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1. Introduction

In the seminal paper of Keller and Segel [11], a mathematical model was proposed to describe a directed
movement of biological individuals toward higher concentrations of a chemical signal. The original model is
simplified to focus only on the effect of chemotaxis, but in fact, the movement of bacteria may be influenced
by complex factors. For example, the bacteria living inside a viscous fluid, such as Bacillus subtilis or
Escherichia coli, can not be free from the influence of surrounding fluid [17,24]. Moreover, it is known that
coral fertilization results from the chemotactic behavior of sperm [6,12,18].

Motivated by some studies about chemotaxis models involving chemotaxis-fluid interaction for cases that
the chemical is produced by the bacteria [4,5,7,16,20,26], we consider a chemotaxis system coupled with
fluid equations on the whole space such that for T' < co
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on+u-Vn=An—V-(nVc)—pund, (z,t) (0,7)
oic+u-Ve=Ac—c+n, (z,1) (0,7), (1.1)
Ou+ k(u-V)u+ VP = Au—nVe, (x,t) € R x (0,T) '
V-u=0, (z,t) (0,7)
where >0, ¢ > 2 — é are given and k € {0,1}, d = 2, 3. Here, the unknowns n, ¢, u denote the population
density of the bacteria, the concentration of chemical substance, and the fluid velocity field, respectively.
The unknown P represents the associated pressure, through buoyant forces. The function ¢ = ¢(x) denotes
the potential function, e.g., the gravitational force or centrifugal force.

The aim of this paper is to verify the global existence of solutions to (1.1) depending on the power of
superlinear degradation term, g > 2 — é. Before we go to our main results, for a clearer understanding, it
is worthy to mention some related works. The general chemotaxis-fluid system is written as

on+u-Vn=An—-V-(nVe)+ f(n), (z,t
Oc+u-Ve=Ac—c+n, (x,t
du+ k(u-Vu+ VP = Au—nVe + gz, t), (z,t
V-u=0, (z,t

(1.2)

where g(x,t) is an external force and €2 is a bounded smooth domain on R? with no-flux boundary condi-
tions. To the authors’ knowledge, there have been a few results about the above problem (1.2). In the two
dimensional case, Tao and Winkler [21] showed that the quadratic degradation prevents the solution from
blow-up. More precisely, when f(n) = rn — un? and x = 1, they obtained a global classical solution and
showed decay properties of solutions if » = 0. In the three dimensional case, they also proved that if p > 23,
k =0, then (1.2) possesses a global classical solution for any r > 0 (see [20]).

Neglecting the fluid interaction, we can simplify (1.2) to the following classical Keller—Segel model

1.
TOc = Ac—c+n, (x,t) € @ x (0,T). (13)

{ O =An—V-(nVe)+ f(n), (2,t)€Qx(0,T),
For parabolic-elliptic case (7 = 0), Winkler [27] proved the global existence of very weak solutions to (1.3)
provided that f satisfies for ¢ > 2 — é

{f(n)<a—bnq, for all n > 0, with a >0, b > 0, (1.4)

f(n) > —Co(n + n9), for all n > 0, with Cy > 0.

Instead of the natural notion, he introduced a sub- and a super-solution of the equation of n because one
integral identity is not obtained from limiting procedure of the regularized solutions. In particular, as to
the super-solution, the notion of entropy solution commonly used in higher order thin film equations is
adapted (see [19]). Readers are referred to [14,22,28,29] for related results to the global existence or blow-up
of solutions of similar parabolic-elliptic systems. For 7 = 1, through technical computations linked to the
parabolic-parabolic problem, Viglialoro [25] achieved very weak global solutions provided (1.4). Indeed, the
global solvability problem has rarely been investigated for a chemotaxis-fluid model at which the degradation
is weaker than quadratic. It seems, due to the presence of fluid velocity fields, that control of n and c is
much harder since we need to obtain proper estimates of u as well. The main contribution of this paper is

1

devoted to proving the existence of global-in-time solutions to (1.1) depending on ¢ > 2 — 5

We first note that the initial data can be assumed as follows:
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Assumption 1.1. The initial data (ng, co, ug) satisfy that for d = 2,3

no € (L' N HA)(RY), ¢ € (LIN H3)(RY), wo € H}(RY), 2zeR9
nO(‘r) ZO’ CQ(JT) 20’ xeRd~

Assumption 1.2. For given ¢ > 2 — é, d = 2,3, a number r satisfies

2<r<2q if d=2,
5 3 (1.5)
3 S r < 5 lf d =3
and let v’ := ddﬁ. The initial data (ng, co, ug) satisfy that
no € (L' N H?)(R?), ¢g € (LE NWL" N WL 1 H3)(R2), ug € (W2 N H3)(R?), if d=2,
no € (L' N H2)(R?), ¢g € (LF N WL N H3)(R3), ug € (W™ 1 H3)(R?), if d=3,
no(z) >0, co(x) >0, r € R%

Our first main result is the existence of regular solutions for (1.1) which reads as follows:

Theorem 1.1 (Global existence of reqular solution). Let pn > 0. Suppose that either ¢ > 2, (k,d) = (1,2) or
q>2, (k,d) = (0,3). If the initial data (ng, co,uo) satisfy Assumption 1.1, then the problem (1.1) possesses
the unique regular solution (n,c,u) of (1.1) satisfying for any T < oo

(n,c,u) € L>(0,T; H*(R?) x H3(R?) x H3(R?)),
(Vn, Ve, Vu) € L2(0,T; H*(RY) x H3(R?Y) x H3(R?)).

Remark 1.1. As mentioned earlier, it was shown in [20] that for a bounded domain in R3, if p > 23, then
the solution becomes regular. According to our computations, it seems that for the case of the whole space,
the solution becomes regular if 1 > 23, by following the method of proof in [20]. We are, however, not going
to try to prove the case with such restriction on g in this paper.

Secondly, we construct y-very weak solutions for ¢ > 2 — % in case that the fluid equation is the Stokes
system (see Definition 2.3 for the notion of y-very weak solutions).

Theorem 1.2 (Global existence of v-very weak solutions). Let T >0, u >0, k=0, ¢ > 2 — é ford=2,3. If
the initial data (n,co,uo) satisfy Assumption 1.2 and v € (O, q— Z(dfd_l)), then the problem (1.1) possesses

at least one y-very weak solution (n,c,u) in R% x (0,T).

Remark 1.2. Our method of proof in Theorem 1.2 is mainly based on the construction of solutions established
in [25,27]. Compared to [25,27], main difficulty is caused by the presence of fluid. In particular, the estimate
of Ve is quite technical and we used suitable decompositions of solutions and inductive arguments for a
decomposition for time variable (see the proof of Lemma 4.2 for details).

The rest of this paper is organized as follows. In Section 2, as a preparatory step, we introduce the
notations, definitions and recall some useful lemmas. A local-well-posedness and blow-up criterion of system
(1.1) will be also presented in Section 2. Using some useful a priori estimates, Theorem 1.1 will be proved
in Section 3. In order to prove Theorem 1.2, we consider a regularization of the system (1.1) by using a
parameter € € (0, 1). Section 4 is devoted to deriving e-independent estimates for the regularized system and
verifying the existence of weak solutions. Owing to the compactness argument, we show that the solution
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of the regularized system converges to the solution of (1.1) in a weak sense. In Appendix, the proof of a
blow-up criterion will be provided.

2. Preliminaries

Let us first briefly introduce some notations as follows:

WkP(RY) .= {f € LL (R?) : D*f € LP(R?), 0 < |a| <k} for 1 < p < o0.

. HERY) = Wh2(RY)

o fllpao,rwrrmey = ||Hf('vt)||W’“=P(Rd)HLq((LT) for 1 <p,q < oco.

o | fllze®axco.ry) = I fllzeo,1;Lr®AY)-

o T'is the heat kernel such that I'(z,t) = (47;)% e*% for v € R 2 # 0 and t > 0.

o E is the fundamental solution of the Laplace equation in R? such that

Llog|x| ford=2
— 2 ’
E(m)—{7 ——  ford=3.

T 4n[x]

e Throughout this paper, C' denotes a generic constant which may differ from line to line.

In the following two lemmas, we recall known maximal estimates of the heat equations (see [13,15]) and the
Stokes system (see [9,10]).

Lemma 2.1. Let d € N, T > 0, 29 € WFP(R?) for 1 < p < oo and k = 1,2. If f € LP(0,T; WF=LP(R%)),
then there exists a unique solution z € LP(0,T; WP (R%)) for the following heat equation.:

2 —Az=V-f (x,t) eR?x(0,T),
2(x,0) = zo(x), x€RY

Moreover, z satisfies

2l Lo o, mwe e ayy < C (I1f Lo 07w s 10 ®a)) + 120/l ®ay) - (2.6)

Lemma 2.2. Let d > 2, T > 0, 20 € W?P(R%) and f € L1(0,T; LP(R%)) for 1 < p,q < oco. Suppose that
(z, P) is the solution of the following Stokes system:

2z —Az+VP=f (z,t)€RIx(0,7),
z(2,0) = zo(x), r € R%.

