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1. Introduction

Let f = {f;} be a sequence of functions. For any given pair of nonnegative integers n and m and for
fixed t1,...,t, € R, we consider the Slater determinant

falt) oo frgm—a(t)
Sn,m(f;ﬁw”atm) = det : :

and the symmetrized Slater determinant

Sn,m f;t,.-.,tm
Wam(fitr, . tm) == V((tl 1 tm) )7

(1.1)

where V (t1,...,ty) is the Vandermond determinant of ¢4, ...,¢,. When the variables coincide, the sym-
metrized Slater determinant becomes, up to a constant, the Wronskian determinant
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fn<x) fn+1(w) (R fn+m71(x)
W(fna~~~;fn+m71;m) — det frlz(m) q/z+1(x) 7’1+m71(95)
A @) @ @)

Slater determinants are wave functions of multi-particle fermion systems in Quantum Mechanics [2,14].
For most of the models that are well understood, the wave functions are related to the classical orthogonal
polynomials. The main purpose of this paper is to study properties of Slater determinants for orthogonal
polynomials.

Let du be a positive Borel measure on R for which orthogonal polynomials p = {p,, } exist. We shall denote
by Spom(t1s...,tm) and Wy, p(t1, ..., ty,) the Slater and symmetrized Slater determinant Sy, p (p;t1,. .., tm)
and Wy, (p; t1, .. ., tm) throughout this paper. Let u, be the n-th moment of du,

n ::/t”dp(t), n=0,1,2,...,
R

and let M, be the Hankel matrix of the moments defined by

#0 /*LI e /‘L’ﬂ
n H1 M2 Tt Hntl

My, = [,ui+j]i,j:o = .
Hn  Hn+1 - Han

It is known [15] that det M,, > 0. The orthogonal polynomial p,, with respect to du can be defined by

- ]
Hn+41
Mnfl .
pn(x) = det : , n=0,1,2,..., (1.2)
Hon—1
lz,...2" 71| z»

which has the leading coefficient det M,,_;.
Associated with the measure du, we define two additional sequences of polynomials,

an(@) = e (Z) (—2)"F,  n=0,1,2,.... (1.3)
k=0

- m
Tm,n(m) :_Z:U‘n—i-k(k)(_m)m_ka n,m=0,1,2,.... (1.4)
k=0

These polynomials may be viewed as shifted moments of dp and moments of (-—x)™du, respectively, because
it is easy to see that

on(z) = / (t— 2)"du(t), and  rpn(z) = / £t — ) dp(t). (1.5)
R R

We define their extension to several variables by

Gt i) = /(t— Dt —t1) - (E— t)dp(t), (1.6)

R

a(tls .. ) = /t”(t—tl)---(t—tm)du(t). (1.7)

R
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One of the main results in this paper shows that the symmetrized Slater determinant W, ,,(t1,. .., tm)
of orthogonal polynomials can be represented by the Hankel determinant of either ¢, (¢1,...,tm—1;tm) or
Tn(t1,...,tm), and it can also be represented as a Selberg type integral. The results may be considered as
generalizations of results obtained in a long paper by Karlin and Szegé [10] and in a more recent paper of
Leclerc [11]. The latter is our starting point. Indeed, when all variables coincide, our Theorem 2.1 below
becomes

W(pm <oy Pntm—13 37) = Cn,m det [QW+i+j (‘T)]:]_:lo = Cn,m det [Tm,i+j (x)]zj_:lo )

where C,, ,,, is constant. The first identity is exactly Leclec’s result, whereas the second one appears to be
new. Another consequence of our results shows that the function

pu(®1) Pny1(z1) oo Pag2r—1(71)
(1) phga(1) oo Phyor—i(21)
F(zy,...,x,) :=det : :
Pn ('1:7‘) pn—i—l(xr) cee pn+2r—1(xr)
p;z (z) p’/ﬂ/-'rl(xr) e p;z—‘r?r—l(‘r?“)
is nonnegative for all n,r € N and (z1,...,2z,) € R". For r = 1 this is a consequence of the Christoffel-

Darboux formula. For r > 1 this appears to be new and it is a special case of an even more general result.

As an application, we show that the polynomials ¢,, and r,, , are closely related to the Jensen polynomials
of entire functions in the Laguerre-Pdlya class, and use our results to deduce new properties for the Jensen
polynomials. We will also discuss an interplay between our principal results and the orthogonal polynomials
that arise in the study of Toda lattices.

The paper is organized as follows: the main result for the Slater determinants of orthogonal polynomials
is stated in the next section. The proof and further discussions are given in Section 3. The connection
with Jensen polynomials and Toda lattices are discussed in Section 4. Examples on classical orthogonal

polynomials are given in Section 5.
2. Main results on Slater determinants

To emphasize the dependence on the measure du, we sometimes write M,,(du) = M, p,(dp; x) = pp(z)

etc.
Theorem 2.1. For every n,m € N, the symmetric Slater determinant Wi, m,(t1,...,tm) obeys the identities
Wn,m(tla e ,tm) = Bn,m det [qi+]‘+1(t1, e ,tmfl; tm)]Z;:lO (21)
= Bn,m det [7"2‘+j (tl, N ,tmfl, tm)]Z;:lo s (22)
where
m—1
Bpm = (—1)"™ H det My qn_1.
k=1
For 1 <k <m, let ok(t1,...,t,) denote the elementary symmetric functions of t¢1,...,t,, defined by

Okt tm) = > tiy et (2.3)

1<j1<je<-<jr<n
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By the definition of 7, (t1, ..., tm),

m

Pty otm) = Y (=D  or(te, . tm) fingm—n(dp).
k=0

It follows form Theorem 2.1 that the symmetric Slater determinant can be written in a concise form in
terms of the moments of du. Indeed, with t = (¢1,...,tm),

Wim(t) = Bimrolt Hdethz ) tom—k (W),

which appears in [6], and the next case is

m—1

Wom(t) = Bam [ra(t)ro(t) — r1(t)?],  Bom = H det Mjyq1.
k=1

We regard g, (z) defined in (1.3) as the case m = 0 of ¢, (¢1, ..., tm;x) and, evidently, r,, ,(x) defined in
(1.4) is rp(t1, . - -y ty) With ¢1 = ... = t,,, = x. Setting t; = ... = ¢, = x in Theorem 2.1 gives the following
corollary.

