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1. Introduction and main results

In this paper, we study the multiplicity and concentration behavior of nontrivial solutions for the following
coupled elliptic system:

(=AY u+ AV (2)u = f(z)|u]!?u+ %_w|u|a’2u|v|ﬁ, r € RN, (1.1)
(A0 + AW (z)v = g(z)|v|7 %0 + $|u|a|v|ﬁ_zv, r € RV, '
where (—A)? is the fractional Laplacian operator with s € (0, 1), the parameter A >0, 1 <¢<2,a, 8> 1
with a + 8 < 2% = 2N/(N — 2s) and N > 3. We first assume that V(x) and W(z) satisfy the following
conditions:

(VW1) V(z),W(x) € C(RN,R) with V(x), W(x) >0 on RY;
(VWy) there exists ¢ > 0 such that the set © = {x € RN : V(2)W (z) < ¢®} has positive finite Lebesgue
measure;
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(VW3) Q1 = intV=1(0) and Qp = intW ~1(0) are nonempty and have smooth boundaries with Q; = V~1(0),

Oy = W_l(O), and Q1 N Qs # 0.
For the weight functions f(z) and g(z), we assume
(FG1) f, g € L®(RYN) satisfy Oy C ¥ and ©, C X, where X is given by (VW )y and
O; 2 {zeRN: f(z) >0}, 6,2 {zecRY:g(x) >0}
(FGs) f, g € L2/CmD(RY),
The aforementioned assumptions (Vi) — (VW3) are firstly proposed by Bartsch-Wang in their cerebrated
paper [3] to study a scalar Schrodinger equation. The potential AV (z) and AW (z) with the above hypotheses
are usually called by the steep potential wells.

The fractional Laplacian, (—A)®u, in this paper can be represented [32, Lemma 3.2] as

(~8)°ule) = —gCs) [ HUEENELE =2 4y g e R,

RN

where
—1
Cin(s) = (/Wdf) = (66 ).
RN

As a consequence of [32, Proposition 3.4 and Proposition 3.6], the natural inner product and norm of
H*(RY) can be defined as

1
2

u(—A)%gD—l-uga]dm, and |[Jul| g @myy = (u,u)HS(RN).

wlo

(quO)HS(RN):/[(_A)

RN

Also the homogeneous fractional Sobolev space D*2(RY) is defined by
D*2(RYN) = {u e L% RN) :|(=A)2u| € LZ(RN)}

which is the completion of C§°(RY) under the norm

lulloeeqry = ([ 16-2)5u?as)

RN

According to [12], there exists a best constant Ss > 0 such that

Ss = inf{ / [(=A)2uf’dx s uw € D¥?(RY) and |ufo: = 1} > 0, (1.2)
RN

where | - |, denotes the standard norm of the usual Lebesgue space with 1 < r < oo.
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To deal with (1.1), we introduce the following spaces

E 2 {u € D**(RY): / V(x)uldr < —|—oo}
RN

and

Ey, & {u € D*3(RN): / W (z)u?dr < +oo}.
RN

Thus the natural space in this paper is the space E £ E; x E,, which is a Hilbert space equipped with the
inner product and norm

o= | [(—m%u(—m% V(g + (~A)iu(—A)ip+ W(x)vw] da
RN

and
2]l = (2,2)"/?

for any z = (u,v) € F and ¢ = (p,7) € E. Given A > 0, we let E\ = (E,|| - ||») be endowed with the inner
product and norm

(z,0)x = / [(—A)Zu(—A)ggo + AV (2)up + (—A)%U(—A)%¢ + AW (x)vy |dx
RN

and

1/2
Izl = (2, 2)}/%.

Obviously, ||z|| < |lz|lx if A > 1. We will show the multiplicity and concentration results of nontrivial
solutions of (1.1) by looking for critical points of the associated functional

1 1 1 .
B = 3418 = 2 1r ) = g [ el ol
]RN

where
022 [ |l + gl
RN
In view of [42], the critical points of Jy(z) are in fact the (weak) solutions of (1.1). We say that z = (u,v)
is a (weak) solution of (1.1) if for any ¢ = (p,%) € E there holds
/ [(—A)%u(—A)%g@ + AV (2)up + (=A)20(=A) 29 + AW (x)ve) | da
RN

- / [ @)l 2ugp + g(a)[o]?~2v¢] da

RN
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= / lu|*2uplv|? dz + b / [u|*|v]|?~2vepda. (1.3)
a+f a+p
RN RN

