J. Math. Anal. Appl. 430 (2015) 572-584

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Y
Spectral property of a class of Moran measures on R @ CossMark

Yan-Song Fu, Zhi-Xiong Wen *

School of Mathematics and Statistics, Huazhong University of Science and Technology, Wuhan, 430074,
PR China

ARTICLE INFO ABSTRACT
Article history: Let b > 2 be a positive integer. Let D be a finite subset of Z and {nx}72; C N be
Received 12 March 2015 a sequence of strictly increasing numbers. A Moran measure pp p {n,} is a Borel

Available online 7 May 2015

probability measure generated by the Moran iterated function system (Moran IFS)
Submitted by B. Bongiorno

{fr,a(xz) = ™17 (x 4+ d) : d € D,k € N,ng = 0}. In this paper we study one
of the basic problems in Fourier analysis associated with u p {n,}. More precisely,

Keywords: . s . .

Compatible pair we give some conditions under which the measure up p (n,) is & _spectral measure,
Admissible pair i.e., there exists a discrete subset A C R such that E(A) = {27 : X\ € A} is an
Spectral measure orthonormal basis for L2 (s D, {n,1})-

Moran measure © 2015 Elsevier Inc. All rights reserved.

Convolution of measures
Self-similar measure

1. Introduction

Let p be a compactly supported Borel probability measure on R. We call u a spectral measure if there
exists a discrete set A C R such that F(A) = {e?™ : \ € A} forms an orthonormal basis (Fourier basis)
for L?(u). The set A is called a spectrum for y; we also say that (u, A) is a spectral pair. In this paper we will
study the spectral property of a class of Moran measures py, p (n,y on R generated by the Moran iterated
function system (Moran IFS)

{fr.a(x) = b"=1""*(z +d) : d € D,k € N},

where b > 2 is an integer, D is a finite subset of Z, ng = 0 and {n}7>; C N is a strictly increasing sequence.
In this paper we use N to denote the set of positive integers, and #D to denote the cardinality of the finite
set D.

More explicitly, the Moran measure ji;, p,{n,} considered here can be expressed as the infinite convolution
product measure
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Mo, D {ny} = Op—r1D * Op—nap * =+ + % Opmnpp * - - - (1.1)

in the weak convergence and is supported on a uniquely nonempty compact set T3 p {n,}, Which is called
a Moran set of the Moran IFS {fr 4 : d € D,k € N} (see [1,28]). Here, the symbol ép denotes the atomic
measure

1
o= 25 > 6, (1.2)

deD

where d4 is the Dirac point mass measure at the point d and r& = {rz : € E'}. The compact set T} p (5, }
has an explicit expression by the radix expansion

Typ(ney = Y 0D ={> b""dy: dj € D}. (1.3)
k=1 k=1

In general, the Moran sets T'(b, D, {nx}) := Ty p (n,} behave like a fractal, highly non-linear, and they
include complicated geometries, and the Moran measures p, p {r,} include the classical self-similar measure
tpp = pp N and the restriction of 1-dimensional Lebesgue measure £. These Moran sets and Moran
measures have connections with a number of areas in mathematics, such as harmonic analysis, wavelet
theory, multifractal analysis, algebraic number theory, dynamical system, and others (see [8,12,26] and the
references cited therein).

It is well known that the study of spectral measure has a long history. It was attracted more attention
from Fuglede’s spectral set conjecture [13] in 1974, which said that the d-dimensional Lebesgue measure £%
restricted on a Borel set  C R? is a spectral measure if and only if € is a translation tile. Although the
conjecture has been proved to be false by Tao and others in both directions in dimension three or higher
[17,18,25,30], it is still suggestive in the study of spectral measure.

In recent years, there has been a wide range of interests in expanding the classical Fourier analysis to
fractal or more general probability measures after the pioneer work of Jorgensen and Pedersen [16] in 1998
[1-7,9-11,14,15,19-24,27-29,31]. One of the central themes of this area of research involves constructing
Fourier bases in L?(u), where p is a measure which is generated by the iterated function systems. If so, one
can develop L2-Fourier representation of periodic functions on the real line (or RY) for general classes of
fractal measures including py p fn, - Indeed, there is relatively few classes of fractal spectral measures that
is known. The aim of this paper is to give some new singular spectral measures.

