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1. Introduction

If A is a pseudodifferential operator, e.g., A = %, we may consider the associated Cauchy problem, i.e.,

uy = Au,t € 1

2
u(0) = ug @

* Corresponding author.
E-mail addresses: ritis@icmec.usp.br (E.R. Aragdo-Costa), alexps@icmc.usp.br (A.P. da Silva).
1 E.R. Aragdo-Costa was partially supported by Fundacdo de Amparo & Pesquisa do Estado de Sdo Paulo (FAPESP), grant
2014/02899-3.
2 A.P. da Silva was partially supported by Coordenacdo de Aperfeicoamento de Pessoal de Nivel Superior (CAPES), grant
PROEX-6422328/D.

https://doi.org/10.1016/j.jmaa.2019.123612
0022-247X/© 2019 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jmaa.2019.123612
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2019.123612&domain=pdf
mailto:ritis@icmc.usp.br
mailto:alexps@icmc.usp.br
https://doi.org/10.1016/j.jmaa.2019.123612

2 E.R. Aragdo-Costa, A.P. da Silva / J. Math. Anal. Appl. 484 (2020) 123612

and try to solve it for a certain class of functions ug and a fixed interval of time I. When modeling
biological, physical, and economic phenomena, evolution problems such as (2) arise naturally from partial
differential equations (PDEs) by interpreting (¢,x) — u(t, z) as a vector-valued mapping t — u(t,-), e.g.,
u(t,-) € L*(RY).

A function R x RN 3 (t,2) — u(t,z) = (u(t))(x) € X is said to be a solution of (2) if it is differentiable
on the temporal variable t, if it satisfies £u(t,z) = Au(t,z) for every (t,z), and if it satisfies the so-called
initial condition, i.e., u(0, ) = ug(z) for every x € R, for a given function ug: RY — X.

The main approach involves dealing with a closed linear operator A: D(A) C X — X, which is densely
defined on a Banach space X. This setting has yielded a rich theory over the last 50 years, which allows

(2) to be solved by a strongly continuous semigroup (T(t): X=X ) whenever some spectral conditions

on A are fulfilled. However, many well-known topological vector sptzi?es that arise during the analysis of
PDEs are not normable, such as Cl((—oo,O]) in equations with infinite delay. In this setting, a natural
trade-off arises where the good topological properties on the space must be lost to obtain better properties
on the operators. For instance, every linear differential operator with constant coefficients is bounded on
the Schwartz space.

Let X be a Hausdorff locally convex space (HLCS). The map

oo

t — exp(tA)ug := ( —'A"> ug, for up € X, (3)
n!

n=0

provides the unique solution of (2) on X for ¢ > 0 whenever X is sequentially complete and (A™),cn is an
equicontinuous family of bounded operators defined on X (see [15]).

The generation of a Cp-semigroup on HLCSs such as (3) has been addressed in previous studies by
adding a hypothesis on the generator or on the phase space X. The Cy-semigroup was assumed to be
quasi-equicontinuous by [2,12], and it was assumed to be locally equicontinuous and X was equipped with
an auxiliary norm by [11]. Other studies considered the question in some particular Fréchet spaces, such as
those by Dembart [5] (who considered the phase space as the space of the continuous functions defined on
[a,b] in a fixed topological vector space E) and by Frerick et al. [7] (by setting X = KN i.e., the collection
of scalar sequences).

Hence, we can present some results regarding the generation of uniformly continuous groups (where the
definition invokes stronger convergence rather than pointwise convergence) on Fréchet spaces. For example,
we extend the main generation result obtained recently by [8] who did not establish the necessity implication

for the exponential map convergence in the topology of bounded convergence. In addition, we provide

2

further applications to linear Cauchy problems where A = a(D) is a pseudodifferential operator on .FLj, ..

Remarkably, we extend the analytic semigroup generated by the heat operator —(1—A) on L? to the group
( et (17A))

time.

on FL? , thereby obtaining a distributional solution of the heat equation backwards in

teR

The remainder of this paper is organized as follows. In Section 2, we establish the generation theorem
(Theorem 2) on abstract Fréchet spaces for bounded linear operators, which have a simple compatibility
property with respect to the Fréchet topology. In Section 3, we apply the results in Section 2 to evolution
problems in .# L}, including the definition of .% L7, _, criteria for the regularization process, and the positive
invariance on L2.

2. Strongly compatible operators and generation theorem

Let X = (X, (pj)jeN) be a Fréchet space and £ (X) is the space of all continuous linear operators on X
(see [6,15] and the references therein).
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We require the appropriate compatibility between the operator A and the Fréchet topology on X such
that its exponential operator is well defined and provides the solution of the associated Cauchy problem.

Definition 1. A linear operator A: X — X is said to be strongly compatible with (p;);en and we write
A € Z(X) if for every j € N,

ij(A) = sup p,;(Az) < oco. (4)
pj(z)=1
If X is a Banach space, then T' € Z;.(X) if and only if T € .Z(X). We note that the identity operator on X
is always strongly compatible regardless of the choice of seminorms. Actually, the definition of Z;.(X) does
not depend on a fixed system of seminorms and because we may not know all of the continuous seminorms
on X explicitly, it is convenient and sufficient to only compute (4) for some well known fundamental family
of seminorms on X. Hence, it is much simpler than the condition required by [1].

