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uy = V - (d1Vu — xuVv) + ku — pu?, z €N,t>0,
vy = doAv — Bv + au, e t>0

Boundedness in a smooth bounded smooth but not necessarily convexr domain Q C R™ (n > 3)
Global existence with nonnegative initial data wug,vo and homogeneous Neumann boundary data,
Blow-up where di,d2, o, 8,0 > 0, x,k € R. We provide quantitative and qualitative

Long time dynamics descriptions of the competition between logistic damping and other ingredients,

especially, chemotactic aggregation to guarantee boundedness and convergence.
Specifically, we first obtain an explicit formula po = po(n,di,ds,a,x) for the
logistic damping rate p such that the system has no blow-ups whenever p > po. In
particular, for Q C R3, we get a clean formula for po:

%ax, if di = d2,x > 0 and € is convex,

o(3,d1,d2, a, x) = ) .
ﬁ(i + d%)a|X|, otherwise.

This offers a quantized effect of the logistic source on the prevention of blow-ups.
Our result extends the fundamental boundedness principle by Winkler [42] with
di =1,d2 = a = :=1/7, Q being convex and sufficiently large values of p beyond
a certain number not explicitly known (except the simple case 7 = 1 and x > 0) and
quantizes the qualitative result of Yang et al. [52]. Besides, in non-convex domains,
since po(3,1,1,1,x) = (7.743416 - - - )x, the recent boundedness result, u > 20x, of
Mu and Lin [25] is greatly improved. Then we derive another explicit formula:

alx| K4
4 didz8

p1 = pi(dy,dao, o, B, K, x) =

for the logistic damping rate so that convergence of bounded solutions is ensured
and the respective convergence rates are explicitly calculated out whenever p > p;.
Recent convergence results of He and Zheng [9] are therefore complemented and
refined.
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1. Introduction and main results

Chemotaxis, the tendency of cells, bacteria and similarly tiny organisms to orient the direction of move-
ment (otherwise random) toward increasing or decreasing concentration of a signaling substance, has been
attracting great attention in biological and mathematical community. A celebrated mathematical model,
initially proposed by Keller—Segel [19,20], makes up of two parabolic equations reflecting chemotactic move-
ment through a nonlinear advective—diffusive term as its most defining characteristic. Their pioneering works
have initiated vast investigations of the K—S model and its various forms of variants since 1970. We refer to
the beautiful survey papers [2,12,15,46], where a broad survey on the progress of various chemotaxis models
and rich selection of references can be found.

If biological processes in which chemotaxis plays a role are modeled not only on small timescales, often
the spontaneous growth of the population, whose density we will denote by wu, should be incorporated.
A prototypical choice to achieve this is the logistic type source xu — pu? with birth and death rates x and
1, respectively. Let us then begin with the most simplest perhaps the most interesting so-called minimal-
chemotaxis-growth model

up =V - (Vu — xuVo) + ku — pu?, zeNt>0,
U = Av — v + u, ze N t>0,

(1.1)
gu — 9v =, x € 0Q,t > 0,

u(2,0) = ug(x) > 0,0(x,0) = vo(x) >0, zeQ

where 2 C R™",n > 1 is a smooth bounded domain, v denotes the concentration of the chemical signal,
k>0, >0,7>0and xy € R. The nonlinear term yuVwv, the defining term in chemotaxis models, is called
chemotactic term: in the case x > 0, it models the cells movement toward the higher concentrations of the
chemical signal, which is called (positive) chemotaxis, in the case x < 0, it models the cells movement away
from the higher concentrations of the chemical signal, which is called negative chemotaxis.

Model (1.1) with k = 0,4 = 0 corresponds to the classical Keller-Segel minimal model [19,20], which
and whose variants have been extensively explored since 1970. The striking feature of KS type models is
the possibility of blow-up of solutions in a finite/infinite time (see, e.g., [2,15,46]), which strongly depends
on the space dimension. A finite/infinite time blow-up never occurs in 1-dimension [11,30] (except in some
extreme nonlinear degenerate diffusion model [6]), a critical mass blow-up occurs in 2-dimension: when the
initial mass lies below the threshold solutions exist globally, while above the threshold solutions blow up
in finite time [14,29,33], and generic blow-up in > 3-D [41,46]. The knowledge about the classical KS type
models appears to be rather complete, see the aforementioned surveys for more.

The blow up solution or a § function is surely connected to the phenomenon of cell aggregation; on the
other hand, various mechanisms proposed to the underlying model have manifested that blowup solutions are
fully precluded while pattern formation arises [5,12,26,51]. Among those mechanisms (see the introduction
in [51]), inclusion of a growth source of cells is a common choice. In particular, the presence of logistic
source has been shown to have an effect of preventing ultimate growth of populations. Indeed, in the case
n = 1,2, even arbitrarily small x> 0 will be sufficient to suppress blow-up by ensuring all solutions to (1.1)
are global-in-time and uniformly bounded for all reasonably initial data [11,30,31,50]. This is even true for
a two-dimensional parabolic—elliptic chemotaxis system with singular sensitivity [8]. Whereas, in the case
n > 3, the first boundedness and global existence were obtained for a parabolic—elliptic simplification of (1.1),
i.e., 7 = 0, under the condition that u > MX [37]. Recently, this result was improved to the borderline

n
case [ > "T’2X [10,18,39]. See also the existence of very weak solutions under more general conditions [40].
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For the full parabolic—parabolic minimal chemotaxis-growth mode, fundamental findings were obtained by
Winkler [42]. Under the additional assumptions that € is convex and p is beyond a certain number o not
explicitly known (except the case 7 = 1 and x > 0, where u > % x is sufficient to prevent blow-ups), he
proved the existence and uniqueness of global, smooth, bounded solutions to (1.1). Recently, a progress on
global boundedness to (1.1) with x > 0 was derived as long as u > 6y for some implicit positive constant 6
depending on Sobolev embedding constants [52]. In 2015, an explicit lower bound for a 3-D chemotaxis-fluid
system with logistic source was obtained by Tao and Winkler [35], when applied to the chemotaxis system
(1.1) with x = 7 = 1, their result states that p > 23 is enough to prevent blow-ups. This bound was further
improved by Lin and Mu [25] (2016) in three dimensional settings, wherein they replaced the logistic source
in (1.1) by the damping term « — pu” with r > 2 to derive the boundedness under

[T > 20y (1.2)

Their arguments were done to the case that € is convex by remarking that they could be adapted to
non-convex domains by virtue of the papers [17,28]. Of course, when r > 2, this result was already implied
by [42,52]. Moreover, for the particular choices k = 7 = 1, under certain largeness condition on the ration
1/ X, the stabilization of bounded solution (u, v) of the KS model (1.1) to the constant equilibrium (1/p,1/1)
as t — oo occurs [9,25,47,55]. While, for arbitrarily small p > 0, only existence of global weak solutions to
(1.1) is available [22] in convex 3-D domains. Other dynamical properties of (1.1) can be found e.g. in [13,
23,36,48,49]. Finally, we observe that enormous variants of (1.1) have been considered to provide conditions
on diffusion, degradation, chemo-sensitivity and mostly on the growth source ensuring the boundedness of
the proposed models [2,4,38,50,54] and the references therein, and that explosion of solutions is possible
in chemotaxis systems despite logistic growth restriction [45]. Therefore, it is meaningful to detect more
circumstances where no blow-up is allowed for the minimal KS model with logistic growth (1.1).

It is widely known that the KS minimal model (1.1) with k = g = 0 admits both bounded and unbounded
solutions, identified via the critical chemotactic sensitivity un [7,16]. Therefore, the model (1.1) is simply
a supercritical case with the balance of logistic damping and aggregation effects, for which the property of
solutions should be not only qualitatively but also quantitatively determined by the parameters involved.
Motivated by the works [25,35,42,52], we attempt to provide a quantitative description of the competition
between logistic damping and other ingredients, especially, chemotactic aggregation, and, in particular, we
aim to find a full picture on how the lower bound g of the logistic damping rate u is affected by all the
involving parameters so that no blow-up is allowed for p > pg. Therefore, in this paper, we will consider a
full parameter K-S minimal system with a growth source covering the standard logistic source as follows:

up =V - (d1Vu — xuVv) + f(u), x e Qt>0,

v = daAv — Bv + au, zeNt>0, 13)
1.3

%:%:0, x €00t >0,

u(z,0) = uo(x) > 0,v(z,0) = vo(z) >0, x €,

where 0 C R™,n > 1 is a smooth bounded domain but not necessarily convex, dy,ds,, 8 > 0, x € R and
f R — R is smooth and satisfies f(0) > 0 as well as

f(s) <a—ps?, ¥s>0 (1.4)

for some a > 0 and p > 0.