The scalar case of (1.1), that is,
(=A)u+ AV (2) = £(@)[ulT™? + n(2)|ul"?u, = eRY, (1.4)

where s € (0,1], 1 < ¢ <2 <r < 2% with N > 3 and &, are two weight functions, has been paid attention
by many scholars in the last serval decades, see [11,27] for example. Equations like (1.4) come from the
following fractional Schrodinger equation

(=A)*u+V(z)u = h(x,u), RN
used to study the standing wave solutions ¢ (t, x) = u(z)e~** for the equation

m%—f =W} (=A)*Y + W(2)y — h(z,v), z€RN,

where £ is the Planck’s constant, W : RV — R is an external potential and h is a suitable nonlinearity.
Since the fractional Schrédinger equation appears in problems involving nonlinear optics, plasma physics
and condensed matter physics, it is one of the main objects of the fractional quantum mechanic. To know
more about the study of fractional Schrodinger equations, the reader can refer to [22,23,8,15,35,4,19,27,28,
21,36,37] and the references therein for example.

There are extensive bibliographies in the study of the coupled elliptic systems on bounded domain see
[16,20,10,33,34] and their references therein for example. As to the whole space, we refer the reader to
[2,17,29,31,30]. In [17], under the assumptions (VW;) — (VW3), the authors consider a similar problem

—Au+ AV (z)u = (;‘Tﬂ|u\°‘_2u|v\ﬁ, r € RY,
—Av+ AW (2)o = 5 [ul*v] 20, z € RY,

where o, 8 > 1 with a4+ < 2* =2N/(N —2) and N > 3. They establish a positive least energy solution for
the above problem by Mountain-Pass theorem and explore the phenomenon of concentration of solutions.
Meanwhile, for any k € NT, they show that the above problem admits at least k nontrivial solutions as well
as the concentration result for large A > 0 by using the well-known Symmetric Mountain-Pass theorem [1].
Subsequently, for a, 8 > 1 with a + § < 6, Lv-Xiao [29] study the following coupled system of Kirchhoff

type

Av+ AW (z)v = a2—fﬁ|u|“|v|5_2v, r € R3,

— (a +b [gs |Vu|2dx> Au+ NV (z)u = az—ﬁa|u|"‘_2u|v|ﬁ, r € R3,

a+b [ps |VoPda

by assuming

(Hy) V(x),W(z) € C(R3,[0,00)) and Q £ intV ~1(0) = intW ~1(0) is nonempty with smooth boundary and
Q=V"10) =Ww~Y0);

(Hs) there exist My, My > 0 such that the sets {x € R? : V(z) < My} and {x € R® : W(z) < M} have
positive finite Lebesgue measures.
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They obtain the existence and multiplicity of solutions for large A > 0, but don’t consider the concentration
of nontrivial solutions.

However, to the best knowledge of us, it seems that there are few works on the multiplicity and concentra-
tion of solutions to the coupled elliptic system involving concave-convex nonlinearities with steep potential
wells. In the present paper, we mainly follow the idea of [17]. Let us point out that although the idea was
used before for other different problems, the adaptation of the procedure to our problem is not trivial at
all. We establish some new estimation such as the inequality (2.5) below which will play an important role
in our proof. Moreover, the key inequalities, such as (2.17) and (2.18) below which are used to prove the
(PS) condition, don’t seem to have appeared in previous literature. What we want to emphasize here is that
there are two usual ways to study the concentration results, one is by the aid of the vanishing lemma [25,26],
see [44,39,24,40,43,11,27,38] for example, the other is via the Nehari method on the limit system, see [17]
for example. But the above two methods can not be applied directly to our case. On one hand, the work
space E = E; x Eo which is a subspace of D*2(R") x D*2(R¥), not a subspace of H*(R") x H*(RY),
prevents us using the vanishing lemma. On the other hand, we establish two distinct nontrivial solutions
for the limit system (see (1.5) below), so the Nehari argument does not work. Combining (2.5) and (2.18),
we obtain (3.2) and (3.3) to overcome this difficult.

Now we give our main results.

Theorem 1.1. If 1 < ¢ < 2, a, 8> 1 with a+ B < 2%, assume that (FG1) — (FG2) and (VW7) — (VW3) as
well as the following condition

a+pB—q 27

{ (a+ 8 —2)58” }—
(O‘+/B*Q)(|f|oo+‘g|oo) ’

2-a | 2a(1-p) 2—gq 1 (v—=1)/p (2% /2) 1/ aTh=z
(VWy) 0 < |B]|ZEC-0 TRF=2Nr < { ( S—1> Sy H p}

where |X| denotes the Lebesgue measure of o given in (VWs), and

2 2(p — 1) 2a+ 8 —2)
=% e(1,2¢/2 d p= = € (0,1).
P= oo CWB/A) ad p= o = o i =g OV
Then there exists a constant A > 0 such that (1.1) has two positive solutions z} = (ul,v}) and 2z =

(uy,vy ).
On the concentration of solutions, we have the following result.

