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Abstract
In this paper, we consider the existence of positive solutions to the fourth order boundary value problem
W +ou — Bu=f(t,u), O0<t<l,
w0 = Y7 P auE), u() = biu),
W'(0) =Y 2 (), u’() =" b &),
where o, B € R, & € (0, 1), a;,b; € 10,00) fori € {1,2,...,m — 2} are given constants satisfying some

suitable conditions. The proofs are based on the fixed point index theorem in cones.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Multipoint boundary value problems (BVPs) for ordinary differential equations arise in a
variety of areas of applied mathematics and physics. For instance, the vibrations of a guy wire of
uniform cross-section and composed of N parts of different densities can be set up as a multipoint
BVP in [4]; also, many problems in the theory of elastic stability can be handled by multipoint
problems in [5].

In [6], II’in and Moiseev studied the existence of solutions for a linear multipoint BVP. Mo-
tivated, Gupta [7] studied certain three-point BVPs for nonlinear ordinary differential equations.
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Since then, more general nonlinear multipoint BVPs have been studied by several authors. We re-
fer the reader to [2,3,7] for some references. When it comes to fourth order BVP, only two-point
situation is often seen, here we just refer to [8,9]. Recently, Liu [8] has obtained some existence
results for

{ W =f(t,u,u’), 0<t<l,
u @) =u(l)=u"0)=u"(1)=0
under the condition that f is either superlinear or sublinear.

In 2003, Li [1] studied the existence of positive solutions for fourth order BVP without bend-
ing term but with two parameters

{u””+au”—l3u=f(f’ u), O<t<l,

(1.1a)

1.1b
u0)=ul)=u"0)=u"(1)=0 (1.16)
under the assumptions:

(H1) f:[0,1] x [0, c0) — [0, o) is continuous;
(H2) a,fe Randa <272, B > —a?/4, a/n? + B/n* < 1.

He established the following result for (1.1b).
Theorem 1.1. [1] Assume (H1) and (H2) hold. Then in each of the following cases:

(i) fo<a?—an?—B, foo>nt—an®—B,
(i1) j_”0>7r4—om2—/3, foo <m*—am?—B,

the BVP (1.1b) has at least one positive solution, where

fo=liminf min (f@.w)/u), fo= liurif)liptggﬁ](f(t, u)/u),
foo _hmmf mm (f(t u)/u), f oo =limsup max (f(t u)/u).
u—+oo 1€l

In this paper, we are interested in the existence of a positive solution for the more general
fourth order m-point BVP,

u////_l_au//_lgu—f(t u), O0<r<l,

w(©) =Y PauE).  u(l) =Y biud), (1.1)
W(0) = Y P au &) u"(1) = Y0 b &),
where o, 8 € R, & € (0,1),a;,b; € [0,00) fori € {1,2,...,m — 2} are given constants. It is

clear that when a; = b; = 0, then (1.1) is reduced to (1.1b). To deal with (1.1), we give an
integral equation which is equivalent to (1.1). It is naturally expected that an integral equation
equivalent to

u"” +au” — Bu= f(t,u), O0<r<l,
u<0>=2'.”32a,~u<si) w(l)= Y72 biu&),
W0) =" e &), uw'() =" du (&)

holds true. It at last fails when we attempt on it. Hence we just consider (1.1).
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By a positive solution of (1.1), we understand a function u which is positive on (0, 1) and
satisfies the differential equation as well as the boundary conditions in (1.1).
The main tools of this paper are the following well-known fixed point index theorems.

Theorem 1.2. [10] Let E be a Banach space, and let P C E be a cone. Assume $2(P) is a
bounded open set in P. Suppose that A:$2(P) — P is a completely continuous operator. If
there exists Yo € P\{0} such that

¢ —Ap# pyo, VYo €dR2(P), n=0,
then the fixed point index i(A, 2(P), P) =0.