With the aid of the boundedness criteria ([2,50]) on how the growth source affects the boundedness for a
general class of chemotaxis-growth systems than (1.3), we provide a detailed algorithm to derive an explicit
formula for the lower bound g of the logistic damping rate p such that the system (1.3) admits only
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globally bounded solutions whenever u > ug. For nonconvex domains, our procedure is mainly carried out
in physically relevant settings (n = 3,4,5), where we have a clean and compact formula for ug. Precisely,
our main quantitative findings in this regard read as follows:

Theorem 1.1 (How strong a logistic damping can prevent blow-up for (1.3)). Let Q@ C R™(n > 3) be a bounded
smooth domain, the initial data (ug,vo) satisfy ug € C(Q) and vg € WHPo(Q) with some pg > n and let f
satisfy the logistic condition (1.4) and dy,ds, o, 8 >0, a >0 and x € R.

(i) For n =3, let the lower logistic damping rate po = po(3,d1,da, o, x) of p be explicitly given by

%ax, if di = d2,x > 0 and Q is convez,
Ho = 3 1 2 . (15)
\/E_Q(E + 3)alx|, otherwise;

(ii) forn =4,5, let the lower logistic damping rate po = po(n, d1, da, a0, x) of p be explicitly given by

&ax, if di = dg,x > 0 and Q is conver ,
Ho = 1 (1.6)
max{ h(n, dy, da), 27— (g + d2)}04X|, otherwise

with

h(n,dy,dz) = O<e<d1,0<n<d {\/18(126 + \/2e
+

@ )(+2d2)[f+ e }}

(dr—€)(d2—n)

Then, whenever i > pg, the chemotazis-growth system (1.3) has a unique global-in-time classical solution
(u,v) for which both u and v are positive and uniformly bounded in € x (0, 00).

Remark 1.2 (Notes on how strong a logistic damping can prevent blow-up).

(P1) The explicit logistic damping rate po given in (1.5) or (1.6) exhibits the contributions of the degra-
dation, creation and diffusion rates, etc in respective of boundedness of solutions of (1.3). That is, it
shows how strong a logistic damping is needed to prevent blow-ups for (1.3).

(P2) The formula for pg is not only explicitly expressible but also is independent of the degradation rate
B of signals, the birth rate a of cells, the size of domain €2, initial data wug, vy and Sobolev embedding
constants. This gives a quantized effect of the logistic source on preventing blow-ups, and hence
improves the boundedness principles [42,50] and the qualitative result [52].

(P3) For x =0 (no chemotaxis, cf. [50, Proposition 2.6]) or & = 0 (decoupled), the boundedness and global
existence are easily seen for any g > 0. In this sense, the form of po(n,d;,ds, o, x) captures and
respects our common understanding.

(P4) The chemo-repulsion case, i.e., x < 0 is allowed as well in po.

(P5) po(n,dy,da,a,x) = 0o as dp — 0 or d2 — 0 (and it is decreasing in dy and dz); thus small diffusion,
especially, degenerate or nonlinear diffusion, enhances the possibility of the occurrence of blow-ups.

(P6) In the case that € is nonconvex, we have

(nonconvex) 9
31,1,1,Y) = —y = (7.743416 - - - ).
o ( X) = 5= )X
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Hence, the very recent boundedness result, 1 > 20y obtained from (1.2) with » = 2, of Mu and
Lin [25], and the byproduct boundedness, p > po(3,1,1,1,1) = 23 of Tao and Winkler [35], as their
studied 3-D fluid system coupled with the minimal chemotaxis system (1.1), are greatly improved.

For mathematical completeness, one may wonder such an explicit formula is also available in n-D (n > 6).
Indeed, our algorithm suggests that an explicit formula for 1o in > 6-D of the form 6y(n,dy, d2)a|x|, which
is not clean but enjoys the first 5 properties (P1)—(P5), would be also available:

(Q1l) For general n > 6, no blow-ups can occur to the minimal-chemotaxis-growth model (1.3) if p >
NO(na dla an a, X)a where

ﬁax, if di = ds, x > 0 and 2 is convex,

/J’O(nadlad27aﬂx) = { (17)

Oo(n,dy, d2)alx|, otherwise

with some explicit (perhaps cumbersome) formula 6y in terms of n, d; and dy with the property that
0y — oo as either d; — 0 or dy — 0.

Indeed, the first case of (1.7) has been shown in [42] for the KS model (1.1) with 7 = 1, see Lemma 4.8 below
for the full-parameter model (1.3). Based on [52] and a careful and painful inspection of our procedure, it
is quite possible to trace out the formula 6y in (1.7). Here, we leave the rigorous justification for future
investigations.

In nonconvex domains, the logistic damping rate po(n,ds, d2, a, x) is the smallest damping rate that we
could obtain using this procedure. While, in convex domains, we have ,uéconvex)(?), 1,1,1,1) = 0.75. A com-
parison to uénonconvex)(?), 1,1,1,1) = 7.743416 - - - as computed in (P3), indicates that convexity and equal
diffusivity make a big difference in respective of boundedness and that the formula pg(n,d1,ds, @, x) may
not be optimal even through it meets the expected properties described in (P2) and (P3), on the other hand.

This discussion leads us to ask other challenging questions left for the minimal-chemotaxis-growth
model (1.3):

(Q2) Does there exist a critical damping rate u§ that distinguishes between occurrence and impossibility
of blow-up for (1.3). That is, for a logistic source satisfying f(u) < a — pu?, when p < u§, blow-up
occurs; whereas, when p > u§, blow-up is impossible.

(Q3) What happens for small logistic damping p < pg, boundedness or blow-up?

Questions akin to (Q2) and (Q3) may have been indicated by existing literature [42,50]. To explore
them, a combination of the references [36,37,39,45,47,48] may be of some help. A complete (quantitative
or qualitative) description of the competition between chemotactic aggregation and logistic damping is
definitely worthwhile for future explorations.

When logistic damping wins over chemotactic aggregation, i.e., u > uo or equivalently |x| < m,
we wish to see the explicit effects of each term in (1.3) on the long time dynamical properties of bounded
solutions. To this end, we study the large time behavior of solution for the minimal chemotaxis model with
a standard logistic source:

up = V- (dyVu — xuVo) + ku — pu?, z€Q,t>0,
v = do Av — Bv + au, reQt>0,

(1.8)
gu — v —, z € 0Q,t>0,

u(z,0) = up(x) > 0,v(z,0) = vo(z) >0, x € Q.
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For di = d2 = a = 8 = k = 1, the uniform convergence of bounded solutions to (1/u,1/p) is first
proved in [47, Theorem 1.1] for u/x > 0 sufficiently large and then in [25, Theorem 1.3] for p > 20y; for
dy = dos = a = = 1, He and Zheng [9] modified the energy functional method from [1] to obtain the
stability of the constant equilibria (0,0) and (k/u, x/p) with convergence estimates [9, Theorem 3|. Next,
for completeness and to see the role of other parameters in the large time behavior of the solutions, we
combine the energy functional method from [1,9] to show the stability of the constant equilibria (0,0) and
(k/p, ar/(Bp)) for the full-parameter KS model (1.8). Our precise results on the large time limit of bounded
solutions of (1.8) are collected in the following theorem.

Theorem 1.3. Let Q@ C R™"(n > 1) be a bounded smooth domain, ug >,% 0, di,d2,a, 8,0 > 0, K, x € R
and, finally, let p > uo as obtained in Theorem 1.1 so that (u,v) be a global and bounded classical solution

of (1.8).