Recall that a pair (b, D) is called admissible if there exists a finite subset C C Z such that #D = #C = ¢
and the matrix

qfl/z[ezmb—ldc]dencec
is unitary (usually the pair (b~1D,C) is called a compatible pair, see Definition 2.2). In R, the well known
result proved by Laba and Wang [19] is that if (b, D) is admissible, then py p is a spectral measure. Recently,
An and He [1] proved that p p (n,} is a spectral measure for any increasing sequence {nx}72,; € N and
a consecutive digit set D = {0,1,---,r — 1} with = | b. In the present paper, we follow their research to
consider the spectral property of uy p (n,} and formulate the following conjecture.

Conjecture 1.1. Let b > 2 be an integer. Let D be a finite subset of Z such that (b, D) is admissible. Then
the Moran measure iy, p (n,} 5 a spectral measure for any increasing sequence {ny 32, in N.

In the present paper we will prove that Conjecture 1.1 is true in several cases. We first show that Conjec-
ture 1.1 is true under a condition of Strichartz [16] in Section 3; as a consequence, we obtain Conjecture 1.1
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when the cardinality of the finite digit set D is 2 or 3. Also, we obtain that y, p {r,} is a spectral measure for
certain ‘lacunary’ sequence {ny}$2 ; in Section 3. We then get a sufficient condition such that Conjecture 1.1
holds in Section 4, in which the condition is inspired by [2]. In the final section, we get that the measure
4, D,{n,} i & spectral measure when the sequence {ny}32, is ultimately periodic (see Definition 5.1).

2. Basic definition and facts

The purpose of the present section is to introduce a basic definition and some facts; see especially
Proposition 2.1 and Lemma 2.4. The data of compatible pair (Definition 2.2) allows us to create orthogonal
set and then to check the conditions in Proposition 2.1 in the following sections.

It is known that the Fourier transform plays an important role in the study of spectral measure.
From (1.1), the Fourier transform /i, p {1 of the Moran measure piy p fn,1 is

o0

ﬁb,’D,{nk}(g):/2ﬂ€xd#bD{nk} H (07" (E€R), (2.1)
where
o) = [ din(e) = 5 S (e m) 22)
deD

Then, it is clear that a discrete set A C R such that the family E(A) = {e?™*** : A\ € A} is an orthogonal
system in L*(puy, p {n,}) if and only if

S livpmaE+ N <1 (EeR). (2.3)

A€EA

In this case, we also say that A is an orthogonal set for uy p (n,}-
Let

) =3 [ E+ N (EER).

AEA

The well known result of Jorgensen and Pedersen [16] shows that @5 has an entire analytic extension to C
if A is an orthogonal set for uy p (n,}- The following is a universal test which allows us to decide whether
an orthogonal set A is a spectrum for the measure i, p (n,}-

Proposition 2.1. (See [16].) If A is an orthogonal set for juy, p (n, 3, then the following statements are equiv-
alent:

(i) The orthogonal set A is a spectrum for pyp (n,};
. ~ 2
(i) Qu(§) = Cealoppmy €+ N[ =1,V € €R;
(111) QA(&) = Z)\EA |ﬁb,D,{nk}(£ + )‘)| = 1: v 5 S (7&, a): a > 0.

The equivalence of (i) and (ii) is a direct consequence of Stone—Weierstrass theorem and Parseval identity,
while the equivalence of (ii) and (iii) is due to the analytic property of the function Q4.

Definition 2.2. Let b > 2 be a positive integer, and let D and C be two finite subsets of Z. We say that
(b=1D,C) forms a compatible pair if #D = #C = ¢ and the matrix
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—1/2 [ezm'lr1 dc]

Hy-1pci=gq deD,ceC (2.4)

. . . . _
is unitary, i.e. Hb—l'Dvchle7c =1,

Standing hypotheses. Throughout the paper, we will assume that (b~'D,C) is a compatible pair and
0 € DNC. Given any strictly increasing sequence {ng}3>; C N, we will always assume that

[k = Op=nip %+ % Op=nyp (k € N),
AR, C {ng)) ;= M =IC - 1 b0 (ke N),
A(b,C {ni}) == { Z b tejie; €C, 5 €NYL

finite

It is easy to check that the following proposition holds.

