J. Math. Anal. Appl. 395 (2012) 486-495

Contents lists available at SciVerse ScienceDirect

Journal of Mathematical Analysis and
Applications

journal homepage: www.elsevier.com/locate/jmaa == ==

On the stationary Navier-Stokes equations in exterior domains

Hyunseok Kim?¢, Hideo Kozono bx

2 Department of Mathematics, Sogang University, Seoul, 121-742, Republic of Korea
b Department of Mathematics, Waseda University, Tokyo, 169-8555, Japan

ARTICLE INFO ABSTRACT

Article history: This paper is concerned with the existence and uniqueness questions on weak solutions of
Received 14 October 2011 the stationary Navier-Stokes equations in an exterior domain £2 in R?, where the external
Available online 19 May 2012 force is given by divF with F = F(x) = (F/(x)); j=1.2,3. First, we prove the existence and

Submitted by W. Layton uniqueness of a weak solution for F € L33,0(£2) N L, 4(£2) with 3/2 < p < 3 and

1 < q < oo provided ||F||L3/2m<g) is sufficiently small. Here L, ;(£2) denotes the well-
known Lorentz space. We next show that weak solutions satisfying the energy inequality
are unique for F € L3/ 0 (§2) N L, ($2) under the same smallness condition on ||F ||L3/2m(9).
This result provides a complete answer to the uniqueness question of weak solutions

Keywords:
Navier-Stokes equations
Exterior problem
Lorentz space

Energy inequality satisfying the energy inequality, the existence of which was proved by Leray in 1933.
Uniqueness Finally, we establish the existence of weak solutions for data F in a very large class, for
Regularity instance, in L3/» (£2) + L($2), which generalizes Leray’s existence result.

© 2012 Elsevier Inc. All rights reserved.

0. Introduction

Let £2 be an exterior domain in R with smooth boundary 352. In this paper, we consider the following problem for the
stationary Navier-Stokes equations:

—Av+diviv ®v) + Vo =divF in 2,

divv=0 in 2,
v=20 on 452, (NS)
v(x) >0 as |x| — oo.
Here v = v(x) = (v'(x), v?(x), v3(x)) and # = m(x) denote the unknown velocity vector and unknown pressure of
a viscous incompressible fluid at point x € $2, respectively, while F = F(x) = (Fj’ (%))ij=1,2,3 is the given tensor with

oF} aF? aF3
iVF — 3 j 3 i 3 i i
divF = (>, e > i1 ol > i e denoting the external force.

The purpose of the paper is to establish almost optimal existence and uniqueness results for weak solutions of the
Navier-Stokes problem (NS) in exterior domains. The existence of weak solutions v with the finite Dirichlet integral
(ie, Vv € [,(£2)) was already obtained by Leray [1] for arbitrary F € L,(£2) using the special nonlinear structure
div(v ® v) = v - Vv with dive = 0 in (NS). On the other hand, from the viewpoint of scaling invariance, the space
L3(£2) plays an essential role in investigating various properties of solutions v of (NS). It should be noted that if v solves
(NS) in R3, then so does v, for all A > 0, where v, (x) = Av(Ax). A Banach space X with the norm || - ||x is called scaling
invariant if it holds ||v;|[x = |[v|lx for all A > 0. It is well known that such a scaling invariant space X is a suitable one
in which we find solutions of (NS). For instance, the space L3(£2) is a typical one with such a scaling invariant property.
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Unfortunately, since the linearized problem of (NS), i.e., the Stokes problem is not uniquely solvable in L3(£2) (see [2-7]), it
is difficult to construct the solution v in L3(§2) even for small data F in L3, (£2).

To overcome this difficulty, Galdi-Simader [8] constructed the solution v having the property sup,co (14 |x|)|v(x)| < oo
provided that sup,. (1 + |x|?)|F(x)| is sufficiently small. Then, Borchers-Miyakawa [9] and Novotny-Padula [10] refined
their result by introducing the space X(£2) with the norm ||[v|[x2) = Supyeo (IX|lv(X)| + |x|2|Vv(x)|), and proved the
existence of solutions in X (£2) if supyc o (|x|2|F(x)| + |x|*|VF (x)|) is sufficiently small. Notice that the space X (R?) is also a
scaling invariant class. Later on, Kozono-Yamazaki [7] considered the Lorentz space L, 4(§2), and established the existence
and uniqueness results for the Stokes equations. In particular, the scaling invariant space L3 »,(§2) plays an essential role in
the solvability of (NS). They showed that if F is sufficiently small in L33 «(£2), then there exists at least one solution v in
L3 0 ($2) of (NS) with Vv € L35 o, (£2). The uniqueness of such a solution is obtained under the additional assumption that
all possible solutions are small in L « (£2).