(i) When k > 0, assume additionally that

alx| [k
dy,d == . 1.9
/,L>,U,1( 1, 2704’67"{7X) 4 dle/B ( )
Then the solution (u,v) of (1.8) converges exponentially:
K ak _
ul-,t) — ;HL&(Q) + flv(-t) = i (| oo () < Ce™* (1.10)
for all t > 0 and some large constant C' independent of t and
s aky? kx? a
mm{(l‘ - 4d1d2;¢60)7 4d1d2u(ﬂ - H)} 1 o  4didyp?
v= ; )
(n 4 2) max{£, Sdffjw} 245 aKry
(ii) When k = 0, the solution (u,v) of (1.8) converges algebraically:
_1
[ D)oo @) + [0 Ol Lo (@) < C(E+1)7 7 (1.11)
for allt > 0 and some large constant C' independent of t.
(iii) When k < 0, the solution (u,v) of (1.8) converges exponentially:
lu, Ol =) < Cem7, ol 1)l (o < Ce™ T min{Emt (112)

for all t > 0 and some large constant C' independent of t.
Remark 1.4 (Ezplicit effects on convergence and convergence rate).

(P7) The formula pi(dy,ds, a, 5, K, x) exhibits the explicit contributions of each gradient in (1.8) on con-
vergence and it enjoys the property in (P3). Besides, our convergence complements and refines [9,
Theorem 3 for dy = dy = o = [ = 1] by explicitly computing out the rates of convergence.

(P8) From Remark 1.2, we find that x and 8 do not play any role in boundedness; while, they play
big roles in the long time behavior as seen in (1.9), especially, the S-effect has not been detected
yet in the existence literature. In particular, pq(dy,ds, a, B, Kk, x) is decreasing in dy, do and 3, and
w1 (dy,da, o, By K, x) = 0o asdy — 0or dy — 0or 8 — 0. Therefore, small diffusion, especially, degener-
ate or small degradation, makes the stabilization harder. This together with (P5) may provide certain
clues on how to produce blow-up solutions for Keller—Segel chemotaxis models with logistic source.
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In chemotaxis-growth systems, the most challenging and interesting wide-open question is to detect the
possibility of finite/infinite-time physical blow-ups (n = 3) (nonphysical radially symmetrical blow-ups has
been demonstrated in [45] for n > 5). Remarks 1.2 and 1.4, especially, (P5) and (P8) suggest certain clues
on how to produce unbounded solutions [3,7,24,43,44]. To attack such a challenging problem, one may try
the following chemotaxis system and perhaps its simplified version:

{ut =V - (e1(u)Vu — uVv) + ku — pu?, x€Qt>0, (1.13)

TV = €60V — €3V + u, ret>0
with €; > 0(i = 2, 3) being sufficiently small and either €;(u) being a sufficiently small positive constant or
€1(u) — 0 as u — oo (very slow diffusion at point of high densities). Indeed, for 7 = 0,¢;(u) =0, €2 = €3 =1

in (1.13), verifications can be found in [23,48,49]. We leave the challenging exploration of the possibility of
blow-ups to (1.13) (and hence (Q2) and (Q3)) for our future studies.

2. Preliminaries and subtle inequalities for (1.1)

For convenience, we start with Young’s inequality, which states, for any positive numbers p and ¢ with
% + % =1, that

J Xl
ab<T + 2 vab>o0.
P q

This immediately implies the so-called Young’s inequality with e:

Lemma 2.1 (Young’ s inequality with €). Let p and q be two given positive numbers with % + % = 1. Then,
for any € > 0, it holds

q

ab < ea? + , Va,b > 0.

(ep)?q
The local solvability and extendibility of the parabolic—parabolic chemotaxis system (1.3) is well-

established by using a suitable fixed point argument and standard parabolic regularity theory; see, for
example, [16,42].

Lemma 2.2. Let dy,ds,a, 8> 0,a >0, x € R and let Q@ C R™ be a bounded domain with a smooth boundary.
Suppose that the initial data (ug,vo) satisfies ug € C(Q) and vo € WLP(Q) with some p > n and that
fe Wl{)coo (R) with f(0) > 0. Then there is a unique, nonnegative, classical mazimal solution (u,v) of the
IBVP (1.3) on some mazimal interval [0, Tyaz) with 0 < Tper < 00 such that

u € C(Qx [0, Traz) NC?HQ x (0, Traz)),
v € C(Qx [0, Trmaz)) N C*HQ % (0, Trnaz)) N L3S, ([0, Trnaz); WP (Q)).

loc
In particular, if Ty < 00, then
lu(-, )|l Loy + [[v(, B) lwrp @) — 00 ast =T, .. (2.1)

For chemotaxis model without growth source, the total masses of cells are conserved. While, for chemo-
taxis system with logistic growth, this is not true but the L'-norm is bounded by integrating the u-equation
in (1.3). The following basic lemma has been well-known, cf. [42,50], for instance.
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Lemma 2.3. Let f satisfy the logistic condition (1.4). Then the solution (u,v) of the KS system (1.3) satisfies
u < ||u + (a+ Q
< |luo|lzr 1
Q

and

2021 a 1
2 < 22 — | — 1 )2
!w < 19wl + g 35190+ ol + (o + i)

for allt € [0, Taz)-

Next, we establish three subtle commonly used lemmas, which are refined results of the corresponding
[42, Lemmas 2.2-2.4] even for 2 being convex. In such case, the ideas used to derive these inequalities are
known [34,42].

Lemma 2.4. Let f satisfy the logistic condition (1.4). Then, for any p > 1, the solution (u,v) of the KS
system (1.3) satisfies

1d —1)x?

L2 [ o-v- [ertapsp [wrt < D fujgupsa [ @
€

P Q Q Q Q Q

for allt € (0,Tpqz) and for any e € (0,dy).

Proof. For any p > 1, multiplying the u-equation in (1.3) by uP~! and integrating over Q by parts, using
Young’s inequality with € and the logistic condition (1.4), we conclude that

1d

= P -1 p—2 2

ol uf + (p )ﬁ/ﬁ |V u
Q Q

:@—UX/W*VUVU+/ﬂmw4
Q

Q

Va2
<o-1e [w v+ L furgop+ [wta- w?),

Q Q Q

which gives the desired inequality (2.2). O

Lemma 2.5. For g > 1, the solution (u,v) of the KS system (1.3) satisfies

1d
w19+ =@ =) [ 9P DVITPE 128 [ (9o
Q Q Q
S[(qn)a + %} /u2|vv|2(4*1) +d2/|vv|2(q71)a|vv|2 (2.3)
Q o0

for allt € (0, Tynaz) and for any n € (0,dz).
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Proof. For any ¢ > 1, by using the v-equation in (1.3) and integrating by parts, we deduce that

1d

cdl / |Vo|? = 2/ VoDV . (dy VAV — BV + aVu)
Q Q

:dz/|V’u|2(q*1)A|V’u|272d2/|Vv|2(q*1)|D2v|2 725/|W|2q
Q Q Q

+2a/VuVU|VU|2(q_1)
Q
0
= _(q_1)d2/|vv|2(q_2)|V|VU|2‘2+d2/|vv|2(q—1)a_y|vv|2
Q 9Q
—2d2/|Vv|2(q_1)|D2v|2 _25/|V11|2q—i—20z/Vqu|Vv|2(q_1)7
Q Q Q

where, from the first to the second line, we have used the point-wise identity

2vv-vAv=Alvuf =2D%P, D =) ||’ (2.4)
i,j=1
We use integration by parts, Young’s inequality with € and the fact that

5 n 2 n
| A :(szlzq) énz‘vfbil’i
i=1

=1

2 < n|D%*v]? (2.5)

to estimate the last integral as follows:

2a/VuVU|VU|2(q*1) =—-2(q— 1)a/u|V1}|2(q72)VU -V|Vol? — Qa/u\Vv\z(qfl)Av
o Q Q

—1Da?
< (q- 1)77/ Vo202 |V | V|22 + % /u2|Vv|2(q‘1)
Q Q

2
+2d2/|W|2<q—1>|D%|2+ﬂ/uﬂw?(q—l).
J 2ds J

Combining these two results, we obtain the desired inequality (2.3). O

Lemma 2.6. Let f satisfy the logistic condition (1.4). Then, for any p > 1,q > 1, the solution (u,v) of the
KS system (1.3) verifies

d

o7 up\Vv\Qq +(p—1)(dy — e)p/up72|Vu|2\Vv\2q + 2,8q/up|Vv|2q
Q Q Q

4+ (g 1D)(d2—n)g / VDIV 4 pp / |V

Q Q

2(p—1
< W/UPIWIQ(‘”” +qu/up|w|2<q*>WV|W|2
€
Q Q
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—(d1 + dg)pq/up*1|Vv|2(q*1)VuV|Vv|2
Q

2

qa (@—1) n / p+2 2(¢-1)
T 1)2[ P 2d2} w vl
Q

)8|VU|2

+ap/up71|VU|2q+d2q/up\Vv\2(q71 By

Q oN

(2.6)

for all t € (0, Thaz) and for any € € (0,d1) and n € (0,ds).