Theorem 1.3. [10] Let E be a Banach space, and let P C E be a cone. Assume $2(P) is a
bounded open set in P with 6 € $2(P). Suppose that A:§2(P) — P is a completely continuous
operator. If

Ay #uyp, VY edf2(P), p=1,
then the fixed point index i (A, 2(P), P) = 1.

The paper is organized as follows. In Section 2, we give some preliminary lemmas. In Sec-
tion 3, we obtain an existence result for the BVP (1.1). Finally, in Section 4, we obtain a
uniqueness result of positive solution for a kind of special f.

2. Preliminary lemmas
To state and prove the main result of this paper, we need the following lemmas.

Lemma 2.1. Let (H2) holds. Then there exist unique @1, @2, V1, Yo satisfying

{—90{/-1-)»1(#1:0, {—gog+/\1<p2=0,

01(0)=0, e(H)=1 pO0)=1, @(1)=0;

{ —wi/ + A2y =0, { —1//5/ + An =0,
vi1(0)=0, yi(1)=1 V2(0) =1, ¥2(1)=0

respectively. And on [0, 1], @1, @2, Y1, Y2 > 0, where A1, Ay are the roots for the polynomial
equation

A2 +ar—pB=0.
That is,

Lot a+4p N —a — /a2 +4B
1=, 2= .
2 2

Proof. Let w; = /|Ai| {i =1, 2}. We can get by computation that

—_if A > 0, (Pl(t) — sinhw.t’ (pz(t) — sinhwl(l—t);

sinhw sinh w;
—ifA=0,01(1)=t, 2(t) =1—1;
. si i 1—
—if =72 < A1 <0, 01 (1) = TUL gy (1) = MBLLD,
. inh inh @y (1—
— if 20> 0,91 () = SR, (1) = S0,
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— i =091 =1, () =1-1;
— i =2 < Ao < 0, Y1 (1) = L,y (1) = 20D

sinwy

It is obvious that on [0, 1], @1, @2, ¥1, Y2 > 0, and <p1(0) 1//1(0) >0. O

In the rest of the paper, we make the following assumptions:

(Al 37 _1 aipa(&) <1, Y0 b:wl(&) <L
(A2) Y7 P ayn(E) < 1, Y0P biyn (&) < 1.

Notation. Set

p1=¢10), p2=11(0),

‘ "lapE) Y aip(E) — |
P f bigiE) =1 Y2 biga (&)

’ mraviE) YT aiva(E) — 1’
Y 2b ViE) -1 Y lPbivnGE) |

’

Ay =

Lemma 2.2. Let (H2) holds. Assume that
(H3) Ay #0.

Then for any g € C|0, 1], the problem
{ —u" + u=g(),
w0 = Y0 qu(E),  u(l) = Y i)
has a unique solution

1
u(t) = / G1(r,5)8(s)ds + A(g)e1 () + B(g)ga (1),

0
where
Dea(s), t<s,
Gt {Ziisiiiifi
Ay = | TE o G168 T () 1
A _Zizl bi [ G1(§i.5)g(s)ds Z:‘n:_12bi<ﬂ2(€i)
and
B(g) = - Yintaei€) X5 afy Gi g ds|
MY P higiE) =1 =Y "2 b; ) Gi(&i,9)g(s) ds

Proof. The proof follows by routine calculations. 0O

2.1)

2.2)

(2.3)

2.4

2.5)

2.6)
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Next we assume
(H4) A1 <O.

Lemma 2.3. Let (Al), (H2) and (H4) hold. Then for any g € C[0, 1] and g > 0, the unique
solution u of problem (2.3) satisfies

u(t) =0, telo,1].

Proof. Since A <0Oand G; >0on [0, 1] x [0, 1],
A(g) =20, B(g) >0,

the result is obviously true. O

Remark 2.1. In Lemma 2.3, if we change (Al) to either Z:’;z aipr(&) > 1 or
Y 12 bip1(&) > 1, then for any g € C[0, 1] and g > 0, (2.3) has no positive solution.
Consider
—u"(t)+ru(t)=g@), 0<t<l,
{ u0 =0, u(l)= ZT:]zbiu(si),

where T zblgal (&) > 1. Then

m—2
= bigiE)— 1. B(g)=
i=1
Y 2bi [y Gi(&i, $)g(s)ds o

Alg) =
1= " bigi (&)

So we have
1

m—2
)= b / G1(t,9)g(s)ds + A1 (1.