Proposition 1. The countable family of seminorms (pJX)jeN defines a Fréchet topology on ZLs.(X).

Proof. First, we observe that if A € Z,.(X), then

pi(Az) < pj (A)p;(2) ()

for every z € X and every j. Consequently, p]X (A™) < pf (A)™ for every n € N.

1
Indeed, for a fixed j € N, if x € X satisfies p;(Ax) # 0, then xzy = m x satisfies p;(Axg) < p¥(A),
J

j
and thus we deduce that p;(Ax) < p]X (A) p;(z) for every x € X.

In addition, (5) implies that (p;x )j cn 18 a separating family of seminorms, i.e., each A # 0 corresponds
at least one j € N with pj((A) #0.

Now, suppose that (A;)ren is a Cauchy sequence with respect to (pi()jeN. By (5), we find that (Agz)s
is a Cauchy sequence in X for every x € X such that the map X 3 z — Ax := limy, Axz is well defined and
linear. We only need to observe that p;(Ax) = limy p;(Agz) < limg pX (Ax)p;j(2) in order to conclude that
A € Zyo(X). Thus, (Ze(X), (ij)jeN) is a Fréchet space. O

The property (4) implies that p;(Axz) = 0 whenever p;(x) = 0 for every j. According to [4], an operator
that satisfies this property is said to be compatible with (p;);, which was shown to be a natural condition
for obtaining hyperbolicity.

Definition 2. A family {T'(¢) : t € R} € Z(X) is said to be a Cy-group on X if T(0) = idx, T(t + s) =
Tt)T(s) and T(7)x ig x, for every s,t € R and x € X. We write T'(-) instead of {T'(¢) : t € R}.
T
The infinitesimal generator of this family A: D(A) C X — X is defined by

T _
Az = lim LT =T
t—0 t

where z € D(A) if and only if the limit given above exists.
In addition, if T'(t) — I in Z.(X) as t — 0, then T(:) C Z,.(X) is said to be a uniformly continuous
group on X.

Consider the normed spaces X; := (X/p;l({o}), |- 1l;), where

[z];1l; == pj%l;)fzopj(rc — z), for [z]; in X/p;*({0}).
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We say that X is a quojection if every X, is complete. We may assume that p; < pj41 for every j, so
except for an identification argument, we have

XicCcXeC---CX.
In the following, we assume that X is a quojection unless stated otherwise.

Theorem 2. Let A: D(A) C X — X be a linear operator. The following are equivalent:

a. A is everywhere defined and is strongly compatible with (X, (pj)jeN);
b. A is the infinitesimal generator of a uniformly continuous group T(-) on (X, (pj)jeN); in which case it
s given by

o0 A n
T(t) = = E t ') € Zie(X), for every t € R,
n!
n=0

where the convergence is defined with respect to the Ls.(X)-topology.

tA n
Proof. Let A € Zs.(X) and Sy := ZnN:O ( ') € Zie(X). Given € > 0,
n!
A
Py (Sn — Su) < Z ] (tp(A))" <e,
n=M-+1
for sufficiently large N, M. Clearly, %4 is the identity of X. In addition, since > (tﬁl)n is absolutely

A

convergent, then we conclude that eT94 = e54¢t4 for all t, s € R by the classical formula for the product

of series. Moreover,

pf( —idx) = <Z

< (tpX(A X
><Z(pyrf! )) — et ()

and thus {e!” : t € R} is a uniformly continuous group on X.
In addition, by the definition of the generator, if x € X and t # 0, then we have

Ay o oo X n etPy (A) _
Dj ( - Aa:) < EZ ij(x) = (1 p]X(A)> p;(x),

!
t t = n! t

and thus A is the infinitesimal generator of {e*4 : t € R}.
For its reciprocal, we consider the Banach spaces X; := (X/p; ' ({0}), ] - [;) as defined previously, and
let T(t): X; — X, be defined as

Tj(t)[z]; := [T'(t)x]; for [z]; € X;.

Claim 1: {T(¢) : t € R} is a uniformly continuous group on X for every j.
We may write ||T}(t)[z];l; = inf, (2)=0 pj (T(t)x —T(t)z— (2 — T(t)z)), which is dominated by

inf {pj (T(t))pj(z — 2) + p;i(2) + p; (T(X)2) } = p; (T()) I [2]; 5

p;(2)=

since T'(t) is strongly compatible with (py)ren such that T;(t) € Z(X;).
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Clearly, T;(0) is the identity operator on X;. In addition, for ¢, s € R, we find that T}(¢)(T;(s)[z];) =
[T(t) o T(s)z]; = T;(t + s)[x]; and

|T5(¢) — idx; ||$(Xj) = sup inf p; (T(t)x —x — z)
lI[z];1l;=1 73 (2)=0

is dominated by  sup inf p;( (T'(t) —idx)p;(z — 2) = p]X (T'(t) —idx) £ 0.
I[e];ll=1P3(2)=0 =0

The maps = — o;(z) := [z]; and [z];4+1 — 7;([z];41) := [2]; are continuous and, by construction, we
obtain (T}(t) o m;) ([x]j+1) = (7 © Tj1(t)) ([]j41)-

It is natural to seek the infinitesimal generator of T'(-) by using the infinitesimal generators A; of T;(-)
in order to determine whether a linear operator A: X — X exists such that every A;: X; — X; is simply
the projection of A on X, induced by o;; i.e., [Az]; = Aj[z]; holds for every j and z € X. Indeed, this is
the case.