Proof. We use the v and v-equations in (1.3), (2.4), no flux boundary conditions for u and v and integration
by parts to compute honestly that

d
p7 uf | V|2 = p/up*1|Vv|2q[V (d1Vu — xuVo) + f(u)]
Q Q

+ 2q/up|VU|2(q_1)Vv - (d2VAv — fVu + aVu)
Q

— —p/(d1Vu — xuVv) [(p — D)uP2Vu|Vo|?? + qup_1|Vv|2(q_1)V|Vv|2]

Q
+p/up*1|Vv|2qf(u)+d2q/up|Vv|2(q*1)A|Vv|2 f2ﬂq/up|Vv|2q
Q Q Q

—2clgq/u”|Vv|2(q_1)|D2v|2 +2aq/up|Vv|2(q_1)Vqu
Q Q

=—(d; + dg)pq/u”_1|VU|2(q_1)VuV|Vv|2 —di(p— 1)p/up_2|Vu|2\Vv\2q
) o)

+p / V|Vl f(u) + x(p — 1)p / A
Q Q

- / W [Vol2 @ VTV Vol? — daglq — 1) / | u[ 20D VT[22

Q Q
—2dgq/up|Vv|2(q_1)|D2v|2 —Qﬁq/up|Vv|2q
Q Q
a 2
+2aq/up|Vv|2(q_1)VuVU—i—dgq/up|Vv|2(q_1)%. (2.7)
Q a0

The logistic condition f(u) < a — pu? gives rise to

P/Up—1|Vv|2qf(u) < ap/“p_1|vv|2q - Np/up+1|vv|2q~ (2.8)
o QO QO

A simple use of Young’s inequality with € shows

1 2 2 2 2 X*(p—1p 2(q+1
x(p — 1)p/u”7 Vo2 VuV < e(p — l)p/upf [Vu|*| Vol + T/up|VU| @+l (2.9)
Q ) )
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Upon integration by parts, applications of Young’s inequality with € and (2.5), we find that

2aq / uP | Vo2 DV Vo
Q

= _2(g—1)ge /up“\VvP(q’va V|Vl - 290 /up+1|Vv|2(q’1)Av
p+1 p+1
Q

_ q —1)qa’ _
<ala =1 [ VP2 9w+ LT [z
Q Q

2
2d PV 2(@=1) | D2y2 &/ P+2|v7,2(a=1) 2.10
+2d2g [ wr|Tuo ) ot gy [t (2.10)
Q Q

Substituting (2.8), (2.9) and (2.10) into (2.7), after suitable rearrangements, we obtain the key inequal-
ity (2.6). O

3. Logistic damping prevents blow-up in 3-D setting

To get a clear and better understanding about how strong a logistic damping can prevent blowup phe-
nomenon in chemotaxis systems with logistic sources, we first explore the issue in the physically relevant
case of n = 3. In this section, we will provide details to the algorithm leading to the main result (i) of
Theorem 1.1.

For the full-parameter chemotaxis-growth system (1.3) in 3-D, we observe that, to show the L**-bound-
edness of u, it is enough to show the L3+ boundedness of u for some € > 0, thanks to the boundedness
criterion obtained in [50] via Moser iteration and in [2] via semigroup theory. This enables us to find out
how large should p be so that blow-up is impossible. To achieve our goal, we need to carefully collect the
appearing constants in each derived inequalities. We shall indeed prove that ||u(t)||z2 is bounded. For this
purpose, inspired by [42], our analysis consists of deriving a delicate Gronwall inequality for the coupled
functional

A(t) = 51/u2(.,t)+52/u(.,t)|w<-,t)|2+53/|vu(.,t)|4 (3.1)

Q Q

of the form
2 () +ex(t) < Cey t€(0,Thnax)

for some carefully chosen positive constants d1,ds,d3, € > 0 and perhaps large C¢ independent of ¢. Once
this is done, the L?-and hence the L>®-boundedness of u will be obtained.

Upon easy applications of Lemma 2.4 with p = 2 and Lemma 2.5 with ¢ = 2, we end up with the following
two lemmas.

Lemma 3.1. Let f satisfy the logistic condition (1.4). Then the solution (u,v) of the KS system (1.3) satisfies

d 2
— [ u? 4 2(dy —61)/|Vu|2—|—2u/u3 < ;T/u2|Vv|2+2a/u (3.2)
Q Q Yo Q

dt
Q

for allt € (0, Thnqas) and for any €1 € (0,dy).
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Lemma 3.2. The solution (u,v) of the KS system (1.3) satisfies

%fQ|VU|4+2(d2—€2 Jol |7 vP?+48 [ v ol*

<25+ L)a? [quP| Vol +2ds [0 |V uPE| v uf? 33
for allt € (0, Thas) and for any ez € (0,ds).
Lemma 3.3. Under the logistic condition (1.4), the solution (u,v) of the KS system (1.3) satisfies
& Joul 7o+ (n— = fQ w?|Vol? + 28 [ ulVol? (3.4)
< Wt d )l [ ITuR 4 (e + ea) [o IVIVO2[2 + 290 [ ud +a [y Vol + da [y u | Vol '
for allt € (0, Thas) and for any €3, €4 > 0.
Proof. Lemma 2.6 with p =1 = ¢ reads as
dt u|Vv|2+26/u|Vv|2+u/ u?|Vol?
Q
<X/uvw|w| — (dy + do) /VuV|Vv|2 Z‘j /u +a/|Vv|2+d / 8';;”2 (3.5)
Q Q o)

for all t € (0, Tinax)- Now, applying repeatedly Young’s inequality with € and taking into account (3.2) and
(3.3), we infer that, for any €3, eq4 > 0,

2
X/quV|Vv|2 < ZiCT/UQ\VU\Z—&—63/|V|V1}|2\2 (3.6)
Q 4 Q
as well as
di + do)?
—(d1+d2)/VuV|Vv|2 < %/Wmug/mwﬁﬁ (3.7)

Then we substitute (3.6) and (3.7) into (3.5) to conclude (3.4). O

With these preparations, we are now ready to study the coupled functional (3.1) by means of Lemmas 3.1,
3.2 and 3.3.

Lemma 3.4. Under the logistic condition (1.4), the solution (u,v) of the KS system (1.3) satisfies the in-

equality
_{(5 /u2+(5 /u|Vv|2—|—(5 /|Vv|1}+(2,u5 - —9 )/u3
ke 2 3 1730, %2

Q Q Q Q
di + do)?
+ [2(d1 — 61)51 — %52]/|VU|2 +4563/‘V’U‘4
: Q Q
+ [2(d2 — 62)53 — (63 + 64)52] / |V‘V’U‘2|2 + 2ﬁ62/u|Vv|2 (38)

Q
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2 2
X n 1 5 X 2 2
A NS, ol L & _ X
o= 2008 = 2050+ 2o = 28] [ a9
Q
2 2 0 2 0 2
<2ad; [ u+ady [ |Vv]° +2d2d3 | |V v $|  v|° + d2ds u$| v
Q Q a0 89

for any t € (0, Thaz) and any positive constants 01,92 and 63 and €1 € (0,dy), €2 € (0,d3) and €3,€e4 > 0.

Proof. By evident multiplications and additions from Lemmas 3.1-3.3, one can readily derive the inequal-
ity (3.8). O

Motivated by (3.8), to find the possibly smallest lower bound pg for the damping rate p that could be
obtained using such method, we wish to choose ¢; and ¢; to satisfy

2
2/161 — %52 > O7

2(d1 — 61)(51 — —(dlz;dQ)z 52 > 0,
1 (3.9)
2(d2 — 62)53 — (63 + 64)52 > 0,

2 2
(1= 220 = 25t + L)y — X612 0.

The minimizer of the minimization problem (3.9) in p will give us the smallest damping rate py we are
seeking. Our goal is then to choose ¢; and 0; so that y is minimized. By eliminations from (3.9), we end up
with

na? 8 do 8(d1—e€1)ea
P2 16d; 5,0 60 S (ditda)?

(3.10)

2 (d1+dp)?