Corollary 2.2. For all m,n € N,

W(pna <oy Dndm—1; J?) = Cn,m det [Q’m-l-i-i-j (x)]:ij_zlo (24)

= Cm det [r i ()], (2.5)
where C,, n, is a constant given by

m—1

Crm = (=1)"™ [ k' det Myyn_1.
k=1

Identity (2.4) was proved by Leclerc [11]. Notice that it is easy to see that the determinant
W(pn,---, pn+m 1;x) is a polynomial of degree mn, but this is not obvious for the determinant

[@m+its(x )]” _o- It is clear, however, that det [ry, i1;(2)]; ., is a polynomial of degree mn, since each

,§=0
Tm,i+j () is of degree m.

For a further generalization, we make the following definitions.

Let my,...,m, € Nand m :=my + ...+ m,. We define the m x m determinant
T pal(ty) Pnt1(t1) oo Pnam—1(t1)]
P (t1) Pri1(tt) oo Phgm—1(t1)
— ma—1 —
A0 P e )
Syt (oot ) = det : : : : , (2.6)
pn(tr) pn+1(tr) cee pn+m71(t7’)
p%(tr) p/n+1(t7“) cee p;z+m—1(tr)
mrfl mrfl o m,.—1
D) ) e s )

its symmetrized verson



1556 D.K. Dimitrov, Y. Xu / J. Math. Anal. Appl. 435 (2016) 1552-1572

Wml""’mT(t t ) . S?l,-<-7m7~(t1,...7tr)
n 1yeeeylr) . mam.
H1§i<j§r(tj —t;)mim

as well as the corresponding polynomials

mi My
—— —
gt (bt ) = qn(tl, AU T AU ,t,.;x), (2.7)
mi My
—— —
P () = (Tt e ). (2.8)
Theorem 2.3. For everyn € N, my,...,m, € N with m:=mqy + ... +m,,
- ey My yeees Ml . n—1
Wttt (3 t,) = CMe™r det [qﬁljm’f 1(t1,---;tr—17tr)]i7j:0 (2.9)
ey My n—1
= Gy det [ (b ’tr)]m:o’ (2.10)
where
room; m—1
cyme = (=)™ [T T T det Misn-1.
i=1j=1 k=1
The matrix in (2.10) is the moment matrix M,,—1(Wm,,... m, (t1, - .., t,)) for the measure W, .. m, (t1,. ..,

tr;x) = (x —t1)™ -+ (z — t,)" du(x). We also obtain an integral representation for the determinants in
(2.6).

Theorem 2.4. For my,...,m, € N andn € N,

ML () = O H (t; —t;)™™

1<i<j<r
1 T n n

X E/H [IGs =t TI (si—s)® [ dutsy).
“gn =1 =1 1<i,j<n j=1

The integral in the above is a special case of the Selberg integral when du = w(x)dzr and w is a classical
weight function. We refer to [8] for a beautiful account of the Selberg integrals. In the case of m; = ... =
m, = 1, this result appeared in [3] and is well known in the random matrix community.

An immediate consequence of our main result is the following remarkable corollary.

Corollary 2.5. Let n,mq, ..., m, be positive integers. Then
SZmase2me () >0 for every (t1,...,t.) €R".
Furthermore, equality holds only if t; =t; for some i # j.
In the case of r = 1, S/ is the Wronskian W (py,...,Pn+m—1) and it is nonnegative on the real line if
m is even, as shown by Karlin and Szegd in [10]. Our explicit integral representation gives a direct proof of
this classical result.

We end this section by mentioning another connection of the Slater determinant. For o = (a1, ..., ) €
N§* with 0 < aq < ... < oy = 1, define
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m
Pn( ) det [pam—i+1+1’—1(tj)}i,j:1
ULy ooy Up) = ,
o " V{1, tm)
where u; = opp—ir1(t1, ..., tm), the elementary symmetric function of ¢q, ..., t,, defined at (2.3), then P is
a polynomial of degree n in (uq, ..., %) and, moreover, the set {P? : 0 < a1 < ... < @, = n} is a complete

set of orthogonal polynomials in m variables [7, Section 5.4.1]. The Slater determinant corresponds to the
case of « = (n,...,n).

3. Proofs of the main results and further results

We divide this section into subsections. The first subsection contains several lemmas on the polynomials
Pn, ¢n and 7r,. Our main results on the determinants are proved in the second subsection. The last section
contains other related results on Slater determinants.

3.1. Lemmas

We start with a fundamental tool in our work, a well-known identity that can be found in [13, p. 62].

Lemma 3.1. Let f;, g; be functions such that fig; € L*(R) for 1 <i,j <n. Then

n

dot | [ figsdu)| = [ detl 17, detlay )7, T duteo). (3.1)

4,j=1

Recall that the Vandermond determinant is given explicitly by

1 1 1
ot . tm
V(tr,..o tm) =det | . = I & -
ST | rsisien
gl gt e

One immediate consequence of the identity (3.1) is an integral expression of the orthogonal polynomial
Pn(dp).