Theorem 1.2. Let z/j\E be the solutions obtained in Theorem 1.1. Then z/\jE — 2% in E as A — oo, and zT

(27 ) is a (nontrivial) solution of

(=A)u= f(@)ul"?u+ 55lul*2ulvl, @€,

(~A)w = gl el + gl o0, w € 0, 15)
u = 0, S an,
v = O, S 392

Furthermore, we have the following conclusions:

(1) if O;NQ =0 and O4,NQy =0, then 2t = 0;
(2) if |©; N Q| >0 and |©4N Q| > 0, then 2T #0;
(3) 2t #27.
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The paper is organized as follows. In Section 2, we provide several lemmas, which are crucial in proving
our main results. In Section 3, the proofs of Theorems 1.1 and 1.2 are established.

Notations. Throughout this paper we shall denote by C' and C; (i = 1,2,---) for various positive constants
whose exact value may change from lines to lines but are not essential to the analysis of the problem. The
set A¢ is the complement set of A in RV. We use “—” and “—” to denote the strong and weak convergence
in the related function space, respectively. For any p > 0 and any = € R, B,(z) denotes the ball of radius
p centered at z, that is, B,(z) := {y € RV : |y — z| < p}.

Let (X,] - ||) be a Banach space with its dual space (X*,| - ||«), and ® be its functional on X. The
Palais-Smale sequence at level ¢ € R ((PS). sequence in short) corresponding to & means that ®(z,) — ¢
and ®'(z,) — 0asn — oo, where {z,,} C X. If for any (PS). sequence {x,} in X, there exists a subsequence
{zn,} such that x,, — z¢ in X for some o € X, then we say that the functional ® satisfies the so called
(PS), condition.

2. Preliminaries

In this section, we present some preliminaries for the main results of this paper. It is worth mentioning
here that the main idea of the following lemma comes from [17, Lemmas 2.1-2.2], however, we obtain a
totally different estimate which enables us to show the (PS) condition of Jy in another way.

In view of the constants p and p given by the assumption (VWy), there hold

a—1 -1 1
8

-=1 2.1
23 25 " p @1

and
p=2/2+ (1— p). (2.2)

Lemma 2.1. If o, 8> 1 with o+ < 2% and assume (VW) — (VW3). Then for any z = (u,v) € Ey, there
exists Ao 2 max{1, Ss|S|~~ ¢~} such that

1
[ uleiotan < (G55

RN

(I—p)/p . s
2W> S;(2§/2) H/PHZH()\JH‘ﬁ

Proof. Recalling (VW3), by using the Holder inequality and (1.2) we have

/|uv|dm < /(|u
RN )

1

23 (jof) %

2s 1 1 1
v 1~¥dz + o /()\V(x)uz)ﬁ()\W(x)v2)§dx
¢
ZC

1

¥ %( / )\V(x)qua:> i < / /\W(x)vzdx>%

< |U 2% | V]2 X
e Se
. . . 1
< STUSIF|(=A) 2ulo|(=A) 3]s + e / NV (z)u? + \W (z)v?dx
CRN
1 .1
< gmax{ s AR (2.3

It follows from (1.2) and (2.2) that
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e (e o)< 3 )] (f )

RN RN RN RN

< [SS:/Q (CSERYONE )] (/uvux)
i:”(/|uv|da:>l_#. (2.4)

RN

< 5;2:H/2|

Combining (2.1) and (2.3)-(2.4), we derive

B—1 1
2; P
dx) ( / |uv|pdx>
RN
1 1-p

el ( / wirar) " < 57 ([ ugar) T
RN RN
1

< <§ max{Ss

(1—p)/p
1 (2% /2)2
<2 ; > S (25/2) M/P”lei-‘rﬂ (25)

when A > Ag. The proof is complete. O

1—
2 i}>( “)/ps—u:/z)?u/p”Z”a+ﬁ—2+2;u/p+2(1—u>/p
,AC S A

According to (FG1) and by some direct computations, there holds

[ 1@hias = [ s@ludvdo+ [ f@lirds < [ sl
RN b e >

» (2.6)
< lel107% (570 [ [-8)buan) < |l 10/ 702,
N

Similarly, we have
/ g(@)e]tdz < |gloo| S| 0/% S| |2 (2.7)
RN

Next we will study the so-called Nehari manifold because the variational functional Jy(z) is not bounded
from below on the whole space E\. Let us define

My = {z € Ex\{0} : =0}

and then any nontrivial solution of (1.1) belongs to Ay. Obviously, z € N if and only if

12]13 = I.4(2) /|u| [v|?dz and z = (u,v) with u# 0 and v # 0.
RN
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The following lemma tells us the behavior of Jy(z) on Nj.
Lemma 2.2. The functional Jx(z) is coercive and bounded from below on Ny.

