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1. Introduction

In this paper, we provide a version of Bishop—Phelps—Bollobés theorem for numerical radius for operators.
To recall such result we introduce some notation. For a Banach space X, Bx and Sx will be the closed unit
ball and the unit sphere of X, respectively. We will denote by X* the topological dual of X and by £(X)
the space of bounded linear operators on X endowed with the operator norm. The symbols F(X), K(X)
and WC(X) denote the spaces of finite-rank operators, compact operators and weakly compact operators
on X, respectively. It is well known that F(X) C K(X) C WC(X). Throughout this paper the normed
spaces will be either real or complex.

Bishop—Phelps—Bollobas theorem states that for any Banach space X, given 0 < ¢ < 1, and (x,z*) €
Bx x Sx- such that |z*(z) — 1] < %, there is a pair (y,y*) € Sx x Sx- satisfying
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ly -zl <e, [[y"—2"[ <e and y*(y)=1

(see for instance [4], [5, Theorem 16.1] or [6, Corollary 2.4]).

After some interesting papers about denseness of the set of norm attaining operators, in 2008 it was
initiated the study of versions of Bishop—Phelps—Bollobds Theorem for operators [1]. More recently it was
considered the problem of obtaining versions of such results for numerical radius of operators (see [10,
Definition 1.2]). We just mention that the numerical radius of an operator is a continuous semi-norm in the
space L(X) for every Banach space X.

Guirao and Kozhushkina proved that the spaces ¢y and ¢; satisfy the Bishop—Phelps—Bollobas property for
numerical radius (BPBp-v) in the real case as well as in the complex case [10]. Falcé showed the same result
for L1 (R) in the real case [9, Theorem 9]. Choi, Kim, Lee and Martin extended the previous result to L (1)
for any positive measure p [11, Theorem 9]. Avilés, Guirao and Rodriguez provided sufficient conditions
on a compact Hausdorff space K in order that C'(K) has the BPBp-v in the real case [3, Theorem 2.2].
For instance, a metrizable space K satisfies the previous condition [3, Theorem 3.2]. It is an open problem
whether or not such result is satisfied for any compact Hausdorff space K in the real case. In the complex
case there are no results until now for C'(K') spaces.

In this paper, motivated by Definition 1.2 of [10], we introduce the notion of the BPBp-v for subspaces
of the space of bounded linear operators (see Definition 2.1). A Banach space X satisfies the BPBp-v,
introduced in [10], if and only if the space M = L(X) satisfies the BPBp-v. Then, we give some sufficient
conditions on a subspace M of £(L1(u)) to satisfy the BPBp-v, for any finite measure u. More precisely,
we show that M has the BPBp-v if M contains the space of finite-rank operators on L (p), is contained
in the class of representable operators on Li(u) (see Definition 2.2) and Tj4 € M for every T € M and
any measurable set A, where 7}, is the operator on Li(u) given by T|a(f) = T'(fxa) for all f € Li(u).
As a consequence of the main result we obtain that for any o-finite measure u, the spaces of finite-rank
operators, compact operators and weakly compact operators on L;(u) have the BPBp-v. The results are
valid in the real as well as in the complex case.

2. Bishop—Phelps—Bollobés theorem for numerical radius for some classes of operators on Lq (1)

If X is a Banach space and T' € L£(X), we recall that the numerical radius of T, v(T), is defined by
v(T) = sup{|z* (T (z))| : © € Sx,2* € Sx~,z*(z) = 1}.

In general the numerical radius is a semi-norm on £(X) satisfying v(T) < ||T|| for each T € L(X). The
numerical index of X, n(X) is defined by

n(X) = inf{v(T) : T € Sg(x)}-

Hence, n(X) is the greatest constant ¢ such that ¢[|T|| < v(T') for each T' € L£(X). It is always satisfied that
0 < n(X) <1 and, in case that n(X) = 1, it is said that X has numerical indezx equal to 1. In such case
it is satisfied that v(T') = ||T|| for each T € L(X). It is well known that the spaces L; (i) and C(K) have
numerical index equal to 1 for any measure p and any compact Hausdorff space K [8, Theorem 2.2].