Proposition 2.3. (See [16].) Let b > 2 be a positive integer, D and C be two finite subsets of Z with the same
cardinality such that (b=1D,C) is a compatible pair and 0 € DNC. Then

(i) Y |mE+N =1 ¢ eRr);

AEAk(b,C,{nk})
(ii) The set A(b,C,{ny}) is an infinitely orthogonal set for iy p (n,} -

We denote the zero set of the continuous function g by Z(g):

Z(g) ={£:9(&) =0}

The following lemma gives a characteristic of the zero set Z (ZS\D), provided that (b=1D,C) is a compatible
pair.

Lemma 2.4. Let b > 2 be a positive integer, D and C be two finite subsets of Z with the same cardinality
such that (b~1D,C) is a compatible pair. Then for each 3 € Z(dp) there exists ¢ € C depending on 3 such
that B+ § & Z(0p)-

Proof. Let D = {dy,---,d,} C Z (¢ < b). On the contrary, we suppose that there exists 5 € Z(S\D) such
that g+ £ € Z(0p) for all ¢ € C. Then by (2.2), we have

. e . -
e27md1ﬂ€27md1 b4 e27rqu5627rqub =0 forall ce 07

which means that the non-zero column vector (€278 ... 2m1daf)T ig the solution of the ¢ x ¢ linear system
Max =0, where M = [62”‘11'%]13—97060 is a ¢ X g non-singular matrix. This leads to a contradiction. O

3. A condition of Strichartz

In this section we prove, under a condition of Strichartz [16], that i p (5, } is a spectral measure for any
finite subset D of Z and any strictly increasing sequence {ny}32; C Z. Furthermore, we show that s p (n,}
is a spectral measure for any finite digit set D when the strictly increasing sequence {ny}7> ; keeps a certain

gap.

Theorem 3.1. Let b > 2 be a positive integer, D and C be two finite subsets of Z with the same cardinality
such that (b=1D,C) is a compatible pair and 0 € DN C. If the zero set Z(dy-1p) is disjoint from the set
T(b,C), then (,LLb"D’{nk},A(b,C, {nk})) is a spectral pair.
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Proof. The proof is identical to Theorem 2.8 of [28]. We know by Theorem 3.1 in [24], that the following
two statements are equivalent:

(i) Z(8-10) NT(b,C) = 0
(i) Z(as,p) N T(b,C) = 0.

Note that Z(isp) is closed and T'(b,C) is compact. It follows from (ii) that there is a 6 > 0 such that

d(Z(fw,p), T(b,C)) > 6. Here, d denotes the usual metric on the real line R. Since the function fip p is
continuous on R, there is an € > 0 such that

Ty 0 ()]* > €, (3.1)

ift € {zx e R:d(z,T(b,C)) < 16}.
Fix £ € (—1,1) and set

Fo() = { A (& + NI, A € Ax(b.C. {ni});

0, otherwise,

and

) = { Bis.0. 3 (€ + N2, A € AW, C, {mi}),

0, otherwise.

Then, klim fe(A) = f(A) for all X € A(b,C,{ny}). By Proposition 2.3, we have
—00

> =1

)\EAk(b,C,{nk})

Obviously, [8,-nxp| < 1 for k > 1. From (2.1), we have

~ ~ b < 2
i, D, (e} (€ + NI = [AR(E+ NP T 10,-mss p(E+ )]

j=1
>+ NP I o-in(€ + V)|
J=nk41

2
)

= 7k (& + N [fin,p (b~ V(€ + )

A€ Ak(b,C, {nk})

Note that b~ ("+1=D X\ € T(b,C) if A € Ax(b,C, {ns.}). Hence we can choose kg large enough such that k > kg
implies that |b*("k+1’1)| < 15. Whence from (3.1), we have

frQ) <), k> ko

By (2.3), we have

Z elf\) <e ! < o0,

AEA(b,C {nk})
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Applying Lebesgue’s dominated convergence theorem to { fx}%2,, we obtain that

Z |ﬁb,D,{nk}(§ + >\)|2 =1, £e(-1,1).

AEA(b,C {nk})

So by Proposition 2.1, A(b,C, {ny}) is a spectrum for iy p (5, }- This completes the proof of Theorem 3.1. O

Inspired by the proof of Theorem 3.1, we can determine the following class of sequences {n;};>, such
that the measures uy p (,} are spectral measures.

Theorem 3.2. Let b > 2 be a positive integer, and let D be a finite subset of Z such that (b, D) is admissible.
If there is a Ky € N such that k > Ky implies that ngy1 > ni + N holds for some N (only depending
on b, D), then (,ubp){nk},A(b,Q {nk})) is a spectral pair.