Z'= tﬁal(él

—=i=l > < —1, we have
=Y bigr (6

Noticing that

m—2

m—2 m—2 1
u(ly=Y_ buE)=y b f Gi(&,9)g(s)ds + A() Y_ big1()
— ~

i=1

Z =1 blgol(%l
=Y b f Gi(&,9)g(s)ds + bi / G1(&,5)g(s)ds
; 0 l _Zm 21?1901(51 121: :
m—2 1 m—2 1
< Zb,»/Gl@i,s)g(s)ds— Zb,»/cl@,-,s)g(s)ds
i=1 0 i=1 0
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Similarly, we have
Lemma 2.4. Let (H2) holds. Assume that
(HS) A, #0.

Then for any g € C[0, 1], the problem
{ —u" +hu =g(1),
w0 = Y7 qu(E),  u(l) = Y i)

has a unique solution

2.7)

1

u(r) = / Ga(r,5)8(s)ds + C(e)¥1 (1) + D(g) Y2 (1),
0

where

L [¥1(®)ya(s), t<s,
Go(t,s) = — 2.8
26 5) 02 {I/fl ($)P2(2), s <t 8

o {n—2 . N
am:iﬂ Y ai fy Ga(gi,$)g(s)ds Ejj%@)l‘ 29
M| =020 fy GaEi9)g()ds X1 biva(&)
p(e) e L %%fmm@» —Z,l@@Gxawmnm. 210
DY biviE) =1 = X i fy GaGi$)gls)ds

In the following, we need the assumption:
(H6) Az <O0.

Lemma 2.5. Let (A2), (H2) and (H6) hold. Then for any g € C[0, 1] and g > 0, the unique
solution u of problem (2.7) satisfies

u(t) =0, telo,1].

Remark 2.2. In Lemma 2.5, if we change (A2) to either Z;":_]z aiyr(&) > 1 or
Z;”;f biyr1(&) > 1, then for any g € C[0, 1] and g > 0, (2.7) has no positive solution.

Now notice that

d? d?
"+ ou” — Bu = + A + A
! ! SR N TERR L A N R

so we can easily get

Lemma 2.6. Ler (H2), (H4) and (H6) hold. Then for any g € C[0, 1], the problem
u"” +au” — Bu=g(t),
u(0) =y falu@l) u(l) =Y biu&), @.11)
W'(0) =" e (&), u'(1) =1 b (&),
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has a unique solution

11 1
u(t)=//Gz(l,f)Gl(T,S)g(S)dsdT+/G2(I,T)A(g)§01(f)df
00 0

1
+ / G2(1, ) B(g)p2(t) dr + C() Y1 (1) + D (h) Y2 (1), (2.12)
0

where G1, G2, A(g), B(g), C(g), D(g) are defined as in (2.4), (2.8), (2.5), (2.6), (2.9), (2.10)
and
1

h(t) = / Gi(t,5)g(s)ds + A(g)e1(1) + B(g)pa(1).
0
In addition, if (A1), (A2) hold and g > 0, then

u(®) =0, rel0,1].

Remark 2.3. In Lemma 2.6, if neither (A1) nor (A2) holds true, then (2.11) has no positive
solution.

Lemma 2.7. For any g € C[0, 1] and g > 0, A(g), B(g), C(g), D(g) are all linear functionals
and nondecreasing in g.