Claim 2: A unique linear operator A: X — X exists that changes
X
gj i
X

into a commutative diagram for every j € N. In addition, A € Z,.(X) and it is the infinitesimal generator
of T(+).

Fix z € X. Every o, is surjective, so we obtain a sequence (z;); in X that depends on x such that
0j(z;) = Ajogj(x) for every j € N, and thus

A
R

7 (6)

~—

—_—
Aj

ke

0j(z5) = Ajooj(x) = mj(Ajp1 00541 (2) = i (011(2j4+1)) = 5(2j41)

such that p;(z; — z;) = 0 whenever j, k > [. Hence, we define a linear operator A: X — X by setting
Az = lim;_, z;, which satisfies

0j(Azx) =0 ( lim zk) = kli_}rn 0j(zk — 2zj) + 05(25) = 0;(2z5) = (45 0 7j) (x).

k—o0 o0
k=]

(p;); is a separating family of seminorms, so « +— Az is well defined and it is the unique linear operator
that changes (6) into a commutative diagram. Moreover,

sup p;j(Az) = sup { inf pj(Ax)—pj(z)}

pj(z)<1 p;(@)<1 (pi(2)=0
S sup { inf Pj(Al'Z)} sup |[|[Az];]);
pi(z)<1 (pi(2)=0 pi(2)<1

< sup |4 ey < oo
[SHIS

and the last inequality holds because ||[z];]|; < p;(z). Hence, A € Z.(X).

It is not difficult to see that these projections o; have a useful property, where if [z,]; /%\) [0]; for every
i

j, then (z))aea is convergent in X and zy 28 .
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Finally, given = € X, for every j € N, we have

- L] gy Bl DOl
such that the net M

generator, we conclude that

converges to Ax, for every x € X. By the uniqueness of the infinitesimal

X n
T(t) = Z EA" = ¢! forevery t e R. O
n=0

As found in the Banach spaces, groups with the same infinitesimal generator coincide.

Proposition 3. If T(-) and S(-) are uniformly continuous groups on X with

lim T(t) — idx — A—lim S(t) — idx

t—0 t t—0

in Lse(X),
then T'(t) = S(t) for every t € R.
Corollary 4. If T'(-) is a uniformly continuous group on X, then:

A unique operator A in Li.(X) exists such that T(t) = e'4;

The operator A in part (a) is the infinitesimal generator of T'();

Nonnegative numbers w; exist such that p]X (T(t)) < exp(w;t) for every t € R;
The map R >t T(t) € Zi(X) is differentiable and

o T

dT (%)

= AoT(t)=T(t)o A, for everyt e R.

Consequently, the Cauchy problem

T'(t) = AT(t), t € R
T(0) = idx

possesses a unique solution whenever A € Z,.(X) by Gronwall’s inequality.

Remark 1. Let X be a sequentially complete HLCS. Several remarks can be made, as follows.

1) According to [15], the generation result was given as follows. Let B € Z(X). If for every continuous
seminorm p on X, a continuous seminorm ¢ = ¢(p) on X exists such that

sup p(ka) < q(z), for every xz € X, (7)
keN
then the map
>~ tBk
X9$HZ?% for every t > 0,
k=0

is well defined and continuous.
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If (7) holds, then { B¥} ¢ is said to be an equicontinuous family with respect to k. This is a result of the
generation of a Cy-semigroup with pointwise convergence. In addition, by Proposition 1, if A € Z;.(X)
then

pj(AFz) < [pf (A)]* p;(z), for every z € X and for every j, k € N,

which may not have the uniformity of (7) on k. Moreover, nothing is assumed regarding the other
seminorms except for (p;);, so the conditions are not comparable. In fact, let X = C(R) with the
seminorms p;(¢) := sup¢|<; [¢(§)], j € N. If A: X — X is given by A¢ = a¢, where a(§) = €%, € € R,
then A*¢ = |¢|*#¢, for any k € N, so we may choose ¢g such that p;(A¥¢pg) = j?* for any k € N. Thus,
given j, we cannot find a continuous seminorm ¢ such that p;(A¥¢g) < g(¢o) for all k € N.

Moreover, Theorem 2 provides a complete characterization of a uniformly continuous group with con-
vergence in the space of operators. It should also be noted that the reciprocal of Yosida’s result requires
that B: D(B) C X — X is known to be densely defined and that the resolvent (nidy — B)~! € Z(X)
exists for every n € N.

