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1. Introduction

This note aims to study the global hypoellipticity of strongly invariant operators defined on a closed
smooth manifold M. More precisely, consider a linear continuous operator P : 2'(M) — 2'(M) that
commutes with an elliptic operator F defined on M and assume that the domain of the adjoint operator
P* contains C*°(M).

The assumption of commutativity introduces on M a Fourier analysis relative to the elliptical operator
F and the assumption on the domain of the adjoint operator ensures that the Fourier coefficients of Pu are
the product of its matrix symbol op by the Fourier coefficient of u € C°°(M). For more details, see Section
4 of [9].

We recall that an operator L is globally hypoelliptic on M if the conditions u € 2'(M) and Lu € C*(M)
imply u € C°°(M). This global property has been widely studied on the torus, see [3-7,11-20], and on
compact Lie groups, see [8,22,23].

The first study on the global hypoellipticity of differential operators that commute with an elliptic
operator on a closed manifold was presented by S. Greenfield and N. Wallach in 1973, see [14]. More
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recently, in [9], J. Delgado and M. Ruzhansky have developed a theory on strongly invariant operators
by obtaining a precise characterization of the necessary and sufficient conditions to construct a consistent
Fourier analysis with respect to an elliptic operator on a closed manifold. Using this characterization, in [1,2]
was studied the global hypoellipticity in a class of strongly invariant operators with separation of variables
in a specific Cartesian product of compact manifolds.

In this note, we use the characterization obtained by Delgado and Ruzhansky to characterize the global
hypoellipticity and to extend the results obtained by Greenfield and Wallach to the context of strongly
invariant operators defined on a closed manifold.

First, in Section 2, we introduce the notation and the results necessary for the development of this
note. Next, in Section 3, we present a version, for strongly invariant operators, of Greenfield’s and Wallach’s
classical theorem, which relates global hypoellipticity of an operator to the behavior of its symbol at infinity.
As an application, in Section 4, we introduce the notation necessary to translate our main result into the
context of Lie groups, and we present concrete examples of globally hypoelliptic operators on the sphere
S? and the torus T2. Finally, in Section 5, we study some of the connections between global hypoellipticity
and the validity of global subelliptic estimates.

2. Fourier analysis associated to an elliptic operator

Let Ng = N U {0}, (-,-) be the usual inner product of C? and M be a d-dimensional closed smooth
manifold endowed with a positive measure dz. Consider the space L?(M) of square integrable complex-
valued functions on M with respect to dx and denote by H*(M) the standard Sobolev space of order s on
M, thus

= (HM) and 2'(M)=|JH (M

seR seR

Following the construction proposed by J. Delgado and M. Ruzhansky (see [9]), we introduce a discrete
Fourier analysis in M that is associated to an elliptic operator. Let E = E(x, D,.) be a fixed classical positive
elliptic pseudo-differential operator of order v € R, then:

1. the eigenvalues of E, counted without multiplicities, form a sequence
02/\0<)\1<>\2<...—>OO; (21)

2. for each A, the eigenspace Ej; of E has finite dimension dj;, ), is a subspace of C*°(M) and
D di(1+A) 7" < 0. (2.2)
§=0

3. there is an orthonormal basis {e’? ;1 <k <d; and j € Np} for L?(M) consisting of smooth eigenfunctions

of E such that for each j € Ny, {el, e e}ij} is an orthonormal basis of £, and

= @ Ex;;

j€Ng

'z j7""

4. the Fourier coefficients of f € L?(M), with respect to this orthonormal basis, are given by

/f F(z)dz, 1 <k <dj, j € No.
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We also write f(j) = (f(,1),...,f(j.d})), j € No;

5. ifue 2'(M), then u(j, k) = u(e?) and

u= 3 S A = 3 @) 5.

j€Ng k=1 j€Ng

where @(j) = (a(j, 1),...,a(j,d;)) and e;(z) = (e} (z),. .., ¥ (2));

6. smooth functions on M are characterized by
FeC®(M)< VYN eN,ICy >0,V e N, |F(0)] < Cn(1+ )N, (2.3)
and, by duality, distributions are characterized by
uw€ P'(M) < 3INecN,3C >0,V eN, |a)|| <Cf(1+ )V, (2.4)
7. for a distribution v € 2'(M) we have

oo dj
ue H (M) & > > (14 X)>/7[a(j, k)|* < oo.
7=0 k=1

The next results and definitions are a consequence of the results and remarks in Section 4 of [9].