Let E=C[0,1] and P = {u € E: u > 0}. It is obvious that P is a cone in E. Define
T-E—E,

1 1 1
T:Tu(t)=/fG2(t,r)Gl(r,s)f(s,u(s))dsdr—i—/Gz(t,r)A(f)go](r)dr
00

0
1

+/G2(I,T)B(f)§02(f)df+C(6)K/f1(t)+D(e)¢2(t), (2.13)
0

where
1

e(t)=/G1(I,S)f(S7M(S))dS+A(f)<p1(l)+B(f)<02(t)~
0

By Lemma 2.6, we know that u is the fixed point of 7 in P is equivalent to u is the positive
solution of (1.1). Define L: E — E,

11 1
L:Lu(t) =//G2(t, )G (T, s)u(s)dsdr +/G2(t, T)A()e1(t)dr
0 0

0
1

+ / Ga(t, 1) B(u)pa(t) dr + C(h) Y1 (1) + D(h) 2 (1), (2.14)
0
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where
1

ht) = / Gt s)u(s)ds + A@wgr (1) + Bu)ga (o).
0

Lemma 2.8. Let (A1), (A2), (H1), (H2), (H4) and (H6) hold. Then T : P — P is completely
continuous.

Lemma 2.9. Let (A1), (A2), (H2), (H4) and (H6) hold. Then L : P — P is completely continu-

ous.
Notation.
fo=liminf mm (f(t u)/u),  fo=Ilimsup max (f(t u)/u),
u—0+ t€l0 u—0+ t€l0,
foo= Ildlglilgtg[l&l}](f(l‘, wW/u), foo= Bfil;gtglax (f(t,u)/u).

Lemma 2.10 (Krein—Rutmann). [11] Let L:E — E be a continuous linear operator and
L(P) C P. If there exist € E \ (—P) and a positive constant ¢ such that cLy >, then the
spectral radius r(L) # 0 and T have a positive eigenfunction corresponding to its first eigen-
value hy = r(£)~L.

Lemma 2.11. If (A1), (A2), (H2), (H4) and (H6) are satisfied, then for the operator T defined
by (2.13), the spectral radius r (L) # 0 and L have a positive eigenfunction corresponding to its
first eigenvalue hy =r(L)™ L.

Proof. It is easy to see that there is #; € (0, 1) such that G(¢1,11)G2(t1, t;) > 0. Thus there
exists [, B8] C (0, 1) such that #; € («, 8) and
Gy(t,7)G(t,8) >0, t,7,5€]|a,Bl].

Take u € E such that u(r) > 0, Vx € [0, 1], u(t;) > 0 and u(t) =0, Vt ¢ [«, B]. Then for
t €la, B],

1

1 1
Lu(t)=//G2(t,r)Gl(r,s)u(s)dsdr+/G2(l,r)A(u)g01(t)dt

00 0

1
+ / Ga(t, 1) B(u)pa(t) dr + C(h) Y1 (t) + D (h)2(2)
0

B B B
2//Gz(t,r)Gl(r,s)u(s)dsdr+/G2(t,r)A(u)<p1(r)dr
B

+ / Ga(t, ) BW)ga(2) dt + CUn)y1 () + D) (1)

> 0.
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So there exists a constant ¢ > 0 such that ¢ € [0, 1], ¢(Lu)(#) > u(t). From Lemma 2.10, we
know that the spectral radius r(L) # 0 and L have a positive eigenfunction corresponding to its
first eigenvalue A, = (™' o

3. Existence result for the BVP (1.1)

In this section, we obtain the following existence result for a positive solution of BVP (1.1).
It is our main result.

Theorem 3.1. Suppose that the conditions (A1), (A2), (H1), (H2), (H4) and (H6) are satisfied,
and

fo> Ay, ‘700<)">k’

where Ly is the first eigenvalue of L defined by (2.14). Then the m-point boundary value problem
(1.1) has at least one positive solution.