Lemma 3.2. Forn=0,1,...

Pl ) = (=1)" det [qij41 (dps 2)]7 5

Proof. We use (3.1) with f;(t) = (z —t)? and g;(t) = (x — ¢)7T! to obtain, by (1.5), that

n—1

det [Qi+j+1(x)]i7j:o = t — ) ] l]ij

)

1 det [(tz - :E)j]Zj:l H d,u(tk)
k=1

:i'/ tlfa? n*ﬂj‘) H (tlftj)QHdlu(tk)
k=1

1<i<j<n

(=1)"pn (), (3.2)

where the last identity follows from a well-known expression for orthogonal polynomials; see, for example,
[15, p. 27]. O
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The integral representation (3.2) is the special case m = 1 of (2.4), already established in [11]. We include
the proof since it illustrates the strength of (3.1), which will be used several times in this section.

Lemma 3.3. The polynomial ¢ >~™" (tq,...,t.;-) satisfies

(1) gn(ti, - i tmi®) = g1 (tr, - tm—132) + (2 — tn)@n (b1, .- t—15 )5
(2) qn(ar,...,x;x) = qn+m(1‘)~

Proof. The first item follows from (1.6) by writing ¢t — ¢,, = t — x + & — t,,,. The second item follows directly
from (1.6). O

For given ty,...,ty, let du,, be the measure defined by

Appm () = dpm (1, -« - sty x) = (E—t1) -+ (t — t)dp(z).

Lemma 3.4. For m,n=1,2,...,

det [gitjp1(tr, oo tmo1stm)] Lo = det [rig(tr, o tn)]T 2 (3.3)

Proof. By the definition of w,,, we can write
Qivjr1(ts, - s tmo1;t /t*t ) dp (t).
R
By (3.1) with f;(t) = g;(t) = (t — t,n)?, we see that

det [gigj41(tr, oo tmo1itm)] 2 = /[V(51 ~tmse ey Sn — tm)]” [ [ ditm (si)
Rn '

- Wt Lt

Rn

where we have used the closed form of the Vandermond determinant in the last step. Applying (3.1) with
fi(t) = gj(t) = t7, it follows that the last integral can be written as

n—1

/[V 515 - Hdum Sj _dEt /3i+jdﬂm(s)

RrR™ R i,j=0
Directly from the definition, the integral on the right-hand side is r;4;(t1,. .., %), which proves (3.3). O

We note that each r;y; is a symmetric function of ¢1,...,%,,, so that the right-hand side of the identity
(3.3) is a symmetric function, which is, however, not obvious from the left-hand side of (3.3) because
Gn(t1y .. tm—1;tm) is not symmetric in t1,...,¢y,.

Lemma 3.4 shows that we have established the identity (2.2) and, setting t; = ... = t,,,, the identity
(2.5). Thus, we only need to prove our main theorems in terms of g, that is, (2.1).

For g"t-™r defined in (2.7), we can write its Hankel determinant as an integral.
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Lemma 3.5. For my,...,m, € Nandn € N,

1,j=
1 n T n . n
- / [T~ o T TIGss — e TT (si— 00 TLdutss). (3.4)
“gn i=1 i=1j=1 1<i,j<n j=1
Proof. Let m=m; + ...+ m,. lf my = ... =m, =1, then r = m and, by (3.2) and (3.7), it follows that
det [qitjt1(u, ..\ Um; x)]?j_zlo = (=1)"pp(dvm; x)
1 n n m
= J M=) L G- TTTLG - wintor)
g =1 1<i,j<n j=1i=1
Setting u1 = ... = Umy; = t1, Umy41 = ... = My, +m, = t2,..., in the above identity completes the

proof. 0O

Our last lemma in this subsection is well known. We give a proof since the same procedure will be used
later.

Lemma 3.6. For n,m € N,

Wom(z, ... x) = H J'W(Pn, -y Dntm—1;T).

Proof. In the determinant W, ,,(t1,...,tmn), we set t; = ¢t + jh for j = 1,...,m and rewrite the j-th
row of the left hand side in terms of the forwarded difference A% Yonyilti). Smce [licicjem(ti —ti) =
H;”:_ll jIam(m=1)/2 "taking the limit h — 0 completes the proof. O

3.2. Slater determinants

We prove the following result from which Theorem 2.1 can be deduced.

Theorem 3.7. Forn € N, mq,...,m, e Nand m:=my+...+m,,

T

Syl (ty, e, a) = B [ =)™ T (G — )™

i=1 1<i<j<r
x det [qﬁlj’+1’mr (t1,. ..t x)]:l;:lo , (3.5)
where
Brmr = (—)n(mAD) H H]' H det My p—1.
i=1j=1 k=1
Proof. We first prove the case of m; = ... = m,. = 1, for which » = m, by induction on m. That is, we

prove
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pa(t1)  Potr(t) -0 pogm(t)
det : : : : = Bn,m H(x - ti) H (tj - t’i)
pn(tm) pn+1(tm) cee anrm(tm) i=1 1<i<j<m
pu(x)  Prsr(z) o Pnim(T)
x det [qi+j+1(t1> e ,tm; .’ﬂ)]z;:lo y (36)

where By, ., = (—1)n0m+1) [T, det My 4y—1. For m = 0, (3.6) is the identity in the lemma. We now assume
that (3.6) holds for a fixed m — 1 and prove that it holds with m — 1 replaced by m.

