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We establish the global well-posedness for the following chemotaxis-fluid system

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tn + u · ∇n = Δn−∇ · (n∇c) − μnq,

∂tc + u · ∇c = Δc− c + n,

∂tu + κ(u · ∇)u + ∇P = Δu− n∇φ,

∇ · u = 0,

in Rd, d = 2, 3, where μ > 0, q > 2 − 1
d

and κ ∈ {0, 1}. For either q ≥ 2, (κ, d) = (1, 2)
or q > 2, (κ, d) = (0, 3), we prove the global existence of regular solutions. In case 
that q > 2 − 1

d
and κ = 0, very weak solutions are constructed as well.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

In the seminal paper of Keller and Segel [11], a mathematical model was proposed to describe a directed 
movement of biological individuals toward higher concentrations of a chemical signal. The original model is 
simplified to focus only on the effect of chemotaxis, but in fact, the movement of bacteria may be influenced 
by complex factors. For example, the bacteria living inside a viscous fluid, such as Bacillus subtilis or 
Escherichia coli, can not be free from the influence of surrounding fluid [17,24]. Moreover, it is known that 
coral fertilization results from the chemotactic behavior of sperm [6,12,18].

Motivated by some studies about chemotaxis models involving chemotaxis-fluid interaction for cases that 
the chemical is produced by the bacteria [4,5,7,16,20,26], we consider a chemotaxis system coupled with 
fluid equations on the whole space such that for T < ∞
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⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tn + u · ∇n = Δn−∇ · (n∇c) − μnq, (x, t) ∈ Rd × (0, T ),
∂tc + u · ∇c = Δc− c + n, (x, t) ∈ Rd × (0, T ),
∂tu + κ(u · ∇)u + ∇P = Δu− n∇φ, (x, t) ∈ Rd × (0, T ),
∇ · u = 0, (x, t) ∈ Rd × (0, T ),

(1.1)

where μ > 0, q > 2 − 1
d are given and κ ∈ {0, 1}, d = 2, 3. Here, the unknowns n, c, u denote the population 

density of the bacteria, the concentration of chemical substance, and the fluid velocity field, respectively. 
The unknown P represents the associated pressure, through buoyant forces. The function φ = φ(x) denotes 
the potential function, e.g., the gravitational force or centrifugal force.

The aim of this paper is to verify the global existence of solutions to (1.1) depending on the power of 
superlinear degradation term, q > 2 − 1

d . Before we go to our main results, for a clearer understanding, it 
is worthy to mention some related works. The general chemotaxis-fluid system is written as

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂tn + u · ∇n = Δn−∇ · (n∇c) + f(n), (x, t) ∈ Ω × (0, T ),
∂tc + u · ∇c = Δc− c + n, (x, t) ∈ Ω × (0, T ),
∂tu + κ(u · ∇)u + ∇P = Δu− n∇φ + g(x, t), (x, t) ∈ Ω × (0, T ),
∇ · u = 0, (x, t) ∈ Ω × (0, T ),

(1.2)

where g(x, t) is an external force and Ω is a bounded smooth domain on Rd with no-flux boundary condi-
tions. To the authors’ knowledge, there have been a few results about the above problem (1.2). In the two 
dimensional case, Tao and Winkler [21] showed that the quadratic degradation prevents the solution from 
blow-up. More precisely, when f(n) = rn − μn2 and κ = 1, they obtained a global classical solution and 
showed decay properties of solutions if r = 0. In the three dimensional case, they also proved that if μ ≥ 23, 
κ = 0, then (1.2) possesses a global classical solution for any r ≥ 0 (see [20]).

Neglecting the fluid interaction, we can simplify (1.2) to the following classical Keller–Segel model

{
∂tn = Δn−∇ · (n∇c) + f(n), (x, t) ∈ Ω × (0, T ),
τ∂tc = Δc− c + n, (x, t) ∈ Ω × (0, T ).

(1.3)

For parabolic-elliptic case (τ = 0), Winkler [27] proved the global existence of very weak solutions to (1.3)
provided that f satisfies for q > 2 − 1

d

{
f(n) ≤ a− bnq, for all n ≥ 0, with a ≥ 0, b > 0,
f(n) ≥ −C0(n + nq), for all n ≥ 0, with C0 > 0.

(1.4)

Instead of the natural notion, he introduced a sub- and a super-solution of the equation of n because one 
integral identity is not obtained from limiting procedure of the regularized solutions. In particular, as to 
the super-solution, the notion of entropy solution commonly used in higher order thin film equations is 
adapted (see [19]). Readers are referred to [14,22,28,29] for related results to the global existence or blow-up 
of solutions of similar parabolic-elliptic systems. For τ = 1, through technical computations linked to the 
parabolic-parabolic problem, Viglialoro [25] achieved very weak global solutions provided (1.4). Indeed, the 
global solvability problem has rarely been investigated for a chemotaxis-fluid model at which the degradation 
is weaker than quadratic. It seems, due to the presence of fluid velocity fields, that control of n and c is 
much harder since we need to obtain proper estimates of u as well. The main contribution of this paper is 
devoted to proving the existence of global-in-time solutions to (1.1) depending on q > 2 − 1

d .
We first note that the initial data can be assumed as follows:
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Assumption 1.1. The initial data (n0, c0, u0) satisfy that for d = 2, 3
{

n0 ∈ (L1 ∩H2)(Rd), c0 ∈ (Lq ∩H3)(Rd), u0 ∈ H3(Rd), x ∈ Rd,

n0(x) ≥ 0, c0(x) ≥ 0, x ∈ Rd.

Assumption 1.2. For given q > 2 − 1
d , d = 2, 3, a number r satisfies

{
2 < r < 2q if d = 2,
5
3 ≤ r < 3q

2 if d = 3
(1.5)

and let r′ := dr
d+r . The initial data (n0, c0, u0) satisfy that

⎧⎪⎨
⎪⎩

n0 ∈ (L1 ∩H2)(R2), c0 ∈ (L r
2 ∩W 1,r ∩W 1,r′ ∩H3)(R2), u0 ∈ (W 2,r′ ∩H3)(R2), if d = 2,

n0 ∈ (L1 ∩H2)(R3), c0 ∈ (L 3r
5 ∩W 1,r ∩H3)(R3), u0 ∈ (W 2,r′ ∩H3)(R3), if d = 3,

n0(x) ≥ 0, c0(x) ≥ 0, x ∈ Rd.

Our first main result is the existence of regular solutions for (1.1) which reads as follows:

Theorem 1.1 (Global existence of regular solution). Let μ > 0. Suppose that either q ≥ 2, (κ, d) = (1, 2) or 
q > 2, (κ, d) = (0, 3). If the initial data (n0, c0, u0) satisfy Assumption 1.1, then the problem (1.1) possesses 
the unique regular solution (n, c, u) of (1.1) satisfying for any T < ∞

(n, c, u) ∈ L∞(0, T ;H2(Rd) ×H3(Rd) ×H3(Rd)),

(∇n,∇c,∇u) ∈ L2(0, T ;H2(Rd) ×H3(Rd) ×H3(Rd)).

Remark 1.1. As mentioned earlier, it was shown in [20] that for a bounded domain in R3, if μ ≥ 23, then 
the solution becomes regular. According to our computations, it seems that for the case of the whole space, 
the solution becomes regular if μ ≥ 23, by following the method of proof in [20]. We are, however, not going 
to try to prove the case with such restriction on μ in this paper.

Secondly, we construct γ-very weak solutions for q > 2 − 1
d in case that the fluid equation is the Stokes 

system (see Definition 2.3 for the notion of γ-very weak solutions).

Theorem 1.2 (Global existence of γ-very weak solutions). Let T > 0, μ > 0, κ = 0, q > 2 − 1
d for d = 2, 3. If 

the initial data (n0, c0, u0) satisfy Assumption 1.2 and γ ∈
(
0, q − 2(d−1)

d

)
, then the problem (1.1) possesses 

at least one γ-very weak solution (n, c, u) in Rd × (0, T ).

Remark 1.2. Our method of proof in Theorem 1.2 is mainly based on the construction of solutions established 
in [25,27]. Compared to [25,27], main difficulty is caused by the presence of fluid. In particular, the estimate 
of ∇c is quite technical and we used suitable decompositions of solutions and inductive arguments for a 
decomposition for time variable (see the proof of Lemma 4.2 for details).

The rest of this paper is organized as follows. In Section 2, as a preparatory step, we introduce the 
notations, definitions and recall some useful lemmas. A local-well-posedness and blow-up criterion of system 
(1.1) will be also presented in Section 2. Using some useful a priori estimates, Theorem 1.1 will be proved 
in Section 3. In order to prove Theorem 1.2, we consider a regularization of the system (1.1) by using a 
parameter ε ∈ (0, 1). Section 4 is devoted to deriving ε-independent estimates for the regularized system and 
verifying the existence of weak solutions. Owing to the compactness argument, we show that the solution 
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of the regularized system converges to the solution of (1.1) in a weak sense. In Appendix, the proof of a 
blow-up criterion will be provided.

2. Preliminaries

Let us first briefly introduce some notations as follows:

• W k,p(Rd) := {f ∈ L1
loc(Rd) : Dαf ∈ Lp(Rd), 0 ≤ |α| ≤ k} for 1 ≤ p ≤ ∞.

• Hk(Rd) := W k,2(Rd).
• ‖f‖Lq(0,T ;Wk,p(Rd)) :=

∥∥‖f(·, t)‖Wk,p(Rd)
∥∥
Lq(0,T ) for 1 ≤ p, q ≤ ∞.

• ‖f‖Lp(Rd×(0,T )) := ‖f‖Lp(0,T ;Lp(Rd)).
• Γ is the heat kernel such that Γ(x, t) = 1

(4πt)
d
2
e−

|x|2
4t for x ∈ Rd, x 	= 0 and t > 0.

• E is the fundamental solution of the Laplace equation in Rd such that

E(x) =
{

1
2π log |x| for d = 2,
7 − 1

4π|x| for d = 3.

• Throughout this paper, C denotes a generic constant which may differ from line to line.

In the following two lemmas, we recall known maximal estimates of the heat equations (see [13,15]) and the 
Stokes system (see [9,10]).

Lemma 2.1. Let d ∈ N, T > 0, z0 ∈ W k,p(Rd) for 1 < p < ∞ and k = 1, 2. If f ∈ Lp(0, T ; W k−1,p(Rd)), 
then there exists a unique solution z ∈ Lp(0, T ; W k,p(Rd)) for the following heat equation:

{
zt − Δz = ∇ · f, (x, t) ∈ Rd × (0, T ),
z(x, 0) = z0(x), x ∈ Rd.

Moreover, z satisfies

‖z‖Lp(0,T ;Wk,p(Rd)) ≤ C
(
‖f‖Lp(0,T ;Wk−1,p(Rd)) + ‖z0‖Wk,p(Rd)

)
. (2.6)

Lemma 2.2. Let d ≥ 2, T > 0, z0 ∈ W 2,p(Rd) and f ∈ Lq(0, T ; Lp(Rd)) for 1 < p, q < ∞. Suppose that 
(z, P ) is the solution of the following Stokes system:

{
zt − Δz + ∇P = f, (x, t) ∈ Rd × (0, T ),
z(x, 0) = z0(x), x ∈ Rd.

Then, the following estimate is satisfied:

‖zt‖Lq(0,T ;Lp(Rd)) + ‖Δz‖Lq(0,T ;Lp(Rd)) + ‖∇P‖Lq(0,T ;Lp(Rd))

≤ C
(
‖f‖Lq(0,T ;Lp(Rd)) + ‖z0‖W 2,p(Rd)

)
. (2.7)

Furthermore, we provide other maximal estimates of the heat equation.

Lemma 2.3. Let d ∈ N, T > 0, z0 ∈ W 2,p(Rd) and f ∈ Lq(0, T ; Lp(Rd)) for 1 < p, q < ∞. Suppose that z
is the solution of the following heat equation:
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{
zt − Δz = f, (x, t) ∈ Rd × (0, T ),
z(x, 0) = z0(x), x ∈ Rd.

(2.8)

Then, the following estimates are satisfied:

‖zt‖Lq(0,T ;Lp(Rd)) + ‖z‖Lq(0,T ;W 2,p(Rd)) ≤ C
(
‖f‖Lq(0,T ;Lp(Rd)) + ‖z0‖W 2,p(Rd)

)
, (2.9)

‖∇z‖Lq(0,T ;Lp(Rd)) ≤ C
(
T

1
2 ‖f‖Lq(0,T ;Lp(Rd)) + T

1
q ‖∇z0‖Lp(Rd)

)
. (2.10)

Proof. The details of the proof of (2.9) can be found in [13,15]. We shall only prove (2.10). Let z(x, t) be a 
solution of (2.8). Using the heat kernel Γ, z(x, t) can be represented by

z(x, t) =
∫
Rd

Γ(x− y, t)z0(y)dy +
t∫

0

∫
Rd

Γ(x− y, t− s)f(y, s)dyds,

∇z(x, t) =
∫
Rd

Γ(x− y, t)∇z0(y)dy +
t∫

0

∫
Rd

∇Γ(x− y, t− s)f(y, s)dyds =: A1(x, t) + A2(x, t).