Proposition 2.1. Let P : C*°(M) — C*°(M) be a linear operator. If the domain of P* contains C*°(M),
then the following conditions are equivalent:

(i) For each j € No, we have P(E);) C Ej;.
(i) For each j € Ng and 1 < k < j, we have PEef = EPef,
(iii) For each { € Ny there exists a matriz o(€) € C**% such that for all e¥

—

Pek(£,m) = 0/(£) 0. (2.5)

(iv) For each { € Ny there exists a matriz o(f) € C¥*% sych that

~

Pf(0) = a(O)f(0), feC=(M). (2.6)

The matrices o(£) in (2.5) and in (2.6) coincide. Moreover, if P extends to a linear continuous operator
P:9'(M)— 9'(M), then the above properties are also equivalent to:

(v) PE = EP on L*(M).

Definition 2.2. If any of the equivalent conditions (i) — (iv) are satisfied, we say that the operator P is
invariant with respect to E (or simply F-invariant) and its matrix symbol is the sequence op of matrices
given by properties (iii) and (iv).

If P extends to a linear continuous operator P : 2'(M) — 2'(M) and satisfies any of the equivalent
conditions (i) — (v), we say that P is strongly invariant with respect to E.
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Any E-invariant operator P can be written in the following way:

oo dy oo
PI@) =3 (orOFO)mei @) = 3 [op(OF(0)] erl). (2.7)
=0 m=1 £=0
In particular,
dj
Pe?(x) = op(j)mre] (). (2.8)

Proposition 2.3. Let P be an E-invariant operator with symbol op satisfying the following property: there
exist C' >0 and m € R such that

lop(O)ll £(E,,) <COA+ )™V, 0 e Ny,

where |[op(0)|| 2 (k,,) denotes the operator norm in Ey,. Then, P extends to a bounded operator from H*(M)
to H5=™(M), for every s € R.

Let us denote by X the class of all matrix symbols, that is,
Y ={0:Ny> /s g(f) € Chxde},
Definition 2.4. We say that a symbol o € ¥ has moderate growth if there are NV € N and C' > 0 such that
[0(@) s,y < O+ M), €€ No. (2.9)
If o0 € ¥ has moderate growth, the order of ¢ is defined by
ord(o) = inf{N € R; (2.9) holds}.

When the symbol of an E-invariant operator P has moderate growth, we define the order of P as being the
order of its symbol op.

In the remainder of this note, we fix on M a classical positive elliptic pseudo-differential operator £ =
E(z,D,) of order v € R. Moreover, whenever we refer to an invariant (or strongly invariant) operator, it
shall mean that such invariance occurs with respect to the operator E.

3. Global hypoellipticity for strongly invariant operators

Let P: C®(M) — C*°(M) be a strongly invariant operator. By (2.6), for each £ € Ny there exists a
matrix op(¢) € C%*9 guch that

~

Pf(0) = op(0)f(0), f € C®(M). (3.1)

We claim that the relation (3.1) remains valid for elements of 2’'(M). Indeed, if w € 2'(M) and {u, },en
is a sequence in C'*°(M) such that u, — win 2'(M), then u,(j, k) — u(j, k), for any j € Ng and 1 < k < d;.

Since Pu, € C*°(M) and Pu, — Pu in 2'(M), then for any j € Ny and 1 < k < d; we have
Pu,(j.k) = Pu(j.k).
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However, Pu,(j,k) = (op(j)Wr(j)),, therefore uy:(j, k) — @(j, k) and Pu,(j, k) = (op()a(4)),. This
shows that Pu(j,k) = (op(j)u(j)), and thus

Pu(f) = op(0)i(0), for all u € 9'(M). (3.2)

Definition 3.1. An operator P : 2'(M) — 2'(M) is globally hypoelliptic on M if the conditions u € 2'(M)
and Pu € C*°(M) imply that u € C*°(M).

To relate the global hypoellipticity of an operator to the behavior of its symbol at infinity, we introduce
the following number.

Definition 3.2. Let 0 € ¥ be a symbol. For each ¢ € Ny, we define
m(o(0)) = inf{||o(£)v|;v € C¥ and |jv| = 1}.