In this paper, we shall study the existence and uniqueness of weak solutions of (NS). First of all, we are interested in the
question whether the uniqueness of weak solutions in Ls «,(§2) does hold under the only smallness condition on the size
of F in L33 o0 (£2). Although Kozono-Yamazaki [7] showed existence of small weak solutions v in L3 o (§2) for small F in
L3/2,00(£2), it is still an open problem whether or not there is another weak solution in L3 o (£2). To show the uniqueness
it seems necessary to assume smallness of all possible weak solutions themselves in L3 ,(§2). However, up to the present,
we do not know whether the L3 o-norm for every weak solution is controllable only in terms of the L3/, «o-norm of F. In
case of a bounded domain 2, Galdi-Simader-Sohr [11] introduced the notion of very weak solutions, and showed existence
and uniqueness of small solutions in L3(£2) provided F is sufficiently small. Their arguments are also applicable to prove
that there exists a unique weak solution u € L3(£2) with Vu € L3/, (£2) for small F in L3/, (£2). For the proof of uniqueness,
they made use of the duality argument where the solvability of the adjoint equations can be reduced to the investigation
of the perturbed Stokes operator with the linear convective term depending on the weak solution v itself. More precisely,
for arbitrary two weak solutions v; and v, in L3(£2) with ||v, |52y sufficiently small, they considered an operator £, for
1 < p < oo defined by

Lp=A, +B, withA, = —P,A,  Byv =Py(vi-Vv+1;-(Vv))
where A, and P, denote the well-known Stokes operator and Helmholtz projection, respectively. It was shown in [11] that
the invertibility of £, follows from the assumption that vy and v, belong to L3(£2) with [lv; |1, () sufficiently small. Recently,
Kim [12] refined their method and made it clear that the integrability such as vy, v, € L3(£2) enables us to treat B, as the
perturbation of A, with its A,-bound zero and that smallness hypothesis on v, in L3(£2) yields the fact that 0 € p(£,), where
p(Lp) denotes the resolvent set of L.

On the other hand, in our exterior domain £2, it is necessary to deal with v and v, in L3 «(§2), which causes difficulty
to handle B, as a compact perturbation of A,. To overcome such an inconvenience, we impose an additional integrability on
Fin L3/ 00 (£2) N L, 4(£2) for some supercritical exponent 3/2 < p < 3 with 1 < g < oo, which enables us to gain the
regularity of the solution v of the equations L£,v = P,(divF). As a result, we can show the unique solvability of (NS) for
Felspnoo(2) NLyg(2) with3/2 < p < 3and 1 < g < oo provided IF s/ 00 (2) is sufficiently small. It should be noted
that smallness of F is necessary only in the critical space L/ o (£2).

The same uniqueness question arises also in the weak solutions with the finite Dirichlet integral. It was shown by Leray [1]
that for every F € L,(§2), there is at least one weak solution v with Vv € L,(§2) satisfying the energy inequality

||v||f2<9) < —/ F - Vudx.
2

However, the uniqueness of such a solution remains open even for small data F in L, (§2). Compared with exterior domains,
every weak solution in bounded domains fulfills the energy identity and is unique provided the L,-norm of F is sufficiently
small because it necessarily belongs to the L;-space whose norm can be controlled by means of the L,-norm of F. This
argument cannot be adapted to prove the uniqueness of weak solution of (NS) in exterior domains for which Poincaré’s
inequality does not hold. In our second theorem, we shall show that the uniqueness of weak solutions satisfying the energy
inequality is obtained only under the smallness hypothesis of F in the L3, o.-norm although F € L3/, o N L,(£2). This result
provides a complete answer to the uniqueness question of weak solutions satisfying the energy inequality.

Our final result is concerned with the existence of weak solutions of (NS) for data F in a larger class than that of Leray [1].
In particular, we shall show the existence of at least one weak solution for all arbitrary data F in L3/ ¢(£2) + L,(£2) with
1 < q < oo. This result follows adapting the proof of an existence result in [ 12] for very weak solutions of (NS) in bounded
domains.

The outline of the paper is as follows. In Section 1, we shall state three main results in the paper. Section 2 is devoted
to recalling some preliminary facts on Sobolev inequalities, Hélder inequalities and Stokes equations in Lorentz spaces. In
Section 3, we then prove an existence result which plays key roles in proving all the main results. Detailed proofs of the
main results will be provided in Section 4.