Guirao and Kozhushkina [10] introduced the definition of the BPBp-v. We will use a little different
concept by admitting subclasses of the space of bounded linear operators on a Banach space X.

Definition 2.1. Let X be a Banach space and M a subspace of £(X). We will say that M has the Bishop—
Phelps—Bollobds property for numerical radius (BPBp-v) if for every 0 < & < 1, there is () > 0 such that
whenever S € M, v(S) =1, g € Sx and zjj € Sx~ are such that x§(zg) = 1 and |z{(S(z0))| > 1 — n(e),
there are T' € M, x1 € Sx and =] € Sx~ such that
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i) zi(z1) =1,
ii) |27(T(z1))| =v(T) =1,
iii) v(T = 8S) <e, ||z1 — x| < e and ||z — x| < e.

Let us notice that for spaces with numerical index equal to one, Definition 2.1 can be reformulated by
using the usual norm of the space £(X) instead of the numerical radius.

The following simple technical lemmas will be useful. Next lemma is a straightforward consequence of [1,
Lemma 3.3].

Lemma 2.1. Assume that {z), : k € N} C {z € C: |z| < 1} and {8 : k € N} C C satisfies that > -, |8 = 1.
If0<e<1andRe (X o, Brzk) > 1— €2, then

Z|ﬁk|>1—57

keB

where B ={k € N:Re (Brzr) > (1 —¢)|Bk|}.

Next result is a generalization of Lemma 2.1 to L1 (u). Also it extends [10, Lemma 2.3] where the authors
state the analogous result for the sequence space ¢;.

Lemma 2.2. Let (2,3, 1) be a measure space. Assume that 0 <e <1, f € By, (,) and g € Br,__(,) are such
that

1—e?<Re /fgdu.
Q

Then the set C given by
C={teQ:Re f(t)g(t) > (1 —-2)lfD)I},
satisfies that
Re /fgdu>1—5.
c
Proof. It is clear that the set C' is measurable. By assumption we have

1-c*><Re [ fgdu<Re [ fgdu+(1—¢) [ |f]du
[romre | /

Q\c

<ere [rgdura-o [ians [151dn) <ere [1gdusr-e
C C C

a\C

Hence,

Re/fgdu>1—5. O
C
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Lemma 2.3. Let z be a complex number, 0 < € < 1 and assume that

Re z > (1 —¢)lz|.

Then
|z — |2]| < V2¢lz].
Proof. We write 2 = z + iy, where z,y € R. Since 22 + y?> = |2|? and 2 = Re z > (1 — €)|z|, we have

y? < |z|? — (1 —¢)?|z|? = (26 — £?)|2|2. It follows that
|2 = |2l)* = (2] = 2)2 + 9% < (e|2])? + 2e — )22 = 2622 O
We recall the following notion (see for instance [7, Definition II1.3]).

Definition 2.2. Let (£2, %, 1) be a finite measure space and Y a Banach space. An operator T € £(L1(n),Y)
is called Riesz representable (or simply representable) if there is h € Loo(p,Y) such that T'(f) = [, hf dp
for all f € L1(n). We say that the function h is a representation of T'.

We will use the following identification.

Proposition 2.1. ([7, Lemma I11.4, p. 62]) Let (Q, %, 1) be a finite measure space and 'Y be a Banach space.
There is a linear isometry ® from the space R of representable operators in L(L1(w),Y) into Loo(u,Y") such
that if T € R and ®(T) = h, then it is satisfied that

T(f)= [hf dn. Jorall f€Lip)

Q

Tt is known that WC(L1(u)) is a subset of the representable operators into L;(u) whenever i is any finite
measure (see for instance [7, Theorem II1.12, p. 75]). We will write R(L1(p)) for the space of representable
operators into Li(p). Given T' € L(Li(u)) and a measurable subset A of 2, we will denote by 7}, the
operator on Ly () given by Ti4(f) = T(fxa) for all f € Li(p).