Proof. We first choose C C [—b+ 2,b — 2] such that (b~ !D,C) forms a compatible pair. Next let fi, f be as
in the proof of Theorem 3.1. By doing the same procedure for fj as in the proof of Theorem 3.1, we obtain
that

FOO = )T o0 =D+ )7, A€ A(b,C, i)

In order to use Lebesgue’s dominated convergence theorem, it is sufficient to show that there is an ¢ > 0
such that

|ﬁb’p(b_(mg+1—1)(§ + )\))’2 > €, Ve Ak(b,C, {nk}), (32)

for k large enough and ¢ small.
Since fip,p is continuous and fip, p(0) = 1, there exist positive constants e and ¢ such that

i p(2)> > €, Vae(=40). (3.3)
Let N be the integer satisfied that b=(N=2) < §/2. Note that
b=y € pm M =D (e 4 I 4 B TIC)
for any A € Ag(b,C,{nt}). Hence, it follows from the assumption of the sequence {n} that
|~ (A < (b — 1) o (2 < (p— 1) (V) < 52 (3.4)

holds for k > K. Whence, from (3.3) and (3.4), the desired result (3.2) holds for all £ € [-d/4,5/4]. By
Proposition 2.1, we finished the proof of Theorem 3.2. O

The following two examples serve to illustrate Theorem 3.2.

Example 3.3. If the sequence {n;}32, € Nis Hadamard lacunary, i.e., there exists a constant ¢ > 1 such that
nky1 > qny for all k& € N, then the measure u, p (5, is a spectral measure with a spectrum A(b,C, {ns}).

Indeed, we know, from the proof of Theorem 3.2, that the condition about the sequence {n;}?°; C N in
Theorem 3.2 can be replaced by ngr1 > ng + f(k) for k € N, where f(k) is an increasing sequence. The
lacunary sequence is contained in the latter case. Also, there are many other sequences, such as classical
Fibonacci sequence 1,2, 3,5,8,13,21,34,55,---.
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Example 3.4. The purpose of this example is to show how to determine N in concrete case. Let b = 10,
and let D = {0,1,2,3,4}. Let C C Z such that (b~ 'D,C) is a compatible pair. So we can check that if
the sequence {nx}32, C N satisfies that ng1 > ng + 3 eventually, then the measure yy p (n,) admits a
spectrum A(b,C, {ny}).

Proof. The proof is similar to that of Theorem 3.2. From (2.1) and (2.2), one has
Z(fop) = | 10" 2(9p),
k=1

where Z(0p) = {&:a € Z\5Z}. Hence

5
Z(fiop) = {10’@% .k >1and a € Z\5Z}

=2{10%a : k > 0 and a € Z\5Z}.

This means that 2 is the positive and smallest zero of ji19,p. Throughout the proof of Theorem 3.2, any
number in the interval (0,2) can be chosen as the ¢ in (3.3). Without loss of generality, we choose § = 1. It
follows from (3.4) that the inequality 10~V =2) < 1/2 implies that N > 3. Hence if the sequence {n; }3>, C N
satisfies that ng41 > ng + 3 eventually, then (3.2) holds for all £ € [-1/4,1/4]. By Proposition 2.1, the
corresponding measure fi19,p {n,} 1S a spectral measure. 0O

At the end of this section, we will deal with the spectral property of the measure yp (n,} When the
cardinality of the finite set is 2 or 3.

Theorem 3.5. Let b > 2 be a positive integer, and let D be a finite subset of Z with the cardinality 2 such
that (b, D) is admissible. Then for any strictly increasing sequence {ny}7>, C N, the measure Hb,D,{n;} S @
spectral measure.