Proof. For any z € Ny, since 1 < ¢ <2 < a+ f3, by (2.6) and (2.7)

L I T S ;
&) =16 = 35 = (5= a5 IR = (3 - i ) a2

1 1 1 1 . x
> (- 2 _[Z_ - )2 @—D)/25 g—a/2 |19
> (57 215 B = (5 - 235 ) Ul + lal)i 922

>(2—q)(a+5—2)<a+ﬁ—q
= 2q(a+ ) a+p-2

1

. " 2—4q
(1F1so + lgloe) | ]2 -00/2: SSW) 2,

which yields that Jy(z) is coercive and bounded from below on ANy. O

The Nehari manifold N} is closely linked to the function ¢y ,(t) = Jx(tz) for any ¢ > 0. As we all know,
the above map was introduced by Drabek-Pohozaev [13] and discussed in Brown-Zhang [6] (or Hsu [20],
Chen-Kuo-Wu [9]). For any z € ), one has

R toth
L) == | - | dr,
o) = SI1E = SIre) = g [ el ol
RN

Ph = (1) = 2]} — 17 pg(2) — 0P / [ul 0] dz,
RN

5,20 = 218 — (g = D211 (2) = (o + 8= D0 [ puf ol
RN

It is easy to see that for any z € E) and t > 0, there holds

1o () = £2]2]]3 — 1911 4(2) — o7 / ||| de,
RN

which gives that ¢} _(¢) = 0 if and only if tz € N. In particular, ¢}, _(1) = 0 if and only if z € Ny. Arguing
as Brown-Zhang [6], we split N} into three parts:

N ={z e N1 5 .(1) > 0},
Ny ={z € Na: ) .(1) =0},
Ny ={zeN\:¢5.(1) <0}

Therefore for any 2z € N, we have

P51 =213 = (g = DIpg(2) = (a4 B=1) / Jul o] da
RN

—@-qlsl - (a+F-0q) / | o] da (2.8)
RN

=2—a=B)lz3 + (a+8 - @)ly4(2). (2.9)
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As a direct consequence of (2.9), one has
I 4(2) >0 forany z € NYUN.
It is similar to the argument in Brown-Zhang [6, Theorem 2.3] that we can derive the following result.
Lemma 2.3. Suppose z € E) is a local minimizer for Jy(z) on Ny and z ¢ NY, then J\(z) =0 in E}.
Inspired by the above lemma, we need to study when the case N, S = () happens.

Lemma 2.4. For 1 < ¢ <2 and o, > 1 with o+ 5 < 2%, if A > Ao and assume (V1) — (VW3), (VW)
and (FG1), then N = 0.

Proof. Arguing it indirectly and suppose for any z € NY, using (2.5) and (2.8) we have

(1—p)/p
1__ 2s —(27/2)2 o
-0l < s o (SRR ) ST, (2.10)

which implies that

2 — 1
||Z||AZ{ ‘ (—sswz

_ [
S %)m 1)/p5§22/2)2u/p] ”H.
a+pB—q\2

Similarly, by using (2.6), (2.7) and (2.9) we obtain

m+6_QXﬂm+MRﬂm@—W¥}r?

<
”ﬂh‘[ (a+ 5 —2)5%7

It follows from the above two formulas that

|z

)

* —1 1 2 1
e T > {72 4 (155—1>(M )/p5§275/2)2u/p} oFp2 { (a+8-2)8Y 2
a+p—q\2 (a+ B =a)(|floo +19lo0)

which is a contradiction to (VWy). The proof is complete. O
To find solutions of (1.1), it is necessary to consider whether N/, )\i are nonempty.

