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1. Introduction

By P, denote the set of all polynomials in C of degree at most n € N. Let D be the unit disc
{zeC:|z| <1}
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There are a lot of books and articles devoted to polynomials and differential inequalities for polynomials
(see, for example, [1-4], [6-10], [11, ch.V, §1]).

t
For z € C \ D by Q.| denote the image of the disc {t € C : |t| < |z|} under the mapping 9 (t) = ¢
For f € P, put Su[f](2) = zf'(2) — naf(z), o is a constant.
In the article we consider polynomials f, F' € P,, such that
1) deg f < degF = n,
(%) { 2) F has all its zeros in D,
3) [f(2)| < [F(z)[ on OD.
In [11], in particular, the following theorem was proved:
Theorem A. [11, ch.V, §1] Let f and F be polynomials possessing conditions (x). Then for z € C\D
1Salf1(2)] < [SalF](2)] (1)

for all o € Q.. For a € Q,; in (1) equality holds at a point zg € C\ D iff f =e"'F, v € R.

So, for a € (m the Smirnov operator S, preserves inequality between polynomials.
In [7, p. 65] Marden introduced a differential operator B of second order, B : P,, — P,,. This operator B
carries a polynomial f € P, into

BUAI2) = Mo (2) + M2 () + 2o (%) L1,

where \g, A1, and Ay are constants such that

u(z) = Ao + C’rll)\lz + C,%)\gzz #0 for Rez> % (2)

In [10], Rahman and Schmeisser proved that the Marden operator B also preserves inequality between
polynomials.

Theorem B. [10, p. 538-540] Let f and F be polynomials possessing conditions (x). Then
IB[f1(z)| < IB[F](2)], =z€C\D, (3)
here the constants Ao, A1, Ao possess condition (2). For zg € C\D in (3) equality holds iff f = eV F, v € R.

In the particular case F(z) = z™ Theorem B was earlier proved in [9] by Rahman.

This theorem was generalized in different ways (see, for example [12] and references herewith).

It was proved in [5], that for |z2|] > R > 1 condition (2) on constants Ag, A1, A2 can be weakened in
Theorem B. In particular, the following result was presented:

Theorem C. [5/ For R > 1 let Lg be the curve

Li={5(1+ Reos p)k(Re*): g € [0,2n]},

(see Fig. 1) here k(z) = ﬁ is the Koebe function. Let f and F be polynomials possessing conditions
R
(%), z1 and zo be the roots of u(z). If either a) z1 and z2 lie in the half-plane Rez < gl—l——R or b) the

Please cite this article in press as: E.G. Ganenkova, V.V. Starkov, Variations on a theme of the Marden and Smirnov operators,
differential inequalities for polynomials, J. Math. Anal. Appl. (2019), https://doi.org/10.1016/j.jmaa.2019.04.006




Doctopic: Complex Analysis YJMAA:23094

E.G. Ganenkova, V.V. Starkov / J. Math. Anal. Appl. s (ssee) eee—see 3

Fig. 1. To Theorem C.

straight line, passing through z1 and zs, does not intersect Ly, then
IBIf](2)| < |B[F](2)], |z[ = R.

In the presented paper we construct new differential operators of second order preserving inequality
between polynomials. In section 4 we compare these operators with the Marden operator and prove that for
|z| > R > 1 the new operators essentially generalize the Marden operator. Namely, the set of parameters
in our inequalities is much more wider then in Theorem B (cf. Theorem 3). This fact does inequality (3)
more applicable for |z| > 1. Also we show that, generally speaking, the set of parameters obtained in
Theorem 3 can not be extended (cf. Example 1). In section 2 we consider arbitrary linear operators (not
necessary differential), defined on polynomials. We investigate the connection between two properties of
such operators: preservation of zeros and preservation of inequalities between polynomials.

2. Operators preserving zeros

Let T : P, — P,, be a linear operator. We shall say that T' preserves zeros if, for every polynomial F' of
degree n having all its zeros in D, the polynomial T[F] also has all zeros in D.
Rahman and Schmeisser proved the following

Theorem D. [10, p. 538] Let f and F be polynomials possessing conditions (x), T be an operator preserving
zeros. Then

IT[f1(2) < IT[F)(z)], z€C\D, (4)
for zo € C\'D in ({) equality holds ifff = ¢ F, v € R. (5)

As it turns out, the converse statement is also true.

Theorem 1. Let T : P, — Py, be a linear operator. For all f and F possessing conditions (x) (4) and (5)
holds iff T preserves zeros.

Proof. Sufficiency is Theorem D.

Necessity. Assume the converse, let 7' do not preserve zeros. Then there exist zg € C\D and a polynomial F
with zeros in D, deg F' = n, such that T[F](z) = 0.

Consider the polynomial

fi(z) = cF(z), |c| < 1. (6)

Then f; and F are polynomials possessing conditions (x). Therefore, by (4)
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IT[f1](z0)] < |T[F)(20)| = 0

and we have |T[f1](z0)] = |T[F](20)| for zo € C\D. By (5), fi = €!"F. This contradicts (6). Hence, T
preserves zeros. O

Corollary 1. Let f and F be polynomials possessing conditions (x). Let Th : Pp — Pm, To : Py — P,
k <m < n, be operators preserving zeros and such that deg T\ [F| = m. Then

T2 [f](2)] < |TTh[F](2)], 2z € C\D.
For zy € C\ D equality holds iff f = ¢'F, v € R.