Now, we will use the well-known estimates for the heat kernel such that

‖Γ(·, t)‖L1(Rd) = 1 and ‖∇Γ(·, t)‖L1(Rd) ≤ Ct−
1
2 for t > 0. (2.11)

Using Young’s convolution inequality, Hölder’s inequality and (2.11), we have for t ∈ (0, T )

‖A1‖Lq(0,t;Lp(Rd)) =
∥∥‖(Γ ∗ ∇z0)(·, s)‖Lp(Rd)

∥∥
Lq(0,t)

≤
∥∥‖Γ(·, s)‖L1(Rd)‖∇z0‖Lp(Rd)

∥∥
Lq(0,t)

=

⎛
⎝ t∫

0

‖Γ(·, s)‖q
L1(Rd)‖∇z0‖qLp(Rd)ds

⎞
⎠

1
q

≤ sup
s∈(0,t]

‖Γ(·, s)‖L1(Rd)t
1
q ‖∇z0‖Lp(Rd)

= t
1
q ‖∇z0‖Lp(Rd). (2.12)

On the other hand, we have

‖∇Γ(·, t− s) ∗ f(·, s)‖Lp(Rd) ≤ ‖∇Γ(·, t− s)‖L1(Rd)‖f(·, s)‖Lp(Rd) ≤ C(t− s)− 1
2 ‖f(·, s)‖Lp(Rd),

which implies

‖A2‖Lq(0,t;Lp(Rd)) ≤ C
∥∥∥s− 1

2 ∗ ‖f(·, s)‖Lp(Rd)

∥∥∥
Lq(0,t)

≤ C‖s− 1
2 ‖L1(0,t)‖f‖Lq(0,t;Lp(Rd))

= Ct
1
2 ‖f‖Lq(0,t;Lp(Rd)). (2.13)

Combining (2.12) and (2.13), we complete the proof. �
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Remark 2.1. Suppose that z is the solution of (2.8) with z0 = 0. Due to the Sobolev embedding and (2.10), 
we obtain

‖∇z‖Lq(0,t;Lp∗ (Rd)) ≤ C‖f‖Lq(0,t;Lp(Rd)), (2.14)

where 1
p∗ = 1

p − 1
d with 1 ≤ p < d.

Next, we state the Gagliardo-Nirenberg inequality on the whole space (see [2, Theorem 1.3.7]).

Lemma 2.4 (The Gagliardo-Nirenberg inequality). Let d ≥ 1, 1 ≤ q, r ≤ ∞ and let j, m be two integers, 
0 ≤ j < m. If

1
p
− j

d
=

(
1
r
− m

d

)
θ + 1 − θ

q

for some θ ∈ [ j
m , 1], then there exists C(d, m, j, θ, q, r) > 0 such that

∑
|ζ|=j

‖Dζf‖Lp(Rd) ≤ C

⎛
⎝ ∑

|ζ|=m

‖Dζf‖Lr(Rd)

⎞
⎠

θ

‖f‖(1−θ)
Lq(Rd) for every f ∈ D(Rd). (2.15)

The following lemma is the weak version of Young’s convolution inequality (see [8, Proposition 8.9]).

Lemma 2.5. Let d ≥ 1, 1 < p, q, r < ∞ and 1
p + 1

q = 1
r + 1. If f ∈ Lp(Rd) and g ∈ weak Lq(Rd), then 

f ∗ g ∈ Lr(Rd) and there exists C > 0 independent of f and g such that

‖f ∗ g‖Lr(Rd) ≤ C‖f‖Lp(Rd)[g]Lq(Rd), (2.16)

where weak Lq(Rd) is the set of all g such that [g]Lq(Rd) < ∞ associated with

[g]Lq(Rd) =
(

sup
α>0

αqλg(α)
)1/q

, λg(α) = m({x : |g(x)| > α}), m : Lebesgue measure.

We first establish the local existence of regular solutions (n, c, u) to (1.1). Since its verification is rather 
standard, we skip its details (see e.g. [3]).

Theorem 2.1 (Local existence). Let m ≥ 3, q ≥ 1, d = 2, 3 and κ ∈ R. Assume that ‖∇�φ‖L∞(Rd) < ∞
for 1 < |�| < m. There exists Tmax > 0, the maximal time of existence, such that, if the initial data 
(n0, c0, u0) ∈ Hm−1(Rd) ×Hm(Rd) ×Hm(Rd), then there exists a unique regular solution (n, c, u) of (1.1)
satisfying for any t < Tmax

(n, c, u) ∈ L∞(0, t;Hm−1(Rd) ×Hm(Rd) ×Hm(Rd)),

(∇n,∇c,∇u) ∈ L2(0, t;Hm−1(Rd) ×Hm(Rd) ×Hm(Rd)).

Next, we establish a blow-up criterion. The proof will be given in the appendix.

Theorem 2.2 (A Blow-up criterion). Let q ≥ 1. Suppose that φ and the initial data (n0, c0, u0) satisfy all 
the assumptions presented in Theorem 2.1. Then for either (κ, d) = (1, 2) or (κ, d) = (0, 3), if Tmax > 0 is 
the maximal time of existence, then
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lim sup
t↗Tmax

t∫
0

‖∇c‖d+2
Ld+2(Rd) = ∞. (2.17)

In case of the Stokes system (κ = 0), we define a γ-very weak solution by introducing two notions of 
weak solutions. Firstly, we define the notion of a very weak sub-solution.

Definition 2.1. Let T > 0. A pair (n, c) of nonnegative functions and a vector field u, belonging to

n ∈ L1(Rd × (0, T )), c ∈ L1(0, T ;W 1,1(Rd)), u ∈ L1(0, T ;W 1,1(Rd;Rd)),

are called a very weak sub-solution of (1.1) in Rd × (0, T ) if the followings are satisfied:

(i) n∇c, nq, nu and cu belong to L1(Rd × (0, T ));

(ii) −
T∫

0

∫
Rd

n∂tϕ−
∫
Rd

n0ϕ(·, 0) ≤
T∫

0

∫
Rd

nΔϕ +
T∫

0

∫
Rd

n∇c · ∇ϕ−
T∫

0

∫
Rd

μnqϕ +
T∫

0

∫
Rd

nu · ∇ϕ,

for all nonnegative ϕ ∈ C∞
0 (Rd × [0, T ));

(iii) −
T∫

0

∫
Rd

c∂tϕ−
∫
Rd

c0ϕ(·, 0) = −
T∫

0

∫
Rd

∇c∇ϕ−
T∫

0

∫
Rd

cϕ +
T∫

0

∫
Rd

nϕ +
T∫

0

∫
Rd

cu · ∇ϕ,

for all nonnegative ϕ ∈ C∞
0 (Rd × [0, T ));

(iv) −
T∫

0

∫
Rd

u · ∂tϕ−
∫
Rd

u0 · ϕ(·, 0) = −
T∫

0

∫
Rd

∇u · ∇ϕ−
T∫

0

∫
Rd

n∇φ · ϕ,

for all nonnegative ϕ ∈ C∞
0 (Rd × [0, T ); Rd) satisfying ∇ · ϕ ≡ 0.

Next, we adopt the notion of a weak γ-entropy super-solution.

Definition 2.2. Let T > 0 and γ be a fixed number with γ ∈ (0, 1). A pair (n, c) of nonnegative functions 
and a vector field u, belonging to

n ∈ Lγ(Rd × (0, T )), c ∈ L1(0, T ;W 1,2(Rd)), u ∈ L1(0, T ;L∞(Rd;Rd)),

are called a weak γ-entropy super-solution of (1.1) in Rd × (0, T ) if the followings are satisfied:

(i) nγ−2|∇n|2, nγ∇c, nq+γ−1, nγu belong to L1(Rd × (0, T ));

(ii) −
T∫

0

∫
Rd

nγ∂tϕ−
∫
Rd

nγ
0ϕ(·, 0) ≥ γ(1 − γ)

T∫
0

∫
Rd

nγ−2|∇n|2ϕ +
T∫

0

∫
Rd

nγΔϕ + γ

T∫
0

∫
Rd

nγ∇c · ∇ϕ

−γ

T∫
0

∫
Rd

μnq+γ−1ϕ + γ(γ − 1)
T∫

0

∫
Rd

ϕnγ−1∇n · ∇c +
T∫

0

∫
Rd

nγu · ∇ϕ,

for all nonnegative ϕ ∈ C∞
0 (Rd × [0, T )).

Finally, we define the notion of a γ-very weak solution of (1.1).
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Definition 2.3. Let T > 0 and γ be a fixed number with γ ∈ (0, 1). A pair (n, c) of nonnegative functions and 
a vector field u are called a γ-very weak solution of (1.1) in Rd× (0, T ) if it is both a very weak sub-solution 
and a weak γ-entropy super-solution of (1.1) in Rd × (0, T ).

3. Global regular solutions

We first note that the total mass of n is non-increasing.

Lemma 3.1. Let T > 0, q > 0 and (n, c, u) be a regular solution of (1.1) in Rd× (0, T ), d = 2, 3. Then, there 
exists C = C(‖n0‖L1(Rd)) > 0 such that for all t ∈ (0, T )

sup
t∈(0,T )

∫
Rd

n(·, t) +
t∫

0

∫
Rd

nq ≤ C. (3.18)

Proof. From integration of the first equation of (1.1) over Rd, we obtain

d

dt

∫
Rd

n + μ

∫
Rd

nq = 0. (3.19)

Integrating (3.19) in time, we have

∫
Rd

n(·, t) + μ

t∫
0

∫
Rd

nq =
∫
Rd

n0.

This completes the proof. �
Remark 3.1. We note, due to (3.18), that for q > 2

t∫
0

∫
Rd

n2 ≤
t∫

0

‖n‖2θ0
L1(Rd)‖n‖

2(1−θ0)
Lq(Rd) ≤ C, (3.20)

where θ0 = q−2
2(q−1) ∈ (0, 1).

In the next two lemmas, using Lemma 3.1, we obtain some energy estimates of c and u.

Lemma 3.2. Let T > 0, q > 1 and (n, c, u) be a regular solution of (1.1) in Rd× (0, T ), d = 2, 3. Then, there 
exists C = C(‖n0‖L1(Rd), ‖c0‖Lq(Rd), q) > 0 such that for all t ∈ (0, T )

sup
t∈(0,T )

∫
Rd

cq +
t∫

0

∫
Rd

|∇c
q
2 |2 ≤ C. (3.21)

Proof. Multiplying the second equation of (1.1) by cq−1 and integrating over Rd, we have

1
q

d

dt

∫
cq + 4(q − 1)

q2

∫
|∇c

q
2 |2 +

∫
cq ≤

∫
ncq−1 ≤ 1

2

∫
cq + C

∫
nq. (3.22)
Rd Rd Rd Rd Rd Rd
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Integrating (3.22) in time, we have

∫
Rd

cq(·, t) + 4(q − 1)
q

t∫
0

∫
Rd

|∇c
q
2 |2 + q

2

t∫
0

∫
Rd

cq ≤ C

t∫
0

∫
Rd

nq +
∫
Rd

cq0.

Therefore, (3.18) ensures that this lemma holds. �
Lemma 3.3. Let T > 0, q > 2 and (n, c, u) be a regular solution of (1.1) in Rd × (0, T ), d = 2, 3. Suppose 
that either (κ, d) = (1, 2) or (κ, d) = (0, 3). Then, there exists C > 0 such that for all t ∈ (0, T )

sup
(x,t)∈R2×(0,T )

|u(x, t)| ≤ C and sup
t∈(0,T )

∫
R3

|u(·, t)|6 ≤ C, (3.23)

where C depends on T and the initial values of n, u satisfying Assumption 1.1.

Proof. Multiplying u to the third equation of (1.1) and integrating over Rd, we compute

1
2
d

dt

∫
Rd

|u|2 +
∫
Rd

|∇u|2 ≤ C

∫
Rd

n|u| ≤ C‖n‖L2(Rd)‖u‖L2(Rd). (3.24)

Letting y(t) := ‖u(·, t)‖L2(Rd), (3.24) turns into

y′(t) ≤ C‖n‖L2(Rd).

