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1. Introduction and preliminaries

In the last 30 years, studies on the impulsive delay differential equations (IDDEs) are available (see [,
2,8,10,12-14,18,22,24,31-35,45,48-50,52,55-58,60] and references therein). There are enough mathematical
models of many processes in various fields of science and technology. The theory of impulse neutral delay
differential equations (INDDEs) is much more complex than the theory of IDDEs. Furthermore, due to
theoretical and practical difficulties, the theory of INDDEs was developed very slowly compared to the
theory of impulsive differential equations (for example, see [4,11,16,21,29,36,44,46] and references therein)
and the theory differential equations with neutral delay (for example, see [3,15,27,28,37-39,47] and references
therein). Much less we know about INDDEs and also is a very challenging problem. As it is known, it is
very difficult, sometime maybe impossible, to get the explicit solutions for INDDESs. Therefore, research on
the behavior of solutions of INDDES is required. Note that such equations appear in networks with lossless
transmission lines. Such networks occur, for example, on high-speed computers using lossless transmission
lines to connect switching circuits together (see [15,47]). For more information on neutral delay differential
equations, see the books [9,19,20,23,26].

In [22], the authors obtained some results on the behavior of the solutions for IDDEs. Here, [22] is the
first study to consider IDDEs. In later years, some authors have achieved very important results on the
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behavior of the solutions of IDDEs or INDDESs (see [1,2,5-7,12-14,17,18,25,30-35,45,49-60] and references
therein).

In this paper, we have obtained the asymptotic results of the solutions of the linear INDDEs after
defining a characteristic equation. We have also identified an exponential boundary of the solutions of the
linear INDDESs and provided the conditions for the stability of the zero solutions. Our results are obtained
by using a real root of the corresponding characteristic equation. We have also achieved similar results for
the linear IDDEs. At last, three examples are given to demonstrate the efficiency of our results. The results
were obtained using the methods in [27,37-39].

Consider the INDDE

[z(t) + cx(t — o)) = ax(t) +bx(t —7), t#tp, t>0, (1.1)
Af(tk)zék s keZt :{1,27“’}, (12)

where o and 7 are positive constants, a, b, c and £, are real constants, z(t) € R and Az (t) = z(t)) —z(t;,).
The impulse times t; satisfy 0 <t < -+ <t < tpq1 < -+ and limg_, o0 t = 00.
Let’s define the positive constant h, defined by

h = max{o, 7}
Together with (1.1), an initial condition is indicated, i.e.
z(t) = ¢(t), —h<t<O, (1.3)

where the initial function ¢ is an any given continuous real-valued function on the interval [—h,0].
A real valued right continuous function x(t) is said to be the solution of the initial value problem (1.1)-(1.3)
if the following conditions are satisfied:
a) z(t) is continuous everywhere except the points tx, k € Z™,
b) the function z(t) + cz(t — o) is continuously differentiable for ¢ > 0 and ¢ # t, k € Z™T,
¢) z(t)) and z(t;) exist and z(t}) = z(t), k € Z7,
d) z(¢t) satisfies the differential equation (1.1) for ¢t > 0, satisfies the impulsive conditions at ¢ = ¢ and
satisfies (1.3).
Consider the following linear IDDE, which is a special case

2(t)=az(t)+bx(t—71), t#tp, t>0, (1.4)
Ax(ty) =40, k€ 7t = {1,2,---}. (1.5)

This system can be obtained (as a special case) from the INDDE (1.1)-(1.2). In addition, the initial condition
of the equation (1.4) is

x(t) =¢@), —-T<t<0. (1.6)
Along with (1.1), we associate its characteristic equation
A1+ ce*)“’) =a+be . (1.7)