According to [1], a Cy-semigroup {S(s) : s > 0} in X is called a (Cp, 1)-semigroup if for every continuous
seminorm p on X, a positive number o, and a continuous seminorm ¢ = ¢(p) on X exist such that

p(S(s)z) < e??*q(z), for every x € X and every s > 0. (8)

Results were then established regarding the generation of (Cp,1)-semigroups (instead of uniformly
bounded groups) and the perturbation of infinitesimal generators. By Corollary 4c, the uniformly con-
tinuous groups that we present in this study satisfy (8). However, we can also deal with a (possibly)
smaller class of bounded linear operators on the phase space because we can extract a theory from this
restriction that provides useful properties and applications. We aim to obtain the following properties
based on the compatibility between the operator and the Fréchet topology of the phase space:
(i) To characterize all groups with their generators;
(ii) To provide a simple condition regarding the generators without invoking spectral theory, which is
easier to verify based on applications than Babalola’s results; and

(iii) To obtain a tool that works suitably well for constant coefficient pseudodifferential operators and

2

such that each generates a group on some Fréchet space (i.e., L7,

), but that allows us to compare
each group with standard approaches based on the usual Banach spaces, especially for solving
evolution problems.

According to Babalola’s results, given a linear operator A: X — X, we need to compute the quotients

X; = X/pj_l(()), evaluate the operator A on every X, and apply the spectral theory of A to every X;.

Finally, we can then determine whether A generates a semigroup. We consider that this procedure may

not be simple to apply. In addition, the study conducted by [1] considered the Hille-Yosida theorems

(the semigroup was generated under a pointwise convergence by [1]) and perturbation results, where a

single application was presented by letting the phase space be the space of all smooth functions on the

1-torus.

Let T be a fundamental system of seminorms on X and let %,(X) be the space Z(X) equipped with

the topology of uniform convergence on the bounded subsets of X, which is weaker than the Z;.(X)-

topology (in the sense that .Z,.(X)-convergence for nets implies .%, (X )-convergence for nets). The main

result given by [8] reads as follows: suppose that p > 0 exists with the property that for every p € T,

q=q(u,p) €T and M = M(u,p) > 0 exist such that

p(AFz) < MpFq(z), for every € X and k € N. (9)
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Then, A generates a uniformly continuous semigroup given by the exponential series expansion, with
convergence in %3 (X).

If (4) holds, then (9) holds by setting p = pJX(A), g=pand M = 1. (4) is a stronger condition, but
it is certainly easier to compute with and it is used to topologize Zs.(X) in an appropriate manner
such that exp(A) is well defined as the exponential Z.(X)-series expansion. In addition, we obtained
a complete characterization in Theorem 2, which was not achieved by [8].

4) The generation of Cy-semigroups on quojections was studied by [7], where the main application consid-
ered the following question posed by [3]: if T(-) is a Cp-semigroup on KN, does a bounded operator A
exist such that T'(+) is represented pointwisely by the exponential series expansion of A? Answering this
question is not our aim.

5) Other studies also dealt with Cy-semigroup generation under weak assumptions, such as the semigroup
T(-) being quasi-equicontinuous (in the sense that a constant S > 0 exists such that (e‘BtT(t))t>O

is an equicontinuous family with respect to t) as considered by [2,12], or the semigroup T'(-) being

locally equicontinuous (in the sense that for every ¢t > 0 and every continuous seminorm p, a continuous
seminorm ¢ = ¢(t,p) exists such that p(T'(s)z) < g(x) for every 0 < s < ¢ and z € X) as investigated

by [11].

3. Some applications to PDEs

Clearly, geometric intuition has provided useful guidance when solving differential problems by seeking
solutions on Hilbert spaces. However, we are convinced that it has hindered our understanding of many
phenomena. We prefer to deal with weaker topologies to obtain continuous solutions of the linear Cauchy
problems associated with certain pseudodifferential operators, thereby allowing us to study the meaning of
the heat equation solution backward in time.

Let ¢ be a Schwartz function (and we write ¢ € .(RY,C)) and its Fourier transform is given by

(F)(6) = b(e) = / e=2mE b()

RN

and ¢ — é denotes the inverse Fourier transform. Let .#/(R™,C) be the space of all continuous linear
functionals defined on . (RY,C) and it is equipped with the -weak topology (see [6,10]).

Definition 3. A pseudodifferential operator a(D): . (RY) — .#(R") of order m on RY with constant
coefficients (or constant coefficients, m-¥DO) is a linear map given by

(a(D)o)(z) := (a )™ (z),2 € RV,

for every ¢ € . (RN ), where a € C*°(R¥) satisfies the property that for all multi-index «, a constant
co > 0 exists such that [0%a(€)| < ca(l+ l€])m 1o for every € € RV,

2

e Which was introduced by Treves [14], where the elements

We now present a Fréchet space, i.e., F#L
are distributions of %’ comprising the space of all continuous linear functionals defined on C°(R¥). This
is quite remarkable because when considering distributions, we usually deal with the J-weak topology,
which is generally not metrizable. In addition, every distribution u with compact support (where we write
u € &) and every L? function belong to FL7 .
are preserved and the Paley—Wiener—Schwartz theorem can be extensively invoked.

