads

+ fo e (e )P (T ) T2(s) + ya(x, ) Py ()] dv ds = wala, 1),

Jo vy de + [gvita,s)ds + [g g (v (v, ) de ds
- f(; /;12 my(a, s)BL(s)yk(a,s)dads
— Jo I3 hak—2(z. )P (r. ) Tk-1(s) + vi (1. ) P{_y ()] dT ds
+ Jo Jo 221t )P} (T ) Tiers(9) + vic (T ) Py (9] dT ds = wi(a, 1),
k=2,3,...,n—-1,
Jo ya@.0ydT + foyu(a.s)ds + [g Jo (unyn)(z.5)d7 ds
— Jo 2 mu(a.9)B()yn(a. 5) dads

— Jo Jo Aon—2(z, )PE (T, $)Th-1(5) + yu(T, ) P¥_1(s)1dTds = wy(a, 1),

Li(s)= [o" vita,s)da.

Then itis not difficult to show thatBs, . . ., B, P1+ 11, - - ., P+ yu) SOIVeS system (4.12).
Now the tangent directions cor& consists of the kernel af’(8*, p*).
Define the linear subspacesXfby

Ku={(f.p)eX: vi(a.)=0,i=12,....n},

Kio={(B.p)€X: pi(a,T)=0,i=1,2,...,n},

wherev; (i =1,2,...,n) are given by (4.9)—(4.11). Thek, = K11 N K12, K5 =
Ki,+ K3, Forany f> € K3, f2= fui+ fi2, fu € K3, (k=1,2), there existsy; (a) €
L?(0,a4), such that

n 4
fipop) =Y [@@pia1)da. (4.14)

i=1 0

According to Dubovitskii—Milyutin’s theorem [13, Theorem 6.1], there exists functionals
foe Kg, f1e Ky, fu € Kj, (k=1,2),notall zero, such that

fo+ i+ fu+ fiz=0. (4.15)

For anyB € L*°(0, T), selectp such that the first three equations in (4.12) holds. Then
(B, p) € K11 and f11(8, p) = 0[13, Theorem 10.1], from which

J1(B, p) = = fo(B. p) — f12(B. p)
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i

n T at+
- :)\o//[ﬁ,(t)—(ﬁ P a0+ pia, t)—(ﬁ Pp*.a.n)
=1 00

a+
- /ai(a)pi(a, T) da}.

0
Define the adjoint system
81 4 81 — pags — m1Biq(0, 1) + haq1Pj (1)
+hoge (B, ¥ a,0) = [o (op3a2)(a, 1) da,
Bk 4 S — g — miBiq(0, 1) — hak—2qk P (1)
+ Aok—1qk Pt 1 (1) ‘H‘Oam (B*, p*,a,1)

Bn 4 80 — 11y — mn B (0, 1) — A2u—2qn P4 (1)

k=23,. 1
gi(a,T) =0ti(a),
gi(a+,1)=0, (a,1)€Qr.
Then we can prove that

T a+ ay

[ko//p,(a t)—(ﬂ p*,a,t)dadt — /ai(a)pi(a,T)da
i=1

0

—_Z/‘IZ(O t)/ml(a t)P, (a,t)da- B;(t)dt.

i=1 0
From (4.16) and (4.18),

T at+

£, p) = fo[xoﬁ(ﬂ Pt a0

llo

—¢qi(0,)m;(a,t)p}(a, t)} da- Bi(t)dt.

Consequently (4.7) leads us to
Yia Jo Dok (B*, p*,a, 1) — i(0, ymi(a, D) p}(a, ]da

x [Bi — B ()] =0,
VB € [Bo, B°l, t € [0, T] a.e

+ Jo " G2k—3pf_1qk—1 — 2k P qqx+1)(a, 1) da,

—i—)»o (,3* proa. )+ [t an—ap}_1qn-1)(a, 1) da,

:|dadt

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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We claim that there is no possibility for botly anda(a) = (@1(a), az(a), az(a)) —
a(a) = (a1(a), ..., ay(a)) being zero. Otherwisgy =0, f12=0, gi(a,t) =0, f1 =0
[8, p. 297]. Then from (4.15)f11 = 0. This contradicts the fact thgg, f1, f11, f12 are not
all identically zero.