Proof. Consider the polynomials T1[f] and T3 [F]. Note that degT1[f] < deg T1[F] = m. Since T preserves
zeros, all zeros of Ti[F] belong to D. By Theorem D,

T1[f]1(2)| < ITA[F](2)], 2 € OD.
Therefore we can apply Theorem D to the polynomials T3 [f], T1[F], and to the operator T. We have
IT2Th[f](2)] < [TTA[F)(2)], 2z € C\D.

In addition, in the last inequality for zp € C \ D equality holds iff T1[f](z) = e"T}[F](z). This implies
IT1[f](20)| = |T1[F](20)| for zy € C \ D. Again, by Theorem D, we have f = ¢F, y € R. O

Note that for fixed z € C \ D inequality (1) can be written in the form

az
1+ az

az

2f'(z) =n T+ as

2F'(z) —n

ﬂ4< Fls)|, zec\p,

where @ is an arbitrary number from D, or, equivalently,
1 f1(2)] < |Su[F](2)|, z€C\D,
where
Salfl(z) = (1 + a2)f'(2) = naf(2).
For the modificated Smirnov operator S, the following property holds:
Proposition 1. Let F be a polynomial, deg F' = n, F has all zeros in D. Then deg §a [F] < n—1. Moreover,

F(n)
) if ' € OD. If a = a’ then

deg §a[F] =n—1 for all a € D, except may be one value o' = m

F(z) = C(1+ad'2)",C € C, in this case Sy[F] = 0.

Proof. Denote F(z) = bp2™ + ... + by, by # 0. Consider S,[F](2) = ¢nz™ + ... + ¢co = (1 4 az)(nby,z""' +
(n—1Dby_12""2 + ...+ b1) — na(byz" + ... + by). Find

cp =0, c¢p_1=nb,—ab,_1.
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o r bn ™ .
Therefore, deg Su[F] < n —1 and degS,[F| =n—-1ifa # o = bn € D. Consider the case a = a' =
n—1

b  —
bn € D. Write F' in the form F(z) = K(z — 2z1)...(z — zn), |2k| <1, K = const # 0. Then

n—1

a = b _ _ r eD
bn,1 21+ ...+ 2,
. 1

only if 21 = ... = 2, 2z € OD. Consequently, ' = —— € D and

21
F)=K(z—2)"=C(1+d2)", C=const#0.

Let us compute Sy [F] for F(z) = C(1 + a/z)™:

Sy[F)(z) = (1+d'2)Cnd (1 +d'2)" ' —Cnd’ (1 +d'2)"=0. O

If for a polynomial F with zeros in D, deg F' = n, the value o’ = () belongs to dD, then we shall

(
say that a’ is an ea:ceptzonal value for F. By Proposition 1, in this case F(z

)

(0)
)=CQ1+ad2)".

) and Theorem 1 it follows that for a € D the operator S, preserves

14+az
zeros. However, this is not true if a € 9D. Indeed, for the polynomial F(z) = (1 + az)", a € 0D, we have

From Theorem A (for o =
Sa[F](z) = 0. Nevertheless, the following statement takes place.

Proposition 2. Let F' be a polynomial with zeros in D, deg F = n. Let a € OD be not the exceptional value
for F. Then all zeros of Sq|F] lie in D.

Proof. Assume the converse. Then there exists a point zy € C \ D such that S,[F [F](20) = 0. This implies
Sa[F](z) = 0. Indeed, if S,[F](z) # 0 we can find a neighborhood U (zy) C (C\]D) of zy such that S,[F](z) # 0
in U(z) \ {20}. For b € D the operator S} preserves zeros. Consequently, Sy[F](z) # 0 in U(zo). Consider
the circle I' = {z € C : |z — 29| = r} C U(z0). We find a point z(b) € T such that

min |Sy[F](2)] = [Ss[F](2(b))].

zel

Then, by the maximum modulus principle,

|S5[F](2(0))] < |Sb[F](z0)].

There exists a sequence b,, € D, b,, — a, such that z(b,) — 2* € I'. Passing to the limit in the last inequality
we get

[SalFI(=")] < |Sa[F(z0)| = 0.
This contradicts the condition Sg[F](z) # 0 in U(z0) \ {z0}. So, Sa[F](z) = 0. Equivalently,
(1+az)F'(z) — naF(z) = 0.

F™M(0
Solving this equality we find F(z) = C(1 + az)™, C = const # 0, because deg F' = n. Then F(Tl()(z)) =

a € 0D and a is the exceptional value for F'. This contradiction concludes the proof. O
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3. Differential operators of second order

For f € P, a1,as € D apply the operator §a2 : Pn—1 — Pp_o to the polynomial gal [f1(z). We obtain

new differential operator of second order

$1£1(=) < Ba, 8, [f(2) =
= (1+ag2)(a1f'(z) + (1 +a12)f"(2) —narf'(2)) — (n — Daza((1 + a1) f'(2) — nai f(2))
=1+ a12)(14a22)f"(z) — (n — 1)(a1(1 + a2z) + a2(1 4+ a12)) f'(2) + n(n — 1)araz f(2).

From section 2 it follows that the operator 52 preserves zeros not for all values of parameters a1, as in

contradiction to the Marden operator B.
For the operator S? the following theorem holds:

Theorem 2. Let f and F' be polynomials possessing conditions (x). Then

S (£1(:)| < IS*[F)(2)], =€ C\D.

For zy € C\' D in (7) equality holds only in the following cases:

F) (0

1) If one of a1 and ay is exceptional value o' = F(Tl)(?)) € 0D for F then equality holds iff F =

C(l+ad2)", f=c(l+d2)", |c| <|C]|.

