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1. Introduction
We consider the initial-boundary value problem for the wave equation
ugg — Au=0,2 € Qt),0 <t < T, (1.1)
with
u(z,0) = ug(x) and us(x,0) = vy (x) for 2 € Q(0) and u(z,t)|[sor) = 0,0 <t < T, (1.2)
where €2(t) is a bounded domain in RV for each ¢ with the boundary 9Q(t). We set
Qt1,t2) = Uy, <1<, Q(t) x {t} and T(ty, ts) = Uy, <p<i, 0(t) x {t}.
We assume that I'(0,T) is sufficiently smooth, say, to be of C? class. Concerning the movement of Q(t) we
first assume that Q(t) is time-like, that is, letting n = (n,, n;) be the outward unit normal at (z,¢) € I'(0,T)
we assume
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Hyp.A
|n:| < |n.| at each (x,t) € T'(0,T). (1.3)

For a function u(z,t) defined on Q(0,T) we say u(t) € C([0,T); H}(Q(t)) if u(t) € H(Q(t)) for each
t,0 <t < T, and u(z,t) has an extension 7(x,t) such that a(t) € C([0,T); H*(RN)) and ti(x,t) = u(w,t) if
(z,t) € Q(0,T). Such a way of definition is applied to other spaces C ([0, T]; L?(2(¢)) and C([0, T]; H2((t))).
We denote L?((t)) norm and innerproduct in L2(Q(¢)) by |lullow) and (u, v)oq), respectively.

The following existence and uniqueness result of strong solution is essentially included in Inoue [3], where
C* solutions for the equation with nonlinear absorbing term u® in Up<i<soQ(t) x {t} C R® x R are
considered.

Proposition 1.1. Let (ug,u1) € C2(2(0)) x CL(Q(0)). Then, under Hyp.A, the problem (1.1)-(1.2) admits
a unique solution u(x,t) such that u(t) € C([0,T]; H*(2(t)) N HL(Q(1))),us(t) € C([0,T); HX((t)) and
une(t) € C([0,TT; L2((1)))-

Combining a density argument and an energy estimate (see (4.8)) we can show the existence and
uniqueness of finite energy solution wu(z,t) for each (ug,u1) € H(2(0)) x L*(Q(0)) such that u(t) €
C([0,T); HE(Q(t))) and w(t) € C([0,T]; L*(Q(t))). These results are essentially included in Cooper [2],
where the case N =3 and I'(0,T") is of C* class is considered. (See also [9].)

The object of this note is to show a unique continuation property for finite energy solution of the problem
(1.1)—(1.2) which asserts that if u(t) = 0 near a certain portion of the boundary I'(0,T") with a large T > 0,
then u(t) = 0 on Q(0,7). To be more precise we set for zg € R,

(0, T)(xo) = {(z,t) € T(0,T)|(x — z0) - np >0} (1.4)

and we take a relatively open set w(0,T) = Up<t<rw(t) x {t} C Q(0,T) such that I't(0,T)(zo) C w(0,T).
We show that if a finite energy solution u(x,t) satisfies u(z,t) = 0 on w(0,T), then u(x,t) =0 on Q(0,T)
provided that T is sufficiently large and (¢) does not move so rapidly with respect to ¢. Our result follows
from an observability estimate (see (5.5)).

Such a unique continuation result is well known when Q(t) = Q, independent of ¢, and has been applied to
control theory and decay estimates (cf. Lions [5], Ruiz [10], Zuazua [12] and [8] etc.). Related problems are
considered by Bardos and Chen [1] when () is expanding and by Miranda [6] when Q(0,T') is changed to a
cylindrical domain Q x [0, T] by changing variables. Recently very general results on boundary observability
estimates for more general wave equations have been established by Shao [11] by use of Carleman estimate
for sufficiently smooth solutions, where it is assumed that Q(¢) is time-like and further, Q(¢1) and Q(t2)
are diffeomorphic for any t1,t5. In this case the existence and uniqueness of finite energy solution is rather
standard, while in this note we do not assume such a diffeomorphism. We also note that our observability
estimate (5.5) holds for finite energy solutions and it is not included in [11].

We would expect any applications of our result here to control theory and decay properties to the wave
equations with some localized dissipations. For the proof of our result we use only elementary multiplier
method which combines the ideas used in Lee [4], Zuazua [12] and Nakao [7-9] etc.

2. Preliminaries
For the outward normal n = (n,,n:) on I'(0,T") we set

Blx,t) = —ngng/|Ina|* (2.1)
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It is easy to see that 3 can be extended as a C! class map 3 : RN x R — RY. We may assume |3(z,t)| < 1
under Hyp.A. We denote Jacobian of the map 3(-,t) : RN — RY for each t by (). We set

rT(T) = sup (18] + VBl + 8| + 6]} (2.2)
(z,t)€Q(0,T)

We note that 3(z,t) can be taken as B(x,t) = 0 and r™(T') = 0 if Q(t) = €, independent of ¢, because
n; = 0 in this case.
For the portion I'" (0, 7")(x¢) of the boundary I'(0, T') defined by (1.4) we take a relatively open set w(0,7T)

in Q(0,T) such that I'"(0,T)(x¢) C w(0,T). We can take a relatively open set @(0,T) = Up<i<7w(t) X {t}
such that T+ (0,T)(z) C @(0,T) and ©(0,T) C w(0,T). Then there exists a C'! nonnegative function n(z, t)
defined on Q(0,T) such that n(z,¢) =1 on ©(0,T), n(z,t) = 0 on w(0,T)° = Up<t<r[w(t)® N Q) x {t}],
0 < n(z,t) <1on Q0,T) and |Vn(x,t)?/n(z,t) < C(T) < oo for (x,t) € Q(0,T) with n(z,t) # 0. We see
that sup, neoor) V@, )] + n(z,t)]) < C(T) < oo. But, we make an assumption:

Hyp.B; There exists a function 7(x,t) as above satisfying

sup (IVn(@, O] + ez, )] + [Vnl* /n(,1)) < C < oo (2.3)
{(@,H)€Q(0. ) n(x.t)70}

with a constant C' independent of T'.