Equation (1.7) is obtained from (1.1) by searching for solutions in the form x(t) = e** for t € R.
To obtain a mapping suitable for the asymptotic behavior of the solutions, we make the following obser-
vation. Let A\ be a real root of (1.7). Let’s define
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y(t) = e lx(t)  forall t € [—h,00). (1.8)
Then, from (1.1) we obtain for all t > 0
[y(t) + ce 7y (t — 0)]/ =(a— o) y(t) +be™Ty(t — 7) — choe y(t — o). (1.9)
In addition, the initial condition (1.3) can be made equivalent to
y(t) = e Mlo(t) for t € [—h,0] (1.10)
Furthermore, if x(t) satisfies the impulsive conditions (1.2), then evidently
y(ty) —y(t,) = lge 0% | ke ZT. (1.11)
To prove our basic asymptotic criterion, we need the following helpful lemma.
Lemma 1.1. Assume that o is a real root of the characteristic equation (1.7) and let ty, — o be not impulsive

points for all k € ZF. Then y is the unique solution of the initial value problem (1.9)-(1.11) if and only if
y is a solution of the following system

y(t) = e 'e(1), if —h<t<0
and
n(t)
y(t)+ee 2 7y(t — o) = $(0) + cp(—0) + Zﬁ e~ Mot
0 0
+be_’\°T/e_’\osgzﬁ(s)ds—c)\oe_’\o"/e_)‘osqb(s)ds
t t—T (112)
+ (a— Xo) /y )ds + be ™07 / y(s)ds
0 0
— chpe o7 / y(s)ds, if t>0
0
where

nt)=max{k € ZT: tx <t} and n(t)=0 if t<ty.

Proof. Let y be a suitable solution of (1.9)-(1.11). Using the differential equation (1.9), for ¢ € [tk,tx+1),
we get

y(t)+ce Ny (t — o) = y(te) + ce %y (ty, — o)+ (a—Xo) / y(s)ds

12
t

¢
+ be o7 / y(s — 7)ds — chge 07 /y(s — o)ds.

tk tr
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If we use (1.11), since t; — o not impulsive points, from the last equation we obtain for t € [t, tx+1)

y(t)+ee 0y (t — o) = LM% y(t) + cemy(ty — o)

t t t

+ (a— o) / y(s)ds + be o7 / y(s — 7)ds — chge 07 / y(s — o)ds.

te ty, tk

(1.13)

We stress that the formula holds for ¢ € [ti, t541) only, but by backstepping we can express y(t, ) using the
analogous formula to (1.13) but for ¢ € [ty_1,tx), as t — t, . Backstepping in this way we get:

Yty )Fee %y (ty — o) = f_1e” 01 fy(t ) 4+ ce M y(t_1 — o)

tr tr t
+ (@ — Xo) / y(s)ds 4 be= 0T / y(s — T)ds — choe ™7 / y(s — o)ds,
ti—1 tre—1 tp—1

y(ty ) +ee 0%y(ty — o) = Lre " y(t7) + ce y(ty — o)

to to ta

+ (a— o) / y(s)ds 4 be~ 0T / y(s — 1)ds — choe™ 7 / y(s — o)ds,

t1 t1 t1

y(ty)+ee 07y(ty — o) = ¢(0) + co(—0)

t1 t1 t1
+ (a— Xo) / y(s)ds + be~ o7 / y(s —7)ds — chge 7 / y(s — o)ds.
0 0 0

By recursive substitution into (1.13) we get that in general, the solution y(¢) must satisfy:

n(t)

y(t)+ce 27y(t — o) = (0) + co(— +Zfe—m

t t

¢
+ (a — o) /y ds—i—be*)‘OT/y(s—T)ds—c)\oe /ys—a
0

0 0

or, if the initial function is taken into account in the last two terms, from the last equation

y(t)+ee %y (t — o) = $(0) + ch(— Ze e~ Mot

0 0
ere*’\‘”/e*AOSQZ)(s)ds*c/\oe*A““/e*)‘osqb(s)ds

T t—o

t
(a— o) /y Yds 4+ be= 7 | y(s)ds — choe 07 / y(s)ds
0 0

o7

for t > 0. Thus, y solution of the integral equation (1.12) is obtained. If y satisfies the integral equation
(1.12), then y is the solution of (1.9)- (1.11). Indeed, from (1.12) we obtain
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[y(t) +ce™ 7y (t —0)]" = (@ = X0) () + be N Ty(t —7) — Aoe N7yt~ o),
for ¢ > 0 and ¢ # t. We can show this easily
y(t) —yty) = bpe % | ke ZT.
So, the proof of Lemma 1.1 is complete. O
We can use Lemma 1.1 contained to derive the following corollary.