Theorem 3.3. A strongly invariant operator P : 9'(M) — 2'(M) is globally hypoelliptic if and only if there
exist constants L, m and R such that

m(op(j) > L+ \)™", whenever j > R. (3.3)

Proof. Let u € 2'(M) such that Pu= f € C*(M). By (3.2) we have

~

7(6) = op(0)a(e), ¢ € N.

By hypothesis, for each 7 > R, we have m(op(j)) # 0, that is o(j) is invertible for any j > R, and we
can write

u(j) = or(3) " ()
Therefore, if j > R,

1

@) < llor(G) T IHIFG) < mep@)HIFG) < AS + )G

Given N € N, take K € N such that K > N — *. Since f € C*°(M), by (2.3), there is Cx > 0 such
that

IFGII < Cr(1+ M), j € No.

Thus, for j > R,

. 1 o/ C -
[a(5)]] SECK(l—F/\j) /v=K < TK(l—i—)\j) N

It follows from (2.3) that u € C*° (M), therefore P is globally hypoelliptic.

On the other hand, proceeding by contradiction, we will construct an element f € 2'(M)\C*(M) such
that Pf € C°°(M), which will prove that P is not globally hypoelliptic, contradicting the hypothesis.

Suppose that for any L, m, and R, it is possible to find j > R such that

m(o(7)) < L+ A)™".
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In particular, for L = R =1 and m = —v, there is j; > 1 such that m(op(j1)) < (1 + A;,;) "', thus there
exists a;, € C%1 with |aj, || = 1 and |lop(j1)as, || < (1+ X)L

Next, for L =1, R = j; and m = —2v, there is jo > j; such that m(op(j2)) < (14 A;,) "2, thus there
exists a;, € C%2 with |laj, || =1 and |lop(j2)as,| < (14 Xj,) 72

Proceeding by induction, we obtain a sequence {a;, }xen, with a;, € C%, ||la;, || = 1 and
lop(ir)aj. |l < (14 X;,)7F, for all k € N. (3.4)
Now define
oo dg R
f=2220 emer,
£=0 m=1
where

~ a;,, if £ = jp for some k > 1,
f<e>={ "

0, otherwise.

o~

Since ||f(€)]] <1 < (1 4+ Ag), for all £ € Ng, by (2.4) we have f € 2'(M). Moreover, by (2.3) we have

~

f ¢ C>®(M) because ||f(jr)|| =1, for all £k € N.
Now let us prove that Pf € C°°(M). Since P is strongly invariant with respect to E we have

oo djy oo djy,
Pf = 3" PFGr)e;, = 3> (0p(ie) frlie)res,
k=0r=1 k=0r=1

By (3.4) we have
IPFGI = llop (i) FGnl < (14 2) 7"
Let N € N such that 1+ \;, > 1, for all £ > N. Thus for £ > N we have
IPFGRIS (14 A5) 75 < (14 4) 7Y,
and for k£ < N we obtain
IPFGII < (L4 X507 = (1 X) Y (14 2) 7N ke N
Setting Cy = max{(1+ A;, )% :1 <k < N}, then
IPF(i)ll < On(1+ ;)Y ke N.
Thus, by condition (2.3), Pf € C°°(M), which finishes the proof. O

Definition 3.4. The exponent of hypoellipticity of a globally hypoelliptic operator P, denoted h(P), is the
supreme of all m € R such that the condition (3.3) is satisfied. If P is not globally hypoelliptic, we set
h(P) = —oc.

Remark 3.5. If P is a globally hypoelliptic invariant operator, then the property (3.3) holds for all m < h(P).
In particular, if P has order N, then h(P) < N.
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4. Compact Lie groups

Let G be a compact Lie group and g its Lie algebra. By Theorem 3.6.2 of [10], g can be written as

g9=9®3,
where g’ is a Lie subalgebra of g on which the Killing form is negative definite, and 3 is the kernel of the Killing
form. Let (-, )., be the inner product induced by the Killing form and let {Y1,...,Y,} be a orthonormal

basis of g'. For 3, choose any inner product Ad—invariant and consider {Z1, ... Z,,} an orthonormal basis of

3. Observe that the sum of these inner products is an inner product Ad-invariant on g, denoted by (-, ) o

and we have that B={Y1,...,Y,, Z1,...,Z,} is an orthonormal basis of g. One can shows that