Thus, owing to (3.18), integration in time yields

‖u‖L∞(0,t;L2(Rd)) + ‖∇u‖L2(Rd×(0,t)) ≤ C for t ∈ (0, T ), (3.25)

where C depends on T . Next, we shall use the vorticity equation. For notational convention, we denote by 
w := ∇ ×u the vorticity of the velocity field. Taking curl to the third equation of (1.1), we find the vorticity 
equation such that

∂tw + κu · ∇w = Δw −∇× (n∇φ). (3.26)

In case of (κ, d) = (1, 2), we multiply (3.26) by |w|q−2w for q > 2 and integrate over R2 to obtain

1
q

d

dt

∫
R2

|w|q + 4(q − 1)
q2

∫
R2

∣∣∣∇|w| q2
∣∣∣2 ≤ C

∫
R2

n
∣∣∇|w|q−1∣∣

≤ C

∫
R2

n
∣∣∣∇|w| q2

∣∣∣ |w| q−2
2

≤ C‖n‖Lq(R2)

∥∥∥∇|w| q2
∥∥∥
L2(R2)

∥∥∥|w| q−2
2

∥∥∥
L

2q
q−2 (R2)

= C‖n‖Lq(R2)

∥∥∥∇|w| q2
∥∥∥
L2(R2)

‖w‖
q−2
2

Lq(R2)

≤ C

∫
R2

nq + 2(q − 1)
q2

∫
R2

∣∣∣∇|w| q2
∣∣∣2 + C

∫
R2

|w|q.
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Therefore, we have

sup
t∈(0,T )

∫
R2

|w(·, t)|q ≤ C for any q > 2. (3.27)

Then, we have for t ∈ (0, T ) and for any q > 2

‖u‖L∞(R2×(0,t)) ≤ C‖u‖
q−2

2(q−1)
L∞(0,t;L2(R2))‖∇u‖

q
2(q−1)
L∞(0,t;Lq(R2)) ≤ C‖w‖

q
2(q−1)
L∞(0,t;Lq(R2)) ≤ C,

where we used the Gagliardo-Nirenberg inequality (2.15), (3.25), (3.27) and

‖∇u‖L∞(0,t;Lq(Rd)) ≤ C‖w‖L∞(0,t;Lq(Rd)) for d = 2, 3. (3.28)

In case of (κ, d) = (0, 3), multiplying (3.26) by w and integrating over R3, we have

1
2
d

dt

∫
R3

|w|2 +
∫
R3

|∇w|2 = −
∫
R3

w∇× (n∇φ)

≤
∫
R3

|∇w × (n∇φ)|

≤ C‖n‖L2(R3)‖∇w‖L2(R3)

≤ 1
2‖∇w‖2

L2(R3) + C‖n‖2
L2(R3).

Using (3.20), we have

sup
t∈(0,T )

∫
R3

|w(·, t)|2 ≤ C, (3.29)

which, together with (3.25), (3.28) and (3.29), helps to infer that

‖u‖L∞(0,t;L6(R3)) ≤ C‖∇u‖L∞(0,t;L2(R3)) ≤ C‖w‖L∞(0,t;L2(R3)) ≤ C.

This completes the proof. �
With the aid of two above lemmas, we control Δc, which plays a significant role for the case that q > 2.

Lemma 3.4. Let T > 0, q > 2 and (n, c, u) be a regular solution of (1.1) in Rd × (0, T ), d = 2, 3. Suppose 
that p > q if d = 2 or q < p < 6 if d = 3. Then, there exists C > 0 such that for all t ∈ (0, T )

∫
Rd

n(·, t)p−1 +
∫
Rd

c(·, t)p ≤ C, (3.30)

t∫
0

∫
Rd

|Δc|p ≤ C, (3.31)

where C depends on T and the initial values of n, c, u satisfying Assumption 1.1.
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Proof. From now on, we denote Qt := Rd × (0, t), d = 2, 3. First, testing the first equation of (1.1) by np−2

for p > 2, due to Young’s inequality, the integration over Rd × (0, t) implies

∫
Rd

n(·, t)p−1 + 4(p− 2)
p− 1

t∫
0

∫
Rd

|∇n
p−1
2 |2 + μ(p− 1)

t∫
0

∫
Rd

np+q−2

= −(p− 2)
t∫

0

∫
Rd

np−1Δc +
∫
Rd

np−1
0

≤ (p− 1)
t∫

0

∫
Rd

np +
t∫

0

∫
Rd

|Δc|p +
∫
Rd

np−1
0 .

Invoking the maximal estimate (2.9), there exists Cp > 0 such that

‖Δc‖pLp(Qt) ≤ Cp

(
‖n‖pLp(Qt) + ‖c‖pLp(Qt) + ‖u · ∇c‖pLp(Qt) + ‖c0‖pW 2,p(Rd)

)
. (3.32)

Now, we use Hölder’s inequality and the Gagliardo-Nirenberg inequality (2.15) to obtain for q > 2

‖u · ∇c‖Lp(R2) ≤ ‖u‖L∞(R2)‖∇c‖Lp(R2) ≤ C‖u‖L∞(R2)‖c‖(1−θ1)
Lq(R2)‖Δc‖θ1Lp(R2), (3.33)

‖u · ∇c‖Lp(R3) ≤ ‖u‖L6(R3)‖∇c‖
L

6p
6−p (R3)

≤ C‖u‖L6(R3)‖c‖(1−θ2)
Lq(R3)‖Δc‖θ2Lp(R3), (3.34)

where θ1 = 1/2+1/q−1/p
1+1/q−1/p , θ2 = (6−p)/6p−1/q−1/3

1/p−1/q−2/3 and θ1, θ2 ∈ (0, 1). In (3.33) and (3.34), we used the well-
known estimate

‖D2f‖Lq(Rd) ≤ C‖Δf‖Lq(Rd) for 1 < q < ∞. (3.35)

Here, we note that for d = 3, p satisfies 2 < p < 6. Using (3.21) and (3.23), if d = 2, (3.33) implies

‖u · ∇c‖pLp(Qt) ≤ C

t∫
0

‖u‖pL∞(R2)‖c‖
(1−θ1)p
Lq(R2) ‖Δc‖θ1pLp(R2)

≤ C

t∫
0

‖Δc‖θ1pLp(R2)

≤ 1
2Cp

‖Δc‖pLp(Qt) + CT. (3.36)

Similarly, if d = 3, from (3.34) we have

‖u · ∇c‖pLp(Qt) ≤ C

t∫
0

‖u‖pL6(R3)‖c‖
(1−θ2)p
Lq(R3) ‖Δc‖θ2pLp(R3)

≤ C

t∫
0

‖Δc‖θ2pLp(R3)

≤ 1 ‖Δc‖pLp(Qt) + CT. (3.37)
2Cp
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Then from (3.32) with (3.36) and (3.37), we have

‖Δc‖pLp(Qt) ≤ 2Cp

(
‖n‖pLp(Qt) + ‖c‖pLp(Qt) + CT + ‖c0‖pW 2,p(Rd)

)
, (3.38)

which helps to derive that

∫
Rd

n(·, t)p−1 + 4(p− 2)
p− 1

t∫
0

∫
Rd

|∇n
p−1
2 |2 + μ(p− 1)

t∫
0

∫
Rd

np+q−2

≤ (p− 1)
t∫

0

∫
Rd

np +
t∫

0

∫
Rd

|Δc|p +
∫
Rd

np−1
0

≤ (p− 1 + 2Cp)
t∫

0

∫
Rd

np + 2Cp

t∫
0

∫
Rd

cp + C
(
T + ‖c0‖pW 2,p(Rd) + ‖n0‖p−1

Lp−1(Rd)

)
.

We employ Young’s inequality and the interpolation inequality such that for p > q

(p− 1 + 2Cp)
t∫

0

∫
Rd

np ≤ C

t∫
0

∫
Rd

nq + μ(p− 1)
4

t∫
0

∫
Rd

np+q−2. (3.39)

Then, it follows that

∫
Rd

n(·, t)p−1 + 4(p− 2)
p− 1

t∫
0

∫
Rd

|∇n
p−1
2 |2 + 3μ(p− 1)

4

t∫
0

∫
Rd

np+q−2

≤ C

t∫
0

∫
Rd

nq + 2Cp

t∫
0

∫
Rd

cp + C
(
T + ‖c0‖pW 2,p(Rd) + ‖n0‖p−1

Lp−1(Rd)

)
. (3.40)

On the other hand, testing the second equation of (1.1) by cp−1 and applying Young’s inequality, the 
integration over Rd × (0, t) implies that

4Cp

p

∫
Rd

c(·, t)p + 16(p− 1)Cp

p2

t∫
0

∫
Rd

|∇c
p
2 |2 + 4Cp

t∫
0

∫
Rd

cp

= 4Cp

t∫
0

∫
Rd

ncp−1 + 4Cp

p

∫
Rd

cp0

≤ C

t∫
0

∫
Rd

np + Cp

t∫
0

∫
Rd

cp + C

∫
Rd

cp0

≤ μ(p− 1)
4

t∫
0

∫
Rd

np+q−2 + C

t∫
0

∫
Rd

nq + Cp

t∫
0

∫
Rd

cp + C

∫
Rd

cp0. (3.41)

Combining (3.40) and (3.41), it is direct that
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∫
Rd

n(·, t)p−1 + 4Cp

p

∫
Rd

c(·, t)p + 4(p− 2)
p− 1

t∫
0

∫
Rd

|∇n
p−1
2 |2

+ 16(p− 1)Cp

p2

t∫
0

∫
Rd

|∇c
p
2 |2 + μ(p− 1)

2

t∫
0

∫
Rd

np+q−2 + Cp

t∫
0

∫
Rd

cp

≤ C

t∫
0

∫
Rd

nq + C
(
T + ‖c0‖pW 2,p(Rd) + ‖n0‖p−1

Lp−1(Rd)

)
, (3.42)

which guarantees (3.30). The boundedness of ‖Δc‖Lp(Qt) is a direct consequence of combining (3.18), (3.38), 
(3.39) and (3.42). This completes the proof. �

In case that q = 2 in two spatial dimensions, we can obtain L2-estimate of Δc.

Lemma 3.5. Let T > 0, q = 2, κ = 1 and (n, c, u) be a regular solution of (1.1) in R2 × (0, T ). Then, there 
exists C > 0 such that for all t ∈ (0, T )

sup
t∈(0,T )

∫
R2

|∇c(·, t)|2 +
t∫

0

∫
R2

|Δc|2 ≤ C, (3.43)

where C depends on T and the initial values of n, c, u satisfying Assumption 1.1.

Proof. Multiplying −Δc to the second equation of (1.1) and integrating over R2, the Gagliardo-Nirenberg 
inequality (2.15) and Hölder’s inequality imply

1
2
d

dt

∫
R2

|∇c|2 +
∫
R2

|Δc|2 +
∫
R2

|∇c|2 ≤
∫
R2

|∇u||∇c|2 +
∫
R2

n|Δc|

≤ ‖∇u‖L2(R2)‖∇c‖2
L4(R2) + 1

4

∫
R2

|Δc|2 + C

∫
R2

n2

≤ C‖∇u‖L2(R2)‖∇c‖L2(R2)‖Δc‖L2(R2) + 1
4

∫
R2

|Δc|2 + C

∫
R2

n2

≤ C‖∇u‖2
L2(R2)‖∇c‖2

L2(R2) + 1
2

∫
R2

|Δc|2 + C

∫
R2

n2. (3.44)

By (3.18) and (3.25), it follows from (3.44) that

sup
t∈(0,T )

∫
R2

|∇c(·, t)|2 +
t∫

0

∫
R2

|Δc|2 ≤ C

as desired. �
We are now ready to provide the proof of Theorem 1.1.

Proof of Theorem 1.1. Suppose that Tmax < ∞, where Tmax is the maximal time of existence given in 
Theorem 2.1. For q > 2 and d = 2, 3, we claim that
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lim sup
t↗Tmax

t∫
0

‖∇c‖d+2
Ld+2(Rd) ≤ C. (3.45)

This is contrary to (2.17), which automatically implies Tmax = ∞. Therefore, it suffices to prove (3.45). In 
order to achieve it, we let T < Tmax and use (3.30), (3.31). Then, the Gagliardo-Nirenberg inequality (2.15), 
Hölder’s inequality and (3.35) imply that for all t ∈ (0, T )

t∫
0

‖∇c‖d+2
Ld+2(Rd) ≤ C

t∫
0

‖Δc‖
d+2
2

Ld+2(Rd)‖c‖
d+2
2

Ld+2(Rd) ≤ Ct
1
2

⎛
⎝ t∫

0

‖Δc‖d+2
Ld+2(Rd)

⎞
⎠

1
2

≤ C.

On the other hand, for q = 2 and d = 2, we show that

lim sup
t↗Tmax

t∫
0

‖∇c‖4
L4(R2) ≤ C.

Applying the Gagliardo-Nirenberg inequality (2.15) to (3.43), we obtain

t∫
0

‖∇c‖4
L4(R2) ≤ C

t∫
0

‖Δc‖2
L2(R2)‖∇c‖2

L2(R2) ≤ C sup
t∈(0,T )

∫
R2

|∇c(·, t)|2
t∫

0

∫
R2

|Δc|2 ≤ C.

Since T < Tmax is arbitrary, we complete the proof. �
4. Global γ-very weak solutions for q > 2 − 1

d

In this section, we consider a modified system of (1.1) in terms of perturbation parameter ε ∈ (0, 1) at 
which there exists a regular solution. By an adaptation of maximal estimates concerning parabolic equations, 
we will derive some ε-independent estimates for this regular solution.

Let T > 0. For ε ∈ (0, 1), let us consider an approximated system of (1.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂tnε + uε · ∇nε = Δnε −∇ · (nε∇cε) − μnε
q − εnβ

ε , (x, t) ∈ Rd × (0, T ),
∂tcε + uε · ∇cε = Δcε − cε + nε, (x, t) ∈ Rd × (0, T ),
∂tuε + ∇Pε = Δuε − nε∇φ, (x, t) ∈ Rd × (0, T ),
∇ · uε = 0, (x, t) ∈ Rd × (0, T ),
nε(x, 0) = n0(x), cε(x, 0) = c0(x), uε(x, 0) = u0(x), x ∈ Rd,

(4.46)

where q > 2 − 1
d , β > 2, d = 2, 3. Here, we suppose that initial data (n0, c0, u0) satisfy Assumption 1.2. 