2
X n 1\ ,.2 _e3teq X~ . deq
> 4e3 +2(2d2 + €2 )Oé 2(d2—e2) + 2¢1 2(d1—er)

for any €; € (0,d1),e2 € (0,dz) and €3,€4 > 0. Next, we shall first minimize the expression in second line on
the right-hand side of (3.10). Notice that

2
2 R X ()

X 464
= > 3.11
261 2(d1 — 61) - d% dey ( )
with equality if and only €; = d;/2, and
1 2
o4 Ly Bt na (€3 + ) (3.12)

2_d2+62 @ .2(d2762) (\/2n+4—2)d2

with equality if and only if

(V2n+4-2)
€g = ——————d>.
n
Now, by algebraic calculations from (3.10), (3.11) and (3.12), we deduce that the second expression on the

right-hand side of (3.10) achieves its minimum

n 1 2

to = po(n, di, da, a, ) 1= m(d—l + d—2)04|X| (3.13)
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if and only if

d (v2nt4d-2)
) e dy

R e (3.14)
V2n+4—2)d V2n+4-2)(d1+d2)d ’
€3 = ( n;—na ) 2|X|7 €4 = (V2n+ 2n(31(a1+ 2) 2|X|'

For such well-chosen ¢; according to (3.14), for any p > pg as given in (3.13), we can choose 6;(i = 1,2, 3)
in a way

(di + do)*
) I . A,
! = 864(d1 — 61)’

€3 1 €4

52:1, (53>m

(3.15)

so that the second to the fourth inequality in (3.9) are satisfied. Next, for the first constraint in (3.9), we

observe
2 2 2 _ _
(d1 +d2) Z no l —qu Z no 8(d1 61)24 _ (\/277/4-4 2)O[‘X|
864(d1 — 61) 16ds 1 16dy (dq + d2) 8(d1 + da)
and

1 2

(V2n+4-2) n
< —— (5 + 7 )alx| = ko
V2n4+4—-2"d; do

S(dl =+ dg)

Hence, the first and thus all inequalities in (3.9) are satisfied.
Finally, for any p > po as given in (3.13), we can first fix ¢;(¢: = 1,2,3,4) complying with (3.14) and
then, based on (3.15), we choose §;(i = 1,2, 3) to further satisfy

di+ds)’ 2¢ - feate >
SIS < 51 < 2 - 3 - (g + Do,
o (3.16)

2 2
C3tes §, < (“756372)(61 51)
2(dz—e2) 3 T2(gp+5)a?

so that all inequalities in (3.9) are satisfied.

For any pu > po as defined in (3.13), we shall illustrate that all integrals on the right-hand side of (3.8)
can be controlled by the dissipative terms on its left and, as a result, yielding the assertion that ||u(t)| 2 is
uniformly bounded. Therefore, we conclude the statement (i) of Theorem 1.1 in physically relevant setting
n = 3 by the L **-criterion in [2,50].

Lemma 3.5. Let Q@ C R" be a bounded smooth domain, f satisfy the logistic condition (1.4) and
dy,da, o, > 0, a > 0 and x € R. Then, for any p > po(n,dy,ds,a,x) as given in (3.13), there exists
a constant C(ug,vo) such that the unique nonnegative solution (u,v) of the KS system (1.3) satisfies

W2 t) + [l Vo O+ [ Vol O)F < Clug,vo), £ € (0, Tinaa)-
oo | f

Q Q

If n < 3, then the solution (u,v) exists globally in time, i.e., Tpae = 00 and (u(-,t),v(-,t)) is uniformly
bounded in L>(2) x W1°(Q) for all t € (0, 00).

Proof. It follows from Lemma 3.4 that the quantity

2(t) = 51/u2 +5g/u|Vv|2 —|—53/|Vv|4, t € (0, Thax),
Q Q Q
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fulfills
() + B2(t) + [2(dr — )8y — DEEES] [ V)
+[2(d2 — 62)53 — (63 + 64)(52] fQ |V‘VU‘2|2 + 3ﬁ63 fQ |V’U|4
+B02 [ ulVo[? + (2u6; — 29°65) [i, u? (3.17)

< 2ady [ u+ady [, [V]? + 61 [, u?
+2d565 faﬂ | v U|2%| v v|? + dada faﬂ ua%\ v v|%

In the sequel, we bound the integrals on the right-hand side of (3.17) in terms of the dissipative terms on
its left-hand side.

Let us first focus on controlling the boundary integrals in (3.17). So far, there are a couple of existing ways
to handle these boundary integrals, see [17,35,53], for instance. Here we would like to provide an alternative
and transparent way to remove the technical assumption that the domain 2 be convex. The starting point
is based on the pointwise geometric inequality

o|Vwl|?
ov

< K1(Q)|Vw* on 09, (3.18)

which holds for any bounded smooth domain 2 C R™ and any w satisfying g—”ﬁ = 0 on 0%, cf. [28, Lemma 4.2].
Here and below, K; will denote some inessential constants. Notice also a user-friendly version of trace
inequality with € (cf. [32, Remark 52.9]): for any € > 0, one has

lwllz200) < el Vwlraie) + CellwllLa(e), Vw € H' (). (3.19)

Indeed, this is immediately implied, upon a use of Young’s inequality with e, by the following version of
trace inequality:

lollz2on) < Kallwl 2o lollZ gy Vo € H'(9). (3.20)

As a matter of fact, by the property of trace inequality (the trace operator T maps H %(Q) continuously
onto L?(9R2)), one has

[ w]| 2200y < Kslwl| Vw € H2(Q).

H3(Q)’
On the other hand, it follows from the fact that H? interpolates the spaces H? = L2 and H! that

1 1
||w||H§(Q) < K4||w||z2(g)”w||12-11(g)v Yw € HI(Q)

A collection of these two estimates directly leads to (3.20).
Since H'(Q) is compactly embedded in L?(2) by Kondrachov and that L?(Q) is continuously embedded
in L1(Q), Lion’s lemma says, for any n > 0,

lwll L2y < 1llVwllz2@) + nllwllz2@) + Cyllwll i), Vw € HY().
Combing this with (3.19), we conclude, for any € > 0,
[wllz200) < €lVwllre@) + Cellwl i), Yw € HY(Q). (3:21)

This gives another elementary proof for the equivalent trace inequality stated in [35, P. 13, line -4].
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Now, with (3.18) and (3.21) at hand, we can cope with the boundary integrals in (3.17) as follows: for
any € > 0,

2d203 [y | 7 0> 5| 7 0 + dads [oq ugp| 7 vf?
< 2d2§2K1 fGQ | \V4 1}|4 + d2(53K1 fc’)Q u| \V4 ’U‘Q
< Kjs faQ | v ol + K fag u? = K5H|VU|2||2L2(aQ) + K6||u||2L2(BQ)

2 2
< Jo IVIVORP + C((fo | T v2) e fo [Vl + O fou)

(3.22)

For any pu > po(n,d1,ds, o, x) as given in (3.13), we first fix ¢;,4 = 1,2, 3,4 according to (3.14), and then fix
01,02 and 03 complying with (3.16). In this way, the inequality (3.9) is satisfied. Finally, we fix € according
to

(d1 + d2)2

1
€ = 5 min{Q(dl — 61)(51 — 464

03, 2(d2 — 62)63 — (63 + 64)(52}.

Then the boundary integrals in (3.22) will be absorbed by the terms on the left-hand side of (3.17) and
Lemma 2.3.

Next, notice that

TLOé2
B61 /u2 < (2ué; — @52) /u3 + K+|9Q, (3.23)
Q Q

where
na?
K7 = max{B1u? — (2ud; — gdg)u?ﬂu >0} < oo.
2

Finally, we substitute (3.22) and (3.23) into (3.17) and use the boundedness of ||ul/z: and |Vv|z2 as in
Lemma 2.3 to conclude

7 (t) + Bz(t) < Cluo,v0), ¢ € [0, Tnax),
which together the definition of z simply leads to

2(t) =61 [ u? + b2 [ ulVo]* + 63 [, [Vol*
C(uo,
< fQ U(Q) + b2 fQ u0|VU0|2 + 03 fQ ‘V’Uo‘él + %, te [O,Tmax).