We can assume, without loss of generality, that w(u) is supported on [a,b] with a finite number a.
Indeed, let x[4, denote the indicator function of the interval [a, b]; if w is supported on (—oo, b], then we
can establish the identity for the truncated weight function x(, 4 (7)w(x), and then take the limit a — —oc.
Since both py and g can be written as integrals against the weight function, as seen by (3.2) and (3.4), and
the identity (3.6) contains finitely many such polynomials, the limit exists as a — —oo exists.

Since (3.6) is a polynomial identity, we only need to establish it for ¢1,. .., t,, less than a. Then du,,(t) :=
(t—t1)...(t—tm)du(t) is a nonnegative weight function on [a, b]. It follows by the Lemma 3.2 that p, (dvy,)

is given by
Pr(dvpm; ) = (=1)" det [igj11(tr, - tm; )]0 72 - (3.7)
By (3.3) the leading coefficient 7y, (dvy,) of p,(dv,;x) is given by
Yo (A ) = det My, 1 (dvyn) = det [gig g1 (b1, st 13t} 52 - (3.8)

Moreover, by the Christoffel formula [15, p. 30], p,(du.m,) can also be given by

Pn(t1)  Png1(t) - DPnem(t)
Ap o (t : :
puldvniw) = @ e |1 (39)
Hk:l(x B tj) Pn (tm) pn+1(tm) T anrm(tm)
pn(@)  Pptr(z) o Poam(T)
where A, m(t) = Apm(t1,...,tn) is independent of z. In particular, the leading coefficient of z"™™ in

[T, (x — t;)pn(dvm; ), which is the same as v, (dvy,), is given by

'yn(dym) = An’m(t) det Mner,l det [pn+j71(ti)]::7::j:1 5

where we have used (1.2), from which it follows, by the induction hypothesis, that

Vn(d’/m) = An,m(t) det Mn+m—1Bn,m H (tj - tz) det [Qi-‘rj-‘rl(tla v 5tm—l; tm)]z;zlo .
1<i<j<m

Comparing the latter with (3.8) we obtain

= det Mn—i—m—an,m H (tj — ti).

1<i<j<m

Anm (1)

Consequently, combining (3.7) and (3.9) proves (3.6) with m — 1 replaced by m, where the constant B, ,,
satisfies the relation By, y+1 = (—1)" det M, 41m—1Bp, m. This completes the induction and the proof of (3.6).

Now we apply the limit procedure in Lemma 3.6 on the identity (3.6). Setting ¢t; = t1+jhforj=1,...,m4
in the identity and using
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H (ti —t;) = H (ti—tj)H H (ti —t;) H (ti — t5),

1<i<j<m 1<i<j<my i=1j=mi+1 m1+1<i<j<m

we take the limit h — 0 to conclude that

m
Wr,Tl71”'7171(t17tmr+la-~-atm7x) _ Bml,l,...,l H (tl —tj)ml H (ti _tj)
j=mi+1 m1+1<i<j<m
m K n—1
X (x—t1)™ H (x —t;) det [qHJH (t1ytmyt1 - - tm;:c)]i o’
i=mi+1 )=
where the constant is given by
mlfl
Bml,l,...,l — Bl,l,...,l H k.
Repeating the above process by setting t,,,+1 = ... = tm, +m, = t2, so that
m m
I[[ Gi-tym=t—ty™m [ t—tp)"
g=mitl j=mi+ma+1
it follows that (3.5) holds for §m1:m2:1:-11 Continuing this process completes the proof of (3.5). O
We note that Theorem 3.7 is more general than Theorem 2.1. Indeed, if m; = ... = m, = 1, then (3.5)

becomes (3.6), which is (2.1) after replacing x by t,,+1 and then replacing m by m — 1. Together with
Lemma (3.4), this completes the proof of Theorem 2.1.

Proof of Theorem 2.3. Taking m,-th derivative of (3.5) with respect to x and then setting x = t,, the
left-hand side becomes S ™ 2"+ (¢, ), whereas the constant in the right-hand side becomes
m!B]" ™ and the main term becomes

r—1
. —1
H (t; —t;)™im H(t — )ml(mTJrl) det [ql_‘_]’_'i;'l’mr (t1,. .oty tr)]zjzo .
1<i<j<r—1 i=1

By the definition of g,, it is easy to see that
" (b tit) = G (e tes ).
Replacing m, by m, — 1 in the resulting identity proves (2.9). Then (2.10) follows from (3.3). O
When r =1 and t; = z, the identity (2.9) becomes (2.4).

Proof of Theorem 2.4. Combining (3.5) with (3.4), we obtain that

T

S;ZH ’’’’’ mr’l(tla"'atram) :B:Lnl ..... " 1_[(‘73_tl>m1 H (tj _ti)mimj

i=1 1<i<j<r

SE 721 CEE) 1) R R
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The integral representation of S+ (t1,...,t,) is deduced from comparing the leading coefficient of
™™ in the above identity. O

We note that Corollary 2.5 follows immediately from Theorem 2.4 and it also follows from (2.10), since
the right hand side of (2.10) is the determinant of the moment matrix M, _1(dfim,,....m,) of the weight
function dpm, ... m,.(t) = (t —t1)™* -+ - (t — t,)™dp(t), which is nonnegative if mq,. .., m, are even positive
integers.