2) If a; # o’ # ag then equality holds in one of the cases:
a) if a1, az €D then f = eF, Vy € R.
b) if a; € OD, as € D then

b.l) f=¢e"F, Vy € R;
b.2) F(z) = K(1+a12)"(z—z1), f(2) =" F(2)+ C(1+a12)", Vy € R, V2 € D, VK, C € C\ {0}

C 1 _
such that the circle {w(a]D)) +1:w(z)=— + alz} is contained in D.
eK z— 2z

The case a; €D, ay € D is symmetric to b).
c) if a1, ag € OD then equality holds in one of the following cases:
cl) f=e"F,Vy€eR;
c.2) F(z) = K(1+a;2)" Y(z—21), f(2) = €7F(2)+C(14a;z)",Vy € R,Vz € D, VK, C € C\{0}
such that the circle S w;(0D) + 1 : w;(z) = eiS’K 1Z—|-_azjlz is contained in D, j =1,2;
c3) forn =2, a1 # az, F(2) = K(z — 21)(z — 22), f(2) = e"F(2) + C1(1 + a12)? + Cgl +

1 1 1+ asz
2 - = T\ T
a22)%, Vy € R, V21 € D, V2o € 0D \{ . a2}7 vC e C\ {0}, ¢4 (1+a122> ¢
Ch az 2 1 ¢ Zicz ,
el £ — (a) , and K € C\ {0} such that the circle {wg(alD)) +1:ws(z) = Keiv 2 — 21} 1
T+at  1+azz,

contained in D, where (o € OD is defined by the equation = ;
T+ a1tz 1+aiz
cd) forn =2 a1 # as, F(2) = K(z — 21)(z — 22), f(2) = e7F(2) + C(1 + a12)* + C1(1 + a22)?,
2

Vy €R, Vz1,20 €D, VC,Cy € C\ {0}, C’Q # — (%) , for K € C\ {0} such that
1 1

C(1+a12)? +C1(1 + azz)?

1+ . <1 onoD
eK(z — 21)(z — 29)
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(eit _ Cl)(eit _ 42)
(" =) = 22)
1+ QQC 2 C

here (1,2 € OD are the solutions of the equation =——.
(1, G2 f q (1 Fac Cy

c.5) forn =2, a1 # as, F(z) A(z — z21)(z — 2z2), f(2) = B(z — z1)(z — 22), |B| < |4]|, and 21,
2o € 0D such that arg — = = 28 € (0,7 can be arbitrary, the number argz, = 6 € [0,27) is

and total change of arg equals —m when t runs the interval (arg(y,arg(s),

doubly defined from the equatwn

cosacos 3+ cos(p1 +a—0; — ) =0,

where p1 = argay € [0;27m), a = %argZ—? € (0;7/2];

c.6) for a1 = az, F(2) = K(1 +a12)" Ya1C1z + C + C1), f(2) = F(2)(1 + €7 /K) ¥y € R,
VK € C\ {0}, C, Cy € C\ {0} such that 1+C“2 <1, CQH‘ Y

c.7) foray = as, F(2) = K(14+a12)" 2(2— 21)(a;C12+C +C1), }( )=eTF(2)+C(1+a2)" L+

Ci(14+a12)", Vy e R, ¥z € D, VK € C\ {0}, C, C, € C\ {0} such that < + 1| =1 and the

C

Ciay 1 _
circle {w4(3ID)) +1:wy(z) = eiif; ZJF azlz} is contained in D;
-z

c.8) fora; =as, F(z) = K(1+a12)" Yz —21), f(2) =e"F(2) + C(1 + a12)" ' + C1(1 + a12)",
Vy € R, Vz € D, VK € C\ {0}, C, C; € C\ {0} such that ‘Cg—l—l‘ < 1 and the circle
1

1 a1Ciz+C+1
{w5(3]D>) +1:ws(z) = e ! 12721

c.9) fora; = az, F(2) = K(1+a12)" 2(2—21)(2—22), f(2) = e F(2)+C(1+a12)" 1 +C1(1+a12)",
Vy eR, VK € C\ {0}, for z1, z2 € D and C, C; € C\ {0} such that ’C’Q + 1’ <1 and
1

is contained in D;

1 (1+a1z)(a16’17;—|—0+1)
enK (z —21)(z — 29)

‘14— ‘Sl for all z € OD.

Proof. 1) Suppose at least one of the values a1, as is exceptional for F. From commutativity of the Smirnov

operator (Sa,Sa, = Sa,Sa,) We can assume that a; = a’. Then, by Proposition 1, F(z) = C(1 + a’z)™ and
S, [F] = 0. This yields S?[F](z) = 0.
1
Since |f(2)] < |F(z)| on 0D we obtain that the point —= is a zero of n-th order for f. Consequently,
f(2) = c(1+a'2)™, || <|C|, and S2[f] = 0; (7) is fulfilled.
2) Now let a; and ay be not exceptional values for F.

Consider the case a1,as € D. As it was noted in section 2, for a € D the operator §a preserves zeros.
Then, by Corollary 1 applying to gal : Pp — Pp—1 and §a2 : Pn_1 — Pn—_2, we obtain (7). If at least one
a1, az belong to ID then we obtain (7) by passage to the limit.