1. Results

Throughout this paper, we shall freely identify the space of scalar functions with that of vector or tensor functions. For
1<p<oocand1 < q < o0, L,(82) and L, 4(£2) denote the usual Lebesgue and Lorentz spaces over §2 with norms || - ||,
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and || - ||p,q, respectively. We also denote by (-, -) the duality pairing between L, ;(£2) and L, ¢ (§2), where 1/p + 1/p’ = 1
and 1/q + 1/q' = 1. The closure of C§°(£§2) with respect to the norm ||V - ||, is then denoted by I:II} (£2). Finally, by real
interpolation, we define Hl}yq(.Q) by Hi}yq(.Q) = (H[}O(.Q), H;l (£2))g.qowhere 1 < pg <p < p; <ooand0 < 6 < 1satisfy
1/p = (1 — 0)/po + 6/p1. Note that for 1 < q < oo, (5°(£2) is dense in both L, ;(£2) and I-'Il},q(.Q); see [13] for instance.

On the other hand, it can be shown (see Lemma 2.1) thatif 1 < p < 3and w € H;‘ (£2), then w(x) — 0as |x| > oo and
w = 0 on 02 in some weak sense. Hence it makes sense to define weak solutions o? (NS) as follows:

Definition 1.1. Suppose thatF € L, 4(£2),3/2 <p <3and 1 < q < oo. Then
{v, 7} € H) (2) x Ly 4(82)

is called a weak solution or simply a solution of (NS) if there holds

{(Vv, Vo) — (v ® v, Vo) — (7, divg) = —(F, Vo) forallg € C°(£2), (11)

divv =0 in £2.

The first main result in the paper is the unique solvability of (NS) in supercritical solution spaces under the only smallness
condition on ||F|[3/2 .. To state it in a concise way, let us introduce the following function spaces: for 3/2 < p < 3 and
1 < q < 00, we define

Vg = H3p oo (2) NH, ((2) and 1T, g = L3/2,00(82) N L (82).
Both V,, 4 and IT,, 4 are Banach spaces equipped with the natural norms
vllv,g = IVVlI3/2.00 + IVVIlpg and l7wllm,, = 17]l3/2.00 + 17 llp.q;

respectively. Note that V33 oo X I132 00 = HQ/Z,OO(Q) X L3/ 00(£2) is a critical solution space for (NS), while V,, g x IT, 4 is
supercritical if p > 3/2.

Theorem 1.1. For 3/2 < p < 3and 1 < q < oo, there is a small positive constant § = §(82, p, q) such thatif F € I, 4
satisfies ||F|l3/2,00 < §, then there exists a unique weak solution {v, w} € Vp 4 x IT,, 4 of (NS). Moreover, we have

V]300 + IVVIl3/2,00 + 17 I3/2,00 < ClIFll3/2,00 (1.2)

and
”U”p*,q + ”VU”p,q + ||7T||p.q = C/”F”p,q
for some positive constants C = C(§2) and C' = C' (82, p, q), where p* = 3p/(3 — p) is the Sobolev exponent to p.

Remark 1.1. (1) The existence assertion of Theorem 1.1 is essentially due to Kozono-Yamazaki [7]. In fact, they proved the
existence of a weak solution {v, 7} € Vj, o X IT, o Of (NS) for 3/2 < p < 3 under the same smallness condition that
IFll3/2,00 < 6(£2, p). Hence the uniqueness of weak solutions in the supercritical class is one of the main achievements
of Theorem 1.1. However it still remains open to prove the uniqueness of weak solutions of (NS) in the critical class
V372,00 X 1373, 00-

(2) The weak solution {v, 7 } obtained by Theorem 1.1 belongs to a supercritical class V}, oo X ITj o With some p > 3/2.
By real interpolation, there is p € (3/2, 3) such that {v, v} € V,, x IT, ;. Hence a standard bootstrap argument allows us
to deduce the further regularity property of {v, 7r}. On the other hand, a complete regularity property of a weak solution
in V35 oo X IT3/2 o can also be deduced from the crucial estimate (1.2) under some smallness condition on [|F||3/2, . See
Remark 3.1(2) for details.

Weak solutions in the energy class 1:121 (£2) x L,(£2) have been of particular importance in the theory of the Navier-Stokes
equations since Leray’s fundamental existence theory in [1]. In fact, Leray established the existence of at least one weak
solution {v, 7} € Hy(£2) x Ly 1oc(£2) of (NS) satisfying the energy inequality

IVull3 < —(F, Vo).

Here F is an arbitrary large tensor in L,(£2). The uniqueness of Leray’s weak solutions under the smallness condition on
IF|lI3/2,00 is the second main result in the paper.

Theorem 1.2. There is a small positive constant ' = 6§'(2) < 8(£2,2,2) such that if F € L3 00(82) N Ly(£2) satisfies
IFll3/2,00 < &', then there exists a unique weak solution {v, 7} € HZ1 (£2) x Ly 10c(£2) of (NS) satisfying the energy inequality.