Then, the following estimate is satisfied:

I2tllLao, 50 Re)) + 182 Lago,7;00®aY) + IV Pl Lago,r;00®aY)
< C (I flpaqo,r;Lr ray) + 20l w2 (may) - (2.7)

Furthermore, we provide other maximal estimates of the heat equation.

Lemma 2.3. Let d € N, T > 0, zo € W2P(R?) and f € L9(0,T; LP(R?)) for 1 < p,q < co. Suppose that z
is the solution of the following heat equation:
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2z — Az = f, (z,t) € RY x (0,7), (2.8)
2(x,0) = 29(x), = €RL .
Then, the following estimates are satisfied:
I2¢ll Lo o, 1500 Ra)) + 2]l Lago,rsw2 o ayy < C (IfllLao 520 @) + 20l w2r®ray) (2.9)
1 1
IVl oo rizs ey < C (TENSllpao mizo@ay + T4 [ Vzolloe ) - (2.10)

Proof. The details of the proof of (2.9) can be found in [13,15]. We shall only prove (2.10). Let z(z,t) be a
solution of (2.8). Using the heat kernel I', z(z,t) can be represented by

(1) = /F(x —y,t)20(y)dy + /t/F(:B —y,t—s)f(y,s)dyds,

Rd 0 Rd

Vz(z,t) = /F(JU —y,t)Vzo(y)dy + / / VI(z —y,t —s)f(y,s)dyds =: Ai(x,t) + Az(z,1).
R4 0 Rd

Now, we will use the well-known estimates for the heat kernel such that
||F('7t)HL1(Rd) =1 and ||VF(,t)||L1(Rd) S Ctié for ¢t > 0. (211)
Using Young’s convolution inequality, Holder’s inequality and (2.11), we have for ¢ € (0,T)

1Al zao,6r®ayy = [[II(T* V20) ()l Lo ey || ooy

< ||HF('vS)HLl(Rd)HvonLP(Rd)||Lq(07t)
¢ i
= | [0 17201 s
0
1
< sup [I'(,8)llpr eyt |VaollLrre
s€(0,t]
1
=t4[|VzollLr(ra)- (2.12)

On the other hand, we have

V(8 = 8) % f (- 8)lLrmay < NIVt = )o@l F (5 8)lo@ey < O = 8)72 (£ 8)llLe ey,

which implies

_1
[ A2l La(o,:r(Re)) < CHS S SRIPICY La(0,t)

< Cls™2 L1001 flago,6L0 RAY)
=Ct> £l La 0,620 (Ra))- (2.13)

Combining (2.12) and (2.13), we complete the proof. O
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Remark 2.1. Suppose that z is the solution of (2.8) with zy = 0. Due to the Sobolev embedding and (2.10),
we obtain

V2l ago,6:00° Re)) < CllflLaco,4500®)) (2.14)

1

_ 1 :
wherep—*— —3w1th1§p<d.

1
P
Next, we state the Gagliardo-Nirenberg inequality on the whole space (see [2, Theorem 1.3.7]).

Lemma 2.4 (The Gagliardo-Nirenberg inequality). Let d > 1, 1 < ¢q,7 < oo and let j,m be two integers,

0<j<m.lIf
1 1 m 1—-6
L ()4 —2
p d (7‘ d> * q

for some 0 € [L 1], then there exists C(d,m,j,0,q,7) > 0 such that

g
m
(4

1-0
DD flle@ay <C | D ID fllLr@a ||f\|(Lq(R)d) for every f € D(RY). (2.15)
I¢l=d [¢|=m

The following lemma is the weak version of Young’s convolution inequality (see [8, Proposition 8.9]).

Lemma 2.5. Let d > 1, 1 < p,q,7 < oo and % —l—% = %—i— 1. If f € LP(R?) and g € weak LY(RY), then
f*g € L"(R?) and there exists C > 0 independent of f and g such that

1f * gl or®ay < Cll fllLr®aylg]La®ays (2.16)

where weak L1(R?) is the set of all g such that [9]La(ra)y < 00 associated with

1/aq
(9] Laray = <SL;% aq)\g(a)> . Agla) =m({z :|g(x)| > a}), m: Lebesgue measure.

We first establish the local existence of regular solutions (n,c,u) to (1.1). Since its verification is rather
standard, we skip its details (see e.g. [3]).

Theorem 2.1 (Local existence). Let m > 3, ¢ > 1, d = 2,3 and x € R. Assume that |[V*¢|| e ga)y < 00
for 1 < |€| < m. There exists Tmax > 0, the mazimal time of existence, such that, if the initial data
(no, co,ug) € H™ 1(RY) x H™(R?) x H™(R?), then there exists a unique regular solution (n,c,u) of (1.1)
satisfying for any t < Tax

(n,c,u) € L°(0,t; H™" 1 (RY) x H™(RY) x H™(R?)),
(Vn, Ve, Vu) € L2(0,t; H"H(R?) x H™(R?) x H™(RY)).
Next, we establish a blow-up criterion. The proof will be given in the appendix.
Theorem 2.2 (A Blow-up criterion). Let ¢ > 1. Suppose that ¢ and the initial data (no,co,ug) satisfy all

the assumptions presented in Theorem 2.1. Then for either (k,d) = (1,2) or (k,d) = (0,3), if Tmax > 0 is
the mazimal time of existence, then
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hmsup/||Vc||Ld+2(Rd = 0. (2.17)

Tmax

In case of the Stokes system (k = 0), we define a y-very weak solution by introducing two notions of
weak solutions. Firstly, we define the notion of a very weak sub-solution.

Definition 2.1. Let 7' > 0. A pair (n, ¢) of nonnegative functions and a vector field u, belonging to
n e LY(RYx (0,T)), ce LY0,T;WHYRY), we L0, T; WH(RYRY)),

are called a very weak sub-solution of (1.1) in RY x (0, T) if the followings are satisfied:

(i) nVc nd, nu and cu belong to L'(R? T));
T T
(ii) //n@tgo /n0<p //nAg0+//nVc gp—//;mqgoJr//nngo,
0 R4 0 Re
for all nonnegatlve ¢ € C(R?
T T
(iii) //c@tgp /co<p //Vch //c<p+//n<p+//cu Ve,
0 Ra 0 R¢ 0 R4 0 Re
for all nonnegatlve ¢ € C§°(R? [0 T))
0] fr fosin=— ] [ ][5
0 Re 0 R4 0 Re

for all nonnegatlve ¢ € C(R? x [0,T); RY) satisfying V - ¢ = 0.
Next, we adopt the notion of a weak ~v-entropy super-solution.

Definition 2.2. Let T > 0 and « be a fixed number with v € (0,1). A pair (n,c) of nonnegative functions
and a vector field u, belonging to

ne€ L' (R? x (0,T)), ce L0, T;W'3(R?)), uwe L'(0,T; L= (R%RY)),
are called a weak vy-entropy super-solution of (1.1) in R?% x (0, T) if the followings are satisfied:

(i) 7”L"Y_2|Vn|2 n'Ve, n?™=1 niy belong to L'(RY x (0,

T
(ii) //n'yat(p /nggp( ) >v(1 -7 //n'Y 2|Vn\<p+//n7A<p+7//n7Vc~V<p

0 R4 0 R4 0 R4

T
/@n“’*an-Vc—i—//nvu-ch,

R4 0 R4

T

_7//“”‘”” oty -1) /
0

0 Re
for all nonnegative ¢ € C§°(R? x [0,7)).

Finally, we define the notion of a y-very weak solution of (1.1).
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Definition 2.3. Let 7' > 0 and ~ be a fixed number with v € (0,1). A pair (n, ¢) of nonnegative functions and
a vector field u are called a y-very weak solution of (1.1) in R? x (0, T') if it is both a very weak sub-solution
and a weak y-entropy super-solution of (1.1) in R¢ x (0, T).

3. Global regular solutions

We first note that the total mass of n is non-increasing.

Lemma 3.1. Let T > 0, ¢ > 0 and (n, c,u) be a reqular solution of (1.1) in R% x (0,T), d = 2,3. Then, there
exists C' = C(||no| 1 (way) > 0 such that for all t € (0,T)

t
sup /n(-,t)—i—//nq <C. (3.18)
te(o,T)Rd

0 R4

Proof. From integration of the first equation of (1.1) over R, we obtain
n+ u/nq =0. (3.19)

Integrating (3.19) in time, we have

This completes the proof. O

Remark 3.1. We note, due to (3.18), that for ¢ > 2

0
/ < / Il g 20 < €, (3.20)

0 Rd
where 0y = 2&;721) € (0,1).
In the next two lemmas, using Lemma 3.1, we obtain some energy estimates of ¢ and .

Lemma 3.2. Let T > 0, ¢ > 1 and (n,c,u) be a reqular solution of (1.1) in R? x (0,T), d = 2,3. Then, there
exists C = C(|[nol|L1 w4y, |collLaray, q) > O such that for all t € (0,T)

sup /cq //|Vc2| <C. (3.21)
te(0.1)

0 R4

Proof. Multiplying the second equation of (1.1) by ¢! and integrating over R?, we have

1d 4(qg -1 q 1
——/cq—l—b/\VCEP—i—/cqS/ncq_lS—/cq—i—C/nq. (3.22)
q dt q> 2

R4 R4 R4 R4 R4 R4



K. Kang et al. / J. Math. Anal. Appl. 485 (2020) 123750 9

Integrating (3.22) in time, we have

[eotos et [ [rapsg | foze] [ [

R4 0 R4 0 R4

Therefore, (3.18) ensures that this lemma holds. O

Lemma 3.3. Let T > 0, ¢ > 2 and (n,c,u) be a regular solution of (1.1) in R? x (0,T), d = 2,3. Suppose
that either (k,d) = (1,2) or (k,d) = (0,3). Then, there exists C > 0 such that for all t € (0,T)

sup lu(z,t)] < C and sup /\u(-,t)\ﬁ <C, (3.23)
(z,t)eR2x(0,T) te(O’T)Rs

where C' depends on T and the initial values of n,u satisfying Assumption 1.1.