On the other hand, iKo = @, then for any(8, p) € X,

n T ay
L L
Z//[ﬁi(l)a—(ﬁ*,l’*,a,f)+Pi(a,f)a—(,3*,p*,a,t)i|dadt=0. (4.21)
aBi opi
0

i=1 0
Choosinghg = 1 anda(a) = 0 in (4.18) yields

{ S Jo Jo pita ) 2L (B*, p*.a. 1) dads w2
— Y i) [ mita, 1) pFa, 1) da - Bi() dt.
Combining (4.21) and (4.22), we still get relation (4.20).
Finally, if the adjoint system (4.17) has a honzero solution such that
a+
/qi(O, Hmj(a,t)pi(a,t)da=0, Vie[0,Tlae, i=12,...,n, (4.23)
0

then lethg = 0, inequality (4.20) is also satisfied. If for any nonzero solution of (4.17), we
always have

a4 a4
(/ql(O, t)ml(a,t)pf(a,t)da,...,/qn(O, Hmu(a,t)pi(a,t) da) #0, (4.24)
0 0

then system (4.13) must be controllable; otherwise there existse L2(0, a4 ; R") such
that

Z/(xipi(a,t)dazo, ala) #0.

i=1 0
Choosinghg = 0in (4.18), we obtain that

n T a4
Z/%‘(O, l)/mi(a,f)l?f(a,t)da'ﬁi(l)df=0
0

i=1j

holds for arbitrarys; (t) € [Bo, %1, which yields (4.23). This contradicts (4.24). Therefore
system (4.13) is controllable.
In all cases, relation (4.20) remains valid. We have proved

Theorem 3. If (8%, p*) isa solution to problem (4.2) and (4.3), then there exists A7 > 0,
ar(a) € L2(0, ay; R™), not all zero, such that

B*(1)- H(B*, p*) =max{ - H(B*, p*): p[Bo. %1}, Vi[O, T]ae,
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where - denotesthe scalar productin R",

at

oL
H(B*, p*) = (/[ql(O, Hmi(a,t)pi(a,t) —koa—ﬂl(ﬁ*,p*,a,t)} da,
0
b * oL * %
/[qz(o, tyma(a,t)ps(a,t) — ro—(B", p*, a, t)i| da,...,
/ B2

i aL
/[Qn(O, Hmy(a,t)p;(a,t) — )\Oﬁ('g*’ p*.a, t)j| da),
0

qi (i=1,2,...,n) isthe solution of the adjoint system (4.17) corresponding to Ao = Ao7,
o =0oT.

Now return to the infinite time problem (4.1). We suppose
Aor + H(]T(a, ')HLZ(O,T;R") <M, Vace [O’ a+] a.e, (425)

whereM > 0 is a constant. Choosey — oo such thatior, — L. For any fixed: > 0
andTy large enough, by the means of characteristic line, we derive out that

g1ty (0,1) = [TV expl— [*[u1(p — 1, p) + r1(p — 1, p) PE(p)1dp)
x [ma(s — 1, $)BF(s)q1ry (0, 5)

+ Jo " G2p3qzny )@, ) da — hory 5 (B, p*.s — t1,5)] ds,

ity 0,0 = [ expl— [*[p(p — 1, p) — dax—2(p — 1, P) P{_1(p)
+ 22t-1(p — 1, ) Py 1 (0)1dp)
x [mi(s — 1, )BE()qrry (0, 5)

o . . (4.26)

— Jo " O2-3P;_194-11y da — A2k P 19+ Ty ) (@, 5) da

—AOTN%(,B*,p*,s—t,s)]ds, k=23,....,n—1,

qnty (0,1) = ftTN exp{— fts[un (p—t,p) = Am—2(p —t, p)P;_1(p)]dp}
X [mn(s —1,9) B} (5)qny (0, 5)
= Jo" A2n—3p}_1q(m-11y)(a, 5) da

- )"OTN ‘8;:1 (ﬁ*s p*ss - tvs)] dsv

Note thatft" wi(p —t, p)dp = 400 whens >t 4+ a4. So the integration interval, Ty]
in (4.26) can be replaced lpy, 7 +a..]. From (4.25) it follows thafigr, (a, )l L2(; 1 4a,; R7)
< M. Thus there is a subsequence of time (also denotdd’$p}) such that

qry(@,-) = geo(a,-) weaklyinL2(t,1 +ay; R"). (4.27)
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From (4.26) and (4.27), it is not difficult to prove that

q100(0.1) = [/ exp{— [ [ialp — 1. p) + A1(p — 1. p) P§ (p)]dp)
x [ma(s — 1, $)BF(5)q100(0, 5)
+ Jo T (h2p3qaso) (@, ) da — hoo B (B, p*,s — 1, 9)] ds,

koo (0,1) = [/ exp(— [*Tii(p — 1. p) — Aak—2(p — 1. P) P{_1(p)
+A2k-1(p — 1, p) P{ 1 (p)]dp}
X [mi(s — 1, $) B (5)qkoo (0, 5)
— Jo " O-2k—3P} _1d k100 — A2k P} 1d0+1)00) (@, 5) da