Proof. From fo > A, we know that there exists r; > 0 such that

f@t,u) > ru, Vtel0,1], uel0,r]. 3.1

Let u™ be a positive eigenfunction of L corresponding to A, thus u* = A, Lu*.
For every u € 0B, N P, it follows from (3.1) that

1

11
Tu(t)=//G2(t,r)Gl(r,s)f(s,u(s))dsdr+/G2(t,r)A(f)<p1(r)dt
00 0
1

+/Gz(t,f)B(f)m(f)df+C(€)1ﬂ1(t)+D(€)1ﬁz(t)
0
11 1

ZA*//Gz(t,r)Gl(r,s)u(s)dsdr+/G2(t,r)A(u)<p1(r)dr
0 0 0
1

+ / Ga2(t, D) Bw)ga(t) dt + C(W) Y1 (1) + D(h) Y2 ()
0
= A«(Lu)(t), te[0,1]. (3.2)

We may suppose that 7 has no fixed point on dB,, N P (otherwise, the proof is complete).
Now we show that

u—Tu#pu®, YuedB, NP, u>0. (3.3)
If otherwise, there exist u1 € 9B,; N P and 79 > 0 such that
uy — Tuy = tou™,
hence 79 > 0 and

uy=Tu; + wou™ > tou™.
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Put
* =sup{t: u; > tu*}.
It is easy to show that t* > 1y > 0 and u; > t*u*. We find from L(P) C P that
AxLuy > T A Lu™ = t¥¢*.
Therefore by (3.2),
uy=Tuy +tou™ > A Luy + tou™ > (v* + to)u™,
which contradicts the definition of 7*. Hence (3.3) is true and we have from Theorem 1.2 that
i(T,B,,NP,P)=0. 3.4
From 700 < Ay we know that there exist 0 < o < 1 and ro > ry such that
ft,u) <orau, Vtel0,1], u €lry, +00).

Let Liu =olyLu, u € E. Then L|: E — E is a bounded linear operator and L(P) C P.
Let

11
M* = max /[Gz(t,t)Gl(r,s)f(s,u(s))dsdt
]
0 0

ueB,NP, 1€[0,1

1 1
+/G2(t,f)A(f)§01(f)df+/G2(t,f)B(f)<p2(T)df
0 0
+ C(e)y¥1(2) + D(e)ya(t).
It is clear that M* < +o00. Let
W=ueP:u=uTu, 0<u<l}.

In the following, we prove that W is bounded. _
For any u € W, set u(¢t) = min{u(t), >} and denote s(u) = {t € [0, 1]: u(t) > rp}, f(t) =
f(t,u(t)). Then

u(t) = w(Tu) (1) < (Tw) (1)
1 1
_ / / Ga(t. )G (v, ) f (5. u(s)) ds dr + / Ga(t, 7) Ay (F)gp1 (1) d
0 s(u) 0
1
+fG2([»T)Bs(u)(f)¢2(f)df+C(es(u))wl([)+D(es(u))1//2(t)
0

1
+/ / Gz(t,t)Gl(t,s)f(s,u(s)) dsdrt
0 [0,1\s ()
1 1
+/Gz(t,T)A[o,l]\s(u)(f)%(f)df+/G2(t,T)B[o,l]\s(u)(f)fpz(f)df
0 0
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+ Clepo, 1\s @) 1) + D(efo, 11\s @) ¥2(t)
1

11
gak*[//Gz(t,T)Gl(r,s)u(s)dsdt+/G2(t,1:)A(u)<p1(r)dr
0
1

+/Gz(t,T)B(u)wz(T)df+C(h)W1(t)+D(h)¢2(t):|

1

11
+ |:/ / Ga(t, 7)G (7, s)f(s, ﬁ(s)) dsdr + / Ga(t, ) A(fei(t) dr
0 0

0

1
+ / G2(t, 1) B(Hpa(r)dt + C(HHy (1) + D(f)l//z(l):|
0
(L) (0) +M*, te[0,1],

where
’— Y1 ai [y Gi(Eis) f(s.u(s))ds Z?Lfaim(si)—l'
12 bi [y GrG ) f(s,u(s)ds Y biga (&)

and By (), A[0,1]\sw)» B[0,1]\s(«) have the similar meaning and

1
Asuy(f) = — A

es(u)(t) = / Gi(t, S)f(s’ M(S)) ds + As(u)(f)(pl(t) + Bs(u)(f)(p2(t)'
s(u)

Thus (I — L)u)(t) < M*, t € [0, 1]. Since A, is the first eigenvalue of L and 0 < o < 1, the
first eigenvalue of L1, (r(L1))~' > 1. Therefore, the inverse operator (I — L)~ ! exists and

(I—L)'=I+Li+L{+ - +L}+--

It follows from L;(P) C P that (I — L1)~'P c P. So we know that u(r) < (I — L)~ 'M*,
t € [0, 1] and W is bounded. We denote by sup W the bound of W.