Proof. Multiplying u to the third equation of (1.1) and integrating over R¢, we compute
37 / f? + / Vuft <0 / ] < Clall e ey (320

Letting y(t) := [[u(-,?)|l L2(re), (3.24) turns into
y'(t) < Ollnf| g2 (ray-
Thus, owing to (3.18), integration in time yields
[ull Lo (0.:22Ra)) + VUl L2Rix(0.1)) £ C for t € (0,T), (3.25)
where C' depends on T'. Next, we shall use the vorticity equation. For notational convention, we denote by
w := V X u the vorticity of the velocity field. Taking curl to the third equation of (1.1), we find the vorticity
equation such that

Ow + ku - Vw = Aw — V x (nVe). (3.26)

In case of (k,d) = (1,2), we multiply (3.26) by |w|?~2w for ¢ > 2 and integrate over R? to obtain

/| 22D [ |t

<C’/ |V |w]?!|

R2
gc/nlvm% | =
RZ
q q=2
< e |98 1
q—2
= Olnl| pa(ee) ]www N [

<C/nq /’V|w|2 —|—C/\w|q
R2
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Therefore, we have

sup /|w t)|7<C for any q > 2. (3.27)
te(0.17)J

Then, we have for ¢ € (0,7) and for any ¢ > 2

1wl oo (R2x (0,¢)) < C||U||2(ci(6)t L2(R2) IIWHZZ(SE La(R2)) = C||w||z(;(5)t rage) <G
where we used the Gagliardo-Nirenberg inequality (2.15), (3.25), (3.27) and
IVull Lo (0,t:0aRa)) < Cllwll Lo (0,6:0a(Ray)  for d = 2,3. (3.28)

In case of (k,d) = (0, 3), multiplying (3.26) by w and integrating over R3, we have

3% / ul? + / Vul =~ [w¥x (279

Ra
< [ 19w x n90)
Re
< ClnflL2@s) Vw2 rs)
< %va”%?(]l@) + Cln)172gs)-

Using (3.20), we have
sup [ w0 <. (3.29)

which, together with (3.25), (3.28) and (3.29), helps to infer that
[ull oe (0,68 R2)) < ClIVullzoc 0,62 ®2)) < Cllwllpoeo,1:22R2)) < C-
This completes the proof. O
With the aid of two above lemmas, we control Ac, which plays a significant role for the case that ¢ > 2.

Lemma 3.4. Let T > 0, ¢ > 2 and (n,c,u) be a regular solution of (1.1) in R? x (0,T), d = 2,3. Suppose
that p > q ifd=2 or ¢ < p <6 if d = 3. Then, there exists C > 0 such that for allt € (0,T)

/n(.,t)”*1 + /c(-,t)p <C, (3.30)
Ra Rd
/t/mcp < (3.31)
0 R4

where C' depends on T and the initial values of n,c,u satisfying Assumption 1.1.
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Proof. From now on, we denote Q; := R? x (0,t), d = 2, 3. First, testing the first equation of (1.1) by n?~2
for p > 2, due to Young’s inequality, the integration over R x (0,t) implies

/n(t) p2//|Vn2|2+u _1//np+q2

R4 0 R4
=—(p— 2//np1Ac+/nol
0 R4
< *1//”p s o
0 R¢

Invoking the maximal estimate (2.9), there exists C), > 0 such that

18y < Co (Il + el + 18- Vellzguy + colliva rgas ) - (3.32)

Now, we use Holder’s inequality and the Gagliardo-Nirenberg inequality (2.15) to obtain for ¢ > 2

(1-61)
- Vel Lome) < llull e @) [ Vell o) < Cllull oo @) llell Lot 1Aell 7 g2y, (3.33)
1-065)

o Vel < sl Vel go, o < Ol eI A o) (3.34)
where 0; = 1{%:%4‘11}?, Oy = % and 61,02 € (0,1). In (3.33) and (3.34), we used the well-
known estimate

||D2f||Lq(Rd) < CHAfHLq(Rd) for 1 < g < oco. (3.35)

Here, we note that for d = 3, p satisfies 2 < p < 6. Using (3.21) and (3.23), if d = 2, (3.33) implies

1-6 %
- Vell?, i, < C / el o ey llel P Al ey

¢
0
< [1aclge
0
1 P
S E”AC”LP(QQ + CT (336)
Similarly, if d = 3, from (3.34) we have

6 0
Ju- Vel g, < C / ol gy el ot P A 228

t
6
<C [ 1acl g
0

1 p
< g0 18eliag, +CT. (3.37)
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Then from (3.32) with (3.36) and (3.37), we have

1820y < 2Cp (Il + Ieliigry +OT + llcolyn gy ) (3.38)

which helps to derive that

t
_ 4
/n(-,t)p 1+L//Vn = P4+ ulp-1) /np+q—2
R4 p 0 Rd 0 Rd
<o fore] [ [
0 0 R4
p_1+20p)//np+20p//cp+o(T+||c0|| oy 010 s g ) -
0 Rd 0 Rd

We employ Young’s inequality and the interpolation inequality such that for p > ¢

p—1+20C,) //np<c//nu //nW 2 (3.39)

0 Rd 0 Rd 0 Rd

Then, it follows that

Rd 0 R4 0 R4
t t
SC’//nq+20p//cp+C(T+||coH oty + 0l gy ) - (3.40)
0 Rd 0 Rd

On the other hand, testing the second equation of (1.1) by ¢?~! and applying Young’s inequality, the
integration over R¢ x (0,t) implies that

t t
4 1 —1 P

Rd 0 Rd 0 R4

t
4
] [

0 R4 Rd

gc/t/nuop/t/cHO/cS
0 Ra 0 R4 R4
,1 //M*q 2+c//nq+c//cp+0/c”. (3.41)

0 Rd 0 Rd

Combining (3.40) and (3.41), it is direct that
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/n(-,t)p_l + %/c(~,t)p+ %/‘/|Vﬂ%|2

Rd R4 0 R4
16 ne / 1 p /
+ (pz; ) p//'vc%|2+:u(p2_ )//np+q—2+cp//cp
0 R4 0 R4 0 Rd
<c//nq+c T + collByngay + Im0l;2 I(Rd)) (3.42)
0 R4

which guarantees (3.30). The boundedness of ||Ac||1»(q,) is a direct consequence of combining (3.18), (3.38),
(3.39) and (3.42). This completes the proof. O

In case that ¢ = 2 in two spatial dimensions, we can obtain L?-estimate of Ac.

Lemma 3.5. Let T >0, ¢ =2, k = 1 and (n,c,u) be a reqular solution of (1.1) in R? x (0,T). Then, there
exists C > 0 such that for allt € (0,T)

t
sup /|Vc(~7t)|2+//\Ac|2 <c, (3.43)
te(O,T)]Rz

0 R2

where C' depends on T and the initial values of n,c,u satisfying Assumption 1.1.

Proof. Multiplying —Ac to the second equation of (1.1) and integrating over R?, the Gagliardo-Nirenberg
inequality (2.15) and Holder’s inequality imply

2dt/|Vc|2 /|Ac|2+/|VC|2 §/|Vu|\Vc|2+/n|Ac|
R2 R2

R2

< [Vull ooy Vel 2, + = / Ac? 4 C /
< ClVull g2 )| Vel 2 ey | A L2re) + / AP +C /

1
< |Vl s | VelZa g +§/|Ac|2+0/n2. (3.44)
R2 R2

By (3.18) and (3.25), it follows from (3.44) that

t
sup /|Vc )2 + //|Ac|2 <C
t€(0,T)

0 R2

as desired. O
We are now ready to provide the proof of Theorem 1.1.

Proof of Theorem 1.1. Suppose that Tiax < 00, where Ty .y is the maximal time of existence given in
Theorem 2.1. For ¢ > 2 and d = 2, 3, we claim that
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lm sup / IVell42 gy < C. (3.45)

This is contrary to (2.17), which automatically implies Tiax = 00. Therefore, it suffices to prove (3.45). In
order to achieve it, we let T' < Tinax and use (3.30), (3.31). Then, the Gagliardo-Nirenberg inequality (2.15),
Holder’s inequality and (3.35) imply that for all ¢ € (0,T)

(S

t
V|92 <c | |Aa N < Ctz Ac||442 <C
[ C||Ld+2(Rd > [ CHLd+2(Rd)HC||Ld+2(Rd)— | C||Ld+2(]Rd) > G
0 0 0

On the other hand, for ¢ = 2 and d = 2, we show that

hmsup/ ||VC||L4 (R2) < C.