Corollary 1.2. Assume that Ao is a real root of the characteristic equation (1.7) and let t, —o be not impulsive
points for all k € ZT. Then x is the unique solution of the initial value problem (1.1)-(1.3) if and only if
the function y defined by

y(t) = e M2 (t)  for t € [~h,0)
is the solution of the integral equation (1.12) which provides the initial condition
y(t) = e Mp(t)  for t € [~h,0)].

At the end of this chapter, we will give three definitions (see, for example, [48]). The zero solution of
(1.1)-(1.2) is said to be stable if for every e > 0, there exists a number 6 = d(e) > 0 such that, for any initial
function ¢ with

|6 l= max [o(t)] <o

—h<t<0
and z(t) = x(¢;0, ¢) is any solution of (1.1)-(1.3), then x(¢;0, ¢) satisfies
|z(t;0,¢9)] < e forall te[—h,oc0).

The zero solution of (1.1)-(1.2) is said to be unstable if it is not stable. Moreover, the zero solution of
(1.1)-(1.2) is called asymptotically stable if it is stable and in addition there exists a number dy > 0 such
that, for any initial function ¢ with || ¢ ||< dg, then the solution z(¢;0, ¢) of (1.1)-(1.3) satisfies

Jim z(£0,¢) = 0.
2. The asymptotic behavior of solutions

The following theorem is a fundamental asymptotic criterion for the solutions of the initial value problem

(1.1)-(1.3).

Theorem 2.1. Suppose that Lemma 1.1 holds and assume that the root Ay has the property

(o) = [blre™7 4 |cle ™7 (1 + | Xolo) + Y [ile™ M < 1. (2.1)
=1

Then the solution x of (1.1)-(1.3) satisfies

. L(Xo;
tliglo [67A0 x(t)] = #O(fo)),
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where
0 0
L(Xo; ¢) =p(0) + cp(—0) + be o7 / e M%p(s)ds — chge M7 /e_A°s¢(s)ds (2.3)
and
B(Xo) = bre 7 4 ce (1 — M\go). (2.4)

Note: Property (2.1) guarantees that 0 < 1+ 8(\g) < 2

We clearly see that Ay = 0 is a root of (1.7) with the property (2.1) if and only if the following conditions
hold:

a+b=0 and [bl7+|c|+ > || <1. (2.5)

i=1

So, application of the Theorem 2.1 with Ay = 0 leads to the following corollary.

Corollary 2.2. Assume that the conditions in (2.5) are provided. Then the solution x of (1.1)-(1.3) satisfies

lim z(t) = 9(0) + co(= +bf o
t—o0 1+br+c

Note: Because of (2.5) second condition ensures that 0 < 1+ b7 + ¢ < 2.
Now, let’s prove the following Theorem 2.1.

Proof. Property (2.1) implies |3(Xo)| + sy [€ile™0% < pu(Xo) < 1. So, in particular, it holds |B(X\o)| < 1.
This implies that 0 < 1+ S(Ao) < 2.

Let x be the solution of (1.1)-(1.3). Let’s define the function y by (1.8). An z solution of (1.1)-(1.3)
will be equivalent to a y solution of the integral equation (1.12) which provides the initial condition (1.10).
Then, since )\ is a real root of (1.7), we get for all ¢ > 0,

n(t)
y(t)+ce %y(t — o) = L(Ao; ¢ +Z€e ot

t t—7 t—o
(a — o) /y )ds 4 be= " / y(s)ds — choe 07 / y(s)ds,
0 0 0

n(t)

y(t) + ce7y(t — o) = L(Ao; 6) + Zé et

t t—T1
+ (cAoe™ 207 — be 07 /y )ds + be~ AT /y(s)ds
0 0
t—o
—c)\oe_’\‘)”/y(s)ds,
0
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n(t)
V) eyt ) = L) + 3 e
. . (2.6)
— be~ o7 / y(s)ds + chge 07 / y(s)ds.
t—7 t—o
Next, we set for t > —h
L(Ao; ¢)

2(t) = y(t) — T+ 800

In this case, it is reduced from the equation (2.6) to the following equation for ¢ > 0

n(t)