La=-Yv2-Y 2,
i=1 j=1

is the Laplacian-Beltrami operator on G for the metric induced by (-, -) o Notice that

m
Lo=0-) 7},
j=1

where 2 is the Casimir element of g, which implies that L5 commutes with any element of g. Let G be
the set of equivalence classes of irreducible continuous unitary representations of G. Since G is compact
we have G is a discrete set. Furthermore, for each equivalence class €] € G we may pick a matricial
representation &; : G — Cdexde a5 representative. We have that the matrix elements of £ are eigenfunctions
of L associated to the same eigenvalue that we will denote by f)\[Qéj], SO

‘CG(gj)mn = _A[ng](gj)mna 1 S m,n S de

Set

{e?}qgkgdj = {\/‘zj(fj)m"}gm,néde ’

where d; := d52j and k represents an entry of the matrix (§;) following the lexicographical order:
(m,n) < (m/,n') <= m<m’ or {m=m'and n <n'}.
Then we have the subspaces
Hj = H[ﬁj] = Span{eﬁ; 1<k < ]} = Span{(&j)mnj 1<m,n< dgj}
By Peter-Weyl theorem, we have that {e%}1<x<; is an orthonormal basis of L?(G) with the norm induced
by the normalized Haar measure of G.
We point out that the condition (2.1) may not be satisfied because it can occurs Aj,) = )\[Ej,] for j # 4.

Since the eigenspaces of the Laplacian L are finite dimensional, a same eigenvalues can repeat only for
finitely many representations and so this is not a problem for the results obtained.
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Let P: D'(G) — D'(G) be a left-invariant operator on G. In Section 6 of [9] the authors show that

™) 0 - 0
0 AR 0
op(j) = : TP(zgj) . : c Cdixdj
0 0 - 7p(&)

satisfies the conditions (iii) and (iv) of Proposition 2.1, where each element 7p(£;) € C% *%; has compo-
nents 7p(j)mn = (PEj,,,)(e), 1 < m,n < dg;, and e is the unit element of G. Therefore P is a strongly
invariant operator on G with respect to Lq.

Assume that 7p(¢;) is a diagonalizable matrix, for each j € Ny. Setting A,.(§;) the eigenvalues of 7p(&;),
1<r< dgj, counted with multiplicity, we have that

m(op(j)) =m(rp(§;)) = min |A.(&)]-

1§r§d§j

By Theorem 3.3, the left-invariant operator P is globally hypoelliptic if and only if there exist constants L,
N and R such that

A (&) > L (§j>N, for all 1 <7 < dg,, whenever j > R,
where (&) = (1 + /\[25”)1/2.
Example 4.1. Let X € g, ¢ € C, and consider the operator
P=X+q.

Here X acts on functions as

d
Xf(z) = —=f(rexp(tX ,
) = Glwenix)|

and it extends naturally to distributions as

<Xuvf> = —<U,Xf>
We have that 7x(§;) is diagonalizable for every j € Ny and its eigenvalues can be written as iA.(§;),
with A.(&;) € R, for all j € Ng, 1 <7 < d,; (see Remark 10.4.20 of [21]).
Thus, P is globally hypoelliptic if and only if there exist constants L, N and R such that
A (&) —ig) > L (&)Y, for all 1 <r < d,, whenever j > R.

In particular, when ¢ € R \ {0}, the operator P = X + q is globally hypoelliptic in G.

Example 4.2. When G = S? we can identify S3 with %NO and the symbol of the neutral operator dy can be
expressed as

Tdo (f) = im(smn,

for all £ € %NO, —<m,n </t {—m,{—n € Ny. Here, the dimension of each eigenspace is dy = 2{+ 1 and



A. Kirilov, W.A.A. de Moraes / J. Math. Anal. Appl. 486 (2020) 123878 9

() = 1+l +1) ~ 142

Hence, the operator P = Jy + ¢ is globally hypoelliptic if and only if there are constants L, N, R such
that

im —ig| > L(1 +0)~,

forall —¢ <m < ¥, £ —m € Ny, whenever ¢ > R.
Therefore P is globally hypoelliptic if and only if ¢ ¢ i%Z, recovering the results from [22].
Consider now the operator P = —Lg + 93. As discussed before, we have that

TP(&)mn = (Ll +1) — m2)(5mn.
Notice that £2 — m? > 0, so
[0(t+1) —m?| > ¢, forall—¢<m</((€iN.