By Theorem 1.1, (4.46) has a unique global regular solution (nε, cε, uε) in Rd × (0, T ). If q ≥ 2 for d = 2
or q > 2 for d = 3, then the system does not need to be regularized since it possesses a regular solution. 
Therefore, throughout this section, we assume that q satisfies

{
3
2 < q < 2 if d = 2,
5
3 < q ≤ 2 if d = 3.

(4.47)

In order to proceed to derive ε-independent estimates, we first note that for all t ∈ (0, T ), nε satisfies
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∫
Rd

nε(·, t) + μ

t∫
0

∫
Rd

nq
ε + ε

t∫
0

∫
Rd

nβ
ε =

∫
Rd

n0(x), (4.48)

which implies that

‖nε‖L∞(0,t;L1(Rd)) ≤ C and ‖nε‖Lq(Rd×(0,t)) ≤ C, (4.49)

where C depend on ‖n0‖L1(Rd).

Lemma 4.1. Let d = 2, 3, T > 0 and q satisfy (4.47). Suppose that (nε, cε, uε) be a regular solution of (4.46)
in Rd × (0, T ). Then, there exists C = C(‖n0‖L1(Rd), ‖u0‖W 2,r′ (Rd), T ) > 0 independent of ε such that for 
all t ∈ (0, T )

t∫
0

∫
Rd

|∇uε|r ≤ C, (4.50)

where d
d−1 < r < dq

d−1 and r′ = dr
d+r .

Proof. Let 1 < r′ < dq
d+q−1 for d = 2, 3 and r > 0 be the Sobolev exponent of r′, namely r = dr′

d−r′ ∈
( d
d−1 , 

dq
d−1 ). We invoke (4.49) and Hölder’s inequality to obtain for t ∈ (0, T )

t∫
0

‖nε‖rLr′ (Rd) ≤
t∫

0

‖nε‖r(1−θ)
L1(Rd)‖nε‖rθLq(Rd) ≤ C

⎛
⎝ t∫

0

‖nε‖qLq(Rd)

⎞
⎠

rθ
q

t1−
rθ
q ≤ Ct1−

rθ
q , (4.51)

where θ = qr′−q
qr′−r′ and we used that rθ < q. From the equation of uε in (4.46), we observe via the maximal 

estimate (2.7) of the Stokes system that Δuε ∈ Lr(0, t; Lr′(Rd)) and

‖Δuε‖Lr(0,T ;Lr′ (Rd)) ≤ C‖nε‖Lr(0,T ;Lr′ (Rd)) + ‖u0‖W 2,r′ (Rd).

By the Sobolev embedding and (4.51), we end up with ∇uε ∈ Lr(Rd × (0, t)) and

t∫
0

∫
Rd

|∇uε|r ≤ C

t∫
0

(
∫
Rd

|Δuε|r
′
) r

r′ ≤ C.

This completes the proof. �
Lemma 4.2. Let d = 2, 3, T > 0, and q satisfy (4.47). Suppose that (nε, cε, uε) be a regular solution of (4.46)
in Rd × (0, T ). Then, there exists C > 0 independent of ε such that for all t ∈ (0, T )

t∫
0

∫
Rd

|∇cε|r ≤ C, (4.52)

where{
C = C(‖n0‖L1(R2), ‖c0‖(L

r
2 ∩W 1,r∩W 1,r′ )(R2), ‖u0‖L∞(R2), T ) > 0 for 2 < r < 2q if d = 2,

C = C(‖n0‖L1(R3), ‖c0‖ 3 r , ‖u0‖L∞(R3), T ) > 0 for 5 ≤ r < 3q if d = 3.

(L 5 ∩W 1,r)(R3) 3 2
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Proof. We recall the Green tensor, S = (Sij)di,j=1, of the Stokes system in Rd, which is given by

Sij(x, t) = Γ(x, t)δij + 1
4π

∂2

∂xi∂xj

∫
Rd

Γ(y, t)E(x− y)dy for 1 ≤ i, j ≤ d, t ∈ (0, T ),

where Γ is the heat kernel and E is the fundamental solution of the Laplace equation in Rd. It is known 
that for any integers l, k ≥ 0

|Dl
x∂

k
t S(x, t)| ≤ C

(|x| +
√
t)d+l+2k

. (4.53)

Therefore, uε(x, t) can be written as

uε(x, t) =
∫
Rd

S(x− y, t)u0(y)dy −
t∫

0

∫
Rd

S(x− y, t− s)(nε∇φ)(y, s)dyds

=: v0(x, t) + vε(x, t). (4.54)

Recalling the semigroup property of Stokes system (see e.g. [1]), the uniform boundedness for v0(x, t) is 
obtained as

‖v0‖L∞(Rd×(0,t)) = ‖S ∗ u0‖L∞(Rd×(0,t)) ≤ C‖u0‖L∞(Rd). (4.55)

On the other hand, testing the second equation of (4.46) by c�−1
ε for 1 < � ≤ q, due to (4.49), we see that

∫
Rd

cε(·, t)� + 4(�− 1)
�

t∫
0

∫
Rd

|∇cε
�
2 |2 + �

2

t∫
0

∫
Rd

cε
� ≤ C

t∫
0

∫
Rd

nε
q +

∫
Rd

c�0 ≤ C.

Then, we obtain

cε ∈ L∞(0, t;L�(Rd)) and ∇c
�
2
ε ∈ L2(Rd × (0, t)) for any 1 < � ≤ q. (4.56)

For further estimates on cε, we rewrite the second equation of (4.46), due to divergence free condition of 
uε, as follows:

∂tcε − Δcε = −∇ · (uεcε) − cε + nε.

For given c0 and v0, we solve the following equation
{

∂twε − Δwε = −∇ · (v0cε) + nε − cε, (x, t) ∈ Rd × [0, t),
wε(x, 0) = c0(x), x ∈ Rd.

(4.57)

We define w̃ε := cε − wε, and we then see that w̃ε solves
{

∂tw̃ε − Δw̃ε = −∇ · (vεcε), (x, t) ∈ Rd × [0, t),
w̃ε(x, 0) = 0, x ∈ Rd,

(4.58)

where we used that uε = v0 + vε.
• (The case d = 2) From Hölder’s inequality and (4.53), we have for t ∈ (0, T )
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‖∇vε(·, t)‖
L

4
3 (R2)

≤
t∫

0

‖∇S(·, t− s) ∗ (nε∇φ)(·, s)‖
L

4
3 (R2)

ds

≤
t∫

0

C

(t− s) 1
2
‖nε(·, s)‖

L
4
3 (R2)

ds

≤
t∫

0

C

(t− s) 1
2
‖nε(·, s)‖

3q−4
4(q−1)
L1(R2)‖nε(·, s)‖

q
4(q−1)
Lq(R2)ds

≤ C

t∫
0

1
(t− s) 1

2
‖nε(·, s)‖

q
4(q−1)
Lq(R2)ds

≤ Ctσ‖nε‖
q

4(q−1)
Lq(R2×(0,t)) ≤ Ctσ, (4.59)

where σ = 2q−3
4(q−1) and q > 3

2 . Therefore, by the Sobolev embedding and (4.59), we have

‖vε‖L∞(0,t;L4(R2)) ≤ C‖∇vε‖
L∞(0,t;L

4
3 (R2))

≤ Ctσ, (4.60)

where C is independent of t. Now, we shall show that

‖∇wε‖Lr(R2×(0,t)) ≤ C
(
1 + t

1
r + t

1
r− θ

q + t
r

2(r−1)

)
, (4.61)

where C = C(‖n0‖L1(R2), ‖c0‖W 1,r(R2), ‖u0‖L∞(R2)) > 0, r ∈ (2, 2q), r′ = 2r
2+r and θ = qr′−q

qr′−r′ . Since (4.57)
is linear, we can obtain the estimate of wε, by using nε, cε and ∇ · (v0cε), one by one. We recall (4.51) such 
that

‖nε‖Lr(0,t;Lr′ (R2)) ≤ Ct
1
r− θ

q , (4.62)

where r ∈ (2, 2q), r′ = 2r
2+r and θ = qr′−q

qr′−r′ . Using the Gagliardo-Nirenberg inequality (2.15) and (4.56), we 
compute

t∫
0

‖c
�
2
ε ‖4

L4(R2) ≤ C

t∫
0

‖c
�
2
ε ‖2

L2(R2)‖∇c
�
2
ε ‖2

L2(R2) ≤ C.

Therefore, with the aid of (4.55), we see that

‖cε‖L2�(R2×(0,t)) + ‖v0cε‖L2�(R2×(0,t)) ≤ C for any 1 < � ≤ q. (4.63)

Using (4.62) and (4.63), the maximal estimates for wε imply for r ∈ (2, 2q)

‖∇wε‖Lr(R2×(0,t))

≤ C
(
‖v0cε‖Lr(R2×(0,t)) + ‖nε‖Lr(0,t;Lr′ (R2)) + ‖cε‖Lr(0,t;Lr′ (R2)) + t

1
r ‖c0‖W 1,r(R2)

)
≤ C

(
1 + t

1
r + t

1
r− θ

q + ‖cε‖Lr(0,t;Lr′ (R2))

)
. (4.64)

More precisely, we decompose wε := w1 + w2 + w3 as follows:
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∂tw1 − Δw1 = −∇ · (v0cε), w1(x, 0) = 0,
∂tw2 − Δw2 = nε − cε, w2(x, 0) = 0,
∂tw3 − Δw3 = 0, w3(x, 0) = c0(x).

Due to the estimates (2.6), (2.10) and (2.14), we have

‖∇w1‖Lr(R2×(0,t)) ≤ C‖v0cε‖Lr(R2×(0,t)),

‖∇w2‖Lr(R2×(0,t)) ≤ C
(
‖nε‖Lr(0,t;Lr′ (R2)) + ‖cε‖Lr(0,t;Lr′ (R2))

)
,

‖∇w3‖Lr(R2×(0,t)) ≤ Ct
1
r ‖c0‖W 1,r(R2).

Combining the above estimates, we obtain (4.64). Using (4.56) and (4.63), the interpolation inequality 
implies that for some �1 ∈ (1, q)

‖cε‖Lr(0,t;Lr′ (R2)) ≤

⎛
⎝ t∫

0

‖cε‖rθ3L�1 (R2)‖cε‖
r(1−θ3)
Lr(R2)

⎞
⎠

1
r

≤ C‖cε‖1−θ3
Lr(R2×(0,t))t

θ3 ≤ Ctθ3 , (4.65)

where θ3 = r�1
2(r−�1) ∈ (0, 1). Therefore, we have

‖∇wε‖Lr(R2×(0,t)) ≤ C
(
1 + t

1
r + t

1
r− θ

q + t
r�1

2(r−�1)

)
.

Next, we show that

‖∇w̃ε‖Lr(R2×(0,t)) ≤ C, (4.66)

where C depends on T . Since the initial value of (4.58) is zero, the maximal estimate (2.6) for w̃ε shows 
that

‖∇w̃ε‖Lr(R2×(0,t)) ≤ C‖vεcε‖Lr(R2×(0,t)) ≤ C
(
‖vεwε‖Lr(R2×(0,t)) + ‖vεw̃ε‖Lr(R2×(0,t))

)
. (4.67)

Using (4.60), (4.61), Hölder’s inequality and the Gagliardo-Nirenberg inequality (2.15), we can show the 
boundedness of the term ‖vεwε‖Lr(R2×(0,t)) in (4.67) such that

‖vεwε‖Lr(R2×(0,t)) =

⎛
⎝ t∫

0

‖vεwε‖rLr(R2)

⎞
⎠

1
r

≤

⎛
⎝ t∫

0

‖vε‖rL4(R2)‖wε‖rLr̃(R2)

⎞
⎠

1
r

≤ ‖vε‖L∞(0,t;L4(R2))

⎛
⎝ t∫

0

‖wε‖rLr̃(R2)

⎞
⎠

1
r

≤ Ctσ

⎛
⎝ t∫

0

‖∇wε‖
r
2
Lr(R2)‖wε‖

r
2
Lr(R2)

⎞
⎠

1
r

≤ Ctσ
(
‖∇wε‖Lr(R2×(0,t)) + ‖wε‖Lr(R2×(0,t))

)
, (4.68)
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where 1
r̃ = 1

r −
1
4 and σ = 2q−3

4(q−1) . Using the similar decomposition used for ‖∇wε‖Lr(R2×(0,t)), the maximal 
estimates (2.6), (2.10), (2.14) for wε and the Sobolev embedding imply

‖wε‖Lr(R2×(0,t))

≤ C‖∇wε‖Lr(0,t;Lr′ (R2))

≤ C
(
‖v0cε‖Lr(0,t;Lr′ (R2)) + t

1
2 ‖nε‖Lr(0,t;Lr′ (R2)) + t

1
2 ‖cε‖Lr(0,t;Lr′ (R2)) + t

1
r ‖c0‖W 1,r′ (R2)

)
≤ C

(
t

1
r + t

1
2+ 1

r− θ
q + (1 + t

1
2 )‖cε‖Lr(0,t;Lr′ (R2))

)
≤ C

(
t

1
r + t

1
2+ 1

r− θ
q + t

r�1
2(r−�1) + t

r�1+r−�1
2(r−�1)

)
, (4.69)

where we used (4.65) with �1 ∈ (1, q). Combining (4.68) with (4.61) and (4.69), we have

‖vεwε‖Lr(R2×(0,t)) ≤ C
(
1 + t

1
r + t

1
r− θ

q + t
1
2+ 1

r− θ
q + t

r�1
2(r−�1) + t

r�1+r−�1
2(r−�1)