2(t) + ce 7 2(t — o) ZE —Aoti

. ‘ (2.7)
— be= o7 / 2(s)ds + choe 07 / z(s)ds.
t—7 t—o
Moreover, (1.10) is written as for ¢ € [—h, 0]
_ L(Xo; )
2(t) = e MtP(t) — —0 2.8
(1) = a0t - 5 (2.
According to the definition of y and z, we need to show that equality (2.2), that is,
tlgrolo z(t) = 0. (2.9)
Put
_ L(Xo; ¢)
H(X\o; ¢) = 1 Mbp(t) — — | b
( 01¢) max{ ) terfl—aifo} € (b( ) 1 +B(>\O)
Then, from (2.8) we get
|2(t)] < H(Xo;¢) for —h <t <0. (2.10)
Now, we will prove the following inequality, i.e.
|2(t)] < H(X\o;¢) fort > —h. (2.11)

For the sake of contradiction suppose that there exists a point ¢ > 0 such that |z(£)| > H(\o; ¢). Let

e =imf{ T: |2@)] > HOwo; 9)}-

By right continuity, either |2(¢*)| = H(Ao; @) if there is no impulsive point at t*, or |2(t*)| > H(\g; @) as
a consequence of a jump at t*. Whatever the case, using right continuity, we have |z(t)| < H(\o; ¢) for
—h <t < t*, where |2(t*)| = H(\o; ¢) if this occurs at a non-impulsive point. Then, using (2.1), by the
integral representation of z(t), which all solutions to (2.7), we have that
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n(t™)
|2(t")] = |—ce 2 2(t* — o) + g Lo~ Aot
i=1

* *

—be~ o7 / 2(s)ds + chge™ M7 / z(s)ds

t*—1 t*—o
n(t*)
< |C|6_>‘°0|Z(t* _ U)| +1- Z |gi|e—>\oti
i=1

t* t*
bl [ aolds + fllpole ™ [ [a(s)lds

t*—1 t*—o
n(t™)
< Hos @) [ lele™07 + Y [ile % 4 [plre™ 7 4 [¢||Aoloe™ 7
=1

< H(Xo; @)p(Xo) < H(Ao; )
and this gives us the desired contradiction, by the definition of ¢*, since we proved |z(t*)| < H(\o; ¢), and
we assumed |z(t*)| = H(Ao; ¢) if * is a continuity point, or |2(t*)| > H(Ag; ¢) if t* is a discontinuity point.
Thus, inequality (2.11) is provided.
Now, using (2.11), from (2.7) we derive for ¢t > 0,

(1)
2(t)] = |—ce M7zt — o) + > Lie Mt
=1

t t

b [ (s +enge 7 [ s
t—1 t—o
n(t)
<lele™7|2(t — o) + 1> [fi|e ot
=1

t t
+ww-MT/“V@Wh+wduae*W /|4@km
t—r t—o

n(t)
< [ Y Jlle o + fplre ™07 + [ele™07 (1 + [Ao)|o) | H (o3 6)
=1

< pu(Xo)H (No; ¢),
namely that, we have
|2()] < w(Xo)H (No;¢) for ¢ > 0. (2.12)
Using (2.1), (2.11) and (2.12), one can show, by an easy induction, from (2.7) we have
(0] < O™ H(0;6) for t>nh—h (n=0,1,-). (2.13)

Because of (2.1), we obtain lim,, o [t(Xg)]" = 0. Thus, from (2.13) we have that
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. L “o L(Xos;¢) | _
Jim (0 = i {ta() ~ £ o

i.e. (2.9) holds. So, we get

. L(Xo;
Jm [e70)] = 1J(r50(f3)'

The proof of Theorem 2.1 is complete. O
3. An exponential boundary of the solutions and stability criterion

Theorem 3.1. Suppose that Lemma 1.1 holds and assume that u(Xo) < 1, where u(Xo) is defined by (2.1).
Let B(Ao) be defined by (2.4) and set

R(\o; ¢) = max {1 , max |4(t)], max [e‘A°t|q§(t)|]}. (3.1)

—h<t<0 —h<t<0

Then the solution x of (1.1)-(1.3) satisfies

lz(t)] < N(Xo)R(Ao; p)et | for all t >0, (3.2)
where
N(w) = #00) + k(o) (%) (3:3)
and

k(Xo) = 1+ [blre 2T + || (1 + |Ao|oe 7).
Note: Property (2.1) guarantees that 0 < 1+ B(\g) < 2.