Remark 1.2. (1) In [8] (see also [14, Section 1X.9]), Galdi-Simader obtained a uniqueness result for Leray’s weak solutions
of (NS) under the stronger assumption that sup,., (1+ |x|?)|F (x)| is sufficiently small. Theorem 1.2 seems to be an optimal
extension of their uniqueness result.
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(2) Theorem 1.2 is indeed a corollary of Theorem 1.1 and a uniqueness criterion due to Kozono-Yamazaki in [15].
Moreover, from the proof of Theorem 1.2, we deduce that the weak solution {v, 7'} has the additional regularity {v, 7} €
Va2 X I, and thus satisfies the energy identity

IVvl3 = —(F, Vo).

Finally, we extend Leray’s existence result to more general data F. To state our result concisely, let IA,3/2,OO(Q) be the
closure of C5°(£2) in L3 o (£2). Then i3/2700((2) is a proper closed subspace of L3/, o (£2) since C;°(£2) is not dense in
L3/2,00($2). Note however that L3/, 4(£2) C i3/2,oo(.(2) forany 1 < q < oo. Let us also define

g =13200(2)NLg(2) for3/2<p<3,1<q<oc0.

Theorem 1.3. Suppose that either (i) {p, q} = {3/2, oo} or (i) 3/2 < p < 3,1 < q < oo. Then forevery F € ﬁp,q + Ly (82),
there exists at least one weak solution {v, 7} of (NS) withv € V, 4 + Hzl(.Q) and 7w € I g + Ly 10c(£2).

Remark 1.3. (1) An analogous existence result was obtained in [12] for weak solutions in HQ/Z(Q) of (NS) in bounded
domains.

(2) Theorem 1.3 obviously generalizes Leray’s existence result in [1] because L, (£2) < L3/2(82) + L(2) — I32.00 +
L ().

2. Preliminaries
2.1. Some basic inequalities

First of all, we recall three basic lemmas, proofs of which are outlined here for the sake of readers’ convenience.
Lemma2.1. Let 1 <p < 3and 1 < q < oc. Then for every w € I:Il}‘q(.Q), we have
w € Ly 4(£2), Vw € L, 4(£2), We =0 and |w|pq < ClIVwllpq
for some constant C = C(p, q) > 0, where p* = 3p/(3 — p) is the Sobolev exponent to p.

Proof. The lemma easily follows by real interpolation from the well-known Sobolev embedding theorem and trace theorem
in H)(£2). See also [7, Lemma 2.1]. O

Lemma 2.2. Suppose that f € Ly, 4, (2) andg € Ly, 4,(£2), where 1 < pq,py < 00,1 < qq,q <ooand1/p = 1/p;+1/p,.
(D If p> 1,thenfg € L, (§2), where g = min(q1, q), and

Ifglp.q < Clf lps.q: 11€11pz.02

for some constant C = C(p1, 1, P2, G2) > O.
@) If p=1and1/q; + 1/q; > 1, thenfg € L, 1(£2) and

Ifgllp.1 = Cllf llpy.ar 1€ 11py.q
for some constant C = C(p4, q1, P2, q2) > O.

Proof. In the case when p > 1 in (1) and (2), the lemma was proved by Kozono-Yamazaki [15] applying the real
interpolation theory. The remaining case is just the Holder inequality in Lorentz spaces. O

Lemma 2.3. Supposethat 1 <p < 3,1 <q <ooandv € L3 +(£2). Then for every w € H[},q(ﬂ), we have
VO w € Lyq(£2) and [[v@wllpq = CllvllzellVwllp,g

for some constant C = C(p, q) > 0. Thus, if divv =0in 2 and w € 1:121 (£2), then
v®w, Vw) = 0.

Proof. The lemma can be deduced easily from Lemmas 2.1 and 2.2 and the following simple observation:

1
(v®w,Vw):[v®w:dex:/ v-V(f|w|2> dx=0
2 2 2

forany w € (§°(£2). O

Remark 2.1. An immediate consequence of Lemma 2.3 is the fact that if {v, 7} € 1.'121 (£2) x L,(£2) is a weak solution of (NS)
with the additional property v € L3 «(§2), then it always satisfies the energy identity

IVvll5 = —(F, Vv).
This is easily proved by taking ¢ = v in the weak formulation (1.1) of (NS).
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2.2. The Stokes equations

Next, let us consider the following problem for the stationary Stokes equations:

—Av+ Vr =divF in £2,

divv=g in $2,
V= U4 onds2, (S)
v(x) > 0 as |x| — oo.