3.8. Further results on determinants
For positive integers £1,4s,...,{,, we define
Flae,, -, q0, (1, tms ) i=det [qr,45-1(t1, - - st :L‘)]ijl .
With this notation, the identity (3.6) becomes

det [pnj 1 (b)), = Bum—1 [[ (& —t)Flar, - anl(tr, -t 13 tm).
1<i<j<m

Furthermore, for 1 < j < n+ 1, we define
F[ql, .. .,E]\j, . ~7Qn+1] = F[ql, e 7qj*17qj+17‘ .. 7qn+1]'

Lemma 3.8. For m,n € N,

F[Qm,qu-‘rh s 7Qm+n—l](t;x) = Z(‘T - t)kF[qma T (/]\m+k7 ceey QWL-‘rn](x)
k=0

Proof. By Lemma 3.3, qx(t;2) = qry1(x) + (z — t)gx(z). Using this relation and writing the determinant
F(q1,-..,qn)(t,x) as a sum of two determinants according to the fist row, we obtain

Flgm; - - Gmin—1](t; )

QW—i-l(x) e qn-i-m(x) Qm(l‘) e Qn-‘rm—l(m)
Im+1(62) o Gngm(t;T) Gmt+1(t2) o qnam(tiT)

= . . + (z — 1) . )
Am-+n (t§ l‘) 0 Qmtn (t§ CC) dm-+n (t§ 37) T (Zern(t; CE)

Applying the relation gx(t;z) = gqr+1(x) + (x — t)gx(x) multiple times, it is easy to see that the first
determinant simplifies to F[gm1, - - -, @min](z). For the second determinant, we repeat the above pro-
cedure by splitting it into two determinants according to the second row, and simplify the first one to
Flqm, Gm+1,dm+2- - - - Gm+n)(x). Continuing this process, it is easy to see that the last determinant is
Flgm, -, @min-1](z). O

Proposition 3.9. For m < k <n+m,

pn(x) te pn+m(z)
o T = (DO R F gy G s s (). (3.10)
p" V@) o P (@)

k k
PPy o (@)
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Proof. Setting r =2, m; =1, mg =m, t; =t and t3 = x in the identity (2.9), Lemma 3.8 yields

pa() - Pogm(t)
pn:(x) p”*’:”(x) =Gy (@ = )" Flam - -, Gnrm—1](t; 2)
K@) - )
Z )" E [Gms -y Tmtis - -+ Gmtn]) (T)-
=0

Taking k = m + j derivatives of the above identity with respect to ¢ and setting ¢ = x, we obtain (3.10)
after changing the first row to the last row. O

If we want more gaps in the derivatives of p,, in the determinant, we will need, by (3.6), an extension of
Lemma 3.8 to more than two variables. For example, by (3.6) and an obvious extension of Lemma 3.8 to
more variables,

pn()  Prt1(z)  Prta(T)
Pn(t1) Pnt1(t1) Pri2(ti) | = Bpa(te —t1)(ta — z)(t1 — ) Flq1, . . ., qn](t1, t2; )
pult2) Pnti1(t2) Pny2(te)

n
= Bz —t1)(x —t2)(t2 — t1) Z Z*tl Flai, - Qrg1y - - Gng1](t2; ).
k=0

Writing to —t1 = (x —t1) — (x — t2), then taking derivatives with respect to ¢; and setting t; = x, it follows
that

p +1(ZL‘) pn+2($)
+1(@)  Pria(®) | =2By2(z — t2)
Pn+1(t2)  Pnia(te)
X (F[ql’ REE q”](tQ; ) (x —t2)F [qQ> cee 7Qn+1](t2;x))

where we have used Lemma 3.8 in the second term. Consequently, expanding F' in terms of the power of
x — tg by using Lemma 3.8, we derive the following:

Proposition 3.10. For k > 2,

Pn(®)  Pnr1(x)  poia(z)
(T P%+1($) pn+2(m) = 2k!B, 2
p() p () Pt

)
X (Flgy - Qs gl (@) = Flaz, -+ Gy - - -5 1] (2)) -

\_/\_/

For j > 2, however, the above discussion leads to

Pal®)  Pos() pn+2(93)
P (@) p() pla(2) | = Bagilz —t2)
Pn(t2)  Pryi(te) Pnya(te)

X (Flqi, .. qj—2,- - qni1)(t2;2) — (@ —t2)Flq1, ..., Gj—1, - - - Gnt1](t2; ) .

In order to continue the above procedure, we have to expand the right-hand side in powers of = — ¢, for
which we need a formula such as
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k n+2
Flgi, oo Qs s u] (B 2) = Z(x -t Z (¢ =ty =+t
i=1 j=kt1

X F[CI17-~-yE]\i7-~-,E]\j7---7Qn+2](5C)-
Taking derivatives with respect to ¢ and setting ¢t = x, we can then write

p@(fﬁ) pnﬂ(x) Pn_+2(33)
pl (@) pla(@) pla()

k k k
P (@) P pla)
as a sum of the determinants of the form Flqi,...,Gi,..., Q) -, qnt2](2).
4. Laguerre—Pélya class of entire functions and Toda lattices

4.1. The Laguerre—Pdlya class

The real entire function ¢(z) is said to belong to the Laguerre-Pdlya class LP if it can be represented as

oo

w(x) _ Cwmefaz2+bw H(l +x/xk)€*$/$k’
k=1

where ¢, b and xj, are real, xy # 0, a > 0, m € Ny and Zx;g < 00. The functions in £LP, and only these,
obey the property that they are local uniform limits, that is, uniform limits on the compact subsets of C, of
polynomials with only real zeros. Such polynomials are usually called hyperbolic ones. The Laguerre—Pdlya
class has been studied extensively since the Riemann hypothesis is equivalent to the fact that the Riemann
&-function, the one that Titchmarsh denotes by =, belongs to LP. We refer to [4-6] and the references
therein.