Moreover, the zero solution of (1.1)-(1.2) is:
(i) stable if Ao = 0 or, equivalently, if the (2.5) conditions are satisfied,
(i) asymptotically stable if A\g < 0, and
(157) unstable if Ao > 0.

Proof. Let x be the solution of (1.1)-(1.3) and let y and z be defined as given above, i.e. for t > —h

L(Ao; ¢)

y(t) = e Mlx(t) and z(t) = y(t) — T+ 300

where L(Ao; ¢) is defined as in (2.3). Moreover, let H(Ao; ¢) be given as in the proof of Theorem 2.1., i.e.

Then, as in the proof of Theorem 2.1, we can show that z satisfies inequality (2.12). By using of z, from
(2.12) we get for t > 0

L(Xo; )

00— T 500)

H(X\o; ¢) = max {1 , terfl—a}fo}

[L(Ao; @)

ly(@)] < u(Xo)H (Ao; &) + T+ 800) (3.4)
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By using (2.1) and (3.1), from (2.3) we get

0
IL(Ao; 9)| < [¢(0)] + lel[p(—0)| + \b|€*A°T/€*AOsI¢(8)IdS

0

+ lelAole 27 / 9% ()| ds

< (1 + | + |b\7'e_>‘°T + |c||)\0|ae_A°”) R(Xo; ®)
= k(o) R(No; 9)-

On the other hand, from the definition of H(\g; ¢) we obtain

H(\; ) < max{l , R(Ao; 0) + %} = R(Ao;¢) + %
, k(o) R(Xo;¢) k(M) ,
< R(A()vﬁb) + ﬁT()\?)) = (1 + WM) R()\Oa QS)

So, by using (3.3), from (3.4) we have for ¢t > 0

y(t) < n(Xo) (1 + 1+280)> R(o: ) + ’W

k(Xo) k(o) .
w)+1+ﬂ@w}RQ“@

Finally, from the definition of y we get

l2(t)] < N(Ao)R(Ao; p)er?,  forall ¢ >0,
Thus, we have completed the proof of the first part of this theorem. Now let’s prove the second part (stability
criterion) of the theorem.

Assume that A\g = 0 and let ¢ € C ([—h,0],R) be an any initial function and let  be the solution of
(1.1)-(1.3). Then (3.2) holds and hence

|z(t)| < N(Xo)R(Ao;¢) forall t>0.
Since || ¢ ||= max_p<i<o [4(t)| < R(Xo; ¢) and N(X\g) > 1, it follows that
|z(t)] < N(Xo)R(Ao;¢) forall t > —h.
For any € > 0, we choose § = w55 such that R(Mo; ¢) < &, we obtain that || ¢ ||[< §. Then
[z(t)] < N(Xg)R(Mo; @) < N(Xg)d = €.
From the last inequality, it is obtained that the zero solution of (1.1)-(1.2) is stable. Moreover, if A\g < 0,

then again from the Theorem 3.1, we conclude that the above inequality for each ¢ € C ([—h, 0], R) is true,
i.e.
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lz(t)] < N(Xg)R(Mo;¢) forall t>0.

Thus, as above, we concluded that the zero solution of (1.1)-(1.2) is stable. In addition, the inequality (3.2)
guarantees that

lim z(¢) = 0.

t—o00

So, for Ay < 0 the zero solution of (1.1)-(1.2) is asymptotically stable. Finally, we assume that Ao > 0 and we
will prove that the solution of the zero of (1.1)-(1.2) is unstable. For the contradiction, assume that the zero
solution of (1.1)-(1.2) is stable. Then we can select the number § > 0 such that, for each ¢ € C ([—h,0],R)
with || ¢ ||< 0, the solution x of (1.1)-(1.3) satisfies

lz(t)| <1 forall ¢>—h. (3.5)
Set
po(t) = et for te[-h,0].

We see that ¢g € C ([—h,0],R), from (2.3) we have

0
L(M: 60) = ¢0(0) + co(—0) + be—07 / 9% go(s)ds

0
fc)\oe*Af’"/e*AOSgbg(s)ds

=1+ bre 7 4 cem (1 — Ago) = 1+ B(No).
Because of (2.1), we obtain
L(Xo; ¢0) = 14 B(Xo) > 0. (3.6)

Next, we consider a number dg > 0 with 0 < §y < § and we put

I ¢o |l
Clearly, ¢ belongs to C ([—h,0],R) and || ¢ ||= do < ¢. Hence, for this initial function, the solution x of

(1.1)-(1.3) satisfies (3.5). On the other hand, considering the linearity of the operator L(Ag;-) and using
(3.6), from (2.2) we obtain

¢

%o.