By Theorem 3.3 we conclude that P is globally hypoelliptic with A(P) = 1. On the other hand, for the
operator P = —Lg — 203 we have

7P (&) mn = (L(£ + 1) — 2m*) 6.
Solving the equation £2 + ¢ — 2m? = 0 on /¢, we obtain

_ —14+VI+8m?

¢ 2

which lead us to the Pell’s equation u? —8m? = 1. Notice that (uy,m;) = (3, 1) is a solution of this equation.
Moreover,

Ukl = Uk + 8my
Mp+1 = 3mg + ug

is also solution of u? — 8m? = 1, for all k € N. We have ¢ € N because uy, is even, for any k € N, and
we have m < {. Therefore, the operator P is not globally hypoelliptic because its symbol is singular for
infinitely many indexes.

Example 4.3. Let G = T?(= R?/Z?) be the two-dimensional torus. Since the eigenfunctions of the Laplacian
operator are

(t,z) € T? — (2m) " 2e2™EH1) | with (¢,1) € Z2,

denoting by H ¢, = span{e’™ (172} we have that

LQ(TQ) = @ Ey, where each E;, = @ He -
€N, §24m2=t

Finally, from Remark 2.6 of [9], invariant operators relative to {H )} are also invariant operators
relative to {Ey}.
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Consider now the operator
P =0; + cd,, with ce C

Clearly PLt2 = L12P and P is a strongly invariant operator with (matrix) symbol

(&) =i(§+cen) €C, (&n) € Z?

Since du ., =1 and

((€&m) = VI+E+n* ~ 1+ ¢+ nl),

then P = 0; + cd, is globally hypoelliptic in T? if and only if there are constants C, N, R such that
€+ enl > C(1+ (€] + [n])Y, whenver [] +[n] > R. (4.1)

When Im(c) # 0 the condition (4.1) is satisfied because we have [€ + ¢n| > C, where C' = max{1,Im(c)},
whenever (£,7) # (0,0). If ¢ € Q, we obtain infinitely many pairs (£,7) € Z? such that |€ +cn| = 0, so there
is no R satisfying (4.1). Finally, for ¢ € R \ Q the condition (4.1) is equivalent to say that ¢ is an irrational
non-Liouville number.

Therefore, P is globally hypoelliptic if and only if either Im(c) # 0 or ¢ is an irrational non-Liouville
number.

5. Global subelliptic estimates

We denote by ker P the kernel of a linear operator P : 2'(M) — 2'(M), and by (ker P)g- the kernel of
P in H*(M) which naturally inherits a Hilbert space structure from H?*(M).

Lemma 5.1. Let P be a strongly invariant operator of order d > 0. If ker P C C*° (M) then the dimension
of ker P is finite.

Proof. By Corollary 2.3, P extends to a continuous linear operator from H*(M) to H*~¢(M), for every
s€R. Let i: H*(M) — H*~%(M) be the natural injection, then i maps (ker P)gs onto (ker P).—a, since
ker P C C>(M). It follows from the Rellich-Kondrachov Lemma that the inclusion i : H*(M) — H*~¢(M)
is compact, therefore ker P = (ker P) - = (ker P)ps—a is finite-dimensional. 0O

Proposition 5.2. Let P be a strongly invariant operator. Then, for all j € N, there exists C; > 0 such that

-~ ~

lop(NF DI = CillFG)I, for all f L (ker P)ge.

o~

Proof. First, note that if f L (ker P)ys and f(j) # 0, for some j € N, then

~

llop () f (I # 0.