Now we investigate the case of equality in (7) for zy € C \ D. This is the most difficult part of the proof.

a) If a1, as € D then, by Corollary 1, for zg € C \ D equality in (7) holds iff f = e F, v € R.

b) Suppose one of the parameters (say a;) belong to dD, a; # a, az € D. Assume |S%[f](z0)] =
|S2[F](z0)| for zg € C \]D) ie. |Sa25a1[ 1(20)| = |Say5a, [F](20)|. By Proposition 2, S, [F] has all its zeros
in D. By Theorem A, |Sq, [f f1(z)] < |Sa [F](z)] on 0D. By Proposition 1, degSal[f] < deg S, [F]=n—1.
Therefore the polynomials S, [f] and Sy, [F] possess conditions (*). The operator Sq, preserves zeros, be-
cause az € D. Therefore, applying Theorem A to the polynomlals Sa1 [f], §a1 [F] and to the operator SGQ,
we get Sa.[f1(2) = €78,,[F])(2), v € R. Since the operator S,, is linear, the last equality can be rewritten
as Sy, [¢](z) = 0, where 1(z) = f(z) — ¢/7F(z). Equivalently,
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(1+a12)y'(z) — na1(z) = 0.
We find ¢(z) = C(1 + a12)™. Here and further C' means any constant. Consequently,
f(2) =eTF(2)+C(1+ay2)". (8)

b.1) If C = 0 then f = " F. We have proved b.1).

1

Consider the case when C' # 0. By z1, ..., 2z denote roots of F' that are not equal to ——. Note that
a

such a root always exists, because otherwise F'(z) = K(1 + a12)" (here and further K means any nonzero

constant), and we obtain that a; is the exceptional value for F. Contradiction. Write F' in the form
F(z)=K(1+a2)"*z—2)..(z —2z), 1<k<n.

Since |f(z)| < |F(z)| on OD we have

C (14 a12)”
‘ o B | ©)

By the maximum modulus principle, (9) takes place for all z € C \ D. It follows from (9) that z; € D,
(1 +aleit)k

(e — z1)...(e" — zp)

(050 +27), 0 = arg(—1/a1). Hence, for k > 2 there exists a point z € 9D such that

j=1,...,k. Therefore the total change of arg{ } equals —k7m when ¢ runs the interval

i.e. (9) is not true. We obtain a contradiction. So, C = 0 and f ="' F, v € R.
b.2) It remains to consider the case k = 1, i.e. F(z) = K(1+a12)" (2 — 21), 21 € D. Then inequality
(9) takes the form

14+ a1z
z— 2z

‘1+M <1, ze€dD, (10)

14+ a1z

where M = ——. For all z; € D the function w(z) = M
e K z—2z

1
the origin. It is possible to choose arg M and sufficiently small |M| such that the circle {w(0D) + 1} is
contained in D and tangents D at the point z = 1. For such M inequality (10) takes place. For f we get

maps JD onto a circle passing through

S?[f(z) = €SP [F(z) + OS*[(1 + ar2)")(2) = ¢ S°[F](2),

ie. ’§2[f](z)] = )§2[F](z)‘.
¢) Now let a1, as € OD. Suppose for zo € C\ D

1521f1(0)]| = | S1Fz0)] -
If S2[F)(z) # 0 for all z € C \ D then by (7)

S1/)(2)
S2(F)(2)
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In addition,
S?[f1(20) -1
S2[F](20)

Then, as above,
S?(f)(z) = €7 S?[F)(2), 7y €ER.
This means S2[¢)](z) = 0 where ¢ = f — ¢7F, i.c.
(14 ap2)H'(2) — (n — 1)ayH(z) = 0, (11)

where H(z) = S, [0)](2) = (14a12)¢’ (2) —nai(2). Solving (11), we find H(z) = C(1+asz)"!. Therefore,

(14 a12)9'(2) — nay(z) = C(1 + azz)" L. (12)
The homogeneous differential equation

(1+a12)¥'(2) —na;¥(z) =0

has the solution ¥(z) = U(1 + a12)"™, U = const. Therefore the solution of (12) has the form ¢(z) =
U(2)(1+a1z)™. From (12) we get

(14 a12)" T U (2) = C(1 + agz)" !

Then

U(z) :c/%dwa, (13)

here and further C is any constant.
If a1 # ag then

_ t)n—1 n—-1
U(z) = C/ (a1 — az + ast) dt +Cy = C/Z Clﬁ,laétk_"_l(al _ az)n—l—kdt+ C =
t"+1
k=0

n—1 k—n

1t
= CZ CF_ak(ay —ay)"! km +Cy for t=1+ayz.
k=0
Therefore,
) n—1 tk
f(z2)=e"F(2)+U(z)(14+a12)" =e7F(z) + Ct" + C; Z C* ak(a; — ag)"_l_km. (14)
k=0
Taking into account that
ck 1
nml - _Z¢F k=0,...,n—1,

we rewrite (14) in the form
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f(z) = €7F(2) + Cit" + Clagt + a1 — ap)" =
=e"F(z) + C1(1+ a12)" + C(1 4 az2)™. (15)

c1l) If C =C; =0then f =e"F, y€R.
¢.2) If C; #0, C =0 then as in b.2) we obtain that for every vy € R, z; € D, K € C\ {0}, and all C; € C

o 01 1+a12’

such that the circle {wl(aD) +1:wi(z) = } is contained in D, for the polynomials

e z—2z1

F(z)=K(1+a12)" (2 — z1) and f(2) = e F(2) + C1(1 + a12)™ in (7) equality holds. This concludes
the proof of c.2).

The case C; =0, C' # 0 is analogous to the case C; # 0, C' = 0.