Let .ZL? . be the completion of the metric space (E,d) constructed as follows. Let E := % ! (5”’ NL? )

loc loc

so some good properties of the Fourier transform on L2

be endowed with the topology generated by the seminorms p;(u) := |l r2((B(0,5)) for v € E and j € N,
which is actually a separating family, and thus the function
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J A
E x E> (u,v) — d(u,v) : jgl2 1 pJu v)

defines a metric on E. Clearly, its topology as a complete metric space is equivalent to that generated by
— [0,00), and thus FLE, = (FL%,,(pj)jen) is a Fréchet space.”

g T2
FL loc

the extended seminorms p; : Toc

We provide further properties, as follows.

Proposition 5.

a. The Fourier transform % : FL}  — L}  is well defined and it is continuous;
is a distribution of 2’ (]RN). Hence, F L3, is a Fréchet space of distributions;

— FL2 .. In particular, every Sobolev

b. Every element of FL?

c. L? and &' are topological subspaces of FL},. and (L?,|| - ||12) <
space (H*, | -|s) is continuously embedded on FL} ., s> 0;
d. Every constant coefficient m-¥ DO a(D) induces a strongly compatible operator on (ELZQOC, (pj)jeN) by

setting
G(D)[’LL] = [G(D)U], fO’]“ [ ] Lloc
Consequently, R 3 t — e®(Plty, € ﬁLlQOC provides the unique solution of

uy = a(D)u,t € R
U(O) =ug € rL?OC ,

e. (FL}., (pj)jen) is a quojection.

Proof. a. Let [u] € FL2 . 1If (Ul)leN € [u], then (ul)leN is a Cauchy sequence in L? , and thus a unique
w € L?  exists such that 2% w in L? . and we set [ | := w, which does not depend on the choice of
(w); in [ ]. Thus, we define

C 5 b (ju], 6) == / [W(©)a(e) de €.

RN
b. Let K be a compact subset of RY. If supp ¢ € K C B(0, ), then

[([ul, )] < ulllz2(m0.) I8l 2cae) < 1B, ) ?p([u]) S;PWI,

so [u] is actually a distribution and we can write u instead of [u].
c. We obtain the inclusion & C E by the Paley—Wiener—Schwartz theorem and the embedding (LQ, Il -

I Lz) — F by the Plancherel theorem, and c. follows.

d. Let a(D) be a constant coefficient m-¥DO and [u] € FL?

e If |€] < j, then

F(a(D)u)() = lim  F(a(D)w)(€) = lim a(&)@(§) = a() (),

l—o0 l—o0
L2(B(0,5)) L?(B(0,5))

3 According to [14], this is a reflexive Fréchet space, for which the dual space, ?Li, is the inductive limit of a sequence of Hilbert

spaces.
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where [/u\] is the limit in L?(B(0,j)) of the Fourier transform of some sequence (u;);en € [u], by definition.
The fact that a(D) is strongly compatible with p; follows from

1/2

b, (a(D)[u]) = / 0@ [W©Pde | < llallim s b ([4)-

1€1<d

For e., let X; = leQOC/pjfl({O}). We claim that every X; = L*(B(0,)). By definition, if [u] € ZL
then

[Tul]; 1= {0+ [e] : p5([0]) = 0} = {[f] € FLE, : [71(€) = [ul(€) ae. J¢] < 5}

&' (RY) is a subspace of # L ., so may ask whether a semigroup {eteD) .t >0} in FLZ,, lets & (RY)

locy

and H ‘

; therefore, we can identify [[u]]] with [/u\]‘ . D

L2(B(0,5)) B(0,7)

be invariant. We provide a sufficient condition for every N and the equivalence only for N = 1. In addition,

due to the fact that (L2, Il -] Lz) — FL} ., we provide a complete characterization of the semigroups

{et*P) : ¢ >0} in FLE, that let L?(RY) be invariant for any N.
If z € CV, then we erte z=E4in, with E =Rz and n = Jz in RY.

Theorem 6. Let a(D) be a constant coefficient m-WDO with m > 0, & — a(&) is its symbol, and {et*P)
t € R} is the group generated by a(D) on F L} (RY), according to Proposition 5 (d).

a. Suppose that a(§) = 3|4 <m @l If m =1 and R a = 0 whenever |af =1, then
eta(D) (&' (RN)) c &' (RYN), for everyt € R. (10)
In addition, if N =1, then the converse holds.
b. If a C > 0 exists such that Ra(§) < —CJE|™ whenever €| is sufficiently large, then we have the following
regularization effect:

@) (&' (RN)) c .7 (RY), forallt > 0. (11)

c. We have the following positive invariance:

PN (L2(RN)) c L*(RY), forallt >0 (12)
if and only if
sup e RO < oo, forallt > 0. (13)
£ERN

d. If R a(§) < 0 whenever |£] is sufficiently large, then (12) holds.