In the case when £2 is the whole space R3, a complete [P-theory of the Stokes equations can be deduced forany 1 < p < oo
from the Calderon-Zygmund theory of singular integrals using the volume potential associated with the fundamental
solution {U, q}, where U = {U} q={q}U® = 1 (if‘ + r;r;) and q; = 4ﬂ\x|3 fori,j = 1,2, 3. See Galdi’s book [2]
for more details (see also [7, Lemmas 2.4 and 2.5] for a dlfferent approach). A similar [P-result for the Stokes equations in
bounded domains was proved by Cattabriga [16] also for any 1 < p < oo. However, it is well known that such an LP-theory
holds for our exterior problem (S) if and only if 3/2 < p < 3 (see [2,3,5]). An obvious counter-example for the critical
exponent p = 3/2 is provided by the fundamental solution {U, q} itself. Note that |[VU (x)| = O (|x|‘2) as x| — oo and so

||VU||L3/2<Q) = 0o, where 2 = {x € R® : |x| > 1}, but each {Uj, g;} is a solution of (S) with smooth data, i.e,F =0,g =0
and v, € C*°(952). By duality, the other critical exponent p = 3 should be also excluded for the unique solvability in HI} (£2)
of the exterior problem (S).

To circumvent the difficulty of solving (S) uniquely in critical Lebesgue spaces, Kozono-Yamazaki [7] introduced more
general classes of function spaces, that is, Lorentz spaces L, 4($2) and Lorentz-Sobolev spaces i (£2), and then proved the
existence of unique solutions of (S) in a critical space. Some of the main results in [7] may be reformulated as follows.
Theorem 2.1. (1) Let v, = 0. Suppose that {p, q} satisfies one of the following conditions (i), (ii) or (iii).

() p=3/2,g=00
(i) 3/2<p<3,1<qg<o0;
(iii) p=3,q= 1.
Then for every {F, g} € Ly (£2) x L, 4(£2), there is a unique weak solution {v, '} € Hl}’q(Q) x L, q(82) of (S). Moreover, there
exists a constant C = C($2, p, q) > O such that

Iollp.q + 1Vllpg 4 17 g < C (IFllp.q + lIglp.q) - (2.1)

() If {F, g} € Lp, q,(£2) x Ly, q,(£2) with3/2 < p; < oo and q < q; < oo in addition, then the solution {v, '} has the
additional regularity

Vv €Ly, q,(£2) and 7 € Ly, ¢,($2).

In particular, if 3/2 < p; < 3, then we also have v € Iill}l’q1 (£2).

Remark 2.2. One important feature of Theorem 2.1 is to show the existence of solutions having the same decay property
at infinity as the fundamental solution {U, q}. Note that |U| € L3 (£2) and |[VU| € L33 (£2). An existence result
allowing such a solution was also obtained by Galdi-Simader [8] (see also [2]) but under the stronger assumption that
supyeq (14 [x2) [F(x)| < oo.

3. A key existence result

In this section, we prove the following result which plays essential roles in the proofs of the main theorems in the paper.
Theorem 3.1. Suppose that either (i) {p, q} = {3/2, o0} or (ii) 3/2 < p < 3,1 < q < oo. Then there are positive constants
80 = 60(£2,p, q), Co = Co(82) and C}, = C4($2, p, q) such thatif F € I, 4 satisfies ||F|l3/2,00 < 8o, then there exists at least one

weak solution {v, w} € V,, ¢ x IT, 4 of (NS) satisfying the estimates

V13,00 + IVVII3/2,00 + 17T l13/2,00 < CollFI3/2,00 (3.2)
and

Vg + 1VVlpg + 17 llpg < CllFllp.g- (3.3)

Proof. Let v € V, 4 be fixed. Then since v € Hg/z’w(g) obviously, it follows from Lemmas 2.1 and 2.3 that

VOV EL3pw(R2) and [[v®vlsp0 < CIVVI 0 (34)
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for some constant C > 0. Hence by Theorem 2.1(1), there exists a unique v = 7 (v) € H3/2 oo (£2) such that for some unique
T € L33,00(£2), the pair {v, 7w} is a weak solution of the following Stokes problem:

—AV+ VT =div(F—v®v) in$2,

divi =0 in £2,
v=0 on d%2,

v(x) —> 0 as |x| — oo.

(3.5)

In fact, it turns out that v € V, 4. To show this, we may assume that 3/2 < p < 3. Then by Lemmas 2.1 and 2.3 again, we
have

VRV ELyq(£2) and [v® Vlp.g < ClIVVll32,00lIVVIIpg (3.6)
for some C = C(p, q) > 0. From (3.4) and (3.6), we deduce that
Gw)=F—v®uv e M,

which implies, in particular, that G(v) € [T, . Hence it follows from Theorem 2.1(2) that v € H1 - (§2). On the other hand,
since G(v) € L, 4(£2) and since 3/2 < p < 3, we deduce from Theorem 2.1(1) that the Stokes problem (3.5) has a unique

solution {v, 77} in H;ﬁq(.Q) x L, q(£2) which may be different from {v, }. However, both {v, 7} and {v, 7} are solutions of
the Stokes problem (3.5) in the common space I:II]_OO(.Q) X Lp o (£2) and thus, by Theorem 2.1(1) again, we obtain
T)=0=1€H], (2)NH) (2) =V,