Now consider the case C' # 0, C; # 0, a1 # ag. Since |f(z)| < |F(z)| on dD, by (15) and the maximum
modulus principle, we have

‘l—t—e%v(z) <1, zeC\D, (16)
here
o(z) = q14+a12)"+ (1 + ag2)™ _ G
- F(z) 1=

ai

C
in a neighborhood of the infinity. Therefore there exists z with sufficiently large |z| such that = v(z) > 0.
el

n
Hence, (16) does not take place for some z € C \ D. Further let ¢ # — (%) .
1
By (i, ..., ¢, denote the roots of the numerator of v(z), i.e.
1+ ao(; .
_— = Y/ — . = iy - ].7 ey Iy 17
T, (V=a),=wj;, J n (17)

here ({/—q); is the j-th branch of {/—q. Consequently the numerator of v(z) has n simple roots

1—11)]‘

G =

a1w; — a2 '

Prove that for n > 3 there exists at least one (; € C \ D. In other words there exists at least one w;

a
such that |1 — w;| > |ayw; — as] = |w; —al, a = —2 € 8D. Let P be the perpendicular bisector for
a

the segment [a,1]. Then P divides C into open half—pﬁanes H; and Hy, 1 € Hy a € Hy. If w € Hy then
|w — 1] > |w — a]. All w; belong to the circle T’ = {w eC:|wl = |q|%} and uniformly distributed on T
Also P divides the circle I' into two subarcs of the same length. Consequently if n > 3 there exists w; € Ho
and |w; — 1| > |w; — al. So, there exists a root (; of the numerator of v(z) lying in C \ D. Since all the roots
Ck of v(z) are simple then in a neighborhood U((;) of (; we get

q(1+a12)" + (1 +a22)" = by (2 — ¢) +ba(z — ) + ..oy
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A H,
H,
w1

/a/ 1 >
/

wo

P

Fig. 2. Case n =2, C # 0, C1 # 0, a1 # aa.

by # 0. Moreover, F((;) # 0 by condition (). Therefore there exists z € U((;) € C \ D such that

C

e v(z) > 0, i.e. (16) does not take place in the case C # 0 Cy # 0, a1 # ag, n > 3.
It remains to consider the case n =2, C' # 0, C1 # 0, a1 # as.
By (17)

v — 1—|—a2Cj
J 1+a1Cj

::t\/_u j:1727

where y/—¢ is the main branch of the root. If one of (; belong to C \ D then as in the case C # 0, C; # 0,
a1 # as, n > 3 we obtain a contradiction with (16). Consequently, both w; and ws lie on PNT (see Fig. 2).
This yields

|17wj|:|wjfa’|7 j:1727

and |¢1] = [¢2| = 1. In other words, the roots of the numerator of v(z) belong to dD.

Let F(2) = K(z — 21)(2 — 22), 21, 22 € D.

If at least one z;, 22 belongs to D and does not equal ¢; and (s or 2; = 22 = (; with the same j then
we obtain a contradiction with (16).

c.3) Let z; € D, 2z equals one of ¢; (say ¢1). Then we rewrite (16) in the form

- C q(1+ a12)? + (1 + az2)?
2l F(2)

C z2-¢
Kev z — 2

<1, zedD. (18)

Arguing as in the case ¢.2) we can choose K such that (18) takes place. Therefore Vy € R, Vz; € D,

1 1 1 2
Ve €D, —— #£ 24 # ——,YC €C, for Cy = — (ﬂ) C, and K € C \ {0} such that the circle
as ai 1+ a12o
C z- Cg
D) +1: = ,
{w:a( )+1:ws Ke”zzl}
. . . 1+ aC\ Ch . 1+ axe 1+ azz:
€ 0D is the solution of the equation = ——, Z9, i.e. = —
(C2 q (1+G1C> C G2 # 22 T F ot 1T arm

contained in D, the polynomials
F(2) = K(z—21)(z — z), f(2)=e7F(2)+Ci(1+a12)* +C(1+ agz)?

possess conditions (x). For such f and F we have
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S2[£1(2) = €V S?[F)(2) + C152[(1 + a12)?](2) + CS?[(1 4 a22)?](z) = "V S?[F],

i.e. |S2[f](2)| = |S2[F](2)|. This concludes the proof of c.3).
Now assume 21, 2o € D. Rewrite (16) in the form

(2= G)(z—G)

1+ C/(z —21)(z — 22)

<1, zeoD, (19)

al + Ca3

C ) )
here C' = 1 e . Denote Cl =e", <2 =e¥, x<y<xz+2mt=argz. The function
€

(z =)z —¢)

p(t) = arg o))

is continuous on (z, x +27) except for the point y. At the point y the function ¢(¢) has a jump that equals 7.
Denote

(=A==

76”—(17 *eit_@'

Then ¢(t) = —argé(t) — argn(t),t € (x,x + 27), further we assume argé(z) := argé(x + 0), argn(y) =
argn(y + 0). When ¢ runs the half-open interval [z, x + 27) the points £(¢) and 7(¢) runs the straight lines
Ii = {&@) i t € [z, +2m)} and Iy = {n(t) : t € [y,y + 27)} on the extended complex plane C in this
direction in which the origin lies to the left of the lines I; and Iy, because 21,20 € D. Therefore argé(t)
increases on (z,z + 27), argn(t) increases on (y,y + 27). Hence ¢(t) decreases on the intervals (z,y) and
(y,z + 2m). Moreover the sum of total changes of ¢(t) on (z,y) and on (y,z + 27) equals —2r. If total
change of ¢ is less than —m either on (z,y) or on (y,z + 27) then as in b) there exists a point z € JD such
that

ReforEZOiEm o0

(z — 2z1)(z — 29)

We obtain a contradiction with (19).

c.4) If total change of ¢ equals —7 on both intervals (z,y) and (y,x + 27) then (19) takes place for
sufficiently small |C’| (large |K|) and appropriate arg C’(arg K). Namely, if total change of ¢ equals —7 on
(x,y) then on (z,y) the function ¢ decreases and takes all values from an interval (g, o — 7). In this case
one should take arg C' = 37w/2 — ¢y in order to inequality (19) be satisfied.