Applying the Gagliardo-Nirenberg inequality (2.15) to (3.43), we obtain

t t
[ 1€l <€ [ Nacliage Vel < © su / Vet o) / [1ack <c.
0 0

0 R2

Since T' < Tyax is arbitrary, we complete the proof. O
4. Global v-very weak solutions for g > 2 — %

In this section, we consider a modified system of (1.1) in terms of perturbation parameter ¢ € (0,1) at
which there exists a regular solution. By an adaptation of maximal estimates concerning parabolic equations,
we will derive some e-independent estimates for this regular solution.

Let T > 0. For € € (0, 1), let us consider an approximated system of (1.1)

One +ue - Vne = An. — V- (n.Veo) —un? —enf,  (z,t) € RY x (0,7),

OsCce +ue - Vee = Ace — ¢ + ne, (x,t) € R? x (0,T),

Owue + VP, = Au, —n Vo, (x,t) € RT x (0,7), (4.46)
V- ue =0, (z,t) € R? x (0,T),

ne(z,0) = ng(z), ce(x,0) = co(x), ue(r,0) = up(x), x€RY,

where ¢ > 2 — %, B > 2, d = 2,3. Here, we suppose that initial data (ng, co,uo) satisfy Assumption 1.2.
By Theorem 1.1, (4.46) has a unique global regular solution (n.,c.,u.) in R? x (0,T). If ¢ > 2 for d = 2
or ¢ > 2 for d = 3, then the system does not need to be regularized since it possesses a regular solution.
Therefore, throughout this section, we assume that g satisfies

{

In order to proceed to derive e-independent estimates, we first note that for all ¢ € (0,T), n. satisfies

<qg<?2 ifd=2,

(4.47)
<qg<L2 if d=3.

wlot W
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/ng—l—e/t/nf:/no(x), (4.48)

which implies that
Inellzoc 0,401 (R)) < € and [|ne|[La®ax0,6) < C, (4.49)
where C' depend on ||no| 11 (ra).-

Lemma 4.1. Let d = 2,3, T > 0 and q satisfy (4.47). Suppose that (n.,ce,u.) be a reqular solution of (4.46)
in R x (0,T). Then, there exists C' = C(||nol|p1(ra), [uollw2. (gay, T') > 0 independent of € such that for
allt € (0,7)

t

//IWEIT' <C, (4.50)

0 R4

dr

dq
—1 d+r -

d ’_
where 7545 <r < 775 and r' =

Proof. Let 1 < ' < —%— for d = 2,3 and r > 0 be the Sobolev exponent of 7/, namely r = '

d+qg—1 d—r'
(7%, %). We invoke (4.49) and Hoélder’s inequality to obtain for ¢t € (0,7T)
¢ ¢ ¢ T
1-6 6 1—ro 1—r6
J el gy < [ Il G el gy < € | [ el | €% <c=2, sy
0 0 0
where 6 = ;:,':f, and we used that rf < ¢. From the equation of u. in (4.46), we observe via the maximal

estimate (2.7) of the Stokes system that Au. € L"(0,¢; L (R%)) and

||AUEHLT(0,T;LT' (R4)) < CHnEHLT(O,T;Lr' (Ra)) T HUOHWQW’(]Rd)'
By the Sobolev embedding and (4.51), we end up with Vu. € L"(R? x (0,t)) and

t t

//'Vusl’“ﬁc/(/lﬁuelr')f <.
Rd

0 R4 0

This completes the proof. O

Lemma 4.2. Let d = 2,3, T > 0, and q satisfy (4.47). Suppose that (ne, ce, ue) be a reqular solution of (4.46)
in R% x (0,T). Then, there exists C > 0 independent of € such that for all t € (0,T)

j/ Ve|" < C, (4.52)

0 R4

where

C= C(||’I’LQHL1(]R2), ||CO||(L§QW1’T0W17T/)(R2), ||UOHLoc(R2),T) >0 for2<r<2q if d=2,
C = C(|lnollLr(m3): ||00||(Lgrmwm)(R3), luol| Lo (r3), T) > 0 for $<r<3 ifd=3.
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Proof. We recall the Green tensor, S = (Sij)ﬁjzl, of the Stokes system in R?, which is given by
1 92 .
Sij(@,t) =T(x, )05 + i Om0r, L(y,t)E(x —y)dy for 1<4,j<d, te(0,T),
Rd

where T is the heat kernel and E is the fundamental solution of the Laplace equation in R¢. It is known
that for any integers [, k > 0

C
I ok
|D0; S(x, 1) < (o[ £ Vit (4.53)
Therefore, u.(x,t) can be written as
¢
ue(x,t) = /S(m —y, tuo(y)dy — //S(:r —y,t — 8)(ne Vo) (y, s)dyds
Rd 0 Rd
=:vo(x,t) + ve(x,t). (4.54)

Recalling the semigroup property of Stokes system (see e.g. [1]), the uniform boundedness for vy(z,t) is
obtained as

lvoll oo e x (0,6)) = 15 * ol oo (Rex (0,4)) < Clluol| Loo (ra)- (4.55)
On the other hand, testing the second equation of (4.46) by c¢t~1 for 1 < £ < ¢, due to (4.49), we see that

t

t t
400 -1 l
Jeto + 220 [ fivespsd [ fer<e [ [aos [g<c
0 Rd 0 Rd R4

R4 0 R4

Then, we obtain
c. € L=(0,t; LY(R?)) and VCE% € L*(RY x (0,t)) forany 1</¢<q. (4.56)

For further estimates on c., we rewrite the second equation of (4.46), due to divergence free condition of
g, as follows:

Opce — Ace = =V - (ugee) — e + ne.

For given ¢y and vy, we solve the following equation

Owe — Aw, = =V - (UOCS) +ne — ¢, (xvt) € R? x [O,t),
d (4.57)
we(x,0) = co(x), x € R
We define w, := ¢. — w,, and we then see that w0, solves
Ope — A, = =V - (veee),  (w,t) € REx [0,1), (4.58)
we(x,0) =0, x € R4, '

where we used that u. = vg + v..
e (The case d = 2) From Holder’s inequality and (4.53), we have for ¢ € (0,7T)
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V0ot g gy < [ IVt = 5) 5 (V)9 gy

C
</ gt N e, )| ds
0

1 1
< C/ T Hne(-,s)Hz(qq(Rﬁ ds
0 (t—s)2

< CtUHnenz(qq(ngx(o t)) <Ct?, (4.59)

where o = and ¢ > 3. Therefore, by the Sobolev embedding and (4.59), we have

4(q 1)

el oasnoe < CIVO g 108 gy < CF (4.60)

where C' is independent of ¢. Now, we shall show that

[ Vwe || r Rz x (0,8) < C (1 T T tz(r’r’”) . (4.61)
where C' = C(||no|| 1 w2y, |collwir®2), [uoll L= ®2)) > 0, 7 € (2,2q), ' = % and 6 = ;1:, —4. Since (4.57)

is linear, we can obtain the estimate of w,, by using n., c¢. and V - (vgce ), one by one. We recall (4.51) such
that

1_6
Lro.sLr R2)) < O, (4.62)

72

where r € (2,2q), ' =
compute

= e 47 =9 Using the Gagliardo-Nirenberg inequality (2.15) and (4.56), we

Loy 2 5012
[ 1w < € [ g 196 Ve <
0 0

Therefore, with the aid of (4.55), we see that
HCE||L2@(]R2><(O,t)) + ||UOCEHL2£(R2X(O,t)) S C for any 1</ S q. (463)
Using (4.62) and (4.63), the maximal estimates for w. imply for r € (2,2q)

[Vwe || Lr 2 x (0,1))

1
< C (”’UOCEHLT(R2><(O,t)) + Hn€| L7(0,t; L7 (R2)) 7 (R2)) +tr ||C()le,r(R2))

1 1_6
<O (14t +775 t el @y ) - (4.64)

More precisely, we decompose w, := wy + wg + w3 as follows:
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Opwy; — Awy = =V - (vgee), wi(x,0) =0,
Oywo — Aws = n. — Ce, wa(x,0) = 0,
Orwsz — Awsg = 0, ws(x,0) = co(x).
Due to the estimates (2.6), (2.10) and (2.14), we have
IVwi | Lr®2x0,) < Cllvoce |l nr®2x(0,6))5
[VwallLr®2x(0,t)) < C (||”e||u(o,t;Lr'(R2)) + ”CEHLT(O,t;L“(R"’))) ;
1
||vw3||Lr(R2><(0)t)) < Ctr ||CO||W1=’”(]R2)~

Combining the above estimates, we obtain (4.64). Using (4.56) and (4.63), the interpolation inequality
implies that for some ¢; € (1,q)

t
6. r(1—6 1—6
HCEHL'"(O,t;LT'(R?)) < / ||Ca||Ltz31 (Rz)HCa”L(r(RQS))) < CHCSHLT(fézX(O,t))tO:S < Ctes, (465)
0

where 63 = % € (0,1). Therefore, we have

1
[VwellLr®2x(0,8)) < C (1 bt +t2<TTl>) _
Next, we show that
Ve || Lrr2x (0,6)) < C, (4.66)

where C' depends on T'. Since the initial value of (4.58) is zero, the maximal estimate (2.6) for . shows
that