Proof. Without loss of generality, we assume that {ns}3>, is a proper subset of N, and D = {0, 1}. Since
(b, D) is admissible, there exists C = {0, ¢} C Z such that (b~1D,C) is a compatible pair, which is equivalent

to say that 2 x 2 matrix
1 1 1
\/5 1 e27ri%

is unitary. This implies that c € g(?Z +1). Hence b € 2N.
Let b = 2bg, by € N. By taking ¢ = bgp with p € 2Z+1, we get a compatible pair (b~'D,C). Furthermore,
by (2.2) and (1.3), we obtain that

—~ 1 -1
Op-p(§) = 51+ ) =0 & £eh(2Z+1), (3.5)
and

Therefore if p = 1, we obtain, from (3.5) and (3.6), that T(b,C) N Z(gb—l'D) = (). By Theorem 3.1, it p {n,}
is a spectral measure. The proof of Theorem 3.5 is complete. O
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Theorem 3.6. Let b > 2 be a positive integer, and let D be a finite subset of Z with the cardinality 3 such
that (b, D) is admissible. Then for any strictly increasing sequence {ny}32; C N, the measure iy p,(n,} s @
spectral measure.

Proof. We may assume that D = {0,d;y,d2} C Z. Since (b, D) is admissible, there exists C = {0,¢1,c2} € Z
such that (b~'D,C) is a compatible pair, which is equivalent to say that 3 x 3 matrix

L 1 1 1
Hble,C = 7 1 €27ridTlC1 627”{17162 (37)

1 627ri dTch eQTri ‘%2 co

is unitary. Because the distinct rows of the matrix Hy-1p ¢ are mutually orthogonal, we obtain that d;ci, €
b(:l:% +2) for j,k =1,2. Hence b € 3N.
Let b = 3bg, bp € N. With an easy computation, from (2.2), we have

~ 1 ) ) 1
5p(€) = §(1 4 2 g 2midaly — () o ¢ e ig +7Z and {dy,d2} ={1,2} (mod 3).
Hence,
Sip(6) =0 & E€by(x1+3Z) and {dy,do} = {1,2} (mod 3). (3.8)

Taking C = {0, (3n + 1)bg, (3n — 1)by}, where n € NU {0}, we obtain that (b='D,C) is a compatible pair.
Furthermore,

bo
-1

T(b,C) = {ib*jcj:cj ec}c (3n—|—1)[0,b ]. (3.9)

It follows from (3.8) and (3.9) that Z(S\b—l'p) NT(b,C) =0 if C = {0,by,—bo}. Then by Theorem 3.1, the
measure [, p,{n,} i a spectral measure. The proof of Theorem 3.6 is complete. O

4. Additional assumption on T'(b,C U (—C))

In the present section we will prove that puy p ,,) is a spectral measure for any increasing sequence
{n}72; € N under the assumption that 0 € C C {0,1,---,b— 1} such that each element in the attractor
T(b,C U (=C)) (see formula (1.3)) has a unique radix expansion in base b. Before stating our main result,
we first introduce and not include the proof of the following technique lemma, since it follows readily from
Lemma 3.1 and Lemma 4.3 in [2].

Lemma 4.1. Let b > 2 be a positive integer and D be a finite set of Z. Suppose that C+C C {0,1,---,b—1}
such that (b=1D,C) forms a compatible pair. Then there is a positive integer L and an integer set C such
that (b™'D +b"2D 4 --- +b~D,C) is a compatible pair and

Z(fip.p) NT (B, C) = 0.

Corollary 4.2. Let b > 2 be a positive integer, and D be a finite set of Z. Suppose that 0 € C C {0,1,---,b—1}
such that (b=1D,C) is a compatible pair and each element in T(b,C U (—C)) has a unique radiz expansion
in base b. Then there is a positive integer L and an integer set C such that b 'D+b 2D+ + b*LD,(,:)
is a compatible pair and

Z(fipp) NT(O*,C) = 0. (4.1)
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Proof. We will omit the proof, one can see Lemma 3.1 and Lemma 4.3 in [2]. We would like to point out
that the proof of Lemma 4.3 in [2] is easier with the help of Lemma 2.4 in our setting. The reader may refer
to [2] for more detail. O

As a consequence of Corollary 4.2, we obtain our main result.

Theorem 4.3. Let b > 2 be a positive integer, D and C be two finite subsets of Z with the same cardinality such
that (b=1D,C) is a compatible pair and 0 € C C {0,1,---,b—1}. Suppose that each element in T (b,CU(—C))
has a unique radiz expansion in base b. Then for any strictly increasing sequence {ng}3>; € N, iy n,} 8
a spectral measure.