¢.5) Suppose z; = (1, 22 = (2. Then v(z) = const. In this case we get

F(z) = A(z = 21)(2 = 2),  f(2) = B(z — 21)(z — 22),

21,22 € 0D, |B| < |A| by conditions (). If B = €A, v € R, then f = ¢! F. Further we shall consider the
case |B| < |A|. Then f and F possess conditions () and for zy € C \ D equality holds in (7) if and only if

1~
ZS’Q[F] =2(14+a12)(1 + a22) — (a1 + as + 2a1a22) (22 — 21 — 22) + 2a1a2(2 — 21)(2 — 223) =

=2+ (al + ag)(zl + ZQ) + 2&1@22122 =0.
The last equality is equivalent to

2a1a9 + (@1 + &2)(2’1 + 22) + 22129 = 0. (20)
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Denote @; = €¥%1, Gy = €92, 21 = €01, 20 = €92, oy — 1 = 20, O — 6, = 2. Since 2, # 23, (1 # (2 we can

assume that o € ( q, 8 e ( W] Rewrite (20):
De2(P1H) 4 |gie1 | giva | gilo140) [gi0h | il | (i(O146) 4 9 2i(0146) _ (21)
Since
e 4 ei‘/’2| = |em +e7 =2cosa, e+ ei92| = |eiB + e*’ﬁ} =2cos
(21) takes the form:

eZilerta) 4 9piler+a) pil01+5) o5 oy cos f + €21+ = () =
cosacos B + 1 (ei("’ﬁ“*el*ﬁ) + ei(eﬁﬁﬂ"l*a)) =0+
2

cosacos B+ cos(pr +a— 0y — B) = 0. (22)

On the interval of length 27 for fixed ¢1, a, § equation (22) has two solutions with respect to #;. In
terms of ay, ag, 21, zo this means that for |B| < |A| in (7) equality holds if F(z) = A(z — z1)(z — 22),
f(z) = B(z — z1)(z — 22), here arg — Z— = 20 € (0,7] can be arbitrary, argz; = 61 € [0,27) can be doubly

defined from equation (22). This completes the proof of ¢.5).
If a1 = as € OD then in terms of the above notations (13) takes the form

dz C
_C/—(l+a12)2+01_ 1+a12+01

and ¥(z) = C(1 4+ a12)" 1 + C1(1 + a12)™. From this we get

f(2) =eTF(2) +(2) = eV F(2) + C(1 +a12)" ' + C1(1 +a12)" (23)

As in b) we write F(2) in the form F(z) = K(1 +a12)" *(z — 21)...(z — 2x), K = const # 0.
If C = C; = 0 then we obtain the case c.1).
The case C =0, C; # 0 is c.2).
Let C; =0, C #0, then f(2) = e F(2) + C(1 4+ a12)" 1. By (%)

C(1+ay2)k!
eK(z — z1)...(z — z1)

1+ <1 on OD. (24)

(1 Jraleit)kfl
(e — 21)...(e* — z)
t runs the interval (o;0 + 27), here 0 = arg(—1/a1). Therefore, as in b.2), (24) does not hold for some
z € OD.

Now we consider the case C7 # 0 # C. From (x) we get

From (24) it follows that z; € . Then total change of arg{ equals —(k 4+ 1)7 as

(]. + alz)”*l(C +Ch + Clalz)

1 -
+ e F(z)

<1, zeaD. (25)

C/Cl+1

al

Denote s = —

W(z) = Cray (1+a12)1(z —s)
K (2—21)..(2—2)

Please cite this article in press as: E.G. Ganenkova, V.V. Starkov, Variations on a theme of the Marden and Smirnov operators,
differential inequalities for polynomials, J. Math. Anal. Appl. (2019), https://doi.org/10.1016/j.jmaa.2019.04.006

(26)




Doctopic: Complex Analysis YJMAA:23094

14 E.G. Ganenkova, V.V. Starkov / J. Math. Anal. Appl. sse (ssee) eee—see

then (25) takes the form
1+v(z)| <1, =ze€dD. (27)

Consider all possible cases of location of the point s.

In the case s € C \ D all z; € D by (27). Arguing as in the case C; = 0, C # 0 we obtain that (27) does
not hold for some z € 9D.

Consider s € 9D. Let one of the roots of F'(z) (say zj) equal s. Then for k > 2

F(z)=K(1+4a12)" %z —21)..(z — 2zx_1)(2 — 5).