Vi |

LrR2x(0,8) < Cllvece|lnr®2x(0,)) < C ([[vewell - ®2x(0,6)) + [|veWe|l L R2x(0,¢)) ) - (4.67)

Using (4.60), (4.61), Holder’s inequality and the Gagliardo-Nirenberg inequality (2.15), we can show the
boundedness of the term ||[vewe|| - ®r2x(0,1)) in (4.67) such that

r

t
loewell LR xo.0y) = / oetwe [ e
0

r

IN

t
/ o 0 ey oo I e
0

T

A

t
< [|ve | Lo 0,652 (R2)) /Hwe”TLf“(R?)
0

r

t
< Ct? / ||VU)5||ET(]R2)||w€||gT(R2)
0

< Ct7 (|VwellLr®ex(0,6)) + llwellLr®2x(0,6))) (4.68)
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where % =

% - % and o = 2( E Using the similar decomposition used for ||Vw,|| (&2 (0,+)), the maximal
estimates (2.6)

4(q—
, (2.10), (2.14) for w, and the Sobolev embedding imply
HwE”LT(RQX(O,t))
< C”vwE”LT(O,t;LT' (R2))
<C (||vocs||Lr(o,t;Lr’(R2)) + 2 [nell e 0,450 R2y) + 2 lCell 0,607 (R2)) T 7 HCOHWLT’(R?))

1 1,1_6 1
<C (t“" F2F T (L 62)[lecl o, t-L’“/(RQ)))

<C (t% GEtEed 4 e +tr§?r+71'31) , (4.69)

where we used (4.65) with ¢; € (1, ¢). Combining (4.68) with (4.61) and (4.69), we have

rl1+r—~L
Joewel @y < € (1487 +67 76 4 H3 70 4o 4 ). (4.70)

As to the term |[v.tc || r(R2x (0,)) in (4.67), we compute as

1
et | e R2x (0.7) = / et [ e
t ?
< / ol g 4 gy
0

3=

IN

Vel Los (0,4:14 (R2)) /H@HEF((R%)
0

3=

<o / IV . oy 10 £
0

< Ct° (| Vel - (R2x (0,6)) + 1We ]l L (R2x (0,1)) »

where % = % - % and o = 42(3—3 Since W, = c. —w. and ||cc||Lr w2 x(0,0)) < C, we have
5 o ~ 1 1.1 T +r—£y
[[020e || Lr (2 x (0,0)) < C (IIszI\LT(Wx(o,t)) FL T T 4 ) (4.71)

Collecting (4.70) and (4.71), we end up with

rl1+r—~£
Ve || 2 x(0,6)) < Ct7 (||Vw€||LT(R2><(O,t)) T RN L e “)l)
=: Ct7 (|| Ve || LrR2x (0,0)) + [(1)) - (4.72)

For sufficiently small ¢g € (0,7), we have

Ve || orR2 % (0,t0)) < C,
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where the above C depends on 3. We use an inductive argument to show the boundedness of
|Vide || - (R2 x (0,¢)) depending on T'. Denote I; := [jto, (j + 1)to] the closed time interval for nonnegative
integer j. Suppose that there exists C' > 0 depending on ty such that

Ve || L (r2x1;) < C- (4.73)
Then for ¢ € I 1, we use decomposition with the maximal estimates (2.6), (2.10) for . to see that

Ve || rR2x1,4,) < C (||v€CEHLT(R2><IJ+1) +(t =G+ Dto)™ lwe (-, (G + 1)to)||W1w(R2))
< C (IJoecellar @ty oy + 16 e, G+ Dto)llwr ey ) (4.74)
Owing to (4.67)—(4.71) and (4.74), we repeat the similar procedure for ¢t € I 1 to obtain
Ve | rr2x1,,0) < C (tg”vws||LT(R2><Ij+1) + 15 f(to) + téHVwe('v (J+ 1)t0)||LT(R2)) 7

which has a similar structure to (4.72). Thus, from (4.73), we have

Vel Lr®2x1,,1) < C,
where C' depends on ty. Therefore, we obtain (4.66). Hence, we obtain

[VeellLr®2x(0,)) < IVWellLr®2x(0,6)) + | Ve |l Lr®2x (0,8)) < C-

e (The case d = 3) We follow the similar procedure to the two dimensional case. From Young’s inequality

and (4.53), we have for ¢t € (0,7

V0 01,3 g g/IIVS>'=ne(-,s)lng(mdS

C
< R . d
_/(t_s)énvz( 12 gy 05
t
< / O e )T e, )| o dis
= % e\ L1(R3) e\ Li(R3)
0

o ypImeC s

I/\
O\@»

< Ct"|\n5||zif(uggx(0 ) < Ct7,

where o = % > (0 and ¢ > % Therefore, by the Sobolev embedding, we have

loellzeosnsmsy < CIVO o )18 oy < CF- (4.75)

We recall (4.51) such that

1_96
Inellpr o,z msy) < CE7 74, (4.76)
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’
where 7 € (%, %q), r = 3‘1: and 6 = 5:,77?,. Using the similar procedure to the two dimensional case, due

to the Gagliardo-Nirenberg inequality (2.15) and (4.56), we observe that

t ¢
|lc2 HL%O(R% <C [ IVe2|lzzgsllcd |72gsy < € forany 1 <l <gq.
0 0

Then, (4.55) implies

<C forany 1</<gq. (4.77)

HCEH 5¢ ) + ”UOC’SHL%[(R?'X(OJ)) -

L' (R3x(0,t)

According to (4.76) and (4.77), decomposition with the maximal estimates (2.6), (2.10), (2.14) for w, implies

I Vwe|| -3 x (0,¢))

1
<C (||UOCEHLT(R3x(0,t)) + Imell 0,60 ®2y) + el pr(0,6:07 3y T 17 ||COHW1,T(R3)>

11
<O (141! +7 5+ el urasy ) - (4.78)
where r € [2,3), ' = % and 0 = g:/l__f,. Similarly to (4.65), we have for some ¢ € (1, q)

t
0 1-06 1-6 6 0
HC€||L7‘(O,t;LT'(R3)) = /”66”2@1(1@3)HCEHZ(r(]R;)) < C”CEHLT(]Ii?’X(O,t))t LSOt
0

where 0, = };Zjé: = 3(122) € (0,1). Therefore, (4.78) becomes

Ve |

(24
L@ x (0.0 < C (1 g +t—3(r—2ez>) . (4.79)

Using (4.75), the estimate of w0, is also verified as follows:

I

t
lvete || Lr (R3 x (0,)) = /Hvsw€||ET(R3)
0
1
t T
< [ hoelzeqen oo s,
0
<

S HU5||L°°(0,t;L3(R3))”wE”L““(O,t;LT”(R?’))
< Cllvellpoe 0,403 (®)) I Vel Lr (R % (0,1))

< Ct7 || Ve || Lr 3 x(0,6)) +

where r” = 2. Moreover, due to (4.75) and (4.79), we see that

[vewellLr®3 x (0,6) < CllvellLos 0,125 ®3)) | Vwe || LrR3 % (0,6))

< Ct? (1 +tr —i—t%*% +t3<:572e2)> .

Therefore, we have
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Ve || or(R3 x (0,¢)) < JvecellLr 3 x(0,))

< lveel| r (w3 x (0,¢)) F [lvewell Lr(®3 x (0,))

e
<Ct’ <||Vu75||Lr(R3x(o,t)) N L t3(“2@2>) :
For sufficiently small ¢g € (0,7), we have

Vi |

Lr(R3x(0,0)) < C for t < ty,
where the above C' depends on 3. Repeating the same argument as in the two dimensional case, we have

[ Vede |

Lr®3x(0,8)) < C,
where the above C' depends on T'. Finally, we obtain

”VC€|

Lr®3x(0,8) < IVwe | r®sx0,6)) + IVWell Lr(®3x (0,)) < C,

where C' = C(||nol| 1 (r3), HCOH(L%TQWM)(]RB)’ luo|| o (R3), T') > 0. This completes the proof. O
Lemma 4.3. Let d = 2,3, T > 0 and q satisfy (4.47). Suppose that (n.,ce,u.) be a regular solution of (4.46)

in R% x (0,T). Then, there exists C = C(|[no|| 11wy, [[tollLaway, uoll Lawray, T) > 0 independent of € such
that for all t € (0,T)

sup [ fuct0) < C. (4.80)
te(0,T)
Rd
t
//Ius\‘j <C, (4.81)
0 Rd
1 _ 1 2
U}h@'re 6 = 6 m

Proof. Applying the gradient estimate (4.53) for Stokes operator to the representation formula (4.54), we
compute

t

_di_1
||UE(~’t)||Ld(]Rd) < C’”UOHLd(Rd) + C/(t — 5) 5(32 d)||n€(~’8)||Lq(Rd)dS for t € (O,T)
0

Using Holder’s inequality and (4.49), we obtain for ¢ € (0,T)

_d¢l_1 _1
el oo (0,12 a(way) < Clluol| paay + Ot 2D 4 Ing|| Lo g 0.0y
< C (luollpaway +T7") ,

where n = % — dQ—'ZZ > 0 since ¢ > 2 — é. This completes the proof of (4.80). As to (4.81), we let ¢ satisfy
= % - ﬁ for d = 2, 3. Again using (4.53) for (4.54), we compute for ¢ € (0,7

Q=

1

t
_dcl__1
lue(-, )l Larey < ClluollLare +C/(t* s)"2 q)”ne('vS)HLq(Rd)ds
0

__a_
< Cllugllparay + Ot~ 2 * [[ne(- ) || pa(ray
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which implies

1 __d_
uell La®ex 0,6y < CT4 ||luollLaray + Cls d“]Ldfy(o t)||“s||LQ(Rdx(0,t))
1
< CT7|luol|paray + CllnellLa®ax(o,6))

where we used the weak version of Young’s convolution inequality (2.16). Thus, by (4.49), we prove
(4.81). O

Lemma 4.4. Let d = 2,3, T > 0, and q satisfy (4.47). Suppose that (ne, ce,u:) be a reqular solution of (4.46)
in R4 x (0,T). Then, there exists C > 0 independent of ¢ such that for all t € (0,T)

t

// |Ace|?dzds < C, (4.82)

0 R4

where C' depends on ||co||w=2.a(ray and the conditions in Lemmas 4.2, 4.35.