)
. (4.70)

As to the term ‖vεw̃ε‖Lr(R2×(0,t)) in (4.67), we compute as

‖vεw̃ε‖Lr(R2×(0,t)) =

⎛
⎝ t∫

0

‖vεw̃ε‖rLr(R2)

⎞
⎠

1
r

≤

⎛
⎝ t∫

0

‖vε‖rL4(R2)‖w̃ε‖rLr̃(R2)

⎞
⎠

1
r

≤ ‖vε‖L∞(0,t;L4(R2))

⎛
⎝ t∫

0

‖w̃ε‖rLr̃((R2))

⎞
⎠

1
r

≤ Ctσ

⎛
⎝ t∫

0

‖∇w̃ε‖
r
2
Lr(R2)‖w̃ε‖

r
2
Lr(R2)

⎞
⎠

1
r

≤ Ctσ
(
‖∇w̃ε‖Lr(R2×(0,t)) + ‖w̃ε‖Lr(R2×(0,t))

)
,

where 1
r̃ = 1

r − 1
4 and σ = 2q−3

4(q−1) . Since w̃ε = cε − wε and ‖cε‖Lr(R2×(0,t)) ≤ C, we have

‖vεw̃ε‖Lr(R2×(0,t)) ≤ Ctσ
(
‖∇w̃ε‖Lr(R2×(0,t)) + 1 + t

1
r + t

1
2+ 1

r− θ
q + t

r�1
2(r−�1) + t

r�1+r−�1
2(r−�1)

)
. (4.71)

Collecting (4.70) and (4.71), we end up with

‖∇w̃ε‖Lr(R2×(0,t)) ≤ Ctσ
(
‖∇w̃ε‖Lr(R2×(0,t)) + 1 + t

1
r + t

1
r− θ

q + t
1
2+ 1

r− θ
q + t

r�1
2(r−�1) + t

r�1+r−�1
2(r−�1)

)
=: Ctσ

(
‖∇w̃ε‖Lr(R2×(0,t)) + f(t)

)
. (4.72)

For sufficiently small t0 ∈ (0, T ), we have

‖∇w̃ε‖Lr(R2×(0,t0)) ≤ C,
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where the above C depends on t0. We use an inductive argument to show the boundedness of 
‖∇w̃ε‖Lr(R2×(0,t)) depending on T . Denote Ij := [jt0, (j + 1)t0] the closed time interval for nonnegative 
integer j. Suppose that there exists C > 0 depending on t0 such that

‖∇w̃ε‖Lr(R2×Ij) ≤ C. (4.73)

Then for t ∈ Ij+1, we use decomposition with the maximal estimates (2.6), (2.10) for w̃ε to see that

‖∇w̃ε‖Lr(R2×Ij+1) ≤ C
(
‖vεcε‖Lr(R2×Ij+1) + (t− (j + 1)t0)

1
r ‖wε(·, (j + 1)t0)‖W 1,r(R2)

)
≤ C

(
‖vεcε‖Lr(R2×Ij+1) + t

1
r
0 ‖wε(·, (j + 1)t0)‖W 1,r(R2)

)
. (4.74)

Owing to (4.67)–(4.71) and (4.74), we repeat the similar procedure for t ∈ Ij+1 to obtain

‖∇w̃ε‖Lr(R2×Ij+1) ≤ C
(
tσ0‖∇w̃ε‖Lr(R2×Ij+1) + tσ0f(t0) + t

1
r
0 ‖∇wε(·, (j + 1)t0)‖Lr(R2)

)
,

which has a similar structure to (4.72). Thus, from (4.73), we have

‖∇w̃ε‖Lr(R2×Ij+1) ≤ C,

where C depends on t0. Therefore, we obtain (4.66). Hence, we obtain

‖∇cε‖Lr(R2×(0,t)) ≤ ‖∇wε‖Lr(R2×(0,t)) + ‖∇w̃ε‖Lr(R2×(0,t)) ≤ C.

• (The case d = 3) We follow the similar procedure to the two dimensional case. From Young’s inequality 
and (4.53), we have for t ∈ (0, T )

‖∇vε(·, t)‖
L

3
2 (R3)

≤
t∫

0

‖∇S ∗ nε(·, s)‖
L

3
2 (R3)

ds

≤
t∫

0

C

(t− s) 1
2
‖nε(·, s)‖

L
3
2 (R3)

ds

≤
t∫

0

C

(t− s) 1
2
‖nε(·, s)‖

2q−3
3(q−1)
L1(R3)‖nε(·, s)‖

q
3(q−1)
Lq(R3)ds

≤ C

t∫
0

1
(t− s) 1

2
‖nε(·, s)‖

q
3(q−1)
Lq(R3)ds

≤ Ctσ‖nε‖
q

3(q−1)
Lq(R3×(0,T )) ≤ Ctσ,

where σ = 3q−5
6(q−1) > 0 and q > 5

3 . Therefore, by the Sobolev embedding, we have

‖vε‖L∞(0,t;L3(R3)) ≤ C‖∇vε‖
L∞(0,t;L

3
2 (R3))

≤ Ctσ. (4.75)

We recall (4.51) such that

‖nε‖Lr(0,T ;Lr′ (R3)) ≤ Ct
1
r− θ

q , (4.76)
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where r ∈ (3
2 , 

3q
2 ), r′ = 3r

3+r and θ = qr′−q
qr′−r′ . Using the similar procedure to the two dimensional case, due 

to the Gagliardo-Nirenberg inequality (2.15) and (4.56), we observe that

t∫
0

‖c
�
2
ε ‖

10
3

L
10
3 (R3)

≤ C

t∫
0

‖∇c
�
2
ε ‖2

L2(R3)‖c
�
2
ε ‖

4
3
L2(R3) ≤ C for any 1 < � ≤ q.

Then, (4.55) implies

‖cε‖
L

5�
3 (R3×(0,t))

+ ‖v0cε‖
L

5�
3 (R3×(0,t))

≤ C for any 1 < � ≤ q. (4.77)

According to (4.76) and (4.77), decomposition with the maximal estimates (2.6), (2.10), (2.14) for wε implies

‖∇wε‖Lr(R3×(0,t))

≤ C
(
‖v0cε‖Lr(R3×(0,t)) + ‖nε‖Lr(0,t;Lr′ (R3)) + ‖cε‖Lr(0,t;Lr′ (R3)) + t

1
r ‖c0‖W 1,r(R3)

)
≤ C

(
1 + t

1
r + t

1
r− θ

q + ‖cε‖Lr(0,t;Lr′ (R3))

)
, (4.78)

where r ∈ [ 53 , 
3q
2 ), r′ = 3r

3+r and θ = qr′−q
qr′−r′ . Similarly to (4.65), we have for some �2 ∈ (1, q)

‖cε‖Lr(0,t;Lr′ (R3)) ≤

⎛
⎝ t∫

0

‖cε‖rθ4L�2 (R3)‖cε‖
r(1−θ4)
Lr(R3)

⎞
⎠

1
r

≤ C‖cε‖1−θ4
Lr(R3×(0,t))t

θ4 ≤ Ctθ4 ,

where θ4 = 1/r′−1/r
1/�2−1/r = r�2

3(r−�2) ∈ (0, 1). Therefore, (4.78) becomes

‖∇wε‖Lr(R3×(0,t)) ≤ C
(
1 + t

1
r + t

1
r− θ

q + t
r�2

3(r−�2)

)
. (4.79)

Using (4.75), the estimate of w̃ε is also verified as follows:

‖vεw̃ε‖Lr(R3×(0,t)) =

⎛
⎝ t∫

0

‖vεw̃ε‖rLr(R3)

⎞
⎠

1
r

≤

⎛
⎝ t∫

0

‖vε‖rL3(R3)‖w̃ε‖rLr′′ (R3)

⎞
⎠

1
r

≤ ‖vε‖L∞(0,t;L3(R3))‖w̃ε‖Lr(0,t;Lr′′ (R3))

≤ C‖vε‖L∞(0,t;L3(R3))‖∇w̃ε‖Lr(R3×(0,t))

≤ Ctσ‖∇w̃ε‖Lr(R3×(0,t)),

where r′′ = 3r
3−r . Moreover, due to (4.75) and (4.79), we see that

‖vεwε‖Lr(R3×(0,t)) ≤ C‖vε‖L∞(0,T ;L3(R3))‖∇wε‖Lr(R3×(0,t))

≤ Ctσ
(
1 + t

1
r + t

1
r− θ

q + t
r�2

3(r−�2)

)
.

Therefore, we have
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‖∇w̃ε‖Lr(R3×(0,t)) ≤ ‖vεcε‖Lr(R3×(0,t))

≤ ‖vεw̃ε‖Lr(R3×(0,t)) + ‖vεwε‖Lr(R3×(0,t))

≤ Ctσ
(
‖∇w̃ε‖Lr(R3×(0,t)) + 1 + t

1
r + t

1
r− θ

q + t
r�2

3(r−�2)

)
.

For sufficiently small t0 ∈ (0, T ), we have

‖∇w̃ε‖Lr(R3×(0,t)) ≤ C for t < t0,

where the above C depends on t0. Repeating the same argument as in the two dimensional case, we have

‖∇w̃ε‖Lr(R3×(0,t)) ≤ C,

where the above C depends on T . Finally, we obtain

‖∇cε‖Lr(R3×(0,t)) ≤ ‖∇wε‖Lr(R3×(0,t)) + ‖∇w̃ε‖Lr(R3×(0,t)) ≤ C,

where C = C(‖n0‖L1(R3), ‖c0‖(L
3
5 r∩W 1,r)(R3)

, ‖u0‖L∞(R3), T ) > 0. This completes the proof. �
Lemma 4.3. Let d = 2, 3, T > 0 and q satisfy (4.47). Suppose that (nε, cε, uε) be a regular solution of (4.46)
in Rd × (0, T ). Then, there exists C = C(‖n0‖L1(Rd), ‖u0‖Ld(Rd), ‖u0‖Lq̃(Rd), T ) > 0 independent of ε such 
that for all t ∈ (0, T )

sup
t∈(0,T )

∫
Rd

|uε(·, t)|d ≤ C, (4.80)

t∫
0

∫
Rd

|uε|q̃ ≤ C, (4.81)

where 1
q̃ = 1

q − 2
d+2 .

Proof. Applying the gradient estimate (4.53) for Stokes operator to the representation formula (4.54), we 
compute

‖uε(·, t)‖Ld(Rd) ≤ C‖u0‖Ld(Rd) + C

t∫
0

(t− s)−
d
2 ( 1

q− 1
d )‖nε(·, s)‖Lq(Rd)ds for t ∈ (0, T ).

Using Hölder’s inequality and (4.49), we obtain for t ∈ (0, T )

‖uε‖L∞(0,t;Ld(Rd)) ≤ C‖u0‖Ld(Rd) + Ct−
d
2 ( 1

q− 1
d )+1− 1

q ‖nε‖Lq(Rd×(0,t))

≤ C
(
‖u0‖Ld(Rd) + T η

)
,

where η = 3
2 − d+2

2q > 0 since q > 2 − 1
d . This completes the proof of (4.80). As to (4.81), we let q̃ satisfy 

1
q̃ = 1

q − 2
d+2 for d = 2, 3. Again using (4.53) for (4.54), we compute for t ∈ (0, T )

‖uε(·, t)‖Lq̃(Rd) ≤ C‖u0‖Lq̃(Rd) + C

t∫
0

(t− s)−
d
2 ( 1

q− 1
q̃ )‖nε(·, s)‖Lq(Rd)ds

≤ C‖u0‖Lq̃(Rd) + Ct−
d

d+2 ∗ ‖nε(·, t)‖Lq(Rd),
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which implies

‖uε‖Lq̃(Rd×(0,t)) ≤ CT
1
q̃ ‖u0‖Lq̃(Rd) + C[s−

d
d+2 ]

L
d+2
d (0,t)

‖nε‖Lq(Rd×(0,t))

≤ CT
1
q̃ ‖u0‖Lq̃(Rd) + C‖nε‖Lq(Rd×(0,t)),

where we used the weak version of Young’s convolution inequality (2.16). Thus, by (4.49), we prove 
(4.81). �
Lemma 4.4. Let d = 2, 3, T > 0, and q satisfy (4.47). Suppose that (nε, cε, uε) be a regular solution of (4.46)
in Rd × (0, T ). Then, there exists C > 0 independent of ε such that for all t ∈ (0, T )

t∫
0

∫
Rd

|Δcε|qdxds ≤ C, (4.82)

where C depends on ‖c0‖W 2,q(Rd) and the conditions in Lemmas 4.2, 4.3.

Proof. Let 1
q̃ = 1

q −
1
r where r > d+2

2 for d = 2, 3 satisfies the conditions in Lemma 4.2. Invoking (4.52) and 
(4.81), Hölder’s inequality implies that

‖uε · ∇cε‖Lq(Rd×(0,t)) ≤ C‖uε‖Lq̃(Rd×(0,t))‖∇cε‖Lr(Rd×(0,t)) ≤ C. (4.83)

In view of the maximal estimate (2.9), we obtain

‖∂tcε‖Lq(Rd×(0,t)) + ‖Δcε‖Lq(Rd×(0,t))

≤ C
(
‖nε‖Lq(Rd×(0,t)) + ‖cε‖Lq(Rd×(0,t)) + ‖uε · ∇cε‖Lq(Rd×(0,t)) + ‖c0‖W 2,q(Rd)

)
.