In [2, Theorem 2.3] it was proved that a subspace of £(L1(u),Y") that contains the subspace of finite-rank
operators and is contained in the space of representable operators and that satisfies also an additional
assumption has the Bishop—Phelps—Bollobas property for operators whenever Y has the so called AHSp,
a property satisfied by Li(u). Now we will prove a parallel result for numerical radius for subspaces of
L(L1(p)). Of course, such proof is more involved since we have to approximate one pair of elements (x, 2*)
in the product of Sz, () X S(r,(u))+ instead of one element in the unit sphere of L;(u).

In the proof of the next result we will write g(f) instead of [, g(t)f(t) du for each element f € Ly (u)
and g € Loo(p).

Theorem 2.1. Let (Q,A,u) be a finite measure space and let M be a subspace of L(Li(u)) such that
F(Li(p)) € M C R(L1(p)). Assume also that for each measurable subset A of Q and each T € M it
is satisfied T4 € M. Then M has the BPBp-v, and the function n satisfying Definition 2.1 is independent
from the measure space and also from M.

Proof. Let us fix 0 < e < 1. We take n(=n(e)) = 2% Assume that Ty € Sa, fo € Sp, () and go € Sty
satisty go(fo) = 1 and |go(To(fo))| > 1 — n. Let Ag be a scalar with |[\g| = 1 and such that |go(To(fo))| =
Re Aogo(To(fo)). By changing Ty by ATy we may assume that Re go(To(fo)) = |g0(To(fo))|. In view of
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Proposition 2.1 there is a function hg € St,__ (4,1, () associated to the operator 7. Since the proof is long
we divided it into five steps.

Step 1. In this step we will approximate the pair of functions (fy, go) by a new pair (f1,91) such that f;
and g; take a countable set of values and also there are subsets where f1, g1 are constant and hg has small
oscillation on these subsets.

More concretely, we will show that there are functions f1 € Sp, () and g1 € Sp__(,) and a countable family
{Dy : k € J} C Q of pairwise disjoint measurable sets such that p(Dy) > 0 forall k € J, p(Q\Upec; D) =0
and such that the following conditions are satisfied

£

€
— — — 2.1
Ilfr = foli < 7 lg1 — gollee < 1 (2.1)
Regi(f1) >1—mn, Regi(To(f1)) >1—n, (2.2)
for each k € J, fi and g; are constant on Dy (2.3)
supq{||ho(s) — ho(t)]]1 : s,t € D} <n, Vke€J, (2.4)

and

1= ||h0Hoo = Sup{||h0(t)||1 :t e UkeJDk}. (25)

Since the set of simple functions is dense in both L; () and Lo (1), there are simple functions fi € Sg, ()
and g, € Sr__(y) satisfying (2.1) and (2.2).

On the other hand, by [7, Theorem I1.2, p. 42] there is a measurable subset E; of Q such that u(E;) =0
and ho(Q\ E1) is a separable subset of L;(u). Suppose that the set {y; : i € N} is dense in ho(2\ E1). Since
f1 and g1 are simple functions, we can assume that Im(f;) = {a, : r = 1,...,n} and Im(¢g1) = {b; : | =
1,...,m}. Now, fori e N, r € {1,...,n} = N and [l € {1,...,m} = M we consider the following subsets
of Q

Ay = hal(B-;L(ih)) N(Q\ E) N fi ar) Ngy (b)

and
Airay = (hg (B (9:)) \ UiZihg (By (ye))) N (Q\ Ev) 0 fH ar) Ngy H(br), Vi > 2.

It is clear that the elements of the family {A; ;) : (i,7,1) € N x N x M} are measurable subsets of {2 and
pairwise disjoint. Now, let W = {(i,7,1) € Nx N x M : u(Ag,py) = 0} and By = U(z’,r,l)eW Agirp- By
the definition of W it is trivially satisfied that Es is measurable and p(E2) = 0. On the other hand there
exists a measurable subset E3 of Q\ (Ey U E3) such that u(E3) = 0 and ||h|lec = sup{||h(¢)|]1 : t € Q\E3}.
Assume that {Dy, : k € J} is the family of pairwise disjoint measurable subsets obtained by indexing the set
{AGr \ E3: (i,7,1) € (Nx N x M)\ W}. Then, we have that u(Dy) > 0 for all k € J, u(Q\Upc; D) =0
and also the family {Dy, : k € J} satisfies the conditions (2.3), (2.4) and (2.5). Therefore, by (2.3) there are
sets of scalars {ay : k € J} and {vx : k € J} such that

f1=zak%’v), Slal=1, g = mxn. lnl<l, Vel (2.6)
wes PR S keJ

Step 2. In this step we will define another simple function fa € Sp,(,) which is an approximation of f1,
and can be expressed as a finite sum instead of the countable sum appearing in the expression of f; given
in (2.6).