Laguerre gave a necessary condition for a function 1 to be in the Laguerre-Pélya class P € LP: if ¢p € LP
then

L(¢yz) = [ (@) — ()9 () 20 Vo €R. (4.1)

Jensen established a necessary and sufficient condition. If ¢ € LP and its Maclaurin expansion is

o0 ,’I,‘k
$(@) =D o (4.2)
k=0 ’

then its Jensen polynomials are defined by
n n 4
gn(x) = gn(¥; ) ::Z(,)'ij], n=0,1,....
— \J
J
Jensen himself established the following fundamental theorem in [9] (see [12]):

Proposition 4.1. A function 1 with the Maclaurin expansion (/4.2) belongs to LP if and only if all its Jensen
polynomials g, (1; x), n € N, are hyperbolic. Moreover, the sequence {g,(¢;x/n)} converges locally uniformly

to (x).
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The generalized Jensen polynomials are defined by
" /n
gn,k(m> :gn,k(¢7$) ::Z <j>’7k+jl"]7 nak:O717""
j=0

It is evident that g, o(z) = gn(z) and g, x(¢;z) = gn(v*);z), which shows, in particular, that
Gnx(Y;2/n) — ) () locally uniformly. Furthermore, it is easy to verify that gfﬁk(w; x) = ("+k)'gn k().
Consequently, it follows from (4.1) that, if ¢ € LP then

Ln(;2) == (n+2)[gr 1 (¥; 2)° — (n+ Dgn(v;2) g (Y;2) >0, Vo eR. (4.3)

Let us call L, (¢;z) the Laguerre determinant of Jensen polynomials.
Craven and Csordas [4] (see also [5]) gave another criterion in terms of the Turdn determinant of Jensen
polynomials:

Proposition 4.2. Let the Maclaurin coefficients of the real entire function ¢ be such that yg—17vk+1 < 0
whenever v, =0, k=1,2,.... Then b € LP if and only if

To(¥;2) := go (s 2) — go 1 (Vi 2)gnq (Y32) >0, Vo € R\ {0} andn €N. (4.4)

Our main result on the determinant shows that if ¢ is a Laplace transform of a non-negative measure,
then the Laguerre polynomial inequalities and the Turan inequalities are equivalent. Let us consider the
bilateral Laplace transform

L,(z):= /G_thﬂ,(t), z €C,
R

for a real nonnegative measure dy and it formal Maclaurin expansion
o o0
kg % - k, O/ tkdu
Then its Jensen polynomials g,, and g, x are given by, with v, = (—1)*puy,

Gn(Lys2) = Z (J) (=1)p;z’  and  gni(Lu;2) = Z ( ) (—1)7 27
j=0 =0

A direct verification shows that

gnj)(ﬁ/ﬁ Z) = ) gn—j,j (‘C/L; Z)7 0 S] S n. (45)

(n—j)!
It turns out that g, is related to our g, and g, j is related to our ry .

Lemma 4.3. For 0 < k <n,

1 1
gn(Lu;z) = (—2)"qn (du; E) and  gnx(Lpsz) = (— 1)"+km"rn b (du; ;) . (4.6)

Proof. These follow directly from the definitions of Jensen’s polynomials. O
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Theorem 4.4. For m,n € N,

n—1

n n(n— m! it+j
detlgmsss (152 = "0 det | Tl 0 (47)

L3=0 (m i+ )7

Proof. By (4.6), it is easy to see that

det[gmritj (35)]?,]:10 = gnmin(n=l) dEt[QeriJrj(l/x)]Z;:lov
n—1

m! (i+7) (x)} = 2™ det [ iq5(1/2)]7 2

e $,j=0"

4,j=0
so that (4.7) follows from (2.5). O

In particular, when n = 2, the identity (4.7) becomes

[9m+1(2)]* = g (@) gm+-2(2)

.232

(m+2)(m+1)2 (

(m + 2)[gh 11 (@) = (m+ g (2)gy12(x))

and it was observed by Craven and Csordas [4]. Identity (4.7) gives a direct relation between the Turdn
determinants and the Laguerre determinants of any order.

4.2. Toda lattices and orthogonal polynomials

The Toda lattice is a model for a nonlinear one-dimensional crystal that describes the motion of a chain
of N particles with nearest neighbor interactions. The Hamiltonian of the Toda lattice is

> (PE()
H(p,q) = Z < k2 4 e_(‘lk+1(t)_Qk(t))> ,

k=1

where py, is the moment of the k-th particle and g is its displacement from the equilibrium. With the change
of variables of Flashka and Moser

1 1
= —e(@pi—a)/2  p — _—
Qg 26 ) k 2pk7

the equations of motion become

ai(t) = ar(t)(br(t) — b(t)) and  ai(t) = 2(ai(t) — a4 (1))

Let L = (I; ;) be the Jacobi matrix with diagonal entries Iy , = by and off-diagonal ones Iy k41 = lg+1,6 = Qk,
and let B = (b; ;) whose only non-zero elements are the off-diagonal entries by y+1 = —bgt+1,5 = ax. Then
the Lax form of the equations of motion is

d
—L =B, L]
—L=(B1]

The matrix L is naturally associated with the sequence of orthonormal polynomials, with the time variable
as a parameter, which satisfy the three term recurrence relation

an(t) pn+1($§ t) = (l‘ - bn(t))pn(x; t) - an—l(t) pn—l('r; t)~
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These are in fact the characteristic polynomials of the principal minors of L and they are orthogonal with
respect to the measure du;(x) = e'®dpug(x), where dpug corresponds to t = 0. Once the direct problem with
the initial data at ¢ = 0 is solved and the polynomials p,(z,0) are obtained, one needs to solve the inverse
problem. A fundamental problem is to construct p,(x,t). In order to do so, as it is seen from (1.2), it suffices
to calculate the moments mg(t) = [ zFe'”dpug(z). These moments are obtained by successive differentiation
of mo(t) because dmy(t)/dt = myy1(t). Therefore, the principal task in solving the inverse problem is to
determine

mo(t) = [ e dpo(o).