Proof. Let % = % — 1 where r > %2 for d = 2, 3 satisfies the conditions in Lemma 4.2. Invoking (4.52) and
(4.81), Holder’s inequality implies that

lte - Vel Lamax0,6)) < ClluellLamax o) IVeellrmaxo,4)) < C. (4.83)
In view of the maximal estimate (2.9), we obtain

|0ccellLa®ex(0,6)) + [[ACel| LaRax (0,0
< C ([InellLamax 0,6y + leellLa®ax 0.4)) + lte - VeellLamaxo,6)) + lcollwzamay) -
Thus, due to (4.49), (4.63), (4.77) and (4.83), we deduce that
|Acel| Laraxo,) < C,
where C' depends on T'. This completes the proof. 0O

To obtain some boundedness of n. for super-solution, we introduce the following two lemmas.

Lemma 4.5. Let T > 0, Q be any bounded domain in RY, d = 2,3, and q satisfy (4.47). Suppose that
(Ne,ce,us) is a regular solution of (4.46) in RY x (0,T). Then, for any 0 < v < q — 1 there exists C > 0
such that for all t € (0,T)

t
//n272|Vn5|2dmds <C, (4.84)
00

where C' depends on the conditions in Lemmas /.2, 4.5.

Proof. For a given bounded domain  C R?, d = 2,3, we consider a test function ¢ € C§°(R?) which is
non-increasing in |z| and satisfies

1 for x€Q

0<¢<1 and p(z)= ,
0 for x € R\ Bp
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where Bp C R? is a ball centered in 0 with radius R > 0 and Q CC Br . Testing the first equation of (4.46)

by n?~'¢ with v < ¢ — 1 and integrating over By, integration by parts implies
Yy e ~¢ v

1d 1 _ _
~ g [rzes 2 [uevene -y [0 vale— [wtvn. v
Br Br Br Br
+/nevcs V(nI™') u/n?” Yo E/ e
Br Br R

We integrate (4.85) over (0,t) to obtain

t t
o [ [urrvnp <a-q) [ [uren
0 Q

0 Br
/ 20, )w——/nosﬂ——//n”ue w——//nmw
0 Br 0 Br
//ngvcE V(n1 ) _,_M//nq-i-v 1@+€// B+1-1,,
0 Br 0 Br

Using Young’s inequality and Holder’s inequality, we can easily see that

Y Y
1 Brp|t—7 Brll—7
—/n2(~,t)<p§ 1Br[ ™ /ne(fﬂ,t) < 1Brl ([R/no(x) <C,
0 Y Y
Br R d
t 1 t t
[ [rraesy [ furtS8 ] [1aae
—— n)Ap < - nd+ —— Ap|li— < C,
~ eBP q e g |Ap|
0 Br 0 R4 0 Br
//n¢1+“/1 q+'7_]- // q+ )‘B |t<C,

0 Bgr
-1)
// B+r-1, BJ” // nf + &L )lBR\t<C
0 Bg
Moreover, since % + (é - d%_Q) <1- d+2 < 1, we observe that

1
_; / / nlus - Vo < CH”E”Zq(]{@@(QQ)||UEHL‘7(]Rdx(O,t)) <C,
0 Bgr

_1_ _2
where =, T

Q=

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

and we used (4.49) and (4.81). On the other hand, by integration by parts, we have
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t
—//nEVc€~V(ng ! //V (nl) Vcenp—&—//n”AcEgo

0 Br 0 Br
1 1
= <1 - —) / / nJAccp — — / / n)Vee. - V. (4.92)
7 Br 73 Br

By virtue of Holder’s inequality, we estimate the first term to the right side of (4.92) such that

t t t %
(“l)/ [racosol [ [a) [ [iaer) 0san™. (4.93)
vy

0 Bgr 0 Br 0 Bgr

Due to (4.49) and (4.82), the boundedness of —% fot fBR n) Ac.p is obtained. For some r > ¢ satisfying the
conditions in Lemma 4.2, we show the boundedness of the second term to the right side of (4.92) as

t t
1 _y_1
f;//nchs-VgogC //ng //|Vcs\r |BR|7§)1 T < C,

0 Bgr 0 Bgr 0 Bgr

QR

where we used (4.49) and (4.52). Thus, we have

= / / neVe. - V(n2 '¢) < C. (4.94)

0 Bg

We collect the estimates (4.86)—(4.94) to complete the proof. O

Lemma 4.6. Let T > 0, Q be any bounded domain in RY, d = 2,3, and q satisfy (4.47). Suppose that
(ne, ce,uz) is a regular solution of (4.46) in RY x (0,T). Then for any v € (0,1) satisfying v < q — 1, there
exist k € N and C' > 0 such that

19X+ )2 1 0,75 w 202y ) < C
where C' depends on the conditions in Lemmas /.2, 4.5.

Proof. We choose k € N sufficiently large such that & > d72, which enables us to have the following

embedding properties:

We2(Q) — L¥(Q) and WE2(Q) = Whr(Q), (4.95)

) 2q 24— ~+—3}- For any test function ¢ € W 2(€2), multiplying (4.46) by (1 + ne)*z 1 and
integrating by parts over €, we obtain for ¢ € (0,7T)

where p := max{2
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%/@u+%ﬁw (14 1) "7 dnrp

Q

(1+ ns) AnEw / (1+ne) EQV - (neVeg ) — /(1 + ns)%zuE -Vn:

Q

:o\ {0\

[y e - e [0 0ty
Q Q
2—n a4 2 12 a2
=5 (I4+n) =z |[Vne|*y— [(14+n) 2 Vn.-VYy— [(1+n) = V- (n.Ve )y
Q

—/(1—|—n5)%2u8~Vn51/)—u/(1+n5)w772ngz/1—5/(1+n5)w772nfw.

Q Q Q

As in Lemma 1.3 of [27], we have

~—4
/(1+nE)TIVnE\2w < / +ne)TT 2IVnEIQ) KB
Q

Q (
< (/n7 2|vn€|2) 1=, (4.96)
Q
/

( (1+n.)""2|Vn, 2) .</|vw|2>
Q
1 _
3 (1+/n2 2IVnEIQ) (NEAFERSE (4.97)

Q

IA

/(1+n6)%2w5.w

Q

IN

q+“/

u/a+mf¥@wsM o

Q

/ )
SH(Q/l‘i‘ns ) (/IW )

C 1+/(1+n€)‘1
2B+w2
6/ —|—n 2n /n€

S (-’

<eC (1 + ) 11l 22 . (4.99)

IN

(4.98)

N—————
=
=
Tl

2B+w 2
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As to the chemotaxis term [, (1 + ne) "z V- (nVee )i, we compute

/(1 +n) T V- (Ve

Q
= —/(1+nE)WT72VnE~Vcew—/(1+ne)%2nsAcs7j}
Q Q
2 2 =2
= ——/V(l—i—ns)2 ~Vcs1p—/(1+ns) z n.Ac.
FYQ Q
2 2 2 z y=2
= —/(1+n5)2A05w+—/(1+n5)2VcE~V1/J—/(1+n8) 2 n.Acetp
’YQ 7Q Q
2 X 2 X =2
<2 fasnataclvl+ 2 [@en)ive  Vol+ [ 1400 nlacv
FYQ AYQ Q
2 ! 2q -
< (;+1) (/(Hne ) (/IAceq) (/ ¢|2w2)
Q Q

Q

+(/<1+ns>q)2 (/wcgw)q(/wwwf%) )
Q Q Q

< 1 1 e)? Ac.|? el gty ’
_C< +/( +n.) +/| ¢ +/|Vc|>ll¢lw,2q“(m
Q Q

Q

On the other hand, as to the convection term fQ(l + nE)WT_QuE - Vn.1, we find

y—=2 2 ol
/(1+n€)Tu6-Vn5w = §/V(1+n€)§ U
Q

Q
< g (/(1+ns)g|VUe||w| +/(1+ns)g|ue||vw|)

Q Q

o o)

2

2g—~—2
2q

2
<z
v

27

(4.100)

<C (1+/ 14+n)? /|Vu€|q /|u€|q) ||¢||W - (4.101)

Q

Together with (4.96)—(4.101), using the embedding properties (4.95), we obtain
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%/at<1+ns)%w

Q

=C 1+/(”Z*2|Vnal2+nz+snf+IAce\q+\Vce\q+\Vue|“+lue\q>
Q

X (lllwrr) + 19l @))

<C(1+ /(nZ_QIVHEIQ +nd +enl + [Ace| + [Vee|? + [Vue|? + [uc|?) ||w||w[f’2(9)-
Q

Integration over (0,7") implies that
J
191+ 1) s 0,7 2(2)))

T
<C (T4 [ [0 9np 4 ng + en  Accft + [Vealt 4 [Fuelt 4 fucl®) |
0 Q
which is bounded, in virtue of (4.48), (4.50), (4.82), (4.84) and the Sobolev embeddings on  x (0,7T). This
completes the proof. O
We are now in position to prove the compactness property of n. and c..