By (2.6) and (2.2) there is a finite subset F' of J such that
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Z|O¢k|>1—77>07 Regl(Zak

keF keF

) >1-—mn, (2.7)

and also

Re g1 <T0<Z ak;((g’;)>) >1—1. (2.8)

keF

For each k € F we put f; = ﬁ and define fo = >, Bk%~ In view of (2.7) and (2.8) we have

keEF ‘

that
XDy
Re g1(f2) = Re g1 <,;Bku(gk)> >1-n (2.9)
and
Re g1(To(f2)) = Re g1 (To (]; B u?g;)» >1—1. (2.10)

Clearly fo € Sz, (4 and by (2.6), (2.7) we have that

XD XD
1f2 = fallr = Zﬂk ’“ > o o "
keF keJ
= | my M any T 2 Dy
keF i H(Dk) kEJ\F (D) |l
<S> B —arl+ D okl =1= Jarl+ DY ol (2.11)
keFr keJ\F keF keJ\F
&
:2(172|ak|) <<
keF

Step 3. Now, we approximate the function hg by a new one hq such that for each k € F' the new function
is constant on each Dj. So we also approximate the operator Ty by a new one.

For this aim we choose an element t; in Dy, for any k € F, put ¢y = ho(tx) € Li() and define
h1 € Loo(p, L1 (1)) by

h1 = hoXo\(U,, D) + D YkXDy-
keF

By (2.5) we have that [|h1]|cc < 1. If T1 € £(L1(1)) is the operator associated to h1, then T3 is the sum of
TO‘Q\(UkeF p,,) and a finite-rank operator, so Ty € Bay. By using (2.4), we clearly have

[T = Toll = [|h1 = holloc < sup{[ltx — ho(t)]l1 ¢ € Dk, k € F} (2.12)
= sup{Hho(tk) — ho(t)”l it € Dy, ke F} <n.

Since || To|| = 1 we get that 0 < 1 —n < ||T1]] < 1. Now we define T5 and so we have that

_ 1
Tl
T2 — Thl| =1 — || T1]| < n.

In view of the previous inequality and (2.12) we obtain that
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€
T2 = Toll < |72 = Tall + 1Ty — Toll < 2n < - (2.13)
From (2.10) and (2.13) we get that
Re 1(T2(f2)) = Re g1(To(f2)) — |T2 — Toll > 1 = 3n. (2.14)

On the other hand, it is clear that

Ti(f2) = | hife du= hy fa dp + Z hyfa dp = Z Bt
[

keF keF
NUrer Dk Dy,

For simplicity, for each k € F', put ¢ = |1?6| So we have that
1

2) =Y Brd-

keF
It is clear that ¢5 € Bp,(,) for every k € F. From (2.9) and (2.14) we obtain that

Regl(z%< XD’“)+¢ )) ZReg1<f2%T2(fQ)> >1- 2.

fer 2 \n(D

Step 4. In this step we will obtain approximations f3, T3 of fo and T5, respectively. We will check in the
final step that T3 attains its norm at f3, a necessary condition for our purpose. In fact f3 and T3 are the
final approximations to fo and Tj.

Define the set G as follows

G = {keF Regl<ﬂ2 (ﬁg’;ﬁ@“)) >(1—\/ﬁ)/3k|}-

In view of Lemma 2.1 we have that

4
DB > 1=V =1- . (2.15)

keG

It is immediate that

Re3k91< XDy >> (1-2van) il = (1 - 215)\3k| vk € G.