One possible approach is to approximate this formal Laplace transform by the Wronskians of the orthogonal
polynomials p,(z;0) = p,(du; x).

If dp is a non-negative measure supported on [0,00), then Lu(x) is the Laplace transform of u. Let
(Lp)™® be the k-th derivative of L. Then, for z > 0,

() (a) = [(~t)fe " dutt) = (-1l

R

where ugf) is the k-th moment of the measure du(®) := e=**dpu(t). By (4.5) and g, ((Lu)*); x) = gnr(Li; ),
we can rewrite (2.5) as

L n—1
detlg iy (Cpi)]ity = 20 det [g((Lp)i0)] . (48)

i,J=

Furthermore, by (4.6) and (2.4), we conclude that

L n—1
Chpm det [gm((ﬁ,u)(”]); x) o "W (pn, - Pntm—1; 1/2).

In particular, when n = 1, we obtain the following corollary:
Corollary 4.5. For m € N, z € R,

W(p1,. .- ,pm;1/x) .

gm (Lp ) = (=)™ ==
vk det My, (dp)

Lu(z), m — oco.

As another corollary of these relations, we deduce the following result:

Corollary 4.6. Let p1 be a nonnegative Borel measure and assume that its Laplace transform Lu is real
analytic on [0,00). Then form=1,2,...,

det [(Eu)(”j)(x)}jj;o >0, z€(0,00).

Proof. From (4.6) and Corollary 2.5, the right hand side of (4.8) is nonnegative if m is an even positive
integer. By its definition, it is easy to see that

m (L @) / (1 —ta)™du(t).
0
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It follows from dominant convergence theorem that

o0 2m
- G+i). T\ _ s _ = i+ _ (i+7)
lim g2, ((ﬁu) ; 2m> = lim (1 ) T dp(t) = (Lp)" ™ (2).

m m— oo 2m

For fixed n, the above limit carries over to the determinant in the right hand side of (4.8). This completes
the proof. O

In fact, since the determinant in the corollary is that of the moment matrix for du(*), it is positive.
5. Examples

In this section we illustrate our main results in the case of classical orthogonal polynomials. We recall
that if p,,(du) denotes the orthonormal polynomial of degree n with respect to the measure du, then

det Mn—l (du) n

O Tn—18) m 1
det My (dp) © T (5.1)

Pu(dp; ) =
which can be used to determine the determinant of M, (w) for the classical orthogonal polynomials.

5.1. Hermite polynomials

For the weight function w(x) = e_””zdx/ﬁ, which is normalized so that py = 1, its moments uy are
given by

2k)! (1)
Mok = 5~ = | = and  piog+1 =0,
2k~ \2),

where (a)r :=a(a+1)...(a+n—1) is the Pochhammer symbol. The corresponding orthogonal polynomials
are the Hermite polynomials H,(z),

n!

Hy(z) = Z (—1)km&1’)n72k7

0<k<n/2

normalized by H,(z) = 2"2"™+. ... The orthonormal Hermite polynomial is f[n(x) = H,(x)/v2"n!. Hence,
it follows from (5.1) that the determinant of the moment matrix M, for w(z) satisfies

n! mk!
det M,, = 2—ndetMn_1 = :’}:[127

Since the orthogonal polynomial p,, which appears in (2.4) is given by

pn(z) = det M1 o

it follows that in this case

m

det M, +5—2
det [pn—&-j—l(ti)]zmjzl = H Q"‘F% det [Hn+j_1(ti)];:lj-:1 .

j=1
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Let w(ty, ... tm;x) = (x —t1)...(x — tn) e * . According to (2.2), we obtain that

det [Hiyyj-1(t;) /2" 1T det M,y (w(ty, ... tm))

tj=1 _ (_l)nm
Vit tm) det M,,_1 ’
where M,,_1(w(t1,...,ty)) is the moment matrix of w(ty,...,t,). Furthermore, (1.6) shows that
qn+1(t1;--- tm 1, /t—t t17,tm,t>dt
R

is the shifted moment of w(ty, ..., t,). According to (2.1), we can replace the term det M,,_1 (w(ty, ...

in (5.2) by the determinant of these shifted moments of wy,.
By the definition of (1.3), it follows readily that

=S () ey =y

Furthermore, it is easy to see that, if n is even, then

1 -_m nrl 9
rm,n(x) = (5) ,,L(ix)mSFl ( 2 l2 ’ 2 ;7LU7 ) ,
2 2
and if n is odd, then
1 —_m+1l —m42 nt2
Tm,n(x) = _m(i) . (_x)m+13F1 ( 2 §2 L) ;_1.—2>
e 2
Now, if up, = b*vy, then it is easy to verify that

det [ug, 41" = _ i (i) qet [b&«kj*l]?j:l .

Using this identity, it follows that (2.4) becomes, for the Hermite polynomials,

m(m—1)
_1)mn2 5 in(n—i—m—l) L

dt[H(kl) ] ! det [H

e n+j 1( ) kj=1 2'”(71271) Z;:n il € [ +k+J(Zx)]kj -0
(71)mn2(m+n)(;n+nfl) o

= — % det [rm7k+j(a:)]k7j:0 .
k=m "

The first equality appeared in [11, (33)].