This shows the uniform L2-boundedness of u(-,t) for any ¢ € [0, Tinax). Consequently, by Moser iteration,
cf. the L= T-criterion in [50, Theorem 1.1] or [2, Lemma 3.2] with n = 3, we infer that i, = co and that
(u(-,t),v(-,t)) is uniformly bounded in L>(Q) x W (Q) for all t € (0,00). O
4. How strong a logistic damping can prevent blowups in n-D
4.1. Blow-up prevention by logistic source in nonconver domains

In this subsection, based on the detailed algorithm in 3-D, we wish to provide a clue on how to compute

the explicit logistic damping rate pg that suppresses blow-up whenever p > pg in n-D (n > 4). We will
mainly do it for n = 4,5. Our procedure suggests that an explicit logistic damping rate pg suppressing
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blow-up whenever u > g, which enjoys the properties as described in Remark 1.2, is also available in more
higher dimensions.

When n <5, it amounts to ensuring the uniform boundedness of |[u| zs(q). In such setup, the core analysis
then lies in deriving a subtle estimate for

2(t) = (51/u3+52/u2|V0|2+53/U|Vv|4+54/|Vv|6, t € (0, Timax) (4.1)
Q Q Q Q

of the form
2'(t) + C2(t) < C¢y  t € (0, Tinax) (4.2)

for some well chosen positive constants §; and ¢ > 0 and perhaps large C¢ independent of ¢. Once this
is done, the L3-and hence the L*°-boundedness of u will be obtained, by the boundedness principles
[2,50].

Upon trivial applications of Lemma 2.4 with p = 3 and Lemma 2.5 with ¢ = 3, we achieve the following
two lemmas.
Lemma 4.1. Let f satisfy the logistic condition (1.4). Then the solution (u,v) of the KS system (1.3) satisfies

jt/u + 6(dy —e)/u\Vu|2+3u/u < 32X€ / 3|Vv|2+3a/ (4.3)

Q Q Q Q Q

for all t € (0, Thnaz) and for any € € (0,dy).

Lemma 4.2. The solution (u,v) of the KS system (1.3) satisfies

d
& [19ele+6td =) [ 190191902 + 65 [ |70l
Q Q

Q

202 na? 9 4 4 0 9

< 9 4.4

< 3( ; + 2d2)/u |Vl +3d2/|Vv| 8V|Vv| (4.4)
Q

for allt € (0, Tynaz) and for any ez € (0,dz).

Lemma 4.3. Let f satisfy the logistic condition (1.4). Then the solution (u,v) of the KS system (1.3) verifies

d 2
i [ el / WVt (a5 [ Vel 4 20— ) [ Vol
1
Q Q

di + do)?
<2+ er) [ IVPIVITR+ L [igupwp
2

a? 1 3 0 4 5, 0|Vvl|?
— — 2 _ 4.
—|—2( —|—2d)/ |Vl —|—a/|VU| + dg/u|V| e (4.5)
Q a0

for allt € (0, Thas) and for any € € (0,dy), n € (0,d2) and €1,€3 > 0.
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Proof. Lemma 2.6 with p =1 and ¢ = 2 reads as

u|Vv\4+4B/u|Vv|4+2(d2 )/u|V|Vu|2|2+u/u2|Vv|4
Q Q

dt

1
< 2x/u|Vv|2VUV|Vv|2 —2(dy + do) / |Vu2VuV|Vol? + %( + ﬁ)/uﬂvm?
Q Q Q

a 2
+a/|Vv|4+2d2/ Vo2 'V:| (4.6)

o0

Taking into account (4.4) of Lemma 4.2, we estimate

2

2X/u|vU|2vUV|vU|2 < 261/|Vv|2|V\VU\2|2+ ;‘T/u%w‘* (4.7)

Q Q ! Q

and
dy + dy)?

—2(dy —|—d2)/|Vv|2VuV|Vv|2 §2€2/‘VU‘2|V|V’U|2|2+%/|vu|2|vv|2. (4.8)

2

Q Q Q

Then combining (4.6), (4.7) and (4.8), we get the desired inequality (4.5). O

Lemma 4.4. Let f satisfy the logistic condition (1.4). Then the solution (u,v) of the KS system (1.3) verifies

d

dt
Q

2
u?|Vol? +2(dy — ¢ /|vu| |vv\2+2ﬁ/ u?|Vol? + (2p — Q’C?)/uiﬂvvﬁ
3
Q

264
Q Q

na? 4 9|Vu|?
2 2 R 4.
+18d2/u+ a/u|Vv| —|—d2/u ey (4.9)
Q

Q [5}9)

dy + do)?
< %/u2|V1}|4+264/u|Vu|2+[263+ M} /u|V\VU\2|2
Q

for allt € (0, Tas) and for any € € (0,d1), n € (0,d3) and e3,e4 > 0.

Proof. It follows from (2.6) with p =2 and ¢ = 1 in Lemma 2.6 that

d
o w?|Vol? +2(dy — €) /|Vu| |w|2+25/ 2|VU|2+2u/ ud|Vol?
Q Q
< X 2 4 2 2 2, 0" n 4
< = [ | Voul]* 4+ 2x [ u*VoV|Vo|* = 2(dy + do) [ uVuV|IVU|*+ —— [ u
2e 9 2d,
Q Q Q Q
O|Vu|?
+2a/u|V1}|2—|—d2/u2 |8:| . (4.10)
Q o0

Taking into consideration (4.5) and (4.3), we bound

2

QX/uZVvVWUF < 263/u|V|Vv|2|2 + —;6 /u3\Vv\2 (4.11)

3
Q Q Q
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and

2 2, (di+do)? 212
—2(dy + d2) | uVuV|Vo|* < 2¢4 | u|Vul +T u|V|Vo|*|~. (4.12)
4
Q Q Q

A substitution of (4.10) and (4.11) into (4.12) yields (4.9). O

Now, we are well-prepared to estimate the time evolution of the coupled functional (4.1) by means of
Lemmas 4.1, 4.2, 4.3 and 4.4.

Lemma 4.5. Under the logistic condition (1.4), the solution (u,v) of the KS system (1.3) satisfies the key
inequality

d
E{él/u3+62/u2|VU|2+6g/u\Vv\4+54/\Vv\6}+6B(54/|Vv|6
Q Q

Q Q Q

2

2[3(ds — )4 — (€1 + €2)05] / (Vo2 |V |Vol2[? + (3udy — %52) /u4
Q ? Q

(dl —|—d2

+ [2(d1 — 6)(52 — 2

5] /|Vu| |w|2+2,352/ 2| Vo2

Q

et s - o+ DL 5] [uwiwopr

264
Q
+4553/u\w4 - 2[3(dy — )6 — 6452]/u|w|2 (4.13)
Q Q

2 2

X S L n 3102

+[(2“ 263)52 20073 ( o, )53} /“ Vol
Q

2

X 2a* | na® B
+[(M 261)63 2662 3 n + 2dy )64}/11 Vol
Q

§3a51/u2+2a52/u|Vv|2+a53/|Vv|4+3d254/|Vfu|4%|Vv\2
Q Q

P
+2d253/u|vv|2 \vv|2+d262/u2$\vv|2
oN onN

for allt € (0, Thnaz) and for all €;,6; > 0 and € € (0,dy) and n € (0,d>).

Proof. By honest computations from Lemmas 4.1-4.4 and by evident multiplications and additions, one
can readily derive the lemma. O

As to the boundary integrals on the right-hand side of (4.13), we deduce from (3.18), (3.21) and Young’s
inequality with epsilon that
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3d254/|Vv|4 |Vv|2+2d263/u|vv|2 |vv|2+d262/u |7 0p

o0 o0
< 3da6, K4 / (Vo|® + 2d203 K, /u| v |t + dada Ky / u?| 7 v?
o0 o0 (4.14)
< Ks/u3 + Ky / | vvl®= K8||U%||2L2(aﬂ) ++ Kzl 7 U|3||2L2(m)
o0 Ble)
2 3\ ? 2 2)2 3\ 2
§§/U|VU| +cf(/ua) +o/\vv\ V|Vl +C’a(/|Vv| )
Q Q Q Q
for any £ > 0 and o > 0.
Based on this boundary integral estimate and (4.13), we wish to select €, 7, €;,d; and p such that
2[3(d1 — 6)(51 — 6452} >0,
2[3(d2 — 7])54 — (61 + 62)53] >0
2(dy — €)dy — D25, > o,
2(dy — )83 — (23 + D)5, > 0, (4.15)

3#(51 18d 52 > 0
(20— 25002 — 3501 — & (L + 55)05 > 0,
(1= 35 )05 — %02 — 3(22° + 28%)5, > 0.