Lemma 2.5. For 1 < ¢ <2 and o, B> 1 with o+ < 2% and assume (VW1) — (VW2), (VW,) and (FG1).
Then for any XA > Ay and z € Ex\{0}, there exists

(@ + 5~ ) Jan Jul TPl

such that
(i) if I 4(z) <0, there is a unique t= > tyqp such that t~z € Ny and

JA(t2) = sup Jx(t2);
t>0
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(i) if I14(z) > 0, there are unique t+ and t~ with 0 < t+ < t;q, <t~ such that t¥z € Nj[ and

oy — N
Ja(t Z)_ogtléltfmam In(tz) and Jy(t Z>_tzsll,zx Ja(tz).

Proof. The proof is standard, we omit it here (see e.g. Brown-Wu [7, Lemma 2.6] and Hsu [20, Lemma 3.5]
for example). O

From Lemma 2.4, we know that Ny = N7 UN; for any A > Ag. Moreover, by Lemma 2.5, Ni& # 0; by
Lemma 2.2, we may define

_ . + _ . - _ .
= zler}\f}x J)\(Z)’ = zgg;r J)\(Z), ™= zgjl\f; JA(Z)

Then we have the following result.

Lemma 2.6. If 1 < ¢ <2, o, § > 1 with a+ p < 2%, and assume (VW1) — (VWy) and (FG1) — (FG2).

Then for any A > Ag there exists dy > 0 independent of \ such that mi‘ <0 <dy <mj . In particular, we

have m}\" =my.

Proof. For any z € Ny, by (2.8) we have

@-glll2 > (a+8—q) / o[ de,

which implies that

1 q—2 a+B—q
Jz:Jz——J’z7z:—22+4/uadex
A(2) = Ja(2) q<>\()> q””)\ oa RN||||

Thus we obtain that m} < 0.
Similar to (2.10), we can derive

(n=1)/p aTh—z

92— 1 . . a2

llzllx > {% (§S;1§]|2W> ngS/z)Q“/p} for any z e N . (2.11)
«Q —q

Then for any z € N7 C Ny and by (2.6)-(2.7), we have

_ __ _atp-2, ., atf-gq
I = )~ A = SRl - S ) -
11 B 11 e '
2 1408 (5 - g )18 — (g — ) e + Il 1% 507

Combining (2.11) and (2.12), by (VW,) there exists dy > 0 independent of A such that m) > do. The proof
is complete. O

The following lemma is an another version of Brézis-Lieb lemma [5], which is proved by Han [18].



L. Shen / J. Math. Anal. Appl. 475 (2019) 1385-1403 1395
Lemma 2.7. Let {(un,vn)} C Ey) be such that (up,v,) = (u,v) in Ey, then

lim / [|un|0‘|vn5 — |ty — ul®|vy, — 0] — |u|¥|v|? |dz = 0. (2.13)
n—oo
RN

To find the critical points of Jy, we need the following compactness result.

Lemma 2.8. If 1 < ¢ <2, o, §>1 witha+p < 2%, and assume (VW) — (VWy) and (FG1) — (FG2), then

s’

there exists D > 0 and A = A(D) > 0 such that Jy satisfies the (PS). condition in Ex for any ¢ < D and
A> A

Proof. Let {z,} = {(un,vn)} be a (PS)-sequence with ¢ < D. We know from Lemma 2.2 that {z,} is
bounded in E), and then there exists z = (u,v) € E) such that z, — z in the sense of a subsequence.
Furthermore, we may assume that u, — w in E; and v, — v in Es. As the argument in [17], one has

lim /|un|°‘_2unap|vn|’6dx:/|u|a_2u<,0\v|5dm, for any ¢ € Cg°(RY)
n—oo
RN RN

and

tim [ fun ol Zvde = [ Jul*ol?ov, for any & € CRERY).
RN RN
Using the Lebesgue theorem, by (FG3) one has

n—00
RN RN

lim [ f(2)[un| " Puppde = /f(l‘)|U|q_2wdw

and

n—00
RN RN

lim /g(x)|vn|q_21)nnpdx= /g(x)|v|q_2wpda:.