For k = 1 we have F(z) = (1 +a12)" (2 — s).
c.6) For k =1 we rewrite (27) in the form

Ciax
e K

i

<1 (28)

For fixed a1 € 0D, v € R, K € C \ {0}, (28) defines a disc in the plane of the variable C;. So, for all
a; €D, vy € R, K € C\ {0}, and C; such that (28) holds, the polynomials F(z) = K(1 + a12)" (2 — s),

f(z) =e"F(2) + C(1 + a12)" 1 + C1(1 + a12)™ possess conditions (x) for |s| = ‘C’g + 1‘ = 1. Clearly, for
1

such f and F in (7) equality holds.
c.7) For k = 2 we have

. Cia1 1 +a1z
v(z) = eK z—z

Arguing as in the case b.2) we see that for fixed v € R, z; € D, K € C \ {0} and proper C; (27) holds.
Consequently, for described F(z) = K(1 + a12)" %(z — z1)(z — ), |s| = 1, and f(z), defined by (23),
conditions (*) are satisfied and in (7) equality holds. This completes the proof of c.7).

Now let k > 3. Then

V(Z) . Ciaq (1 +a1z)k_1
K (2 —21)e (2 — 251)’

by (27) 21, ..., 2k—1 € D. Therefore, the total change of argv(z) equals —(k — 1) < —27 and (27) does not
take place.

Now we assume that s € 9D, but F(s) # 0, i.e. F(z) = K(1+a12)" #(2 — z1)...(2 — z). By (27) 2; € D.
Note that s # —1/a;. Denote s = €'*. For v(z), defined by (26), the function argv(e®) is continuous on
an interval (0,0 + 27) 3 z except for the one point z, here o = arg(—1/a1). At the point x the function

argv(e') has a jump that equals 7. Taking into account this fact we have

. ity s ity _ (1 _
t—mlggw—o argv(e") t_lgg_o argr(e”) = (1 — k).
Consequently, if k£ > 3 then (27) does not hold.
c.8) (case (% + 1‘ =1). For k=1 ie F(2) = K(1+a12)" (2 —21), 21 €D, we have

_ Ciay (z—5)
v(z) = enK (z— z1)
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Arguing as in the case b.2) we obtain that for fixed v € R, z; € D, K € C\ {0}, |s| = 1, there exists C4
such that (27) takes place. So the equality in (7) holds for the polynomials F(z) = K(1 + a12)" (2 — 21),
f(z)=e"F(2)+ Ol +a12)" 1+ C1(1 +a12)", |s| = ‘C’E + 1‘ = 1, with described parameters. We have
1

proved c.8) for |s| < 1.

c.9)(case c% + 1‘ =1). For k=2, s € D, F(s) # 0, the equality in (7) holds for

F(z) = K(14+a12)" %(z — 21)(2 — 22), and f, described by (23), for those parameters, for which |f(z)| <
|F(2)| on OD.

c.8, c.9)(case CQI + 1) < 1). Consider the case s € D. In this case the total change of argv(e’) equals
—(k—1)m as t runs the interval (o;0 +27), 0 = arg(—1/a1), v(z) is defined by (26). So, for k > 3 (27) does

not take place. For k = 1 and k = 2 we obtain c¢.8) and ¢.9) correspondingly with |s| = ‘CC + 1‘ < 1.
1

Above we have considered the case S2[F](z) # 0 for all z € C \ D. We conclude the proof by considering
the case S?[F](z) = 0 for some z € C \ D. Arguing as in the proof of Proposition 2 we obtain S?[F](z) = 0.
As in ¢) we get

F(z)=C(1+4a12)" + C1(1 4+ az2)™.

The case C = C7 = 0 is impossible, because deg F' = n. The cases C =0, C; # 0 and C # 0, C; = 0 are
also impossible, because a1, a2 are not exceptional values for F'. Let C # 0, C; # 0. Arguing as in c), case
C #0, Cy # 0, we see that for n > 3 F has a zero in C \ D that is impossible by (x).

For n =2 as in c), case C # 0, C; # 0, we see that the roots of F' must belong to dD), i.e.

F(z) = A(z— z1)(2 — 22), 21,22 € OD. By (%) f(2) = B(z — z1)(z — 22), | B] < |A|. Arguing as in the case
c.5) we obtain the same conditions on f and F'. In other words, we do not obtain new functions for which
in (7) equality holds. O

For fixed |z| = R > 1 we rewrite inequality (7) in the following form

airz agz

a1z asz
_|_
l1+a1z 14 asz

1+ai1z1+asz

2f"(z) = (n—1) ( ) 2f'(z) +n(n —1) f(z)‘ <

aiz asz

az asz
+
l1+a1z 14asz

<
- 1+a1z1+asz

22F"(2) — (n—1) 2F'(z) + n(n—1) F(2)]|.
( ) |

aiz agz
Qo =
14+a.2’ 14 a9z

Denoting oy = , we define the new operator

S2[f1(2) = 22f"(2) = (n = (o + az)2f'(2) + n(n — Daraz f(2).

_ t
Since a1, a2 € D then ay, as belong to the image of the disk {t € C : |¢| < |z|} under the mapping 7
i.e. a1, an € Qp. Taking into account that Q—Rl C Q_R2 for Ry < Rs we obtain the following
Corollary 2. Let f and F be polynomials possessing conditions (), R > 1. Then
1S?[f1(2)] < IS?[F](2)], 2] 2 R, (29)

here parameters oy, o from the definition of the operator S* belong to Qg.
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Corollary 3. Let f be a polynomial, deg f =n. For r > 0 denote M, = ‘m‘ax |f(2)|. Then for |z| > r

< 2= (1 E (2 ) o). (30)

(EEDE RN

For|z|=r

£ < M (4 480, (31)

472

In (30) and (31) equality holds for f(z) = z"™.

Proof. Let f.(z) = f(rz), r > 0. Construct the polynomial F,.(z) = M,.z". Then f,. and F, possess condi-
tions (x). Applying Corollary 2 to f, and F,. we get

S?[f:](2)] < IS*[F](2)], =€ C\D.