5.2. Laguerre polynomials

1569

For a > —1, the weight function w, (t) = t*¢~*/T'(a+1) has the moments px(ws) = (+1)g, k=0,1,....

The Laguerre polynomials are orthogonal with respect to w, and they are explicitly given by

(oz—l— Dy = (—n)jal (=™

« — n —

Lo (x) = g TSR =Yz + ..., Yo 1=
Jj=

The leading coefficient of the orthonormal Laguerre polynomial of degree n is given by 1/y/n!(a + 1),, so

that, by (5.1),
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n n
Mk wa
a+ 1)
H Mk‘ 1 wa U
Let wo(t1, .-y tm; ) := (x —t1) ... (& — tym)x*e~". According to (2.2), we obtain that

det [y (t) /rmrjr]
V(ty, .. tm)

det Mn—l(wa(th cee 7tm))
det M,,_1(wy) ’

= (-1

where M, _1(wq(t1, ..., tm)) is the moment matrix of wy (£1, ..., tm).
By the definition of ¢, = g, (we) in (1.3), we obtain that

n

n0i) = 3 () @+ Dy

=0
n

—(D”(na)nz(_m(_)x);, = (=D)L Y ().
3=0 3

(—n — a);

This polynomial appeared in [11] as a constant multiple of L "~2%(x), but —n — 2« should be —n — o — 1.
Furthermore, by the definition of 7y, », = 7', 5 (we) in (1.4) and using (a)j+x = (a);(a + )k,

n

Pmn(Wa; @) = Z (7;) (@ + Dngm—j(=2)7 = (@ + 1)ngm (Wpta; @)

J=0

= (=1)"m!(a+ 1), LoD (—g).

It follows that (2.4) becomes, for the Laguerre polynomials,

det (Lg+j—1(x))(i71)

= At (i L )]
1,]=

= A (m)™ det [(a + 1)i+jL;m—i—j—a—1(—x)]?;:lo ,

where

o (cymeevepty
e HJ ((n+j =1 det My_q(wa)

Notice that the two determinants in the second identity have the Laguerre polynomials of the same param-
eters but different degrees.

5.3. Gegenbauer polynomials

For A > —1/2, the weight function wy(t) = cx(1—t2)*~/2, where ¢y = T(A+1)/(I'(3)['(A+3)) is chosen
so that pg = 1 and the moments are given by

(5)k

— d =0, k=0,1,....
()\+1)k an Mok+1 5 )

M2k =

The Gegenbauer polynomials C7) are orthogonal with respect to wy, they satisfy
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A(2X)
CMNH)CN (Hwy()dt = h\6nm, h) = 220
C,\/ n() m( )w)\() nYn,m; n (77,+)\)TL',
and those polynomials are given explicitly as
—n lon g (AN)n2"
M) =y "o F 272 A= e .
Cn(x) TnT 211 1—mn— )\ 22 Tn n! (5 3)

The leading coefficient v} of C* divided by /h? is the leading coefficient of the orthonormal Gegenbauer
polynomial of degree n. Hence, by (5.1),

ﬁ M;( w,\ ﬁ AN k! ﬁ (2\) k!
M1 (w)) k:l (k+X)(N)322k  (A+1), Pt A)222k°

Let wx(t, ... tm;x) = (x —t1) ... (x — t;,)(1 — 2)*~ /2. According to (2.2), we obtain that

det [07)1\+j—1<ti)/fyr>\z+j—l]¢7j:1 _ (71)nm det Mnfl(’w,\(tl, . 7tm)) (5 4)
V(tl,...,tm> detMn,l(wA) '
where M,,_1(wx(t1,...,tx)) is the moment matrix of wy(t1,...,tm).
Lemma 5.1. For wy andn=0,1,..., ¢, = g,(wy) is given by
A+1/2
@) = el Oy A ) = (a7 — 1S V) (5.5)
(A4 1), cn (1)
Proof. Directly from the definition of (1.3), it is easy to see that
" /n . _n l=n 1
_ (T (e 202 . L
) =3 (Tst-or = ek (T ) (5.6

Jj=0

Writing A+1=1—n—(—n — A) and using (—A —n), = (—=1)"(A + 1), the first expression for ¢, follows
from (5.3). Applying the identity [1, (2.3.14)],

—n,b (c—Db), —n,b
2 1( c ,x) (O)n 2 1(b—|—1—n—c’ 1:)

to the right hand side of (5.6), it is easy to see that we obtain

n A+ 5)n2" 5, 45" 1
an() = ()" Gy (1 2 2 sl -
n 2

n!
=@, e (merv/er 1)
by (5.3), which is the second representation of ¢, since C>‘+1/2( =02 x+1),/nl. O

As in the case of the Hermite polynomials, we have the following formulas for 7, ,(z). If n is even then

n —m+1 —m+2 n+2
2 m—1 2 ) 2 ’ 2 -2

m,n = 7N 1N = E: y T )

T ,(l’) ()\+1)%( l‘) 3 2( %7)\4—1—"—";17 >
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where as if n is odd, then

Tmon(x) = —m(i

Tt follows that (2.4) becomes, for the Gegenbauer polynomials,

mn TTm—1 m A
A -] _ (=1) k=1 TS v o m(m+n—1)/2
det | (Cajma @)V = RS YA (a? — 1ymimn=D)

CML/2 (—2/Va? = 1) n—1

x det | 1t

A+1/2
CmJ-r&-i{I-j(l)

—1
(_1)mn 21:1 k! H;n:1 724—]‘—1
det Mn_l(’w)\)

,j=0

det [r’\ (ac)] nl

m,itj i,j=0"
The first equality already appeared in [11].
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