—)\,OOE?TL]‘((ﬁ*vp*vs_t’s)]ds’ k:2’3,.”’n_1’

noo(0.1) = [/ exp{— [ [1un(p — 1. p) — Aan—2(p — 1, P) P_1 (0)1dp}
X [mu(s —1,9) B} (5)qnoo (0, 5)
— Jo " (A2n-3P}_1q(n-1)00)(a. s) da
— hoo g (B, p*.s —1,9)]ds,

which enables us to state

Theorem 4. Let (8%, p*) be a solution for problem (4.1), then there exist Ao, > 0 and a
function g : [0, co) — R", not simultaneously zero, such that
B*(t)- H(B*, p*) = max{ﬂ -H(B*, p*): B €[po, ﬂO]},

vVt € [0, o0] a.e,
where

oL
H(B*, p*) = ( q1(0, ymi(a, ) pi(a,t) — hoo——(B*, p*.a, I)} da,

961

|

oL
[q2(07 t)mZ(av t)p;(as t) - )"OO_(ﬁ*v p*s a, t)} das ceey
9p2

3Bn

I:Qn(os t)mn(as t)p:;(as t) _)"OOE(ﬁ*7 p*7a7 t)} da)v
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gi(a, 1) isgiven by the adjoint system

8 4 00 = pagr — m1Biqu(O, 1) + haq1Py (1)
+hoomps (8%, p*,a. 1) — [o (hap3q2)(a, 1) da,

By S — g — meBqi (0, 1) — hok—2q P (1)
+22-1qk Py (D) + hoo i (B*, p*,a, 1)
+ Jo " (o3P} _19k—1 — 2k P} dr+1) @, 1) da,

k=2,3,....,n—1,
Mo 4 800 = 1y qy — maBiqn(0. 1) — A2n—2n Py_y (1)

+ oo g (B, ¥, a 1) + [oF Gon—3pi_1qn-1)(a, 1) da,
gi(a, 00) =0,
gi(ay,t)=0, (a,nH)eQ, i=12...,n

5. Constrained end point problem

Problem (4.2) and (4.3) leads us to the problem

T a+

Minimize J(,B,p)Z//L(,Bl(t)a'uv,Bn(t),
00

pl(a,t),...,pn(a,t),a,t)dadt, (5.1)
whereT > 0 is fixed,$ € U and(8, p) is subject to system (2.1) and
pi¢-.TYeVi, Vi={pelL?0,a.): |lp-pll<e}, i=12...n, (5.2)

in which p? ande are prescribed. The assumptionslo@nd the definition ofX and 2
are as before.
Let

2={B.p)eX: pi(,TYeV;, i=12...,n},
23={(B. p) € X: (B, p) satisfies (1).

Suppose thais*, p*) solves problem (5.1) and (5.2). Clearly the directions of decrease
cone and its dual are as in Section 4; so are the feasible directions cofkg fod its
dual. Sincef2; is a closed convex set and (£2) # @, any functionalfz in the dual of the
feasible directions cone fae2 is supporting; that is,

f2B.p) = f2(B*, p), Vpa.T)e[]Vi

i=1
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Obviously there existas € L2(0, a; R") such that
a+

f2(B, p) = /a(a) -p(a,T)da.
0
Therefore [8, p. 300]

a(a) =ko[p°(a) — p*(@,T)], *o>0.
Then by a reasoning similar to that in Section 4, we arrive at

Thegrem 5. If (B*, p*) is a solution to problem (5.1) and (5.2), then there exist 10 > 0
and Lg > 0, not both zero, such that

B*(t)- H(B*, p*) =max{p- H(B*, p*): plfo.B%1}, VYrel0,T]ae,

ay

oL
H(B*, p*) = (/[ql(O, NHmi(a,t)pi(a,t) — ko?(ﬁ 0" a, t)}
0
a4 8
/[qz(O,t)mz(a,t)pE(a,t) A0£(ﬂ .pt.a t)} .
0
a4 . ) oL
/[qn( ,Dmy(a,t)p,(a,t) — Oﬁ(ﬂ Pt a, t)}
0

and g; isthe solution of the adjoint system
%1 4 30 — 11y gy — m1BFqr(0, 1) + Aagi Py (1)
+koap1 (B*. p*.a,1) — [o* (\2p3q2)(a, 1) da,
B 0k — pgi — miBqr(0, 1) — Aak—2qi P4 (1)
+ Aok—1qk P} 1(t)—i-)»o[)pA (B*, p*,a,1)
+ Jo " o3P} _1qk—1 — h2k P} ax+1)(a. 1) da,
k=2,3,...,n—1,
8o 4 88 = 1y gy — mBiqn (0, 1) — Aon—2qn P71 (1)
+ oaL (B*. p*.a,0) + [ (\on—3p’_1qn-1)(a. 1) da,
gi(a,T) = ho[pPa) — p}(a, T)],
gi(ay,t) =0, (a,t) € Qr.

Remark 1. Note that just for the sake of simplicity, the average fertility of female indi-
vidualsg; (¢) in system (2.1) is choosing to be independent of ageeplacingg; (z) with
Bi(a, 1) forms no essential obstacles to the previous treatment.
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Remark 2. We can easily check that the all results but the time-optimal problem in [2] are
contained by this work.

Remark 3. If Ax(a,1)=0,k=1,2,...,2n — 2,V(a,t) € Q, then our results reduce to
these of Chan and Guo [2].
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