Thus, due to (4.49), (4.63), (4.77) and (4.83), we deduce that

‖Δcε‖Lq(Rd×(0,t)) ≤ C,

where C depends on T . This completes the proof. �
To obtain some boundedness of nε for super-solution, we introduce the following two lemmas.

Lemma 4.5. Let T > 0, Ω be any bounded domain in Rd, d = 2, 3, and q satisfy (4.47). Suppose that 
(nε, cε, uε) is a regular solution of (4.46) in Rd × (0, T ). Then, for any 0 < γ ≤ q − 1 there exists C > 0
such that for all t ∈ (0, T )

t∫
0

∫
Ω

nγ−2
ε |∇nε|2dxds ≤ C, (4.84)

where C depends on the conditions in Lemmas 4.2, 4.3.

Proof. For a given bounded domain Ω ⊂ Rd, d = 2, 3, we consider a test function ϕ ∈ C∞
0 (Rd) which is 

non-increasing in |x| and satisfies

0 ≤ ϕ ≤ 1 and ϕ(x) =
{

1 for x ∈ Ω

0 for x ∈ Rd \B
,

R
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where BR ⊂ Rd is a ball centered in 0 with radius R > 0 and Ω ⊂⊂ BR
2
. Testing the first equation of (4.46)

by nγ−1
ε ϕ with γ ≤ q − 1 and integrating over BR, integration by parts implies

1
γ

d

dt

∫
BR

nγ
εϕ + 1

γ

∫
BR

uε · ∇(nγ
ε )ϕ =(1 − γ)

∫
BR

nγ−2
ε |∇nε|2ϕ−

∫
BR

nγ−1
ε ∇nε · ∇ϕ

+
∫
BR

nε∇cε · ∇(nγ−1
ε ϕ) − μ

∫
BR

nq+γ−1
ε ϕ− ε

∫
BR

nβ+γ−1
ε ϕ. (4.85)

We integrate (4.85) over (0, t) to obtain

(1 − γ)
t∫

0

∫
Ω

nγ−2
ε |∇nε|2 ≤ (1 − γ)

t∫
0

∫
BR

nγ−2
ε |∇nε|2ϕ

= 1
γ

∫
BR

nγ
ε (·, t)ϕ− 1

γ

∫
BR

nγ
0ϕ− 1

γ

t∫
0

∫
BR

nγ
εuε · ∇ϕ− 1

γ

t∫
0

∫
BR

nγ
εΔϕ

−
t∫

0

∫
BR

nε∇cε · ∇(nγ−1
ε ϕ) + μ

t∫
0

∫
BR

nq+γ−1
ε ϕ + ε

t∫
0

∫
BR

nβ+γ−1
ε ϕ. (4.86)

Using Young’s inequality and Hölder’s inequality, we can easily see that

1
γ

∫
BR

nγ
ε (·, t)ϕ ≤ |BR|1−γ

γ

⎛
⎝∫
BR

nε(x, t)

⎞
⎠

γ

≤ |BR|1−γ

γ

⎛
⎝∫
Rd

n0(x)

⎞
⎠

γ

≤ C, (4.87)

− 1
γ

t∫
0

∫
BR

nγ
εΔϕ ≤ 1

q

t∫
0

∫
Rd

nq
ε + q − γ

γq

t∫
0

∫
BR

|Δϕ|
q

q−γ ≤ C, (4.88)

μ

t∫
0

∫
BR

nq+γ−1
ε ϕ ≤ μ(q + γ − 1)

q

t∫
0

∫
Rd

nq
ε + μ(1 − γ)

q
|BR|t ≤ C, (4.89)

ε

T∫
0

∫
BR

nβ+γ−1
ε ϕ ≤ ε(β + γ − 1)

β

t∫
0

∫
Rd

nβ
ε + ε(1 − γ)

β
|BR|t ≤ C. (4.90)

Moreover, since γq + (1
q − 2

d+2 ) ≤ 1 − 2
d+2 < 1, we observe that

− 1
γ

t∫
0

∫
BR

nγ
εuε · ∇ϕ ≤ C‖nε‖γLq(Rd×(0,t))‖uε‖Lq̃(Rd×(0,t)) ≤ C, (4.91)

where 1 = 1 − 2 , and we used (4.49) and (4.81). On the other hand, by integration by parts, we have
q̃ q d+2
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−
t∫

0

∫
BR

nε∇cε · ∇(nγ−1
ε ϕ) = 1

γ

t∫
0

∫
BR

∇(nγ
ε ) · ∇cεϕ +

t∫
0

∫
BR

nγ
εΔcεϕ

=
(

1 − 1
γ

) t∫
0

∫
BR

nγ
εΔcεϕ− 1

γ

t∫
0

∫
BR

nγ
ε∇cε · ∇ϕ. (4.92)

By virtue of Hölder’s inequality, we estimate the first term to the right side of (4.92) such that

(
1 − 1

γ

) t∫
0

∫
BR

nγ
εΔcεϕ ≤ C

⎛
⎝ t∫

0

∫
BR

nq
ε

⎞
⎠

γ
q
⎛
⎝ t∫

0

∫
BR

|Δcε|q
⎞
⎠

1
q

(|BR|t)
q−γ−1

q . (4.93)

Due to (4.49) and (4.82), the boundedness of − 1
γ

∫ t

0
∫
BR

nγ
εΔcεϕ is obtained. For some r > q satisfying the 

conditions in Lemma 4.2, we show the boundedness of the second term to the right side of (4.92) as

− 1
γ

t∫
0

∫
BR

nγ
ε∇cε · ∇ϕ ≤ C

⎛
⎝ t∫

0

∫
BR

nq
ε

⎞
⎠

γ
q
⎛
⎝ t∫

0

∫
BR

|∇cε|r
⎞
⎠

1
r

(|BR|t)1−
γ
q − 1

r ≤ C,

where we used (4.49) and (4.52). Thus, we have

−
t∫

0

∫
BR

nε∇cε · ∇(nγ−1
ε ϕ) ≤ C. (4.94)

We collect the estimates (4.86)–(4.94) to complete the proof. �
Lemma 4.6. Let T > 0, Ω be any bounded domain in Rd, d = 2, 3, and q satisfy (4.47). Suppose that 
(nε, cε, uε) is a regular solution of (4.46) in Rd × (0, T ). Then for any γ ∈ (0, 1) satisfying γ ≤ q − 1, there 
exist k ∈ N and C > 0 such that

‖∂t(1 + nε)
γ
2 ‖L1(0,T ;(Wk,2

0 (Ω))∗) ≤ C,

where C depends on the conditions in Lemmas 4.2, 4.3.

Proof. We choose k ∈ N sufficiently large such that k > d+2
2 , which enables us to have the following 

embedding properties:

W k,2
0 (Ω) ↪→ L∞(Ω) and W k,2

0 (Ω) ↪→ W 1,p(Ω), (4.95)

where p := max{2, 2q
2q−γ−2}. For any test function ψ ∈ W k,2

0 (Ω), multiplying (4.46) by (1 + nε)
γ−2

2 ψ and 
integrating by parts over Ω, we obtain for t ∈ (0, T )
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2
γ

∫
Ω

∂t(1 + nε)
γ
2 ψ =

∫
Ω

(1 + nε)
γ−2

2 ∂tnεψ

=
∫
Ω

(1 + nε)
γ−2

2 Δnεψ −
∫
Ω

(1 + nε)
γ−2

2 ∇ · (nε∇cε)ψ −
∫
Ω

(1 + nε)
γ−2

2 uε · ∇nεψ

− μ

∫
Ω

(1 + nε)
γ−2

2 nq
εψ − ε

∫
Ω

(1 + nε)
γ−2

2 nβ
εψ

=2 − γ

2

∫
Ω

(1 + nε)
γ−4

2 |∇nε|2ψ −
∫
Ω

(1 + nε)
γ−2

2 ∇nε · ∇ψ −
∫
Ω

(1 + nε)
γ−2

2 ∇ · (nε∇cε)ψ

−
∫
Ω

(1 + nε)
γ−2

2 uε · ∇nεψ − μ

∫
Ω

(1 + nε)
γ−2

2 nq
εψ − ε

∫
Ω

(1 + nε)
γ−2

2 nβ
εψ.

As in Lemma 1.3 of [27], we have

∣∣∣∣∣∣
∫
Ω

(1 + nε)
γ−4

2 |∇nε|2ψ

∣∣∣∣∣∣ ≤
⎛
⎝∫

Ω

(1 + nε)γ−2|∇nε|2
⎞
⎠ ‖ψ‖L∞(Ω)

≤

⎛
⎝∫

Ω

nγ−2
ε |∇nε|2

⎞
⎠ ‖ψ‖L∞(Ω), (4.96)

∣∣∣∣∣∣
∫
Ω

(1 + nε)
γ−2

2 ∇nε · ∇ψ

∣∣∣∣∣∣ ≤
⎛
⎝∫

Ω

(1 + nε)γ−2|∇nε|2
⎞
⎠

1
2

·
(∫

Ω

|∇ψ|2
) 1

2

≤ 1
2

⎛
⎝1 +

∫
Ω

nγ−2
ε |∇nε|2

⎞
⎠ ‖∇ψ‖L2(Ω), (4.97)

∣∣∣∣∣∣μ
∫
Ω

(1 + nε)
γ−2

2 nq
εψ

∣∣∣∣∣∣ ≤ μ

∫
Ω

(1 + nε)
2q+γ−2

2 |ψ|

≤ μ

⎛
⎝∫

Ω

(1 + nε)q
⎞
⎠

2q+γ−2
2q

·

⎛
⎝∫

Ω

|ψ|
2q

2−γ

⎞
⎠

2−γ
2q

≤ C

⎛
⎝1 +

∫
Ω

(1 + nε)q
⎞
⎠ · ‖ψ‖

L
2q

2−γ (Ω)
, (4.98)

∣∣∣∣∣∣−ε

∫
Ω

(1 + nε)
γ−2

2 nβ
εψ

∣∣∣∣∣∣ ≤ ε

∫
Ω

n
2β+γ−2

2
ε |ψ|

≤ ε

⎛
⎝∫

Ω

nβ
ε

⎞
⎠

2β+γ−2
2β

·

⎛
⎝∫

Ω

|ψ|
2β

2−γ

⎞
⎠

2−γ
2β

≤ εC

⎛
⎝1 +

∫
nβ
ε

⎞
⎠ · ‖ψ‖

L
2β

2−γ (Ω)
. (4.99)
Ω
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As to the chemotaxis term 
∫
Ω(1 + nε)

γ−2
2 ∇ · (nε∇cε)ψ, we compute

∣∣∣∣∣∣
∫
Ω

(1 + nε)
γ−2

2 ∇ · (nε∇cε)ψ

∣∣∣∣∣∣
=

∣∣∣∣∣∣−
∫
Ω

(1 + nε)
γ−2

2 ∇nε · ∇cεψ −
∫
Ω

(1 + nε)
γ−2

2 nεΔcεψ

∣∣∣∣∣∣
=

∣∣∣∣∣∣−
2
γ

∫
Ω

∇(1 + nε)
γ
2 · ∇cεψ −

∫
Ω

(1 + nε)
γ−2

2 nεΔcεψ

∣∣∣∣∣∣
=

∣∣∣∣∣∣
2
γ

∫
Ω

(1 + nε)
γ
2 Δcεψ + 2

γ

∫
Ω

(1 + nε)
γ
2 ∇cε · ∇ψ −

∫
Ω

(1 + nε)
γ−2

2 nεΔcεψ

∣∣∣∣∣∣
≤ 2

γ

∫
Ω

(1 + nε)
γ
2 |Δcε||ψ| +

2
γ

∫
Ω

(1 + nε)
γ
2 |∇cε · ∇ψ| +

∫
Ω

(1 + nε)
γ−2

2 nε|Δcε||ψ|

≤ ( 2
γ

+ 1)

⎛
⎝∫

Ω

(1 + nε)q
⎞
⎠

γ
2q

⎛
⎝∫

Ω

|Δcε|q
⎞
⎠

1
q
⎛
⎝∫

Ω

|ψ|
2q

2q−γ−2

⎞
⎠

2q−γ−2
2q

+

⎛
⎝∫

Ω

(1 + nε)q
⎞
⎠

γ
2q

⎛
⎝∫

Ω

|∇cε|q
⎞
⎠

1
q
⎛
⎝∫

Ω

|∇ψ|
2q

2q−γ−2

⎞
⎠

2q−γ−2
2q

≤ C

⎛
⎝1 +

∫
Ω

(1 + nε)q +
∫
Ω

|Δcε|q +
∫
Ω

|∇cε|q
⎞
⎠ ‖ψ‖

W
1, 2q

2q−γ−2 (Ω)
. (4.100)

On the other hand, as to the convection term 
∫
Ω(1 + nε)