Proof. a. If |a| = 1, then a, = ib; with b; € R for every j =1,2,...n and

Z Zn 0
a(D) = aaDa = Qo + ij(27rl)7187,
=1 /

laf<1
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such that & — a(§) = ap + 2?21 ib;&;. Let u € &'(RY), ¢ € RN and ¢ € R, then
F () (€) = 1 Oa(e) = 0 [N = 0 F (i pomu) ©)

where b = (by,--- ,b,) and 7, denotes the translation by h € R. Hence, (10) holds, e‘*?) : & (RY) —
&' (RY) is well defined and it coincides with e’ times the translation by tb/27.

Now, by setting N = 1, we suppose that (10) holds and let u € &' (R).

First, by the Paley-Wiener-Schwartz theorem, e'®Pu € &'(R) if and only if Z (e!*P)u): R — C has
an analytic extension V' = V(; ,,): C — C and the constants C = C(; ), R= R(;) > 0and L = L(; ) € N
exist such that

[V(2)] < C(1+ |z])*efIS 2l for every z € C.

Second, C 3 z — a(z) € C is a polynomial, so we deduce that R 3 £ — ﬁ(et“(D)u) (€) = et*©q(g)
admits a unique analytic extension, which is given by

C 3z et*@a(z) =V (z) eC.

Moreover, |Z (e!®Pu)| = e!®al2)|q(z)| holds for every ¢t € R and z € C. By combining this with the
estimate of V, setting u = § and ¢t = 1, we obtain

e <01+ |2))FefIS 2l for every z € C, (14)

which holds if and only if the order m of a(z) is equal to 1; otherwise, z — Ra(z) is a polynomial with
degree > 2 and onto R, which contradicts (14). Hence, we write a(§) = ag + a1£ for some ag,a; € C, and
we claim that fa; = 0, based on which the result follows. By (14),

eRale) — RaocRar s < (1 4 |¢]), for every € € R,

which cannot be true for all £ € R if f#ay # 0.
b. Let u € & (RY) and ¢t > 0, then RY 3 ¢ — F(e!?Py) (&) = et*®q(€) is a C* function. By the
Paley—Wiener—Schwartz theorem,

|gf(eta(D)u) &)= em”“)\ﬁ(ﬁ)\ < Cu(l+ |§|)L“em“(5)

and by hypothesis, the right-hand side of this inequality vanishes at infinity faster than any power of ||.
Now, it is easy to deduce that & — .Z (e!*(P)u)(€) is a Schwartz function, and thus (b) follows.

c. For u € L2(RY), ete@P)y € L2(RY) if and only if F (e!*P)u)(¢) = e!*©q belongs to L2(RY) if and
only if |e!*©a(¢)| = e!®©)|a(¢)| belongs to L (RY).

Suppose that (13) holds. Let u € L?(R") and ¢ > 0, then

/6215%0,(5)‘,&(5)‘2 dé— < sup e2t%a(§) H/l:\LHLZ’
EERN

RN

such that (12) is true. Conversely, suppose that (13) does not hold. Take t > 0, a sequence (&,)nen in RV,
and a collection of disjoint balls B,, := B(&,;,) such that |£,| — 0o, e2!Ra(&n) > 97 /p and e2 R a(&) > 27 /o
for every £ € By, and for every n € N. Let f,, be defined by
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N 2—n/2
RY 5 &= fu(§) = WXBn (),

where xp, denotes the characteristic function of the set B,, then the function f := > f, belongs to
L? (RN ) since

[ rei- | (Z fﬁ(f)) =3 [ o= 5 <.
RN Ry \n=l n=Ign n=t

However, et“(D)f does not belong to L? (RN) because

/ 62t8% a(f)‘f(g)‘Q d¢ = Z / 62159‘% a(g)ffl(g) d¢ > Z % = 0.
n:an n=1

RN
Hence, (12) does not hold for u := f € L2 (RY), and thus (c) and (d) follow. O

Therefore, in order to obtain a Cy-semigroup on L? (RN ) that is generated by a linear differential operator
with constant coefficients, we may replace the spectral conditions in the Hille-Yosida theorem (on Banach
spaces) by the condition (13).

Proposition 7. Consider the heat equation in RN :

u +u = Au,t >0
. (15)

u(0) = ug

If ug € FL?

loc’
Moreover, if ug € L?, then this solution extends the analytic semigroup generated by —(1—A) on L? forward

then the evolution problem (15) can be solved for every t € R in a distributional sense.

in time to a uniformly continuous group on F L3 . for all of real time.

Proof. First, A :=1— A: H*(RY) c L*(RY,C) — L?*(RY,C) is a linear operator in L? and a sectorial
operator with R o(A) > 0, and thus —(1—A) generates an analytic semigroup on L? indicated by {e=4* : ¢ >
0}. In addition, the fractional power spaces associated with A are the usual Sobolev spaces H?® characterized
by Bessel potentials: H® = {u € .7’ : (1 + 4x2[¢|?)*/*u € L?}.