. —Xot _ L()\0§¢)
Jim (o7 (0)] = R
_ (60 / Il ¢o II) L(Ao; o) _ % 50
1+ B(Xo) | o |l '

But, since Ao > 0, from (3.5) it follows that

lim [e *'z(t)] = 0.

t—o0
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We reached a contradiction here and the second part of the theorem was proved. Thus, the proof of Theo-
rem 3.1 is now completed. O

4. Application of the main results to the special case of the IDDEs
In this section, we will concentrate on the linear impulsive (non-neutral) delay differential system

(1.4)-(1.6) and we shall apply our main results to this system.
The characteristic equation of (1.4) is

A=a+be . (4.1)
Let Ao be a real root of (4.1). Let’s define
y(t) = e Motx(t)  forall t € [—T,00). (4.2)
Then, from (1.4) we get for all ¢t > 0
y'(t) = (a— o) y(t) + be Ty (t — 7). (4.3)

We can also write the initial condition (1.6) equivalent to
y(t) = e to(t)  for t e [—7,0]. (4.4)
Furthermore, if x(t) satisfies the impulsive conditions (1.5), then evidently
y(ty) — y(ty) = bre " | ke ZT. (4.5)
For the impulsive delay differential system (1.4)-(1.6), the following results hold.

Lemma 4.1. Assume that Ay be a real root of the characteristic equation (4.1). Then y is the unique solution
of (4.3)-(4.5) if and only if y is a solution of the following system

y(t) = e*Aot¢(t), if —7<t<0
and
° n(t)
y(t) :¢(0) + be_)\or / 6_)\08(]5(8)618 + Z Eie—koti
Zr i=1
t t—r (46)
(a— /\0)/y(8)ds + beor / y(s)ds, if t>0
0 0
where

n(t) =maz{k € Z*: t, <t} and n(t)=0 if t<t.

Corollary 4.2. Assume that Ao be a real root of the characteristic equation (4.1). Then x is the unique
solution of (1.4)-(1.6) if and only if the function y defined by

Please cite this article in press as: A.F. Yenigerioglu, Stability of linear impulsive neutral delay differential equations with
constant coefficients, J. Math. Anal. Appl. (2019), https://doi.org/10.1016/j.jmaa.2019.07.049




Doctopic: Applied Mathematics YJMAA:23359

A.F. Yenicerioglu / J. Math. Anal. Appl. ese (sses) ees—see 13
y(t) = e lx(t)  for all t € [~T,00)
is the solution of the integral equation (4.6) which provides the initial condition
y(t) = e Mp(t)  for all t € [—T7,0].

Theorem 4.3. Assume that \g be a real root of (4.1) with the property

0) = o e 70 < 1 .
p(Xo) = [Blre ™07 + 3 " Jlile Mk < 1 (4.7)

i=1

Then the solution x of (1.4)-(1.6) satisfies

. _ L(Xo; 9)
Aot o 05
tlglolo [e ' :z:(t)] 1+ bre o7’
where
0

L(Xo; @) = ¢(0) + be= o7 / e 0% p(s)ds.

—T

Note: Property (4.7) guarantees that 0 < 14 bre= 207 < 2,
Application of the Theorem 4.3 with Ag = 0 leads to the following corollary.

Corollary 4.4. Assume that

a+b=0 and |b|T+Z|&\ <1 (4.8)
i=1

Then the solution x of (1.4)-(1.6) satisfies

0
p o) = "

Note: Because of (4.8) second condition ensures that 0 < 1+ b7 < 2.

Theorem 4.5. Assume that Ao be a real root of (4.1) with the property (4.7) and set

ROwi) =max {1, max ool max [ 000)] }.
Then the solution x of (1.4)-(1.6) satisfies
|z(t)] < N(Xo)R(Ao; p)et  for t>0,

where

1+ |b|Te 20T
1+ bre=Ho7

N(h0) = () + (1 + 1(00) (

Moreover, the zero solution of (1.4)-(1.6) is:
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. Ay =-3.94
. A, =-0.043

25

Fig. 5.1. Locations of the roots of (5.2).