γ−2
2 uε · ∇nεψ, we find

∣∣∣∣∣∣
∫
Ω

(1 + nε)
γ−2

2 uε · ∇nεψ

∣∣∣∣∣∣ =

∣∣∣∣∣∣
2
γ

∫
Ω

∇(1 + nε)
γ
2 · uεψ

∣∣∣∣∣∣
≤ 2

γ

⎛
⎝∫

Ω

(1 + nε)
γ
2 |∇uε||ψ| +

∫
Ω

(1 + nε)
γ
2 |uε||∇ψ|

⎞
⎠

≤ 2
γ

⎛
⎝∫

Ω

(1 + nε)q
⎞
⎠

γ
2q

⎛
⎝∫

Ω

|∇uε|q
⎞
⎠

1
q
⎛
⎝∫

Ω

|ψ|
2q

2q−γ−2

⎞
⎠

2q−γ−2
2q

+ 2
γ

⎛
⎝∫

Ω

(1 + nε)q
⎞
⎠

γ
2q

⎛
⎝∫

Ω

|uε|q
⎞
⎠

1
q
⎛
⎝∫

Ω

|∇ψ|
2q

2q−γ−2

⎞
⎠

2q−γ−2
2q

≤ C

⎛
⎝1 +

∫
Ω

(1 + nε)q +
∫
Ω

|∇uε|q +
∫
Ω

|uε|q
⎞
⎠ ‖ψ‖

W
1, 2q

2q−γ−2 (Ω)
. (4.101)

Together with (4.96)–(4.101), using the embedding properties (4.95), we obtain
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∣∣∣∣∣∣
2
γ

∫
Ω

∂t(1 + nε)
γ
2 ψ

∣∣∣∣∣∣
≤ C

⎛
⎝1 +

∫
Ω

(nγ−2
ε |∇nε|2 + nq

ε + εnβ
ε + |Δcε|q + |∇cε|q + |∇uε|q + |uε|q)

⎞
⎠

×
(
‖ψ‖W 1,p(Ω) + ‖ψ‖L∞(Ω)

)

≤ C

⎛
⎝1 +

∫
Ω

(nγ−2
ε |∇nε|2 + nq

ε + εnβ
ε + |Δcε|q + |∇cε|q + |∇uε|q + |uε|q)

⎞
⎠ ‖ψ‖Wk,2

0 (Ω).

Integration over (0, T ) implies that

‖∂t(1 + nε)
γ
2 ‖L1(0,T ;(Wk,2

0 (Ω))∗)

≤ C

⎛
⎝T +

T∫
0

∫
Ω

(nγ−2
ε |∇nε|2 + nq

ε + εnβ
ε + |Δcε|q + |∇cε|q + |∇uε|q + |uε|q)

⎞
⎠ ,

which is bounded, in virtue of (4.48), (4.50), (4.82), (4.84) and the Sobolev embeddings on Ω × (0, T ). This 
completes the proof. �

We are now in position to prove the compactness property of nε and cε.

Lemma 4.7. Let T > 0, q > 2 − 1
d , Ω be any bounded domain in Rd, d = 2, 3. Suppose that (nε, cε, uε) is a 

regular solution of (4.46) in Rd × (0, T ). Then, we have

nε → n a.e. in Ω × (0, T ).

Moreover, for any 1 ≤ p < q

(nε)ε∈(0,1) is strongly precompact in Lp(Ω × (0, T )).

Proof. The proof can be found in Lemma 1.4 in [27]. �
Lemma 4.8. Let T > 0, Ω be any bounded domain in Rd, d = 2, 3, and q satisfy (4.47). Suppose that 
(nε, cε, uε) is a regular solution of (4.46) in Rd × (0, T ). Then, for 2 < r < 2q if d = 2 or 5

3 ≤ r < 3q
2 if 

d = 3

(cε)ε∈(0,1) is strongly precompact in Lr(0, T ;W 1,r̂(Ω)),

where r̂ ∈ [ dr
d+r , r).

Proof. Let r′ = dr
d+r for d = 2, 3. Using (4.52) and (4.80), Hölder’s inequality implies

‖uε · ∇cε‖Lr(0,T ;Lr′ (Ω)) ≤ ‖uε‖L∞(0,T ;Ld(Ω))‖∇cε‖Lr(Ω×(0,T )). (4.102)

Since r′ < r, (4.56) implies that

cε ∈ Lr(0, T ;Lr′(Ω)). (4.103)
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In view of the maximal estimate (2.9), collecting (4.51), (4.102) and (4.103), we infer that

∂tcε, Δcε ∈ Lr(0, T ;Lr′(Ω)).

By the Rellich-Kondrachov theorem, the Sobolev space W 2,r′(Ω) is compactly embedded in W 1,r̂(Ω) for any 
r̂ ∈ [1, r). Again using the Rellich-Kondrachov theorem, we see that W 1,r̂(Ω) is continuously embedded in 
Lr(Ω) for any r̂ ∈ [r′, r). Now, the Aubin-Lions lemma (Theorem 2.3 in [23]) can be applied and completes 
the proof. �
Proof of Theorem 1.2. From Lemmas 4.1–4.8 and (4.49), we can pick a sequence ε = εj such that for any 
bounded Ω ⊂ Rd and T > 0, there exists (n, c, u) satisfying the following convergences

nε → n a.e. in Ω × (0, T ), (4.104)

n
γ
2
ε ⇀ n

γ
2 in L2(0, T ;W 1,2

loc (Rd)), (4.105)

nε ⇀ n in Lq
loc(R

d × (0, T )), (4.106)

nε → n in Lp
loc(R

d × (0, T )), (4.107)

cε ⇀ c in Lr(0, T ;W 1,r
loc (Rd)), (4.108)

cε → c in Lr(0, T ;W 1,r̂
loc (Rd)), (4.109)

uε ⇀ u in Lr(0, T ;W 1,r
loc (Rd)), (4.110)

as ε = εj ↘ 0 for any r̂ ∈ [ dr
d+r , r), p ∈ (0, q), 2 < r < 2q if d = 2 or 5

3 ≤ r < 3q
2 if d = 3, and for 

any γ ∈ (0, 1) satisfying γ ≤ q − 1. To show the convergence to a γ-very weak solution, let us choose a 
nonnegative test function ϕ ∈ C∞

0 (Ω × [0, T )) such that ∂ϕ∂ν = 0 on ∂Ω × (0, T ) and supp(ϕ) ⊂ Ω × [0, T )
for any bounded Ω ⊂ Rd. Multiplying (4.46) by ϕ and integrating by parts, we obtain

−
T∫

0

∫
Rd

nε∂tϕ−
∫
Rd

n0ϕ(·, 0) =
T∫

0

∫
Rd

nεΔϕ +
T∫

0

∫
Rd

nε∇cε · ∇ϕ−
T∫

0

∫
Rd

μnε
qϕ

− ε

T∫
0

∫
Rd

μnε
βϕ +

T∫
0

∫
Rd

nεuε · ∇ϕ,

−
T∫

0

∫
Rd

cε∂tϕ−
∫
Rd

c0ϕ(·, 0) = −
T∫

0

∫
Rd

∇cε · ∇ϕ−
T∫

0

∫
Rd

cεϕ +
T∫

0

∫
Rd

nεϕ +
T∫

0

∫
Rd

cεuε · ∇ϕ,

−
T∫

0

∫
Rd

uε · ∂tϕ−
∫
Rd

u0 · ϕ(·, 0) = −
T∫

0

∫
Rd

∇uε · ∇ϕ−
T∫

0

∫
Rd

nε∇φ · ϕ.

By (4.106) and the properties of ϕ, we have

−
T∫

0

∫
Rd

nεϕt → −
T∫

0

∫
Rd

nϕt, (4.111)

T∫ ∫
nεΔϕ →

T∫ ∫
nΔϕ, (4.112)
0 Rd 0 Rd
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T∫
0

∫
Rd

nεϕ →
T∫

0

∫
Rd

nϕ. (4.113)

From (4.107) and (4.108), we choose p < q and r < dq
d−1 sufficiently close to q and dq

d−1 , respectively. Then, 
we infer that

T∫
0

∫
Rd

nε∇cε · ∇ϕ →
T∫

0

∫
Rd

n∇c · ∇ϕ. (4.114)

We apply Fatou’s lemma to the degradation term such that

−
T∫

0

∫
Rd

μnqϕ ≥ − lim sup
ε=εj↘0

T∫
0

∫
Rd

μnε
qϕ. (4.115)

The nonnegativity of nε implies

−ε

T∫
0

∫
Rd

μnε
βϕ ≤ 0. (4.116)

Moreover, due to (4.107) and (4.110), we choose p < q and r < dq
d−1 sufficiently close to q and dq

d−1 , 
respectively, to obtain

T∫
0

∫
Rd

nεuε · ∇ϕ →
T∫

0

∫
Rd

nu · ∇ϕ. (4.117)

Similarly to (4.111)–(4.113), we have

−
T∫

0

∫
Rd

cε∂tϕ → −
T∫

0

∫
Rd

c∂tϕ, (4.118)

−
T∫

0

∫
Rd

∇cε · ∇ϕ → −
T∫

0

∫
Rd

∇c · ∇ϕ, (4.119)

−
T∫

0

∫
Rd

cεϕ → −
T∫

0

∫
Rd

cϕ. (4.120)

From (4.109) and (4.110), we can choose r, ̂r > 2 so as to satisfy

T∫
0

∫
Rd

cεuε · ∇ϕ →
T∫

0

∫
Rd

cu · ∇ϕ. (4.121)

Furthermore, (4.110) implies
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−
T∫

0

∫
Rd

uε · ∂tϕ → −
T∫

0

∫
Rd

u · ∂tϕ, (4.122)

−
T∫

0

∫
Rd

∇uε · ∇ϕ → −
T∫

0

∫
Rd

∇u · ∇ϕ. (4.123)

The convergence of the last term follows from (4.107) such that

−
T∫

0

∫
Rd

nε∇φ · ϕ → −
T∫

0

∫
Rd

n∇φ · ϕ. (4.124)

Thus, from (4.111)–(4.124), (n, c, u) is a very weak sub-solution of (1.1) in Rd × (0, T ).
Now, we show that (n, c, u) is a γ-entropy super-solution. Multiplying the first equation of (1.1) by γnγ−1

ε ϕ

and integrating by parts, we obtain

−
T∫

0

∫
Rd

nε
γ∂tϕ−

∫
Rd

nγ
0ϕ(·, 0) = γ(1 − γ)

T∫
0

∫
Rd

nε
γ−2|∇nε|2ϕ +

T∫
0

∫
Rd

nε
γΔϕ + γ

T∫
0

∫
Rd

nε
γ∇cε · ∇ϕ

+ γ(γ − 1)
T∫

0

∫
Rd

ϕnε
γ−1∇nε · ∇cε − γ

T∫
0

∫
Rd

nε
q+γ−1ϕ− γε

T∫
0

∫
Rd

μnε
β+γ−1ϕ +

T∫
0

∫
Rd

nε
γuε · ∇ϕ.

By (4.104), (4.107) and the properties of ϕ, we have for 0 < γ < 1

−
T∫

0

∫
Rd

nε
γ∂tϕ → −

T∫
0

∫
Rd

nγ∂tϕ, (4.125)

T∫
0

∫
Rd

nε
γΔϕ →

T∫
0

∫
Rd

nγΔϕ. (4.126)

Combining (4.104), (4.107) and inequality |nγ
ε − nγ | < Cγ |nε − n|γ for 0 < γ < 1, we have the strong 

convergence such that nγ
ε → nγ in Lp

loc(Rd × (0, T )) so that

γ

T∫
0

∫
Rd

nε
γ∇cε · ∇ϕ → γ

T∫
0

∫
Rd

nγ∇c · ∇ϕ (4.127)

holds. As to the convergence of γ(γ − 1)
T∫

0

∫
Rd

ϕnε
γ−1∇nε · ∇cε, we write

T∫
0

∫
Rd

ϕnε
γ−1∇nε · ∇cε = 2

γ

T∫
0

∫
Rd

ϕn
γ
2
ε ∇n

γ
2
ε · ∇cε. (4.128)

We observe that γ < q − 2(d−1) is equivalent to
d
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1
2 + γ

2q + d− 1
dq

< 1.

We choose p < q and r < dq
d−1 close to q and dq

d−1 , respectively, such that

1
2 + γ

2p + 1
r
< 1.

Again we choose r̂ < r close to r such that

1
2 + γ

2p + 1
r̂
< 1.

By making use of (4.105), (4.107) and (4.109), we infer from (4.128) that

γ(γ − 1)
T∫

0

∫
Rd

ϕnε
γ−1∇nε · ∇cε → γ(γ − 1)

T∫
0

∫
Rd

ϕnγ−1∇n · ∇c, (4.129)

where γ ∈
(
0, q − 2(d−1)

d

)
. Further, as in (1.61) of [27], we have the following convergence for the degradation 

terms:

−γ

T∫
0

∫
Rd

nε
q+γ−1ϕ → −γ

T∫
0

∫
Rd

nq+γ−1ϕ, (4.130)

γε

T∫
0

∫
Rd

μnε
β+γ−1ϕ → 0. (4.131)

Again as in (1.66) of [27], we have

γ(1 − γ)
T∫

0

∫
Rd

nγ−2|∇n|2ϕ ≤ γ(1 − γ) lim inf
ε=εj↘0

T∫
0

∫
Rd

nγ−2
ε |∇nε|2ϕ. (4.132)

Similarly to (4.127), we finally obtain

T∫
0

∫
Rd

nε
γuε · ∇ϕ →

T∫
0

∫
Rd

nγu · ∇ϕ. (4.133)

Therefore, from (4.125)–(4.127) and (4.129)–(4.133), (n, c, u) is a γ-entropy super-solution of (1.1) in Rd ×
(0, T ). Note that Assumption 1.2 satisfies the initial conditions for Lemmas 4.2–4.8. This completes the 
proof. �
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Appendix A

We present the proof of blow-up criterion.