Indeed, suppose that there are jo € N and fo L (ker P)g- such that ||op(jo)fo(jo)|| = 0 and fo(jo) # 0.
Note that

djo N
f|E>\j0 = Z f(jOa k)e_l;g
k=1
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and, by construction, Pf|Exj = (Up(jo)ﬁ)(jo))TejO =0.
0
This way, f|Ek7, € ker P and <f,f|EAj Yus = 0, since f L ker P. So f(jo) = 0, which leads us to a
Jo 0
contradiction.
Now we prove the proposition. Fixed j € N, suppose by contradiction that there is a sequence of functions

fi L (ker P)g= such that fr(j) # 0 and

lor() RO < LIRG), ke N.

dj
Thus, for hy, = ,\# > fx(j, 7)€} we have hy # 0 and
| £ (D) r=1
T 1
lop DAk < - (5.1)

Moreover

dj

hll2 =31+ X2 R ()2 = dj (1 + 1), k € No.
r=1

Thus, the sequence {hj}ren is limited in H!(M), for all t € R. From the Rellich-Kondrachov Lemma,
we have that {h;} has, for every ¢t € R, a convergent subsequence. In particular, by also denoting {hj} the
convergent subsequence, there exists g € H*(M) such that hy, — g in H*(M), which implies that

lglls = v/dj (1 +x;)*"". (5-2)

Since hy, L ker P, for each k € N, we obtain g L ker P. By continuity of P, we have Phy — Pg. By (5.1),
we have Phy — 0. Thus, Pg = 0 and g € ker P. Therefore, g = 0, which contradicts (5.2). O

For the next result let us recall that the exponent of hypoellipticity h(P) of a globally hypoelliptic
operator P, is the supreme of all m € R such that

m(ap(j)) > L(1+ \;))™", whenever j > R,
where the constants L, m and R are given by Theorem 3.3.

Proposition 5.3. Let P be a strongly invariant operator. If P is globally hypoelliptic, then there is C' > 0,
such that, for all m < h(P), we have

IPflls = Cllflls+m, for all f L (ker P)gs. (5.3)

Proof. Since P is globally hypoelliptic, by Theorem 3.3 and Definition 3.4, for m < h(P), there are L > 0
and R € N such that

m(op(§)) > L(1+ X\))™/¥, for all j > R.
And by Theorem 5.2, for each j € N, there is C; > 0 such that

lop(G)FG) = CilIFG)l, for all £ L (ker P)ye.

Thus
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o0

IPFIZ =D+ 2> llop(G)FG)II?

=0
R—-1
(14 X)>/C511 f (i ||2+Z (14 X)2 /Y L2+ 2)*™ ) £(5) |2
j:l Jj=R
R—1 o]
> C2 Y (1+ X2 FG)P A+ L2 (14 A) 2| £ ()2
j=1 Jj=R

> O A+ NPT GI = CPlf ms

'M8

j=1
where C' = min{C;(1+ X;)"™/*;1 < j < R} and C = min{C,L} >0. O

The last proposition gives a necessary condition for the global hypoellipticity of strongly invariant op-
erators on M. On the other hand, it is easy to prove that if inequality (5.3) holds for any m > 0 and
ker P C C*°(M), then this condition is also sufficient. Therefore, given its importance, we shall highlight
this condition for further reference:

{kerPCC’OO(M) and 3C > 0 such that, if m >0 and s € R (5.4)

then [|Pf|ls > C||flls+m, for all f L (ker P)pys.

Proposition 5.4. Let P be a strongly invariant operator of order d and m > 0. Then P satisfies (5.4) if and
only if there is a constant K > 0 such that

[fllstm < K(Flls +1PFs), | e C(M). (5:5)

Proof. Sufficiency. Recall that P extends to a continuous linear operator on all Sobolev spaces. Therefore,
if f e C>®(M), we can write f = f1 + fo, with f; € (ker P)gs and fy L (ker P)ys. Thus, Pf = Pfy and

112 = 12112 + | f2lI3- In particular, || f]ls = [ f1]ls.
Since ker P C C°°(M), by Lemma 5.1, the dimension of ker P is finite and all the norms on ker P are

equivalent. Therefore, there is K7 > 0 such that

Hg||s+m < KIHQHS, g € ker P.

By (5.4), we have ||Pfalls > C| f2|ls+m, thus

N

”sterf ||f1||s+m+|‘f2”s+m < KlelHS"‘O_lHPbHS
Killfls +C7HPfls < K(Iflls + IIPFls)-

IA

Necessity. Let f € 2'(M) such that Pf = 0. Since 2'(M) = |J, H*(M), then we have f € H*(M) for some
s € R. By (5.5) we have f € H**™(M) and replacing s by s +m we get f € H**?™. By induction we have
feN,H(M)=C>(M), hence ker P C C*(M).