Lemma 4.7. Let T >0, ¢ > 2 — é, Q be any bounded domain in R, d = 2,3. Suppose that (n.,c.,u.) is a
regular solution of (4.46) in R% x (0,T). Then, we have

ne = n a.e. in Qx(0,7).
Moreover, for any 1 <p <q
(ne)ee(o,1) is strongly precompact in LP (2 x (0,T)).
Proof. The proof can be found in Lemma 1.4 in [27]. O
Lemma 4.8. Let T > 0, Q be any bounded domain in R?, d = 2,3, and q satisfy (4.47). Suppose that
(Ne,ce,us) is a regular solution of (4.46) in RY x (0,T). Then, for 2 < r < 2q if d = 2 or % <r< 37(1 if

d=3

(ce)ee(o,1) is strongly precompact in L™(0,T; W7 (1)),

where T € [d‘f:r,r).

Proof. Let r’ = ‘irr for d = 2,3. Using (4.52) and (4.80), Holder’s inequality implies

d
lue - Veell o, y) < el o,7;z00) IVeellLr@x 0,1))- (4.102)
Since r’ < r, (4.56) implies that

c. € L"(0,T; L" (). (4.103)
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In view of the maximal estimate (2.9), collecting (4.51), (4.102) and (4.103), we infer that
dyce, Ace € L(0,T; L7 ().

By the Rellich-Kondrachov theorem, the Sobolev space W2 () is compactly embedded in W7 (Q) for any

€ [1,7). Again using the Rellich-Kondrachov theorem, we see that W (Q) is continuously embedded in
L™(Q) for any # € [r’,r). Now, the Aubin-Lions lemma (Theorem 2.3 in [23]) can be applied and completes
the proof. O

Proof of Theorem 1.2. From Lemmas 4.1-4.8 and (4.49), we can pick a sequence € = ¢; such that for any
bounded  C R% and T > 0, there exists (n, c,u) satisfying the following convergences

ne = n ae in Qx(0,7), (4.104)
nZ —n? in L2(0,T; W2(RD)), (4.105)
ne =n in LT (RYx (0,7)), (4.106)
c—nin LP (R x (0,7)), (4.107)

cc —c in L7(0,T; WL (RY)), (4.108)
. — ¢ in L"(0,T; W2 (RY)), (4.109)

ue —u in L7(0,T; W5 (R?)), (4.110)

as € = ¢; N\, 0 for any 7 € [%,r),pe 0,9),2<r<2ifd=2or 2 <rc< 37‘Zifd:3,aundfor
any v € (0,1) satisfying v < ¢ — 1. To show the convergence to a v-very weak solution, let us choose a
nonnegative test function ¢ € C§°(Q x [0,T)) such that g—f =0 on I x (0,T) and supp(¢) C @ x [0,T)

for any bounded Q C R¢. Multiplying (4.46) by ¢ and integrating by parts, we obtain

//nsf)tcp /%@ //nsA<p+//nchs Vo — ///ma @
0 Rd 0
—E///msf@go—i-//ngug-v%

0 Rd 0 Rd
//ca&ew /cw //Vca Vo — //cs<p+//ne<p+//caus-v<p,
0 Rd
T
//usﬁtgo /uocp //V’UJEV@ //nEngSap
0 Rd 0 Rd 0 Rd

By (4.106) and the properties of ¢, we have

T T
—//nscpt — —//mpt, (4.111)

0 R4 0 R4

/T [ e / [ose i

0 R4 0 R4
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/T [ / I s

0 R4 0 R4

From (4.107) and (4.108), we choose p < ¢ and r < % sufficiently close to ¢ and %, respectively. Then,

T T
//nEch-ch—> //nVc-Vgp. (4.114)

0 Rd 0 Rd

we infer that

We apply Fatou’s lemma to the degradation term such that

T T
—//,unqnpz —limsup//;mquo. (4.115)
e=e;\0 5 Re

0 R4

The nonnegativity of n. implies

T
ﬂ-://;msﬁcp <0. (4.116)

0 R4

Moreover, due to (4.107) and (4.110), we choose p < ¢ and r < ddfql sufficiently close to ¢ and ddfql,

respectively, to obtain

T T
//n6u€~V<p—>//nu-V<p. (4.117)

0 R4 0 R4

Similarly to (4.111)—(4.113), we have

T T
7//058“0% 7//0&% (4.118)

0 R4 0 R4
T T
—//VcE-V<p—>—//Vc-V<p, (4.119)
0 Re 0 R4
T T
—//cggo—> —//cnp. (4.120)
0 R4 0 R4

From (4.109) and (4.110), we can choose r,7 > 2 so as to satisfy

T T
//csu8 -V — //cu -Vo. (4.121)

0 R4 0 R4

Furthermore, (4.110) implies
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_/T/ue.atwﬁ_/T/u.aM (4.122)

0 R4 0 R4
T T
—//VUE~V<,0—>—//VU~V<,0. (4.123)
0 Rd 0 Rd

The convergence of the last term follows from (4.107) such that

_/T/nev¢.<p_> _/T/nv¢.<p. (4.124)

0 R4 0 R4

Thus, from (4.111)—(4.124), (n, ¢, u) is a very weak sub-solution of (1.1) in R¢ x (0, T).
Now, we show that (n, c,u) is a y-entropy super-solution. Multiplying the first equation of (1.1) by yn2 1y
and integrating by parts, we obtain

T T T T

—//ngatgo—/ng@(.,o) =~(1 —7)//n€”*2|Vn€\2g0+//n57A<p+'y//n57Vc€.Vc,o

0 R4 R4 0 Rd 0 Rd 0 Rd
T T

T T
+7(7—1)//s0n57‘1vn5~vca —7//1%5“”‘190—76//uneﬂ+”‘1<p+//nﬁue-Vsa
0 Rd 0 R4 0 R4

0 R4

By (4.104), (4.107) and the properties of ¢, we have for 0 <y < 1

T T
f//nﬁatgo% 7//n78tcp, (4.125)

0 R4 0 R4

T T

//nﬁAg@%//rﬂAg& (4.126)
0 R 0 Rd

Combining (4.104), (4.107) and inequality [n) —n?| < Cy|n. —n|” for 0 < v < 1, we have the strong
convergence such that n? —n? in L? (R? x (0,T)) so that

loc

T T
7//n87ch-V<p—>7//n7Vc-V<p (4.127)

0 R4 0 R4
T
holds. As to the convergence of y(y — 1) / / on 1" Vn, - Ve, we write
0 Rd
T T
2 x_ 2
//gonﬁAVnE -Vee = —//apn&? Vné - Vee. (4.128)
0 Rd v 0 R¢

We observe that v < ¢ — Q(dfdfl) is equivalent to
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l—i— +d 1<1
2 2q dq

We choose p < ¢ and r < 7= close to ¢ and 7=, respectively, such that

<1

v
+2

1 n 1
2 D T
Again we choose 7 < r close to r such that

1+ +1<1
2 2p

By making use of (4.105), (4.107) and (4.109), we infer from (4.128) that

T T
//<pn57_1Vn€ Ve =5 y(y=1) / / on?1Vn - Ve, (4.129)
0 R4 0 R4
where v € (0, q-— 2(%1)). Further, as in (1.61) of [27], we have the following convergence for the degradation
terms:
T T
o] e [ [ i
0 R4 0 R4
T
’ys//uneﬁJﬂhlgp%O. (4.131)
0 R4
Again as in (1.66) of [27], we have
T
71— 7)//n”72\Vn|2g0 <A(1-— hmmf// 172\ Vne|e. (4.132)
0 R4 0 R4

Similarly to (4.127), we finally obtain

T T
//ne'Yu8 -V — //n'yu -Vo. (4.133)

0 R4 0 R4

Therefore, from (4.125)-(4.127) and (4.129)—(4.133), (n, ¢, u) is a y-entropy super-solution of (1.1) in R? x
(0,T). Note that Assumption 1.2 satisfies the initial conditions for Lemmas 4.2-4.8. This completes the
proof. O
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Appendix A
We present the proof of blow-up criterion.