Only the third constraint intertwines with the fourth constraint, while this can be fulfilled since we can
choose €, 1, ¢; such that

(di+d2)* _ 2(d2—n) (ch + d)? €2 €2
= ird)? = @rd)? < o (4.16)

dex(dy — €) s + % 4(dy — €)(da — ) €3 + % €3

Then algebraic manipulations from (4.15) and (4.16) show that
no 3x2 5 a n_\d 25 6
3p = 54d2 5 tis -+ Do T T( +ad)s T -+ %5 +3(_ + 54 )5§
2

== AN FS v KNP CONE S (417

n 11 n 1 (2 n (dy+dz)
” {\/1%6 * \/Z(ﬁ Ton) \/<drn> (G2 [V2+ 3 (dw)(fzrn)} }O"X'
With these preparations, we obtain the second assertion (ii) in Theorem 1.1.

Lemma 4.6. Let Q C R™ be a bounded smooth domain, f satisfy the logistic condition (1.4) and dy,ds, o, 8 >
0, a >0 and x € R. Then, for any

1 n 1 2
n > ,uo(n,dl,dg,a,x) = max{gh(n,dl,dg), m(d—l + d—Q)}Oé|X‘ (418)

with

_ ; 114 n
h(n, dy, dz) = 0<e<dllr,l(;f<n<d {\/18d25 \/26(’7 + 2z;)
+

2 n_ %
(a2 )(5 + 2d2)[\/§+ 2 (dlfe)(drn)} }’
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there exists a constant C'(ug,vg) such that the unique nonnegative solution (u,v) of the chemotazxis-growth
system (1.3) satisfies

WP t) + [ W)V )P+ [ ul Vot + | Vo, )] < Clug, vo), VE € (0, Thaz)-
[e0] [~

Q Q

If n <5, the solution (u,v) exists globally in time, i.e., Tpar = 00 and (u(-,t),v(-,t)) is uniformly bounded
in L>(Q) x W1o°(Q) for allt € (0,00).

Proof. Due to p > po given in (4.18), we first know from Lemma 3.5 that

3ad; /u2 + 2a52/u|V11|2 + a53/|V11|4 < Ko (ug, vg) (4.19)
Q Q Q

for all t € (0, Tyax). Moreover, due to (4.17), the fact that pu > po allows us to fix €,7, ¢;, d; satisfying (4.16)
and (4.15). Indeed, we first choose (e,1) = (eg,70) so that h is minimized, then we choose €; to be the
minimizer of

X2 20% na?,. e

261 n _|_E)dg—777

take e3 = 1 and then fix e5 and €4 so that (4.16) is satisfied. Then, based on (4.15), (4.16) and (4.17), all §;
can be chosen readily.

Upon such well chosen €, 7, ¢; and d;, using (4.13), (4.14) and arguing as Lemma 3.5, we can easily deduce
a Gronwall inequality for the coupled quantity z as defined by (4.1) of the form (4.2). As a matter of fact,
by (4.13) and (4.14), we have

2 (t) + Bz(t) + 2[3(dy — €)1 — €ad2 — ] [, u[Vul* + (3udy — %52) Jo ut
+ 2[3(d2 — n)ds — (e1 + €2)d3 — 0] [, [Vu[*[V[V[??

4.20
< 3ady [, u? + 2ady [, u|Vv|* + ads [, |[Vo|* (4.20)

5 3\ 2 4\ 2
+ 801 fqu® 4+ Ce(Jou?) "+ Co( fo Vo)
Now, by fixing £ and o sufficiently small, we deduce from (4.19), (4.20) and Holder inequality that
2 (t) + Bz(t) < C(ug,vo),

directly yielding the desired boundedness stated in the lemma. In particular, it guarantees that |[u(-, )| z3(q)
is uniformly bounded. Thus, in the case of n < 5, the L T¢-criterion [2,50] shows, that (u(-,t),v(-,t)) is
uniformly bounded in L>(Q) x W1°(Q) for all t € (0,00). O

The algorithm for proving L? and L3-boundedness of u may be in principle carried over to obtain
L"-boundedness of uw for r = 4,5,--- inductively by establishing a Gronwall inequality for the coupled
quantity (motivated by [42] again)

2(t) = 5i/uk|Vv|2(“k)7 t € (0, Tinax) (4.21)
k=0 {
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of the form
2(t) +ex(t) <C.y t€ (0, Thax)

for some carefully chosen positive constants §; and small € > 0 and perhaps large C, independent of ¢. In this
process, as r becomes large, we will have more terms to handle and more boundary integrals will appear.
While, simplification of the process is possible. In fact, for r = 2,3, - - -, suppose that p > LL(()T)(H, dy,da, a, X)
is the condition under which L"-boundedness of w (indeed, uniform boundedness of z(t) as in (4.21)) is
guaranteed. Then, based on the procedures for r = 2 and r = 3, when p > uér_l)(n, dy,ds, a, x), the
process for the next step » may be continued with the assumption that a = 0 and 2 be convex.

Once this is done, the L"-boundedness of u will be obtained. Further, by choosing » = |§] + 1, the
L3 *e-criterion in [2,50] ensures the desired L>°-boundedness of u. Here, we state the following expected
general result that offers a quantitative description on when logistic damping dominates over chemotactic

aggregation for (1.3) in Q C R™. While, we have to leave a rigorous examination for future study.

Proposition 4.7. Let @ C R™ be a bounded smooth domain, f satisfy the logistic condition (1.4) and
di,da, a0, 3 >0, a>0 and x € R. Then, for any natural number r > 2, there exist a function 9(()7')(n,d1,d2)
which tends to infinity as dy — 0 or do — 0 (and is decreasing in dy,ds) and constant C(ug,vo) such that,
for any

> 9(()T)(n,d1,d2)04|X|’

the nonnegative solution (u,v) of the KS system (1.3) satisfies

Z/uk|Vv|2(T_k) < Clug,v0), € (0, o).
kZOQ

As a result, if n < 2r — 1, then (u,v) exists globally in time and (u(-,t),v(-,t)) is uniformly bounded in
L>(Q) x W1°(Q) for allt € (0,00).

4.2. The special case that dy = dy and Q C R"™ is conver

In the special case that T =1 (equal diffusion rates) in (1.1), x > 0 (positive chemotaxis) and Q C R™ is
convex, the explicit lower bound

B> =X

3

ensuring global boundedness to the solution of (1.1) has been elucidated in [42] by establishing a parabolic
inequality for a combination of u and |Vv|%. Here, in this subsection, for the full-parameter chemotaxis
model (1.3), we will write down all the details for convenience and completeness.

Lemma 4.8. Let Q C R™ be a bounded smooth convex domain, f satisfy the logistic condition (1.4) and
di,do,, >0, a > 0. Assume that

n
di = do, > 0, > —ay,
1 2 X K Ad, ax
the unique nonnegative solution (u,v) of the chemotaxis-growth system (1.3) exists globally in time, i.e.,
Tinaz = 00 and is bounded in the following way:
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1
u < max{ max u, — max{ max(2au(-, 1) + x|Vo(-, 1)[?), 2 aiga
axo,1] 2 Q N s v
and
v < max{ max v, —max{ max(2au( 1)+ x|Vo(-, D)%) @4 aiﬂ}}
- axjoa] 28 OB n— X
on Q x [0,00). In addition, for any € > 0,
1 9 OC af =
Vo] < — max{ max(2au(-, €) + x|Vo(-, €)|%), — + W} on § x [e,00).
X Q B n— X

Moreover, if ||Vvo| () < oo, then € can be chosen to be zero.

Proof. Taking the gradient first and then multiplying it by yv in the v-equation of (1.3) and then using
(2.4) and the fact that d; = da, one derives

(|7 o2 =dy A7 v]? —2dy|D*0)* = 28| v v +2a 7 u v v. (4.22)
Multiplying the u-equation of (1.3) by 2« and the equation (4.22) by x yields
(20w + x|Vv|*); = di A(2au + x| Vv|?) — 2d; x| D*v|* — 28x|Vv]* — 2axulv + 2o f (u).