(i) stable if Ao = 0 or, equivalently, if the (4.8) conditions are satisfied,
(i) asymptotically stable if Ao < 0, and

(i) unstable if Ao > 0.

5. Examples

In the following examples, we will apply the stability criteria of the Theorem 3.1.

Example 5.1. Consider

where ¢ € C ([-3,0],R).
The characteristic equation of (5.1) is

or
/\(3—e—%— ) =1-3e 3L, (5.2)

We have \; &~ —3.94 and Ay ~ —0.043 are real roots of (5.2). In Fig. 5.1, we give the locations of the roots

of (5.2). Let Ag = —3.94. Then, the last term in p(Xo) is >y ’(—%)l e394 = 7% 294 5 o0, Therefore,

Theorem 3.1 cannot be applied to equation (5.1). But, for A\g = —0.043, we get
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Fig. 5.2. Locations of the roots of (5.4).

o0

1 1 .
o) = (—0.043) = — 0-043/5 4 L ,0.043/2 (| 043 /2 —0.957i
#(ho) = p(~0.043) = e + o€ (1+0.0 3/)+;e
~ 0.83 < 1.
Then the zero solution of (5.1) is asymptotically stable by Theorem 3.1.
Example 5.2. Consider
1 1 1 1
[2(t) = 3a(t— o)) = So(t) = galt—3), tEb, 20, (5.3)

where o > 0 is any a constant, h = max{c, 3}, ¢ € C ([—h,0],R) and t; are arbitrary impulsive points,
such that t; — o are not impulsive points for all k € Z7.
The characteristic equation of (5.3) is

2B+ ) =3(1-c2). (5.4)

We see easily that A = 0 is real root of (5.4). In Fig. 5.2, we give for different o values the locations of
the roots of (5.4). Then for \g = 0, we get

o

11 1\ 11
M(AO)ZM(0)=Z+§+;(Z> =55 <l

Thus, the zero solution of (5.3) is stable by Theorem 3.1.

Example 5.3. Consider

(t) + %x(t _ 0 = 2(t) + %m(t 1), t£2k, t>0, (5.5)
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Nx(ty) =k, ke Z+,
x(t) =), —-1<t<0,

where ¢ € C ([-1,0],R).
The characteristic equation of (5.5) is

A24+e M) =(2+e?). (5.6)

We see easily that A = 1 is unique real root of (5.6). Then for Ag = 1, we get
(No) = (1) = ! +1+§:' 2073 <1
#Ao) = p(l) = 5~ + — iZIze ~ 0. .

Thus, the zero solution of (5.5) is unstable by Theorem 3.1.
6. Conclusions

In this study, we have proved that there is a fundamental asymptotic criterion for the solutions of the
initial value problem (1.1)-(1.3). We obtained a useful exponential boundary for the solutions of the initial
value problem (1.1)-(1.3) and the stability of the zero solution of the equation (1.1) was shown. These results
were obtained using an appropriate real root for the characteristic equation. We also gave three examples
for stability.

As known, the solutions for delay or neutral differential equations are difficult to obtain. However, there
have been studies on the solutions of delay or neutral differential equations (for example, see [40-42] and
references therein). In [41], the authors obtained very interesting results for solutions to neutral differential
equations with delay. That is, the authors showed a representation of the solutions of these equations using a
piecewise defined matrix polynomial. Furthermore, by using [40-42], the stability, oscillatory, controllability
and other behaviors of solutions of delay or neutral differential equations can be achieved. For example, by
using [41], a necessary and sufficient condition was obtained for the relative controllability of the neutral
differential equations with delay (see [43]). In recent years, the authors in [52-54] showed a representation
of the solutions of IDDEs and obtained the stability of the trivial solution. With similar thinking, a repre-
sentation of solutions of the INDDEs can be shown and the stability of the trivial solution can be ensured.
But it seems to be more complex and more difficult than IDDEs. In this article, we have obtained a different
method for stability without solving linear INDDESs. In other words, by converting the constructed equation
into two integral equations, we determined the stability of the zero solution.

It would be interesting to use the same method for stability of second order linear impulsive delay
differential equations. It will be the subject of a future study to extend the current results to second order
linear impulsive delay differential equations with constant coefficients.
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