Proof of Theorem 2.2. We suppose to the contrary that there exists C' > 0 such that
hm sup/ ||Vc\|ifi'32 (A.134)

Then, we show that the maximal time of existence can not be finite, which leads to a contradiction. Let
0 < t < Tyax. For the estimate of (n,c,u) in L%(R?) x H'(R?) x H'(RY), we multiply n to both sides of
the first equation of (1.1) and integrate over R¢ to obtain

%allnlliz(m + ||Vn||%2(Rd) < CHVCH%ﬁz(Rd)H”H%z(Rd) + %HV”HQL%RGL)'
By Gronwall’s inequality, we have
n € L>=(0,t; L*(R?)), Vn € L*(R? x (0,1)). (A.135)
Moreover, we observe that for 2 < p < oo
d D9 -1
Gl gy V05 gy < C [ [n¥ewnr

R4

< C|Vel gz [VE || L2 @ay I F ]| e

R)
2(d+1)
< O||Vel parza) |V IILz Rd)llw 17 (R4)

< C||VCHdLJgf2(Rd ”n” P(R4) +35 ||Vn2 ”L?(]Rd)’

where C'is independent of p. Therefore, by (A.134), we have n € L>(0,t; L?(R?)) and Vn* € L?(R%x(0,1)).
Since [|n||zr®e) < C, where C' is independent of p, we have

n € L=®(R? x (0,1)). (A.136)

For the estimate of u, multiplying u to both sides of the third equation of (1.1) and integrating over R¢, we
obtain

1d

5 g 1l T2 @ay + [VUllizga) < Cllnllzo@e [ullz2@e) < Cllulzzga) + Cllnlzz @a)-

Then, due to Gréonwall’s inequality, we observe that
u € L>(0,T; L*(RY)), Vu e L*(R? x (0,T)). (A.137)

Moreover, multiplying —Au to both sides of the third equation of (1.1) and integrating over RY, we have
ford =2

Q‘|&

HVUHLz R2) + [[Aul|Z2rey < ClIVaul| Lo ®e) | VUl F2®e) + CllnllL2 @) [ Aul 2 @2y,

N =
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and for d =3

1d

5 dt||VUHL2(R3) + | AuF2gs) < Clinllee@s)llAull 2 @sy < Clinl72gs) + 5 HAUHL2 R3)-

Therefore, we have

Vu € L*®(0,T; L*(R?)), Au € L*(R? x (0,T)). (A.138)

For the estimate of ¢ in H*(R?), we need to show that / [Vl Lo ray < C. We recall the vorticity equation

such that
Ow — Aw + kuVw = =V x (nV¢),

where w = V x u. Multiplying —Aw to both sides of the above equation and integrating over R?, we have
for d =2

||u||L4(]R2)||vaL4(R2)”AwHL2(R2) + C|Vn| L2®r2) |Aw| L2 (r2)
1 1 1 3
< C”“sz(mz)||VU||22(R2)HVU)”22(R2)||Aw||22(]1§2) + C||vn||L2(R2)HAU’HH(R?)a

and for d = 3

1d

5 7 1Velizrs) T 1Aw]Tgs) < ClIVRIZ2Rs) + 5 I\Awllm R?)-

Hence, in view of (A.135), (A.137) and (A.138), Gronwall’s inequality implies
Vw € L=(0,t; L*(RY), Aw € L*(R? x (0,1)). (A.139)

Therefore, via the Sobolev embedding, we have

[1¥uleeme) < [ I96lmey < € [ ollrems) < © (A.140)
0 0 0

as desired. Now, multiplying —Ac to both sides of above equation and integrating over R¢, we get

d
EHVCHzL?(Rd) + | AclZ2gay + Vel T2 gay

ClIVull oo ey | Vell72ay + 17l L2 ey 1Al L2 me)
< OVl gy Vel gy + CllnlZaqgey + 51 Al
By (A.135) and (A.140), we see that
c € L>=(0,t; H'(RY)) N L?(0,t; H*(RY)). (A.141)

It is direct from (A.139) and (A.140) that
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u € L®(0,t; HY(RY)) N L2(0,t; H*(RY)). (A.142)

Next, we consider the estimate of (n,c,u) in H'(R%) x H?(R%) x H*(R?). Multiplying —An to both sides
of the first equation of (1.1) and integrating over R?, we have

1d
5@|W”||%2(Rd) + [ An]Z2ray
< C||Vul oo ey Vnll72 may + Clvall 2w (Rd)||vc||Ld+2(Rd)||An||L2(]Rd)

+ Clnl| Lo ®e) 1Al L2 ra) [ An]| L2y + ClIn?||L2®e) | AR L2 (R4

< C|Vull g eIVl T2 gay + C”vnH%Q(Rd)||VCHCLI:L_E2(]Rd)

+ Cllnl o 1Al 2oy + Cln2n gy + 5180030 me)

<C (”vu”LOO(]Rd) + ||VC|\iJ£Ez(Rd)) HV”||2L2(]Rd) + C”n”zLOO(]Rd)”AC”%Z(Rd) + OH”quz(Rd)

<C (HVUHLoo(Rd) + ||VC|\?532(R¢)) HV”||2L2(]Rd) + CHHHQLO"(Rd)”AC”%?(Rd) + CHnHit(le)”n”Ll(Rd)-
Therefore, we see that

Vn € L*=(0,t; L2(R?)), An € L*(R? x (0,1)).

It follows that

n € L>=(0,t; H'(R?)) N L*(0,t; H*(RY)). (A.143)

For the estimate of ¢ in H?(R%), multiplying A2c to both sides of the second equation of (1.1) and integrating
over R¢, we obtain

d
gl Az ey + VAL gay + Al 72 ga

IA N =

C|IVullpoe ray | AC]| T2 (may + CllAU]| L2 ey €]l Lo (re) [ VAC L2 ey + VRl L2 ety [V AC] L2 (R
< C|[Vullpoe rey|ACl T2 may + CllAU[|T 2 gay ]| 7 e ma) + ClIVAlZ2Ra) + %HVACHQB(W),
which, together with (A.141)—(A.143), implies
Ac e L>(0,t; LA(RY)), VAce L*(R? x (0,t)).
Hence, we obtain
c e L>=(0,t; H*(RY) N L2(0,t; H3(RY)). (A.144)

Similarly, we compute for d = 2

d
EHAUH%P(]RZ) + ||VAUH%2(R2) < Cl|An||p2 w2 || Aull 2 r2) + C||VU||L°°(R2)||AUH%2(R2)7

N —

and for d =3

| =

[Au]| 2Ry + [ VAUL2gay < Cl AR L2 rs) | Au| L2 r3)-

N =
U

t
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Therefore, we have
Au e L*=(0,t; LA(RY)), VAu e LR x (0,1)),
and thereby we have
u € L®(0,t; H*(RY)) N L2(0,t; H3(RY)). (A.145)

Then, we consider the estimate of (n,c,u) in H*(R?) x H3(RY) x H3(R%). For the H?(R?) estimate of n,
we observe that

1d

24 720132 may + [Vl 2 Ry

< COllull oo ey 12 2wy V1l r2(may + ClI VUl poo may 17| 51 (ma) | V| 2Ry
+ Clnll gzl Vel g2 e [Vl g2ray + Cllnd || g2 ey 17| 722 R4

< C”“”%N(Rﬂi)HnH?{?(Rd) + C||VUH%O<>(R«1)||”||%11(R£1) + C”n”%?(Rd)”vcHiﬂ(Rd)
+ Cllnll oty Il ey + 5197l gy
Then, with the aid of (A.143)—(A.145), we have
n € L*(0,t; H*(RY)) N L?(0,t; H3(R?)). (A.146)

Similarly, we observe that for d = 2

1d
55”””%3(11«2) + [ VulFs ey < OVl o eyl s @) |Vl s m2)
1
+ ZHVUH?W(R?) + Clnl F2 g,
and for d =3

%%nuniﬁ(m) + IVullis gsy < Clinllge@s) | Vul gs ®s)
< CllnlFaqes) + 31 Vuls s
By (A.143), we have
u € L(0,t; H3(RY)) N L2(0,t; HY(RY)). (A.147)
For the sake of ¢, we compute such that

1d
§EHCH§{3(R«1) + Vel Fragay + llell s may

< O Vul| poo reyllell g3 way IV el g3 ray + Cllull gs ey Vel Lo rey | Vel s raey + 172l 72 rey [ Vel s re)

1
< O VullF oo mayllel s may + CllullFrs gay Vel o ray + Clinl| 3 ay + EHVC”%I%]Rd)'

From (A.136), (A.140), (A.143), (A.144) and (A.147), we obtain
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ce L>(0,t; H3(RY) N L*(0,t; HY(RY)). (A.148)
Thus, by collecting (A.146)—(A.148), we have that for all ¢t < Tiax
(n,c,u) € L>=(0,t; H*(R?Y) x H3(R?) x H?(RY)).
For m > 4, proceeding similarly to the above, we obtain
(n,c,u) € L>=(0,t; H" 1 (RY) x H™(R?) x H™(R?)),
which contradicts the blow-up criterion since ¢ < Tiax is arbitrary. This completes the proof. O
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