Second, the map ¢ — a(€) := —(1 + 472|¢|?) is the symbol for the 2-¥DO operator a(D) := —(1 — A) :
FL?, — FL ., which generates a continuous group on .# L2 _ denoted by {eaP)t . ¢ € R}. In addition,
by Corollary 6, {e*P)t: L2 — L?}4>0 is a continuous semigroup.

Thus, we have obtained two semigroups in L? generated by the heat operator using two different genera-
tion approaches. However, we claim that they are the same semigroup, so the group on .% Ll20c extends the
analytic semigroup defined on L2. Let t > 0 and ug € L?. First, ﬁ(e_muo) = e_(1+4”2|5|2)tﬂ5 (as described
by [9], page 34). Moreover, by the definition of e™P)t e may apply the Fourier transform to this group
to obtain .7 (e?(?)tuy) = €'*©)%g and because they are elements of L2, we conclude that both semigroups
coincide on L? by the Plancherel theorem. 0O

An interesting consequence of this proof is that the heat equation (15) can be solved backward in time

for any initial data ug € L? C & Lz20c in a distributional sense. Basically, for ug € L?, the regularity of e *4u

2
locy

has three stages indexed by the time parameter: for t < 0, e *(1=2)yy € FL? | i.e., the solution backward

in time belongs to a space of very low regularity; if ¢ = 0, there is nothing to add, where vy belongs to L?;
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and for t > 0, e t(1-2)y, ¢ Nser H® C C°°, which is the regularization effect forward in time promoted by
this sectorial operator.

The exponential factor in 7 (et 1= yg) = e~ (A1) 1775 explains how the regularity of (15) responds
to the time parameter since

/ e*2t(1+4”2|5|2)(1 + €)M d¢ < oo, for t > 0and M € N,

RN

and

lim e_2t(1+4”2‘5|2)(1 +1€)*M = oo, for t <0 and M € N.

|€]—o0

The key point to note is that the fractional power spaces associated with 1 — A are completely charac-
terized by a property that essentially connects Fourier analysis with the usual Hilbert spaces.

Example 1 (The i derivative operator on R). If A = i% : H' € L? — L2, then we cannot solve (2) using the
mainstream approach of Banach spaces because A does not fulfill the spectral conditions of the Hille-Yosida
theorem. In addition, a(¢) = —27¢ is its symbol, so it generates a semigroup {e®%/* : ¢ > 0} on L? by
Theorem 6 (c), which provides its unique solution on L?2.

Example 2 (The positive power of the Laplace operator on R™). Let a > 0. The symbol £ — a(§) =
—(47 1s associated with the operator —(— such that e *(=2)%y € or every ¢t > 0 whenever
A2 [€]2)> i iated with th A)® such th t(=4) Z(R™) fi 0 wh
u € &'(R™) by Theorem 6 (b).
In particular, the solution of the Cauchy problem

belongs to .7 (R¥) for every ¢t > 0, where § denotes the Dirac J-distribution.

Example 3 (The derivative operator on R ). Consider the Cauchy problem

Up = Uy, t €ER
. (16)
u(0) = ug € C*°

Using the mainstream approach, we may impose three restrictions in order to solve (16): i) ¢ > 0; ii) uo
has a derivative u and both are uniformly bounded continuous functions (we write ug,uj € Cp(R,C));
and iii) restrict the domain of A = % so it is a closed densely defined operator on Cy(R,C). Thus, the
Co-semigroup generated by - is the translation semigroup (see [13]).

Furthermore, we can solve (16) in the (Fréchet) phase space C*°(R, C) without any further assumptions.
In addition, the group generated by % extends the Cyp-semigroup above. Let C L, be the set of all functions

¢ € C™ such that for every m € Z, and j € N, a constant M = M (¢, m,j) > 0 exists such that

dn+m
sup sup |[M™"———¢(z)| < 0.
neN |e|<j dantm

Proposition 8. Every ¢ € C is a real analytic function. Moreover, we have the following:

exp

a. Cg3, is a dense subspace of C>°(R);
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N
b. The partial sums Sy := Z

t" d"
—'d—nqb converges in C*(R) to a function in Cgg, for every ¢ € Cgy, and
n! dz

t € R, where its limits are denoted by et%@
c. elds: Cop — CXp is well defined and it is a bounded linear operator, and thus by density, elds €

Z(C*(R));
d. The family of operators {etd% 1t € R} 4s a uniformly continuous group on C*°(R) such that

(etd%d)) (s) = p(s+1t), for every s € R.

Proof. z — e~ belongs to C,, so we may argue that it is a mollifying function to obtain the proof. O

4. Final comments

If X is a Fréchet space and A: X — X is strongly compatible with it, then the operator exp(t A) is also
strongly compatible and this solves the Cauchy problem

up = Au,t € R
u(O)zuoeX.