We have shown that the mapping 7, defined by 7 (v) = v, is an operator on the Banach space V), ;. Moreover, it follows
from Theorem 2.1(1), (3.4) and (3.6) that for all v, vy, v € V, ¢, we have

IVT ()l13/2.00 < CIIF = v @ vll3/2.00 < C*lIFll3/2.00 + CE IV VI35, 00

VT ()llp,g < CIF —=v @ vllpg < C; glIFllp,g + G gl VUllz/2,00 1 Vlipg

and

A

157 (v1) = T (W)lly,, < Cllvi @ v1 —v2 @ v2llm,,

IA

G o (V137200 + 1V 02113/2.00) 101 = 21ly,,,

for some constants C* = C*(£2) and C;‘,q = C;,Q(Q, D, q@) with C;‘,q >C"> 1.
Without loss of generality, we may now assume that [|F||3/2,.c > 0and ||F||, 4 > 0; otherwise, F = 0 and so we can take
{v, m} = {0, 0} as a solution. Furthermore, let us suppose that

IFlnee <0 = 2 (G) (37)
and let B be the closed set of all v € V}, 4 such that

IVVll32,00 < 2C*[IFll3/2,00 and [[VUllpq < 2G5 ¢lIF llp,q-
Then for all v, vy, v, € B, we obtain

IVT (W) ll3/2,00 < C*IIFll3/2,00 + C* (2C9F||1:||3/2,c>o)2 < 2C*|IF13/2,00

IVT @) llp.g < Gy gllFllpg + Gy g (2CIFlI3/2,00) (2 glIFllpg) < 2C;lIFlpq
and

17 (1) = T W) llvpg < Gy (AC*IIFl13/2.00) lv1 — v2lv,g

A

= 5””1 - Uz||vp_q~

Therefore, 7 is a contraction on the complete metric space B and thus has a fixed point v in B by the Banach fixed point
theorem.

To complete the proof, it remains to derive the estimates (3.2) and (3.3) for the solution {v, 7} of (NS), where 7 is the
pressure associated with v. To do so, we can argue as before using Lemma 2.1, Theorem 2.1(1), (3.4) and (3.6) and (3.7)
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together with the fact that v = 7 (v) € B. Indeed, we have

A

lvlI3,00 + 1VVII3/2,00 + 17T 113/2,00 < CIF — v ® vl3/2,00
ClIFlI3/2,00 + C||VU||§,/2,oo

2
ClIFlI3/2,00 + C (2C*IF [13/2,00)
CollFl3/2,00

for some C; = (p(£2) > 0, which proves (3.2). The proof of (3.3) is similar and omitted. This completes the proof of
Theorem 3.1. O

IA

IATA

Remark 3.1. (1) The existence assertion of Theorem 3.1 is essentially due to Kozono-Yamazaki [7]. Our new achievement
in this paper is to derive the important estimate (3.2) for the solution {v, 7} from which we conclude that ||v|[3 » can be
arbitrarily small as ||F||3/2,o0 becomes small. This fact plays a key role in proving almost optimal uniqueness results for (NS)
stated in the first two main theorems as well as regularity results below.

(2) Let {v, '} be a weak solution in V3,5 o, X IT3/3 o 0f (NS) satisfying the estimate (3.2). Then from Theorems 3.1 and
2.1(2) and an interior regularity result in [17], we can deduce the following regularity properties of {v, 7 }:

(i)For3/2 < p < ocand 1 < q < oo, there is a positive constant ; = 8;(£2, p, q) such that if |F|l3/2c < 8; and
F e I, 4 then Vv € L, (£2) and € Ly 4(£2). In particular, if 3/2 < p < 3,thenv € V, 4.

(i) For 1 < p < oo, there is a positive constant §; = &5 (2, p) such that if |Fl|3/2,00 < 85 and F € H}}'

integer m > 0, then v € H)'"?(2) and 7w € H/1(£2).

Both regularity results are nontrivial at all because of the critical regularity of {v, 7} and the proofs are all based on the
estimate (3.2). .

(3) To prove the existence and regularity of a weak solution {v, 7} € H31/2~oo (£2) X L3/3,00(82) of the exterior Navier-Stokes
problem, it seems to be indispensable to impose some smallness condition on the data F. On the contrary, in case when £2
is a bounded domain in R3, the existence and complete regularity of solutions in H31/2(.Q) x L3/»(£2) of (NS) were proved
recently by Kim [12] without any smallness condition. The uniqueness was proved earlier by Galdi-Simader-Sohr in [11]

under the smallness condition on ||F||3/,.