Proof of Theorem 2.2. We suppose to the contrary that there exists C > 0 such that

lim sup
t↗Tmax

t∫
0

‖∇c‖d+2
Ld+2 ≤ C. (A.134)

Then, we show that the maximal time of existence can not be finite, which leads to a contradiction. Let 
0 < t < Tmax. For the estimate of (n, c, u) in L2(Rd) ×H1(Rd) ×H1(Rd), we multiply n to both sides of 
the first equation of (1.1) and integrate over Rd to obtain

1
2
d

dt
‖n‖2

L2(Rd) + ‖∇n‖2
L2(Rd) ≤ C‖∇c‖d+2

Ld+2(Rd)‖n‖
2
L2(Rd) + 1

2‖∇n‖2
L2(Rd).

By Grönwall’s inequality, we have

n ∈ L∞(0, t;L2(Rd)), ∇n ∈ L2(Rd × (0, t)). (A.135)

Moreover, we observe that for 2 < p < ∞

d

dt
‖n‖p

Lp(Rd) + ‖∇n
p
2 ‖2

L2(Rd) ≤ C

∫
Rd

|n∇c∇np−1|

≤ C‖∇c‖Ld+2(Rd)‖∇n
p
2 ‖L2(Rd)‖n

p
2 ‖

L
2(d+2)

d (Rd)

≤ C‖∇c‖Ld+2(Rd)‖∇n
p
2 ‖

2(d+1)
d+2

L2(Rd)‖n
p
2 ‖

2
d+2
L2(Rd)

≤ C‖∇c‖d+2
Ld+2(Rd)‖n‖

p
Lp(Rd) + 1

2‖∇n
p
2 ‖2

L2(Rd),

where C is independent of p. Therefore, by (A.134), we have n ∈ L∞(0, t; Lp(Rd)) and ∇n
p
2 ∈ L2(Rd×(0, t)). 

Since ‖n‖Lp(Rd) ≤ C, where C is independent of p, we have

n ∈ L∞(Rd × (0, t)). (A.136)

For the estimate of u, multiplying u to both sides of the third equation of (1.1) and integrating over Rd, we 
obtain

1
2
d

dt
‖u‖2

L2(Rd) + ‖∇u‖2
L2(Rd) ≤ C‖n‖L2(Rd)‖u‖L2(Rd) ≤ C‖u‖2

L2(Rd) + C‖n‖2
L2(Rd).

Then, due to Grönwall’s inequality, we observe that

u ∈ L∞(0, T ;L2(Rd)), ∇u ∈ L2(Rd × (0, T )). (A.137)

Moreover, multiplying −Δu to both sides of the third equation of (1.1) and integrating over Rd, we have 
for d = 2

1 d ‖∇u‖2
L2(R2) + ‖Δu‖2

L2(R2) ≤ C‖∇u‖L∞(R2)‖∇u‖2
L2(R2) + C‖n‖L2(R2)‖Δu‖L2(R2),
2 dt
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and for d = 3

1
2
d

dt
‖∇u‖2

L2(R3) + ‖Δu‖2
L2(R3) ≤ C‖n‖L2(R3)‖Δu‖L2(R3) ≤ C‖n‖2

L2(R3) + 1
2‖Δu‖2

L2(R3).

Therefore, we have

∇u ∈ L∞(0, T ;L2(Rd)), Δu ∈ L2(Rd × (0, T )). (A.138)

For the estimate of c in H1(Rd), we need to show that 
t∫

0

‖∇u‖L∞(Rd) ≤ C. We recall the vorticity equation 

such that

∂tw − Δw + κu∇w = −∇× (n∇φ),

where w = ∇ × u. Multiplying −Δw to both sides of the above equation and integrating over Rd, we have 
for d = 2

1
2
d

dt
‖∇w‖2

L2(R2) + ‖Δw‖2
L2(R2)

≤ ‖u‖L4(R2)‖∇w‖L4(R2)‖Δw‖L2(R2) + C‖∇n‖L2(R2)‖Δw‖L2(R2)

≤ C‖u‖
1
2
L2(R2)‖∇u‖

1
2
L2(R2)‖∇w‖

1
2
L2(R2)‖Δw‖

3
2
L2(R2) + C‖∇n‖L2(R2)‖Δw‖L2(R2),

and for d = 3

1
2
d

dt
‖∇w‖2

L2(R3) + ‖Δw‖2
L2(R3) ≤ C‖∇n‖2

L2(R3) + 1
2‖Δw‖2

L2(R3).

Hence, in view of (A.135), (A.137) and (A.138), Grönwall’s inequality implies

∇w ∈ L∞(0, t;L2(Rd)), Δw ∈ L2(Rd × (0, t)). (A.139)

Therefore, via the Sobolev embedding, we have

t∫
0

‖∇u‖L∞(Rd) ≤
t∫

0

‖∇u‖H2(Rd) ≤ C

t∫
0

‖w‖H2(Rd) ≤ C (A.140)

as desired. Now, multiplying −Δc to both sides of above equation and integrating over Rd, we get

1
2
d

dt
‖∇c‖2

L2(Rd) + ‖Δc‖2
L2(Rd) + ‖∇c‖2

L2(Rd)

≤ C‖∇u‖L∞(Rd)‖∇c‖2
L2(Rd) + ‖n‖L2(Rd)‖Δc‖L2(Rd)

≤ C‖∇u‖L∞(Rd)‖∇c‖2
L2(Rd) + C‖n‖2

L2(Rd) + 1
2‖Δc‖2

L2(Rd).

By (A.135) and (A.140), we see that

c ∈ L∞(0, t;H1(Rd)) ∩ L2(0, t;H2(Rd)). (A.141)

It is direct from (A.139) and (A.140) that
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u ∈ L∞(0, t;H1(Rd)) ∩ L2(0, t;H2(Rd)). (A.142)

Next, we consider the estimate of (n, c, u) in H1(Rd) ×H2(Rd) ×H2(Rd). Multiplying −Δn to both sides 
of the first equation of (1.1) and integrating over Rd, we have

1
2
d

dt
‖∇n‖2

L2(Rd) + ‖Δn‖2
L2(Rd)

≤ C‖∇u‖L∞(Rd)‖∇n‖2
L2(Rd) + C‖∇n‖

L
2(d+2)

d (Rd)
‖∇c‖Ld+2(Rd)‖Δn‖L2(Rd)

+ C‖n‖L∞(Rd)‖Δc‖L2(Rd)‖Δn‖L2(Rd) + C‖nq‖L2(Rd)‖Δn‖L2(Rd)

≤ C‖∇u‖L∞(Rd)‖∇n‖2
L2(Rd) + C‖∇n‖2

L2(Rd)‖∇c‖d+2
Ld+2(Rd)

+ C‖n‖2
L∞(Rd)‖Δc‖2

L2(Rd) + C‖nq‖2
L2(Rd) + 1

2‖Δn‖2
L2(Rd)

≤ C
(
‖∇u‖L∞(Rd) + ‖∇c‖d+2

Ld+2(Rd)

)
‖∇n‖2

L2(Rd) + C‖n‖2
L∞(Rd)‖Δc‖2

L2(Rd) + C‖nq‖2
L2(Rd)

≤ C
(
‖∇u‖L∞(Rd) + ‖∇c‖d+2

Ld+2(Rd)

)
‖∇n‖2

L2(Rd) + C‖n‖2
L∞(Rd)‖Δc‖2

L2(Rd) + C‖n‖2q−1
L∞(Rd)‖n‖L1(Rd).

Therefore, we see that

∇n ∈ L∞(0, t;L2(Rd)), Δn ∈ L2(Rd × (0, t)).

It follows that

n ∈ L∞(0, t;H1(Rd)) ∩ L2(0, t;H2(Rd)). (A.143)

For the estimate of c in H2(Rd), multiplying Δ2c to both sides of the second equation of (1.1) and integrating 
over Rd, we obtain

1
2
d

dt
‖Δc‖2

L2(Rd) + ‖∇Δc‖2
L2(Rd) + ‖Δc‖2

L2(Rd)

≤ C‖∇u‖L∞(Rd)‖Δc‖2
L2(Rd) + C‖Δu‖L2(Rd)‖c‖L∞(Rd)‖∇Δc‖L2(Rd) + ‖∇n‖L2(Rd)‖∇Δc‖L2(Rd)

≤ C‖∇u‖L∞(Rd)‖Δc‖2
L2(Rd) + C‖Δu‖2

L2(Rd)‖c‖2
L∞(Rd) + C‖∇n‖2

L2(Rd) + 1
2‖∇Δc‖2

L2(Rd),

which, together with (A.141)–(A.143), implies

Δc ∈ L∞(0, t;L2(Rd)), ∇Δc ∈ L2(Rd × (0, t)).

Hence, we obtain

c ∈ L∞(0, t;H2(Rd)) ∩ L2(0, t;H3(Rd)). (A.144)

Similarly, we compute for d = 2

1
2
d

dt
‖Δu‖2

L2(R2) + ‖∇Δu‖2
L2(R2) ≤ C‖Δn‖L2(R2)‖Δu‖L2(R2) + C‖∇u‖L∞(R2)‖Δu‖2

L2(R2),

and for d = 3

1 d ‖Δu‖2
L2(R3) + ‖∇Δu‖2

L2(R3) ≤ C‖Δn‖L2(R3)‖Δu‖L2(R3).
2 dt
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Therefore, we have

Δu ∈ L∞(0, t;L2(Rd)), ∇Δu ∈ L2(Rd × (0, t)),

and thereby we have

u ∈ L∞(0, t;H2(Rd)) ∩ L2(0, t;H3(Rd)). (A.145)

Then, we consider the estimate of (n, c, u) in H2(Rd) ×H3(Rd) ×H3(Rd). For the H2(Rd) estimate of n, 
we observe that

1
2
d

dt
‖n‖2

H2(Rd) + ‖∇n‖2
H2(Rd)

≤ C‖u‖L∞(Rd)‖n‖H2(Rd)‖∇n‖H2(Rd) + C‖∇u‖L∞(Rd)‖n‖H1(Rd)‖∇n‖H2(Rd)

+ C‖n‖H2(Rd)‖∇c‖H2(Rd)‖∇n‖H2(Rd) + C‖nq‖H2(Rd)‖n‖H2(Rd)

≤ C‖u‖2
L∞(Rd)‖n‖2

H2(Rd) + C‖∇u‖2
L∞(Rd)‖n‖2

H1(Rd) + C‖n‖2
H2(Rd)‖∇c‖2

H2(Rd)

+ C‖n‖q−1
H2(Rd)‖n‖

2
H2(Rd) + 1

2‖∇n‖2
H2(Rd).

Then, with the aid of (A.143)–(A.145), we have

n ∈ L∞(0, t;H2(Rd)) ∩ L2(0, t;H3(Rd)). (A.146)

Similarly, we observe that for d = 2

1
2
d

dt
‖u‖2

H3(R2) + ‖∇u‖2
H3(R2) ≤ C‖∇u‖L∞(R2)‖u‖H3(R2)‖∇u‖H3(R2)

+ 1
4‖∇u‖2

H3(R2) + C‖n‖2
H2(R2),

and for d = 3

1
2
d

dt
‖u‖2

H3(R3) + ‖∇u‖2
H3(R3) ≤ C‖n‖H2(R3)‖∇u‖H3(R3)

≤ C‖n‖2
H2(R3) + 1

2‖∇u‖2
H3(R3).

By (A.143), we have

u ∈ L∞(0, t;H3(Rd)) ∩ L2(0, t;H4(Rd)). (A.147)

For the sake of c, we compute such that

1
2
d

dt
‖c‖2

H3(Rd) + ‖∇c‖2
H3(Rd) + ‖c‖2

H3(Rd)

≤ C‖∇u‖L∞(Rd)‖c‖H3(Rd)‖∇c‖H3(Rd) + C‖u‖H3(Rd)‖∇c‖L∞(Rd)‖∇c‖H3(Rd) + ‖n‖H2(Rd)‖∇c‖H3(Rd)

≤ C‖∇u‖2
L∞(Rd)‖c‖2

H3(Rd) + C‖u‖2
H3(Rd)‖∇c‖2

L∞(Rd) + C‖n‖2
H2(Rd) + 1

2‖∇c‖2
H3(Rd).

From (A.136), (A.140), (A.143), (A.144) and (A.147), we obtain
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c ∈ L∞(0, t;H3(Rd)) ∩ L2(0, t;H4(Rd)). (A.148)

Thus, by collecting (A.146)–(A.148), we have that for all t < Tmax

(n, c, u) ∈ L∞(0, t;H2(Rd) ×H3(Rd) ×H3(Rd)).

For m ≥ 4, proceeding similarly to the above, we obtain

(n, c, u) ∈ L∞(0, t;Hm−1(Rd) ×Hm(Rd) ×Hm(Rd)),

which contradicts the blow-up criterion since t < Tmax is arbitrary. This completes the proof. �
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