Notice from Cauchy-Schwarz inequality and (2.5) that
nxo? 5 2d; 2 _ nxe? 2,2
—2axulAv < ——u® + —x|Av|* < ——u” 4 2d; x| D"v|*,
2d; n 2d,
we then deduce from the logistic condition f(u) < a — pu? that

(2au + x|Vv|*); < diAQ2au + x|Vu|*) — 28x|Vu|* 4 2aa — 20(p — —x)u?. (4.23)

4dy

Recall that, for a convex domain €2, we have the well-known fact that -2 (] 7 v[?) < 0 for any function

satls ylng =uon see atano emma 5. onsequently, Irom = =uon , We ge
tisf; 3voaﬂ Matano [27, L 3. C tlfguagoaﬂ t

aay aa (20 + x|Vo[?) = 2ag— + 2x8 Vol = 2X—|W|2 < 0 on 0. (4.24)

Now, since p > 7 d ay, using elementary calculations we find that
—di1Aw + 26w < M, (4.25)

where

2 2
)u? + dafulu > 0} = 2aa + ——— o < 0.

no

M = max{2aa — 2a(p —
— Iy

no
4d,
Recall that from Lemma 2.2 that (u,v) € C*1(Q x (0, Tiax))- So, we can perform a small time shift and

treat any positive time as the “initial time”. Then, by (4.25) and (4.24), we conclude from the maximum
principle and the Hopf boundary point lemma, for any € € (0, Tipax), that
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M _
—} on Q X [€, Tax)-

w = 20u + x|Vo|? < max{ max(2au(-, €) + x|Vo(-, €)[?),
Q 26

This gives the uniform boundedness for the coupled quantity 2au + x|Vv|?, and then the positiveness of x
shows the L*°-boundedness of u and Vu:

1 M
u < max{ anl%},(e] U 5o max{ mgx(Qau(-, €) + x|Vu(-, )%, %}}

on Q x [€, Tiax) and

1
Vol < = maX{ max(2au(-, €) + x|Vo(-, €)?), } on © X [e, Tna).
X Q

28

These combined with the blow-up criterion (2.1) of Lemma 2.2 show that (u,v) exists globally in time, i.e.,
Tinax = 00.

Finally, an application of maximum principle to the v-equation in (1.3) on Q x [1,00) yields the bound
for v. Indeed, |Vv| is bounded if |Vvg| is. O

5. Proof of the large time behavior for the KS model (1.8)

In this section, we show the proof of Theorem 1.3, which relies on finding so-called Lyapounov functionals.
Here, we will present all the necessary details for the clarity of obtaining the explicit convergence rates.

Proof. We modified the functional in [9] as

2

H(t) = /(u— S - —ln +6/ 8;;;2“. (5.1)

Differentiating H, using the chemotaxis-logistic system (1.8) and integrating by parts, we deduce from
Cauchy—-Schwarz inequality that

d
SH() = /
u— =
:/ " (V (d1Vu—xuVU)+u(n—/w)> —2d26/|Vv|2+26/ )( Bv + au)
Q
2
=y [T [T vy [
H A H A A K

_ 2 _ _ Qo _ RN, Ok
2d26/|V1}| 255/(1) ) +2a(59/(u -5

ut+2(5/ vt+25/ dgAv—ﬁv—l—au)

(5.2)

25— o7 dw /|W|2 —2a56>/(u— Z)?-za(ﬁ— %)/(U— ;‘—2)2
Q Q
= —(n—200¢) [(u=")? =28 2) [(w—T0)?
Q/ L 4e Q/ B

for any € > 0. Now, we wish to minimize pu by choosing € and § such that
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{ u— 2ade > 0, . > 4';?2‘2“ ) P o X 53)
B— >0 &<e< 4”2:;5 . 16d1da"
The last constraint is guaranteed by our assumption (1.9). Next, for fixed € obeying (5.3), we set
. @ . akrx? kX2 a
n=min{ (i 2000, 208 — o) p =minf (4~ o) (8 ) (5.4)

and then we infer from (5.2), (5.3) and (5.4) that

th()< n(/ —SM/ (5.5)

Q

Since H(t) > 0, an integration of (5.5) from any to > 0 to ¢ yields

n/(/w—gf+!w—%y)gﬂmm

giving trivially

J(fio-tr+ fo )<t

to Q

Thanks to Theorem 1.1, the condition p > po ensures that (u,v) is globally bounded and classical. Then
from the parabolic regularity, we see that fQ u— £)2 4 fQ v — a—Z)Q is uniformly bounded and uniformly
continuous in ¢. This allows one to deduce from (r ) that

/(u—g)2+/(v—g—/’j)2 0, ast— oo. (5.7)
Q Q

Since u, v are smooth and bounded, the standard parabolic regularity for parabolic equations (cf. [21]) shows
there are o € (0,1) and C' such that

||u||cz+a,1+%(ﬁ><[t7t+1]) + Hv||C2+°’1+%(Q><[t,t+1]) < C7 Vit > 1. (58)

Hence, by the Gagliardo—Nirenberg inequality, (5.7) and (5.8), we obtain

_n_ _2
1) = Zllr=(@) < Conllult) = Llinteollu = Sliziq) (5.9)
< Cllu(-,t) - ”||Z§’(ZQ) — 0, as t — o0,
In the same way, we get
OK | 35
v(-t) — WB—||L00(Q Cllo(-,t) — @llmm) — 0, as t — oo. (5.10)

Based on the definition of H in (5.1), (5.9) and (5.5), we calculate via the L’Hépital’s rule that

li _—
uE T (i B) 2%
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This together with (5.9) allows one to find ¢; > 0 such that

p Ko KR
Plu-2<u—2_2mEy<
4,%(“ #) <u L n(ﬁu)_

RS

R
(u__)Qa tztlv
M

and then the definition of H in (5.1) entails

min{ﬁ,é}(/(u— 5)2 —l—/(v - Z—Z)Q) <H®W), t>t (5.11)
Q Q
and
H({t) < max{%,é}(/(u— S)QJF/(U_ Z—Z)Q), t> 1. (5.12)
Q Q

Combining (5.5) and (5.12), we obtain an ordinary differential inequality:

d n
—H(t) <
7 (t)

S — >
- rnax{%,(S}H(t)7 t=t,

directly yielding

This in conjunction with (5.11) tells us that

Ko k.o H(t1)  ———tps(t—t1)
= e Qi LA ¢ 20 t> .
J R < iz

With this decay estimate at hand, we then derive from (5.9) and (5.10) that there exists a large constant
C > 0 such that

K ak —_— 1 (t—t1)
[[u(-t) — ;HL&(Q) + v, t) — e Lo (o) < Ce Cmmstina Tt g > gy,

Then plugging in the definitions of § in (5.1), n in (5.4) and taking € = € in (5.3), we obtain the desired
exponential decay estimate (1.10).

In the case of k = 0, the uniform boundedness and global existence of solution does not affect as long as
> po. We integrate the first equation in the KS system (1.8) and use Holder inequality to obtain

d 2 -1 2

el - _ < _

t/u ,u/u ,u|Q| (/u) , t>0,
Q Q Q

which enables us to deduce

< o] < . 1
/u_[(/uo) R I (5.13)
Q Q

As before, the boundedness of v and Gagliardo—Nirenberg inequality entails
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(s )l < Comllul Dl oy lul-, O 5
1
n+1

< C[([Q uo) ! + u|Q|_1tT . t>0.

An integration of the second equation in (1.8) shows

d
7 v:fﬂ/era/ugfﬁ/ertfl.
Q Q Q Q

Solving this Gronwall inequality, we obtain

< —Bt fo s+ —Bt c3 < C4
/7J < llooflure™ 2 == < llvollere™ + 77 < 777
Q

where we used the fact that

( /39 1

E&—ﬁﬁuﬂ25<® Jim (1 4 L) = 0.
Then we conclude from (5.14) with u replaced by v that
Cq
||U(,t)||L°°(Q) S W, t>0

In the case of k < 0, we integrate the first equation in (1.8) to get

d 2

o u=Kk fu—p | v <K [u

Q Q Q Q
and thus
/uge“t/uo, t> 0.
Q Q
Then the GN inequality (5.14) implies that
lu(-, t) || Lo () < cseniit, £ > 0.

Combining (5.17) and (5.15), we derive

llvollpie=Pt + cote =P, if B = —r, )

lo(-, )| < < cge 3 min{Bonlt

lvo||L1e= P +C7W, if 8 # —k.
With this decay estimate at hand, the GN inequality (5.14) gives rise to

||U(', t)”LOO(Q) S 0106_ 2(4n1+1) min{ﬂ;—ﬁ}t7 Vit Z 0.

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

Extracting the essential ingredients of the estimates (5.14), (5.16), (5.18) and (5.19), we readily conclude

the decay estimates (1.10), (1.11) and (1.12). O
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