1oc (£2) for some

4. Proofs of main theorems
4.1. Proof of Theorem 1.1

Let3/2 < p < 3and 1 < q < oo, and suppose that F € IT, g and ||F||3/2,00 < 8o, Where 89 = 8($2, p, q) is the same
constant as in Theorem 3.1. Then by Theorem 3.1, there exists at least one solution {vy, 71} € V, ¢ x I, 4 of (NS) satisfying
the estimates (3.2) and (3.3). This proves the existence assertion of the theorem, in particular. Hence to complete the proof,
it remains to prove the uniqueness. Suppose that {v,, m,} € V, 4 x [T, 4 is a solution of (NS) which is possibly different from
{v1, 71}, and let us define {v, 7w} € V, ¢ x [T, ¢ by {v, m} = {v1 — v, 1 — 7m2}. Then {v, w} is a solution in V,, 4 x [T}, 4 of the
following Stokes problem:

—Av+ Vr =divG in $2,

divv=g in £2,
v=20 onds2, (4.1)
v(x) > 0 as |x| — oo,
where G = v ® v1 + v, ® v. Assume for the moment that {v, 7'} has the following additional regularity
(v, 7} € Hy(2) x Ly(£2). (4.2)

Then by virtue of Lemma 2.3, we can take ¢ = v in the weak formulation of (4.1) to obtain
IVl = =(G, Vv) = —(v ® v1, Vo) < Cllui 3,00/ VI3

for some C > 0. Since {vq, 1} satisfies the estimate (3.2), we thus obtain
IVl < GollFll3/2.00lVVII3

for some Cy = Cp(£2) > 0. Therefore, assuming that
IFll3/2,00 < 8 = min(do, 1/2Co),

we conclude that ||Vv||§ = 0 and so {vq, m1} = {v2, 2} in £2.
Therefore, to complete the proof of Theorem 1.1, we have only to prove (4.2). This can be shown by a bootstrap argument
based on Theorem 2.1(2). First of all, noting that

v, V1, Uy € Vp,q — Vp,oo — L3oo(9) ﬂLp*,oo(.Q),
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we deduce from Lemma 2.2 that G = v ® v1 + v ® V € L33 00 (£2) N Ly, o (£2), where ry = p*/2 > 3/2. Suppose that
r1 < 3.Then since 3/2 < r; < 3, it follows from Theorem 2.1(2), Lemmas 2.1 and 2.2 that

LS VT],OO — L3oo(9) N Lr;‘,oo(-Q) and Ge L3/2,oo(-Q) erz,oo(-Q),
where
1 1 n 1 1 n 1 1 1
—_— = — 4 — = — —_—_ =< —.
r, p* 17 n p* 3 r
Similarly, if , < 3, then we have
vVEV, o and G € L300(82) N Ly 0(82),
where
1 1 1 1 1 1 1
—=—+—_—=—+|=—=-=]<—.
rg ptor; 1 p* 3 )
Hence by a simple induction, we conclude that
vE Voo and G € L3 o(2)N Lrjﬂm([))
for all j with r; < 3, where {r;} is a sequence defined recursively by

p* 11 1 1 (1 1\
n=—ad —=—+—_=—+|—-—-2| (=1

2 Gy ptoorono \pt 3

Since 3 < p* < oo, it follows that 0 < 1/r; < 2/3 and 1/r; > 1/rj;1 > 1/r; — 1/3 for all j > 1. Hence there exists the
smallest j = jo > 1such that 0 < 1/r; < 1/3 or equivalently r; > 3. By definition of jo, we deduce that G € L3/ oo (£2) N
Lrjoyw(Q) and rj, > 3, which implies that G € L, (£2) forall 3/2 < r < 3. Hence by Theorem 2.1(2), we have

v} € H! () x Ly o(82) forall3/2 <r <3,

from which (4.2) follows by real interpolation. This completes the proof of Theorem 1.1. O

4.2. Proof of Theorem 1.2

In fact, Theorem 1.2 is an immediate corollary of Theorem 3.1 (or Theorem 1.1) and the following uniqueness criterion
for (NS) due to Kozono-Yamazaki [15].

Theorem 4.1. There is an absolute constant §” > 0 such that if {v, 7} is a weak solution in Hzl(.Q) X Ly 10c(82) of (NS) with
the additional property

VEL300(82) and vz <8, (4.3)
then {v, 7} = {v', «'} for any weak solution {v’, 7'} in Hzl(Q) X Ly 10c(£2) of (NS) satisfying the energy inequality.