Select r3 > max{rp, sup W}. Let h = I — uT be a homotopy. Then from the homotopy invari-
ance property of the fixed point index combining Theorem 1.3, we have

i(T,B,NP,P)=i(0,B,NP,P)=1. 3.9
By (3.4) and (3.5), we have that
i(T, (Br; N P)\ (B, NP), P) =i(T,B,NP,P)—i(T,B,NP,P)=1.
Then T has at least one fixed point on (B, N P) \ (Erl N P), which means that m-point boundary

value problem (1.1) has at least one positive solution. [

Remark 3.1. A, = 7% —an? — Bwhena; =b; =0 ({ =1,2,...). In such a case, Theorem 2.1
is reduced to the second part of Theorem 1.1 in [1].

Remark 3.2. As for another case: 70 < Ay and i oo > Ay, we still do not know whether a similar
result holds.
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Remark 3.3. Since A, is the first eigenvalue of the linear problem corresponding to (1.1), the
positive result cannot be guaranteed when the strict inequality is weakened to nonstrict inequality.
So our result is optimal.

4. Uniqueness result

In this section, we establish the uniqueness result for the positive solution of
u"” +au” — Bu=htu", 0<t<l,
O = Y7 P auE), ()= Y7 buE), @.1)
W) = Y P a ), ()= Y b G,
where r € (0,1), «, B € R, & € (0,1), a;,b; € [0,00) fori € {1,2,...,m — 2} are given con-
stants.

Theorem 4.1. Suppose that (A1), (A2), (H1), (H2), (H4) and (H6) are satisfied, then (4.1) has at
most one positive solution.

Proof. Suppose uj, us are two positive solutions of (4.1). Set

A={re(0,00): ui(t) — ruz(1) 20, t €[0, 1]} (42)
It is obvious that A # @. Let

A¥=sup A. 4.3)
We claim that

A > 1.

In fact, if A* < 1, it follows from (4.2) that u; () — A*u»(¢) >0, t € [0, 1]. So we have
1

1 1
ul(l‘)=//Gz(t,‘L’)G](T,S)h(s)uq(s)dsd‘c+/G2(I,T)A(f1)(p1(‘r)d‘r
00 0
1
+ / Ga(t. ) BU)¢a(t) dt + Clen) ¥ (1) + Dy ()
0
1 1 1
> / f Ga(t, )G (1, $)h(s) (M un) () ds dr + / Galt, DA(f)er (1) dr
0 0 0
4 Gat, T)B(f)¢a(0) At + Cle) i () + Den) v ()
1 1 1
:A*r|://G2(t,‘L’)G](‘L',S)h(s)ug(s)dsd‘[—i—/Gz(t,t)A(fz)(p](‘l:)d‘L'
0 0 0
1
+ f Ga(t. VA1 (7) dt + Clea) + D(Ez)}
0
=2"ua (1),
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where f;(t,u) =h(t)u} (i =1,2), fu(t,u) =h@) (X uz)",
1

Ei(t)=/Gl(t,S)fi(f,u(S))dS+A(fi)</>1(t)+B(ft)(pz(t) (i=12),
0
1

en(t) = / Gt ) fu (b 1(s)) ds + A1 (1) + BU)g2(0).

0

Hence A*" € A. Noticing that 0 < r < 1, we know A*" > A*, which contradicts (4.3). Therefore
ui(t) = Aus(t) Zux(t), tel0,1].

We can have by a similar way that
u(t) Zui (), te€l0,1].

We conclude at last that

ui(t)y =un(t), tel0,1]. O
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