Hence we have

0= lim (J5(z2n), ¢) = (Ji(2),¢), forany ¢ = (p,9) € CF°(RY) x C5°(RY),

n—oo

which yields that J5(z) = 0.
Now we show that z, — z in Ey. In fact, let Z,, £ 2, — z with @, £ u,, — u and T,, £ v,, — v. By (2.13)
and (F'G3), we have

In(Zn) = Ia(zn) — Ia(2) +0(1) and J3(Zn) = J5(zn) + o(1). (2.14)

On the other hand, by (FG3) we obtain

lim [ f(x)|u,|%dx = 1i_{n /g(x)\ﬁn\qda@ =0. (2.15)

n—oo

RN RN

If z=0, J\(z) =0; if 2 #£ 0, Jx(2) > —Mjy by Lemma 2.2. In a word, we always have Jy(z) > —M;, which
together with (2.14)-(2.15) implies that
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D4 My > e~ Jy(2) = Ja(Za) — —= (4 (Z),Za) +0(1)

+ 8
a+fpf-2
- WHznlli +o(1). (2.16)

Recalling (VW3), one has

/|ﬂ,ﬁn\dx: /|ﬂn@n|dx+/|ﬂnm|dx:/\ﬂnﬁn|dx+o(1)
RN e 2 e

< % / AV (@)[Tn?) 2 (AW (2) 50 [2) *dz + 0(1) < iIIEnlli +o(1). (2.17)
&

It is similar to (2.1)-(2.5) and using (2.16)-(2.17) we derive

(1=p)/p
1 _(ox
/ ‘ﬂn‘aanBd.’lﬁ < <—> S (25/2)211/17”2“”3-"-5 +0(1)

2Ac
RN
< L (liu)/ps_(2:/2)2ﬂ/l7 2(D+M0)(Ck+ﬂ) (a+1872)/2||2 ||2 +0(1) (218)
— \2Xc 3 a+ -2 i
1 _
< SIEall3 +o(1),

whenever

patB—2)
A > A =A(D) £ max< Ay op/(1—p) 1 S*(2§/2)2#/(1*#) 2(D + Mo)(a+B)\ 209 )
= ’ 2¢)7° a+p-2

Consequently, by (2.18) we have

= _ — o L.
0(1) = (J3(2n), Zn) = |Zall3 — / [@n]*[0n]? + 0(1) > §H2n||§+0(1)7
RN

which yields that Z,, — 0 in E). The proof is complete. O
3. Proof of Theorems 1.1 and 1.2

In this section, we will prove Theorems 1.1 and 1.2. Using the Ekeland’s variational principle [14] and
the argument in [41] (or see [20, Proposition 4.1] for example), we have the following result.

Lemma 3.1. Under the assumptions of Lemma 2.0, then for any X > Ao, J\(z) has two (PS) sequences
{27} C Ny and {z}} C Ny at the levels my and m}, respectively.

Proposition 3.2. If 1 < ¢ <2, a, > 1 with a+ 8 < 2}, and assume (VW1) — (VWy) and (FG1) — (FG2).
Then for each X > Ao the functional J\(z) has a minimizer zj S N; C N, and there hold

(i) In(z¥)=mi =my <0;
(ii) 2z is a nontrivial solution of (1.1).
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Proof. By Lemma 3.1, there exists {27} = {(u;},v,7)} C N such that it is a (PS) sequence of J, at

n» n

the level mj\'. By Lemma 2.2, we know that {z;7} is bounded in F), passing to a subsequence if necessary,
b = 2f = (uf,v)) in Ey.
We first claim that z;\”‘ # 0. Arguing it indirectly and suppose that z;\”‘ = 0, hence

lim Ifg(zt) = I q(2)) =0,

n—oo

which implies that

0= (J3(zn), 2 ) = 203 = Ir.g(2) — / sy vy | P de
RN

Nz R [ ko P + o),
RN
Therefore we have

1 1 1
SR = 1o — g [ ol P
RN

1 1
— (5 235 113 + o0

J)\(Z+)

which is a contradiction to lim, 0o Jr(2;7) = my < 0 by Lemma 2.6. Hence z,” # 0. By the property of
weak convergence, it is easy to see that zj\“ e N, ;“ .
Now we show that z;7 — 2 in E\. Suppose the contrary, that is, ||2*||x < liminf, e ||2;}]x, then

1
a+p

(L Y (L
~(3- 25 1B - (G - o5 ) Trsted)

+
A

my < Ja(z0) = Ja(z) - (T3 (2X): 2%)

)

< liminf Jy(2,) =m
n—oo
a contradiction! Consequently, 2,7 — 2 in E) and Jy(z)") = m{. In particular, 2} is a nontrivial solution
of (1.1) by Lemma 2.3. The proof is complete. O

In view of Lemma, 2.8, it is necessary to estimate m, carefully. To do it, we choose two nonzero functions,
vq, and ¥q,, to satisfy pq, € C5°(1) and ¢q, € C§°(Q2), where ; and 5 are given by (VWy). Set
€= (9091,1/}&22) € E)\a then by (VW3) we have

t2 s s td to+h N 8
Ite) = 5 [ 1(=8)200, " +[(=8) ¢, | dz — Efﬁg(e) o1’ P, [*lba, | d.
RN RN

For any A > Ao, by Lemma 2.5 there exist positive constants ¢, and Dy independent of A such that
tpe € Ny and

sup Jx(te) = Jx(tge) = Do > 0.
>0

Therefore we have
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m, < Do < +oo, for any A > Aop. (3.1)
We now establish another solution of (1.1).