We have established criteria for identifying whether the semigroup generated by a constant coefficient
m-UDO defined on .Z L} (RY) acts on L? and &’. We also analyzed the regularization of initial data
backward and forward by the solution group for the heat equation on .ZL? ., which extends the standard
solution on Hilbert spaces for positive times, and this partially explains the regularization process performed
by the exponential of the Laplacian operator.

The strong connection between the mainstream approach and the results obtained indicate that we may
also consider hyperbolicity (see [4]), non-autonomous linear operators A = A(t), the generation of analytic

semigroups, and semilinear problems. Moreover, it is not clear how the &’ equipped with its original topology

2
loc*

Our future research will address these problems.

is related to its topology as a subspace of %L

Acknowledgments

The authors, E.R. Aragao-Costa and A.P. da Silva, wish to thank FAPESP 2014/02899-3 and CAPES
grant PROEX-6422328/D for financial support, respectively.

We are deeply grateful to Professor Alexandre Nolasco de Carvalho (University of Sdo Paulo, Brazil) who
inspired us and motivated us to investigate the consequences of the results we obtained.

References

1] V. Babalola, Semigroups of operators on locally convex spaces, Trans. Amer. Math. Soc. 199 (1974) 163-179.
) g p p Y P )
[2] Y.H. Choe, Cy-semigroups on a locally convex space, J. Math. Anal. Appl. 106 (1985) 293-320.
[3] J.A. Conejero, On the existence of transitive and topologically mixing semigroups, Bull. Belg. Math. Soc. Simon Stevin
14 (3) (2007) 463-471.
[4] E.R. Aragao Costa, Local hypoellipticity by Lyapunov function, Abstr. Appl. Anal. 2016 (2016) 1.
[5] B. Dembart, On the theory of semigroups of operators on locally convex spaces, J. Funct. Anal. 16 (2) (1974) 123-160.
[6] G.B. Folland, Real Analysis, second ed., John Wiley & Sons, New York, 1999.
[7] L. Frerick, E. Jord4, T. Kalmes, J. Wengenroth, Strongly continuous semigroups on some Fréchet spaces, J. Math. Anal.
Appl. 412 (1) (2014) 121-124.
[8] A. Goliniska, S.-A. Wegner, Non power bounded generators of strongly continuous semigroups, J. Math. Anal. Appl. 436
(2015) 429-438.
9] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Springer, 1981.
y 3 g


http://refhub.elsevier.com/S0022-247X(19)30880-7/bib3CCD5F7D47E5C117B4CDE27A53B48334s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bibEBA45CF0B1C15452BE8714DE7E8BD0A7s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bibBCD9F84204930F195ED4419FF4378E5Cs1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bibBCD9F84204930F195ED4419FF4378E5Cs1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib63C77D4F182AAF98522188B3F0A7ED1Bs1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib434A3DAEE46CDA62796DDC81A872512Ds1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib52E77B29B68D5F1BC1A1384ACA75EB7As1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib634FCD84CB5E36F71AED5F811575324Bs1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib634FCD84CB5E36F71AED5F811575324Bs1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib5CB8AFF771BF47F8C2853A7C3DC7FEE6s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib5CB8AFF771BF47F8C2853A7C3DC7FEE6s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib179909B745F81F03F177A3079E0CE5E3s1

E.R. Aragdo-Costa, A.P. da Silva / J. Math. Anal. Appl. 484 (2020) 123612 15

[10] L. Hérmander, The Analysis of Linear Partial Differential Operators III, Classics in Mathematics, Springer, 1980.

[11] R. Kraaij, Strongly continuous and locally equi-continuous semigroups on locally convex spaces, Semigroup Forum 92
(2016) 158-185.

[12] L.D. Lemle, L. Wu, Uniqueness of Cp-semigroups on a general locally convex vector space and an application, Semigroup
Forum 82 (3) (2011) 485-496.

[13] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Applied Mathematical Sci-
ences, vol. 44, Springer-Verlag, New York, 1983.

[14] F. Treves, Study of a model in the theory of complexes of pseudodifferential operators, Ann. of Math. (1976) 269-324.

[15] K. Yosida, Functional Analysis, sixth ed., Classics in Mathematics, World Publishing Company, 1980.


http://refhub.elsevier.com/S0022-247X(19)30880-7/bibDF81814D2DCDED20A8201D7BFBD1E92As1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib49714576D4576171435E819CF2DB1F67s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib49714576D4576171435E819CF2DB1F67s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bibECDD4062CF2343CDC84214488BA6FC28s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bibECDD4062CF2343CDC84214488BA6FC28s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib1DF9698C4C5229650A359E2CED42DFF7s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib1DF9698C4C5229650A359E2CED42DFF7s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bib2AF32DE868B17CAD5CA5ED21A2416598s1
http://refhub.elsevier.com/S0022-247X(19)30880-7/bibC99BF1515E835FF0DDA650D99B644337s1

	Strongly compatible generators of groups on Fréchet spaces
	1 Introduction
	2 Strongly compatible operators and generation theorem
	3 Some applications to PDEs
	4 Final comments
	Acknowledgments
	References