Now, assume that the inequality (5.4) is not valid, then it is possible to obtain a sequence of functions
fj L (ker P)gs such that || f;|ls4+m = 1, for all j € N and ||Pf;||ls = 0, as j — oo.

By the Rellich-Kondrachov Lemma, {f;} has a convergent subsequence f;, — ¢ in H*(M) and, by
continuity, we have Pf;, — Pg in H*~4(M). Since ||Pf;||s — 0, we have ||Pf;|ls—a — 0, therefore Pg =0
and g € ker P. However, f; L (ker P)y- and f; — g € H*(M), hence g L (ker P)ps.
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In this way, we have g € (ker P)gs N (ker P)L, which implies that g = 0. On the other hand, by (5.5),
1= |fjlls+m < K(||fjlls + | Pfjlls)- When j — oo we have 1 < K||g||s = 0, which is a contradiction. So the
inequality (5.4) is true. O

Proposition 5.5. Let P be a strongly invariant operator of order d > 0 and m > 0. Then (5.5) implies that

(5.6)

ker P C C*°(M) and P(C*(M)) is closed
in C°(M) with the 2'(M) relative topology,

that is, if f;,g € C°(M) and Pf; — g in H*(M), for some s € R, then g = Ph, for some h € C*°(M).

Proof. By using the same arguments from the proof of Proposition 5.4, we have ker P C C*°(M). So, let
us show that P(C*°(M)) is closed in C°°(M) with the 2'(M) relative topology.

Let fj,g € C*°(M) such that Pf; — g in H*(M), then we can assume that f; L (ker P)gs, for all j € N.
Indeed, for each f; € C*°(M) we can write f; = fi1; + fo;, with fi; € (ker P)gs and fa; L (ker P)gs. Since
ker P C C*°(M) and f; € C*°(M), we have fo; € C°(M) and Pfo; = Pf; — g.

Let us treat the cases when {||f;||s} is bounded and when {|| f;||s} is unbounded separately.

First assume that {||f;||s} is bounded. Since {Pf;} is convergent in H*(M), the sequence {||Pf;||s} is
bounded and, by (5.5), we have that {||f;||s+m} is bounded. Thus, by the Rellich-Kondrachov Lemma, the
sequence {f;} has a convergent subsequence in H*(M), which we continue to denote {f;}. Let h € H*(M)
such that f; — h in H*(M), by continuity of P, we have Pf; — Ph in H*~4(M). Since Pf; — g in H*(M)
and d > 0, then s — d < s and we have Ph = g.

Finally, by (5.5), [[hlls4m < K(||hlls + | Phlls) = K(||hlls + |glls). Thus, h € H5+™(M). By induction we
have h € (", H*(M) = C>(M).

Now, assume that {||f;||s} is unbounded. Then it is possible to obtain a subsequence, which we continue
to denote {f;}, such that | f;]|s — oc.

Since {||Pf;l|s} is bounded, because Pf; — g in H*(M), setting fj = fi/llfills we have

1Pfills
”f]”s

I1Pfills =

By (5.5), | fillssm < K(|fills + IPf;]ls), which implies that {||f;||s+m} is bounded. Now, by the Rellich-
Kondrachov Lemma, this sequence has a convergent subsequence in H*(M), which we continue to denote
by {fj} Thus, ]?J —t € H*(M) and Pt =0, hence ¢ € ker P.

However, fj 1 ker P in H*(M), thus ¢ L ker P and ¢ = 0. Moreover

[#lls = lim [ f3]ls =1,
Jj—o0

which contradicts the statement of t = 0. Then {|| f;||s} must be bounded, once we take it as perpendicular
toker P. O

Theorem 5.6. Any strongly invariant operator P, defined on M, satisfying condition (5.6) is globally hypoel-
liptic.

Proof. Let P be a strongly invariant operator on M and assume that Pf = g € C°(M), with f € 2'(M).
Since 2'(M) = \J, H*(M), then f € H*(M), for some s € R. By density, we obtain a sequence {f;}; in
C>(M) such that f; — f in H®(M), and therefore Pf; — Pf = g in H*~4(M). Thus, by (5.6), there is
h € C*°(M) such that Ph =g and P(f —h) = Pf — Ph=g— g =0, that is, f — h € ker P.
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Since ker P C C*°(M), we have f —h € C°(M). Thus, f = (f — h) + h € C°(M) and P is globally
hypoelliptic. O
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