Proposition 3.3. If 1 < ¢ <2, a, 8> 1 with a+ B < 2% and assume (VW1) — (VWy) and (FG;) — (FG2),
then for each X\ > A = A(Dy) the functional Jx(z) has a minimizer z, € Ny C Ny and there hold

(1) Jx(zy)=m) >0;
(it) z, is a nontrivial solution of (1.1).

Proof. By Lemma 3.1, there exists {z,} = {(u,,v,)} C N such that it is a (PS) sequence of J) at
the level m, . By Lemma 2.2, we know that {z,, } is bounded in Ej, passing to a subsequence if necessary,
Z, — 2z, = (uy,vy ) in Ey. Recalling (3.1), we set

platB—2)
1 _(o* _ 2D, M, 2(1—p)
A = A(Dy) 2 max { Ag, 20/ ( L) g @22/ (2(D0 + Mo)(a + 5) 7L
2c a+ -2
up to a sequence if necessary, we obtain z; — z, in E) by Lemma 2.8. Hence Jy(z)) = m, > 0 by
Lemma 2.6 and z, is a nontrivial solution of (1.1) by Lemma 2.3. O

We are in a position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Combining Propositions 3.2 and 3.3, the system (1.1) has two nontrivial solutions

zit satisfying

I(zh) =mi <0<dy < Ja(zy) =my.

The remainder is to show z¥ are positive. Indeed, we set |25 | £ ([uf|, [v5]) then Jy(2F) = Jy(|z5]) = mF
and |25| € N, By Lemma 2.3, |25 are solutions of (1.1) and hence we may assume that 25 = [25| are
nonnegative. Moreover, if there exists o € R¥ such that uf(xo) = vf(:ro) = 0, then (fA)Szf(xo) =
((=A)*ui (20), (—A)*vi (20)) = (0,0) and thus

s L 2 (@0 +y) + 23 (w0 — y) — 223 (20)
(-85 (a0) = ~5Cn(o) [ 2 Sy,
RN

which gives that

JE CETEE R

|y|N+25

Therefore we obtain zf(x) = (0,0), a contradiction! Hence zf are positive. 0O

Next, we investigate the concentration result for the solutions obtained in Theorem 1.1 and give the proof
of Theorem 1.2.

+

£ ) be the critical points of Jy,

Proof of Theorem 1.2. For any sequence )\, — 400, let zfn =zr = (u
obtained in Theorem 1.1. In view of Lemma 2.6 and (3.1), we have
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1 1 N
- <6 - (Jé—f—ﬂ)]’f’g(zn)

1 1 1 1 x .
> (2 - =12 (== - ) [Z| B ma)/25 g-a/?
> (2 >||Zn I3, (q a+6)(|f| +19lo0) 2] R B W

1 1
Do I () = 5k 0580 = (5 = 5 ) I43R

which yields that |zF||x, are bounded. In particular, we have ||z || are bounded, passing to a subsequence
if necessary, there exist 2% = (u®,v*) € E such that zF — 2% in E. For any ¢ € C5°(1), then inserting
(p,0) into (1.3) there holds

[miuayipte = [ patlsutds + / 2l P,
RN RN
which implies that
[ eaitcayipi = [ @t ttede s S [ ettt P,
Q1UQ QLUQ Q1UQ,

for any ¢ € C§°(€). Similarly, for any ¢ € C5°(£22),

/(_A)%Ui(—A)%zpdx: / o) [t 120 E g + —D— / || P20 E .

a+
Q1UQ- Q1UQs Q1UQ-
We now show that u* = 0 in Qf. By X — u® a.e. in RY one has
1
0< V(x)[uF|?dr < lim inf / V(x)|uf|?de < —z5)13 =0 as n — oo,
RN\V—1(0) RN

which implies that u* = 0 a.e. in V~1(0). In view of (VWW3), we know that u* € Hg(£). Similarly, we have
vt € HE(Q2). Thus z* = (u®,v¥) are solutions of (1.5). We claim that

Claim 1: 25 — 2% in E.
Denote .t £ uf —u® and wi £ vF —o* then 75 2 2F — 2% = (k' w?). Since we have demonstrated that
|z:F|x,, are bounded, without loss of generality, we can assume there exist constants M* > 0 independent

of n such that ||zF|x, < M* < 4o00. Consequently, we have ||z%||x, < M* and then ||7f|\, < 2M*. In

view of (VWs),
[ rtiin = [ tutlao + / twtlde = [ Inswtlde +of1)
RN C C

S—/ AV (z VKE )%( W (z)|wE |) dx + o(1)

1
17 11R, +o(1) <

< - 7
— 2\, M AncC

Similar to (2.4), the above formula gives that

. — K
[t < s ( / = |dw) — o(1).