Equivalently,
12272 f"(rz) — (n — 1) (o + ao)rzf'(r2) + n(n — Dajas f(r2)| <
<n(n—1)M|z|"|1 -1 —ag +a1ae|, z€C\D, (32)
here a1, ap are any constants from fm Put o1 = —ap = | ||Z<|F T Then we rewrite (32) in the form
z

(2% f(r2) = n(n — 1)ad f(r2)] < n(n — )M, 2] |1 - 3.
This implies

n(n—1)

W(Iﬂm)l + M,|2|"%(2]z] + 1)), z€C\D.

/" (r2)] <

Put w = rz. For |w| > r we obtain

" n(n —1) w* % (2w
< —2= M, —4+1]) ). 33
() < s (1wl + a2 (2 (33)
In (33) equality holds for all |w| > r for the function f(z) = 2™. Note that on the circle |w| = r (33) give us
n(n—1
7w < "2 pw)) + 301,)

Note that this inequality can be also obtained by double application of inequality (1). O
Remark 1. For = 1 the inequality (31) improves the Bernstein inequality [3, p.169]
lf"(2)] < n(n—1)M;, =ze€dD.

Remark 2. From Theorem 1 and Theorem 2 we obtain that the operator 52 preserves zeros if aq, a0 € D. If
at least one aq, ag belong to D (say a1) then 52 does not preserve zeros, because we can find a polynomial F'
with zeros in D, deg F' = n, such that S, [F](z) = 0. This is, for example, the polynomial F(z) = C(14a12)",
C = const # 0. That is, not all zeros of S2[F] belong to D.
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4. Comparison of the operators S, and S? with the Marden operator B

First we compare differential operators of first order: the Smirnov operator S,[f](z) = zf'(z) — naf(z)
and the Marden operator B of the first order (with A2 = 0), i.e.

We assume A1 # 0, otherwise we obtain the trivial case. In order to inequalities (1) from Theorem A and
(3) be fulfilled we should require o € Sm and the root of the polynomial u(z) = Ag +nA1z should lie in the

half-plane Re z < g by (2). In other words,

)\0 n
Re(-20) <2
€< /\171) — 4
Compare the sets of parameters in Theorem A and Theorem B. In Theorem A this set (coefficient near
—f(2)) is A= {na: a € Q,}. In Theorem B the set of such coefficient near — f(z) is

2o Ao n n
=22 20 ) <= =t <=1,
B { An Re( Aln) - 4} {t Ret < 2}

Consider the differential inequalities from Theorem A and Theorem B for z € 9. In this case A = B. But
for z € C \ D we have B ¢ A. In other words in Theorem A and Theorem B formally the same inequality
was obtained

IBIAIG)] = M Sal1(2)] < [BIFI)] = [\ 5 SalFI:)].

but for different sets of parameters. Moreover, the set of parameters in Theorem A is essentially wider than
in Theorem B.

We shall see analogous situation, comparing differential operators of second order. Consider the operator
S? and the Marden operator B with Ay # 0.

n n
Denote by z; and z2 the roots of the polynomial u(z) from condition (2). Denote z; = 501,22 = S0z

1
Then, by (2), Reay, < 5,]{: =1, 2. Herewith

B nn—1) 5, | n(n—1) n n
u(z) = Ao+ Ainz + )\QT,Z = )\QT (z — 5041) (z - 5042) .
We find
n3(n—1 nin—1
)\0 = Ag%alag, )\1 = 7)\2 ( 4 )(Oél +012).
Consequently,

n2 TL2
Bf](z) = A2 (n(n = Darazf(z) — (n = 1)(ar + az)zf'(2) + 22 f"(2)) = >\2§52[f](2)~

Therefore, for z € D the inequalities |B[f](z)| < |B[F](z)| and |S?[f](2)| < |S?[F](z)| are equivalent. But
for z € C\D the set of parameters (ak € Q|z|) in the last inequality is much more wider than in Theorem B.

The new condition on the roots z; € 5@ give us the following result.
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Fig. 3. Comparison of Theorem B, Theorem C, and Theorem 3.

Theorem 3. Let f and F be polynomials possessing conditions (%), R > 1. If the roots of the polynomial
u(z) = Ao + MCOLz + X\ C2 22
lie in gQ_R then
IBIf1(2)| < [B[F](2)], || = R.

If R =1 in Theorem 3 we don’t obtain new result, because gQ_R = {z :Rez < g} In other words, we
obtain the set of parameters from Theorem B.

If R > 1 we have much more weaker condition on the roots of u(z) than in Theorem B and Theorem C.
Moreover, comparing Theorem 3 with Theorem C, 13{ is interesting to note that in Theorem C both roots
n
21+R
curve Lp. In Theorem 3 the roots of u(z) are any points from gﬁ (see Fig. 3).

of u(z) should lie either in the half-plane Re z <

or in a half-plane that boundary is tangent to the

The following example shows that in the cases when |z| = 1 or n = 2 the set of parameters in (29) can
not be extended.

Example 1. Consider f(z) =1, F(z) = 2™. Suppose oq = ap = a € C\ Q.. If (29) takes place for such f,
F, a1, and as, then

la? < |2" — 202" + o22"| = |2|"|1 —af?, z€C\D.

In this case we have

< |z|2. On the other hand, since a ¢ Q| we obtain

‘ > |z|. Therefore
—a

if |z| =1 or n = 2 we obtain a contradiction and (29) does not take place.

—
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