D
(D)

So, for each k € G we have

Re Bkvk = Re Brg (ﬁgb) > ( 215>\ﬁk| ( 215)|ﬁmk\

Hence, we obtain that 8 # 0 for k£ € G and also that

4

el > 1 — 2% >0, vk € G. (2.16)

By using also Lemma 2.3 we get
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2
g
1Breve — 1Bkl < ?‘ﬁk’)ﬂ'

Hence,
1Bryel| €2 1Brvel| €2
_ PR d |y — PRI 2 k 2.1
=P S ana |- B S e (2.17)
S0
Ve |Bl
—_— = — 7 Vk € G. 2.18
il B (219
The element f3 given by
fo = 1 1Bx Vel XD,

dowea Bl S me m(Dr)

belongs to the unit sphere of Li(u). Now, by using (2.15) and (2.17) we get that

B B 1 | Be vk XDk XDk
sl B ek

keG Tk keF
1
_ HZ m Z |ﬁk’)/k| XDk Zﬁk XDk Z ﬁk XDk
keG 1Pkl oG Tk keG keF\G 1
1 Br
keG| 2ekeG 1Pkl Tk keF\G
1 BrV Bk ﬂk%
Lol sl 5,
keG! 2akeG 1Pkl Tk Tk keG keF\G
2
5
<1=> (Bl + > o7 1Bkl + > 18]
ked keG kEF\G
e ¢
< 2(1 . ) £t
> 1Bel) + 57 =3
keG
In view of (2.1), (2.11) and (2.19), we obtain that
e € €
Ilfs = follh < [Ifs = falls + 1.f2 = fullh + [ f1 = follr < gtgti<e (2.20)

Now notice obviously that

4
Re Brgr(dr) > (1 —2/20)|8e] > ( 263)|5k|, Vk € G.

For each k € G, define Py as follows

P, = {t € Qs Re Brgr(H)on(t) > (1 - ;) |ﬂk¢>k(t)|}.

Clearly Py is a measurable set. According to Lemma 2.2, for each k € G we have
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Re [ Sunn du> (1= 51l
Py,

SO

2
¢kdu>1—€—>0.
27

Let us fix k € G and t € Py,. Notice that 8g1(t) # 0. By Lemma 2.3 it follows

| Brgr (t)pr(t) —
_ 1Brg1(t)¢r(t)]
20 = )

|Brg(t)pr(t

)| < o518 (Bn (D),

1o,

For each k € G we can define the element ¢y, in Lq () by

k-
el S, [0kl die gn

Pk = 7

ekl el

Py

It is immediate that ¢ € Sp, (). From (2.21) and (2.22), for each k € G we have

lor — Dkl < llox — drxp i + llorxo\p, I

19
<“Pk_¢kXPk +f
1
|91] |91 \ﬂk| |91|
<\ ou = 2o Dy | ] 2 o2 i,
Br g g2
Hl ||¢ |MXP,€ OLX Py Jr?
1
\g1| Y Bkl e
< [l = 25y 21 R il +ost
P Tl P g xR T Tl T B 7
g1 €
< k—|—|¢k|—' wa| +5 oy 219)
Vi okl loal 91| 3
= |l "o |— Xp||
el [, [0l dp gn ** |7 | 4
13 5 13 19
—1- di+ S <458

Let the function hs be defined as follows

hi

2

hs = Tl T X\Uee Dk T Z PkXDy -

It is easy to see that hs belongs to the unit sphere of Loo(u, L1(p)). Let T3 € Ser, ()

keG

Vk € G,t € Py.

933

(2.21)

(2.22)

1

(2.23)

) be the operator

associated to the function hs in view of Proposition 2.1. Since G is a finite set, F (L1 (u)) C Mand Ty € M,
by using the assumptions on M we know that T5 € Sp,.
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We also have that

hy
I3 = 7ol = s - iy |
71l o
h1
h3XQ\(Uk€GDk) + Z h3XDk - m XQ\(ngng Z ||h || XDk
keG keG oo
h1 hl
=\ XQ\(UreaDy) T Z PrXDy — Tl XQ\(UkeeDr) — Z DLX Dy
ol 2 Tl 2 oo
6 «
=D (pr—¢r) xpi|| = suprk —anlly <5 (by (2.23)).
keG
By the previous inequality and (2.13) we obtain
175 = Toll < |5 = T2 + [|T2 — To|l <e. (2.24)