Proof. Given a sequence {ny}?2 ;. We choose L as in Corollary 4.2 and set
Ay = ()i L) N (0.L). jeNU {0},

Then, from properties of compatible pairs (see Lemma 2.2 in [19]) and Corollary 4.2, there exist 5] ccC
such that (3, A b="D,C;) form compatible pairs, where C as in Corollary 4.2. Denote by

D= Y b7'D,  jeNu{o}
iEAj

Then 5j C Z and (b_Lﬁj, CNJ) are compatible pairs. It is easy to check that

6,0 {nx} = Op—rp, * Op—orfp, * -

The proof to be left only need us to use the same standard approximating method as in Lemma 3.1, but
we write it down for the sake of completeness.

Fix k € N. Let I'y, = 50 + bL51 + -+ b(k_l)LC},l and I' = U;ozl I'x. We will show that T' is a spectrum
for gy, D fn, - For the purpose of this, we assume that

vV = 5b*Lﬁo * 5b*2Lﬁl Koo 65*’@51{

Then, (vg,'y) are spectral pairs, and T is an orthogonal set for pu, p fn,} as a direct result of compatible
pairs. According to Proposition 2.3, we have

S aE+)i=1  ad Y |GppE+|*<1 (€€R).

~yeT) ~el

Fix £ € (—1,1) and set

Dk (€ + )%, if v € T fip, D, (e (E+ )%, if v €T
— d — [ k
() { 0, otherwise, and  f(7) 0, otherwise.

Then klim fr(y) = f(7) for vy € I'. For any v € I'y, we have b~ (:+1) Ly ¢ T(bL,CN) and
—00

Ao,y (€ + NI = 266+ D T s, €+

>k
> D€ + ) ] [5-res (€ + )|
j>1

— D&+ )T (0 (€ + ) [
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From Corollary 4.2, we choose J, € to satisfy the following condition
D (©)fF > €, forall €€ (T(",C))s, (4.2)

where (T(b%,C))s is the 6-neighborhood of T'(b%,C). Whence f(7) > efi(y) if b=FE < §/2. Hence by

Lebesgue’s dominated convergence theorem and Proposition 2.1, y, p (n,} is a spectral measure. The proof
of Theorem 4.3 is complete. 0O

In the end of this section, we give a proposition and an example to illustrate Theorem 4.3. The following
proposition shows that the cardinality of the digit set D is no more than L%(b + 1)| under the assumption
of Theorem 4.3. Here, the symbol |z] stands for the lower integer part of the real number z.

Proposition 4.4. Let b > 2 be a positive integer, 0 € C C {0,1,---,b— 1}, and every point in T(b,C U (—=C))
has a unique radiz expansion in base b, then 2#C < b+ 1.

Proof. We first have #.A = 2#C — 1. Suppose that #.A4 > b and fix n > 1. Then the set

B, :={) ajb 7 :a; € A a, # 0}

Jj=1

contains at least (b+ 1)"~!b different expansions, since each element of E,,(C T'(b,.A)) has a unique radix

expansion in base b. However, for any w =Y _"_, a;b™7 € E,,, we have

j=1
[ w| < (b—1)(b" '+ +b+1) < b — 1.

Hence there is no more than 2(b™ — 1) +1 = 2b™ — 1 possible different values in E,,. Note that (b+1)""1b >
b™ — 1, hence some number in F,, must have at least two different expansions in base b. It is a contradiction.
Which completes the proof. O

Example 4.5. Let b = 8, and let D = {0,d1,ds,ds}, where d; € D; = j+4Z for j = 1,2, 3. Then the measure
b, D, {n;,} 18 & spectral measure for any increasing sequence {n;}5>; C N.

Proof. Let C = {0,2,4,6}. Then the matrix in (2.4) is

11 1 1
IR R
Vil1-11 -1

1—i —1 i

is unitary so (8, D) is admissible. By Theorem 4.3, it is enough to show that each element in T'(b,C U (—C))
has a unique radix expansion in base b.

Indeed, it follows from (1.3) that the self-similar set K := T(b,C U (—C)) of IFS {@a(x) = b= (z + a) :
a € CU(—C))} is contained in the interval I := [—6/7,6/7]. It is easy to check that @u(I) N e (I) =0 for
distinct a,a’ € CU (=C). Hence ¢, (K) N @ (K)(C po(I) Npa (1)) = 0 for distinct a,a’ € C U (—C). That
is, the IFS {¢,} satisfies the strong separation condition (SSC). As we all know, SSC implies that each
element in 7'(b,C U (—C)) has a unique radix expansion in base b. The proof is complete. O
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5. Ultimately periodic sequences

In the present section we will deal with a class of sequences called ultimately periodic sequence, which is
a generalization of arithmetic procession.