Proof of Theorem 1.2. Suppose thatF € IT, 5 and ||F||3/2,00 < 80, Where 8y = 80(£2, 2, 2) > 0. Then by Theorem 3.1, there
exists at least one solution {v, 7} € V5 x IT, 5 of (NS) such that

lvll3,00 < CollFll3/2,00
for some constant Cy = Cy(£2) > 0. Obviously, {v, 7} is a weak solution in 1i121 (£2) x Lp(£2) of (NS). Assume now that
[IFll3/2.00 < 8" = min(do, 8" /Co).

Then ||v]|3.00 < §” and the proof is complete by Theorem 4.1. O

4.3. Proof of Theorem 1.3

Let us first consider the following problem for the perturbed Navier-Stokes equations:

—Av+diviv@v+viQ@uv+vQ®uy) + Ve =divF  in £2,

divv =0 in 2,
v=_0 on 442, (PNS)
v(x) > 0 as x| — oo,

where v1, v, are given vector fields in £2.
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Proposition 4.1. There is an absolute constant §; > 0 such that if vy, v2 € L3 5 (82), divv; = 0in §2 and ||v,||3,00 < 81, then
forevery F € L,(82) there exists at least one weak solution {v, 7} € Hz1 (£2) x Ly 10c(82) of (PNS) satisfying the estimate

IVullz < 2[|F]f. (4.4)

Proof. Choose a large number Ry > 0 so that R® \ £2 is contained in the open ball Br, = {x € R3 : |x| < Ry). For a fixed
R > Ry, we consider the following problem in the bounded domain £2z = £2 N Bg:

divv =0 in $2g, (4.5)

{—Av—}—div(v@v—f—v]®v+v®vz)+V7T:divF in 25,
v=20 on d82x.

We will first derive the a priori estimate (4.4). Let {v, 7} € I:IZ] (£2r) x L,(£2R) be a weak solution of (4.5). Then since 2 is
bounded and divv = divv; = 0in £2, it follows from Lemmas 2.1 and 2.3 that v € Lg(§2g) <> L3 »($2g) and

/ Vo2 dx = (v® vy, —F) : Vudx
2R 2R

1/2
= Cllvallz,o0 <f [Vol? dX) + IIFll2 (/ |Vol? dx)
2R 2r

for some absolute constant C > 0. Hence assuming that

lvz2ll3,00 < &1 = T
we deduce that
f [Vol?dx < 4|F|3. (4.6)
2R

By a standard method based on this a priori estimate, we can prove the existence of at least one weak solution {vg, 7z} €
Hz] (82g) x Ly($2g) of (4.5) satisfying the estimate (4.6). Extending vg to §2 by zero outside §2g, we observe that vk belongs

to 1:121 (£2) and satisfies the uniform estimate (4.4). Hence there exists a sequence R;, with R; — 00, such that Ug; converges
weakly in H] (£2) to some v € HJ (£2) satisfying (4.4) as well.
Fix any ¢ € C5°(£2) with dive = 0in £2. Then since {vg, 7z} is a weak solution of (4.5), there holds

(VURj — Vg @ Ug; — U1 ® Vg, — Ug; @ V2, Vo) = —(F, Vo)
for all sufficiently large j. Letting j — oo, we have
Vv—v®v—v1®v—v®Uu;, Vo) = —(F, Vo).

Therefore, by a well-known result (see [2] or [ 18] e.g.), we conclude that {v, v} is a weak solution of (PNS) for some scalar
7 € Ly 10c(£2). This completes the proof of Proposition 4.1. O

We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let ¢ be a fixed positive number with ¢ < 8y, where g = 80(£2, p, q) is the same constant as in
Theorem 3.1. Then since

Feflg+L(2) and fq=Co(@) N, (2),

there are F; € f[p,q, F, € L,(£2) and F{ € C§°($2) such that F = F; 4+ F, and such that ||[F; — F}[|3/2,0c < €. Note that

Fi —Ff € ﬁp,q < I, 4. Hence by Theorem 3.1, there exists at least one solution {v,, 7.} € Vj 4 X I, 4 of (NS) with F
replaced by F; — F{ such that

lvells,00 < CollF1 — Fill3/2.00 < Co € (4.7)
for some Cp = Co(§2) > 0. It is easy to show that {v, w} = {v, + v, w, + 7} is the desired solution of the original problem
(NS) if {v, 7} is a weak solution in Hz1 (£2) x Ly 10c(82) of the following perturbed problem:

—AT+div®1+v. Qv +1Qv,) + Vr =divF; ing2,
divv=0 in 2,

7=0 onods2,
7(x) > 0 as |x| = oo,

(4.8)
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where F; = F{ + F, € L,(£2). Now, let us define
& = min (50, 5]/C0) .

Then it follows from (4.7) that ||v:]l3.00 < &1. Hence by Proposition 4.1, there exists at least one weak solution {v, 7} €
HZ‘(Q) X L3 10c(£2) of (4.8). This completes the proof of Theorem 1.3. O
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