Step 5. Finally, we are going to find an approximation of g; and complete our proof.
Weput A= {teQ:|g(t)>1- ;—i} and let the function go be defined by go = |g—1|XA + 91X\ 4- Since
g1

g1 € Sp_(u), we have that go € Sp__(,)- It is also clear that

2
£
llg2 — g1llec < o7 (2.25)

By using (2.1) and (2.25) we also have that

2

€ €
g2 — golloo < 1lg2 — g1lloe + [l91 — golloe < 57 + 1 <e. (2.26)

By (2.16) we know that |y > 1 — 2% for each k € G. Since G C J, in view of (2.6), the restriction of ¢;
to Dy coincides with v, and so Dy C A for all k € G. Hence,

_ Ok
QQ‘Dk —m, Vk € G.

Therefore, we deduce that

_ 1 1Brvkl XDy )
0:(5) g2(zkegﬁk|,§c, % #(Do)

— 1 1Brvel 1
_ZkeG|5k|k€G Vi u(Dk)QQ(XDk) (2.27)

_ 1 1Byl
2kec 1Bl 2 e Tl

=1

For each k € G, from the definition of P, and A, we deduce that P, C A, so

ekl Vi
2 (oK) / dp = —. (2.28)
el [p, |65l dps vl

Since
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1 | Bk
2 ke |Bxl e Tk

Ts5(fs) = [ hafs du=
/

by using (2.28) we have that

_ 1 |Br Ve
2kea 1Bkl ke Tk

92(T5(f3)) 92(#r)

_ 1 Bkl e
ke Bl I v

=1. (2.29)

We have shown that there are elements T3 € S, f3 € Sr,(u) and g2 € Sp_(,) that in view of (2.20),
(2.24), (2.26), (2.27) and (2.29) satisfy

1T5 = Tol| <e, I fs = folli <e, g2 — golles <€
and also
92(f3) = 92(T5(f3)) = 1.
8
So we showed that M has the BPBp-v with the function 7 given by n(e) = 25" a

In case that p is a o-finite measure, there is a finite measure ¢ and a linear isometry ® from L;(u) onto
L1(¢). From this fact we deduce the following result which generalizes Theorem 2.1 for some well-known
classes of operators.

Corollary 2.1. Let (2,3, 1) be a o-finite measure space. The following subspaces of L(Li(u)) have the
BPBp-v and the function n satisfying Definition 2.1 is independent from the measure space.

1) The subspace of all finite-rank operators on Li(u).
2) The subspace of all compact operators on Ly ().
3) The subspace of all weakly compact operators on Lq(u).

In case that p is finite, then the subspace of all representable operators on Li(u) also has the BPBp-v.

Proof. Assume first that p is a finite measure. It is known that F(Li(u)) C K(Li(p)) € WC(L1(p)) C
R(L1(p)) and Tya(Bpr, () C T(Bg, () for each T' € L(L1(p)) and every measurable subset A of . Also,
it is clear that Tj4 € R(L1(u)) for any T' € R(Li(p)) and every measurable subset A of Q. Therefore, the
spaces F(L1(w)), K(L1(w)), WC(L1 (1)) and R(L1 (1)) satisfy the assumptions of Theorem 2.1, and so the
above statements hold in case that p is finite.

Now, let u be a o-finite measure. We will show that the space F(L1(u)) satisfies the BPBp-v. There
is a finite measure ¢ and a surjective linear isometry ® from L;(u) into L1(¢). The mapping ® induces a
surjective linear isometry from F(Lq (1)) into F(L1(¢)) given by T+ ® o T o @~ 1. Since ® is an isometry,
it follows that v(T) = v(® o T o ®~1) for every T € F(L1(n)). On the other hand, it is satisfied that
(f,9) € TI(Ly () if and only if (B(7), (®1)"(g)) € TI(L1(C))- Also (1) (g)(oTo @1 (®(1))) = g(T(f))
for every T' € F(L1(p)). Since F(L1(¢)) has the BPBp-v we deduce the same property for F(L1(u)).

The proofs of the statements 2) and 3) are analogous. O
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