Definition 5.1. A sequence {n;}%2,; C N is ultimately periodic (respectively periodic) if there exist constants
K, m, T > 1 such that

NgaT = Ng + M, k>K (respectively ngir =ni +m, k> 1).
If K =T =1, then the sequence {n;};°, is an arithmetic procession.

For example, the sequence {1,4,5,7,8,10,11,---} is ultimately periodic, where K =2, T = 2, m = 3.
Remove the first term, the sequence {4,5,7,8,10,11,---} is periodic.

Theorem 5.2. Let b > 2 be a positive integer, and let D be a finite subset of Z such that (b, D) is admissible.
Suppose that the sequence {ny}3, is ultimately periodic. Then the measure piy p {n,} 5 @ spectral measure.

In order to prove Theorem 5.2, we need the following fundamental theorem.

Theorem A. (See [19].) Let b > 2 be a positive integer, D and C be two finite subsets of Z with the same
cardinality such that (b=1D,C) is a compatible pair. Then the self-similar measure i, p is a spectral measure.
Moreover, if 0 € C C [=b+2,b— 2|, then ppp is a spectral measure with a spectrum

A(b,C) = {Z VY lcjic;€C, forall neN}.
j=1

Proof of Theorem 5.2. According to the definition of ultimately periodic sequence, there exist positive
integers K, T', m with T" < m such that

(NK4jT, s K4+G+1)7—1) = (MK, N yr—1) +jm, jEN.
Then the infinite convolution product measure
= 0p-ngxirp *Op—ngiriip ¥

exists in the weak convergence. Hence py, p (n,} = pix+7-1 * p1. It is sufficient to show that u is a spectral
measure with a spectrum

AN =prEsrTie o prerrasle o when C C[-b+2,b—2].
In fact, by Proposition 2.3, we first have

3 i1+ N =1 (€€R). (5.1)

AeAk+7-1(0,C{nk})

In view of that fact that (u, A’) is a spectral pair if and only if

S laE+H =1 (eRr), (5.2)

Y
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it follows from (5.1), (5.2) and the identity iy p n,1(§) = xyr-1(§)(§) that

S o €M)

AeA(b,C{nk})

Z Z ‘ﬁb,D,{nk}(f+5\+5\)‘2

AeAK17—1(D,C{nk}) AeA’

= Z Z ‘ﬁK-ﬁ-T—l(g"v‘)‘\-l—j\)’Q‘ﬁ(f‘F/.\—l-5\)‘2
NeAKk4r—1(b,C {nk}) AN

= Z ’ﬂK+T—1(£+5\)‘2 Z |/7(§+).\+;\)]2
AeAgi7-1(0,C{nK}) bYIY

= > Firsr—1(€+ 0|
/I\EAK+T71(b,C,{nk})

=1 (£€R),

which shows that (s p,(n,3, Ab,C, {ny})) is a spectral pair.
Next we show that (u, A’) is a spectral pair. Set

~ K+T-1 ~ K+T-1
D=pmsr=r " pD and O =pmrermor Y gl
i=K =K

Then both D and C are subsets of Z, and (b_mﬁ, 5’) forms a compatible pair. Since the sequence {ny. }7 - 7
is periodic, we have

H= 6b7"K+T71b—m5 * 6b*"K+T—1b—2m,5 Ol
in the weak convergence and
N = prEST=L(C 4 7 C A - - ) = BEHTIA (YT, C). (5.3)

With an easy calculation, C C [2 —b™,b™ — 2]. So by Theorem A, A(d™, 5) is a spectrum for the
self-similar measure

/"Lb'm.,ﬁ = 5b—mﬁ * 5b—2mf) Koewo

That is,

S s+ =1 (eR). (5.4)

AEA(L™,C)

It follows from (5.3), (5.4) and the identity i(§) = fiym 5 (b~ "*+7-1£) that

S+ = Y |G 01T =1 (€€R),
Nen! AEA(b™,C)

which shows that (u, A’) is a spectral pair. The proof of Theorem 5.2 is complete. O

Remark 5.3. If the sequence {nj}$2, satisfies that ngy1 = ngy + N for k € N where N chosen as in
Theorem 3.2, then Theorem 5.2 and Theorem 3.2 are consistent.
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