RN

As (2.5), we have
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_a+B-2 %
/|Hf|a|wg|ﬂdxgss ’ IIT?flij“(/ /ﬁfw;tlpdx> = o(1). (3.2)
RN RN
Combining (2.13) and (3.2), there holds
li_>m /|uf|°‘|vf|ﬁdx = / lut|® ot |Pde = / lut | ot [P de. (3.3)
RN RN QLU

Therefore by (3.3) we derive

n—oo

+ 12 : +2 : +2 : + + +
J2% 2 < Jim (=2 < Tim |53, = lim (If,g<zn>+ IR |ﬂdx)
RN

= / [f(x)luiq+g(x>|vilq}dx+ / [P de < ]|,

Q1UQ QUQ2

where we have used the fact that 2% € Hg(Q1) x Hg(€2) are solutions of (1.5) in the last inequality. Thus
we complete the proof of Claim 1.

Claim 2: 2~ # 0.
Arguing (2.3) for A = 1, and repeating the proving process of (2.5) we have

(1-w)/p

1 .1 _(o*

/ Juy [* oy |Pda < (5 max {ss—lz % _}> Sl
C

RN

In view of (2.8), we obtain

|a+B A COHZ |o¢+l3.

nl ol

2=l < 2=l 13, < (a+8-q) / [ [y [P da < Co(a+ 8 — @)z, |**7,
RN

which together with 2, — 2~ in E implies that z~ # 0. The proof of Claim 2 is complete.
e ;NN =0and O,NN =0

In view of (2.9), we have

) s

|z7]]* = lim ||z
n—oo

: +112 __ 1 =
Snll_>ngo||zn Ap = a+ﬂ72n—>oo f7g(zn) a+ﬂi2lfx9(z

_at+B—gq
= m(/f(x)ltﬁlqu+/g(a:)|v+qdz) <0,
Q1 Qs

which yields that 2zt = 0.
. |@f ﬂQl‘ > 0 and ‘@g ﬂQQ| > 0.

Choosing e ,na, € C5°(05 N Q) and Ye,na, € C5°(O4 N Q2) to be nontrivial, where {2y, Q3 and Oy, O,
are given by (VIW3) and (FG1). Set e = (po,na,,%e,ne,) € E, then
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2 s s
a0 =5 [ 1-8)ipem0, P+ I(-8)ibe, 00, -
RN

ta-‘rﬂ 8
ﬂ/|90®fm91|a|1/1®gmsz2| dz
RN

t4

__< / f()|pe,na,|?dr + / 9($)<Pegm¢2|qu>.

q
0,N0 0,NQ;

For any A\, > Ag, by Lemma 2.5 there exist constants tf{ > 0 and g9 < 0 independent of A, such that
tie € N, ;rn and

inf Jy, (te) = Jy, (tfe) = 00 <0,
0<t<ty

which implies that Jy, (z}) =mJ < o <0. Set

1 s s 1 1
J(Z) = 3 / ‘(—A)§u|2 + |(—A)51}|2d$ - 6If7g|QluQ2(Z) -3 B / |u|a|1]|5d$,
QLU Q1UQ

where

Lalowe ()= [ Fa)luft+ gla) it

Q1UQ
Thus by 2zt € H§(Q1) x H§(Q2),
J(zT) = leJrHQ — 1If (2%) — ; / \u+\°‘|v+|ﬂdx < lim Jy, (2) <00 <0
2 q 59 a+6 = nyeo n\“n /) = 9
RN

and then z* # 0. The remainder is to show z* # 27 In fact,

1
0 <do < Jx,(2,) = Ian(z) = 504, (20), 20)

1 1 1 1
=5~ Mrolz) + |5 - / o lon 1d

Yy ey (P Y [ e
(373 )1rat+ (5 5g) [ oo Pas-to)
RN

= T~ ) of1) = J(=) + (1),

which gives that J(27) < go <0 < dy < J(27). Therefore z* # 27, O
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