Similarly we can take a C! class vector valued function ¢(x,t) defined on Q(0,T) such that ¢(z,t) = n,
on I'(0, T) (o), () -y > 0on T(0,T) and ¢(x,t) = 0 on (0, T)¢. Further we have sup, 4 e, r) (|0 +
IVo||+|0¢|+]¢'|} < C(T) < 0o, where we note that ¢’ (¢) denotes the Jacobian of the map ¢(-,¢) : RN — RY.
But we make an assumption:

Hyp.B>

There exists a function ¢(z,t) as above satisfying

sup (|| + Ve[| + |¢e] + 4]} < C < o0 (2.4)
(z,6)€Q(0,T)

with a constant C independent of T

Further, to apply Poincare’s inequality we assume:

Hyp.B3 There exists a ball By(t) C RV centered at some zo(t) € R for each t,0 < ¢t < T, with the
radius dyp > 0 independent of ¢ such that Q(t) C By(t).

Now we state our result.

Theorem 2.1. Let (ug,u1) € HE(2(0)) x L?(Q(0)). Then, under Hyp.A, there exists a unique finite energy
solution u(x,t) of the problem (1.1)—(1.2).

Further, under Hyp.B;, i = 1,2, 3, there exist 69,0 < 8y < 1, and Ty > 0 such that if T > Ty, r™(T) < do
and u(x,t) =0 on w(0,T), then we have u(z,t) =0 on Q(0,T)

3. Some integral identities for strong solutions
Let u(x,t) be a strong solution as in Proposition 1.1. We derive some basic integral identities for this

solution.
First, multiplying the equation by u; and integrating it on Q(0,T") we have (cf. [4,7,9])

(utt — Au)uth
Q(0,1)
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= E(T) - E(0) + % / (ne|ug|® + |Vul*ng — 2n, - Vuug)dS
r(0,T)
1 ou 2 9
—B(0)-BO)+5 [ (GaPnnd = inf)as (3.1)
ro,7)

where we set
Et) = 71 12, + || Vu(t)]?
( ) 2(”“7&( )”Q(t) H ( )”Q(t))'

Next, taking a function n € C1(Q(0,T)) independent of the function in Hyp.B; we multiply the equation
by nu and integrating it we have

(uge — Au)nudV
Q(0,1)

= / {(wemu) e — neugu — nlug|* = V - (quVu) + Vu - (uVn + nVu) }dV

Q(0,T)
= (ue(T),n(T)u(T))acr) — (u(0),7(0)u(0))o0)
+ / {(=mus + V- Vn)u + n(|Vul2 — u2)}dV (3.2)
Q(0,T)

Further, taking a vector valued function ¢ € C*(Q(0, 7)) independent of the function in Hyp.Bs, multi-
plying the equation by ¢ - Vu and integrating it we see

/ (ugr — Au)p - VudV
Q(0,17)

1
= / {(wp - Vu)y — uppy - Vu — §¢ - V|w*}Yav
Q(0,T)

+ / {~V (¢ VuVu) + Vu - ¢'Vu + %v (p|Vul?) - %(v - @) |Vul?}dV
Q(0,1)
= (ue(T),d(T) - Vu(T)) ey — (ut(0), d(t1) - Vu(0)) o)

1
+ / {Vu-¢'Vu — usgy - VuldV + 3 / (u? — |Vul?)V - pdV
Q(0,T) Q(0,1)
1 ou\> 2 9
+§ / (8_n) ¢ - ng(ni — ng|?)dS. (3.3)
r'(0,T)
In particular, by (3.1) and (3.3) with ¢ = 8 (= —n¢n,/|n.|? on T(0,T)) we see

/ (’I,Ltt — AU) (Ut + ﬂ . Vu)dV
Q(0,1)

— B(T)— E(0)+ = / (%>2<nt+ﬁ~nx><n?—|nx|2>d5

1(0,T)
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1
+ / {Vu-p'Vu —u B - Vu + i(uf — |Vu)V - gYav
Q(0,1)

where we set
E(t) = E(t) + (w(t), B(t) - Vu(t))aq)-
The above identity implies by the relation n; + 8- n, =0 on I'(0,T),
- 1
E(T) = FE(0) — / {Vu-B'Vu —u8Vu + §(uf — |Vu*)V - g}av. (3.4)
Q(0,T)

We note that E(t) and E(t) are mutually equivalent if |3(t)| = |n¢|/|n.| < 6 < 1 with some constant
d > 0.

4. A basic integral inequality and existence of finite energy solution

We first derive a basic integral inequality concerning the energy E(t) or E(t) for strong solution u(t).
Next we confirm through a density argument based on an energy inequality that there exists a unique finite
energy solution for each (ug,u;) € H(2(0)) x L?(©(0)) and the basic inequality holds for finite energy
solutions.

We take 7 = 1 in (3.2). For a fixed 29 € RY we take ¢ = x— 1 in (3.3). Combining resulted two identities

we have
N N
(2 oz) / lug|2dV + <1+Oz 2) / |Vu|>dV

Q(0,1) Q(0,T)
= —(u(T), (x — x0) - Vu(T))aer) — (ut(T), u(T))acr) + (u(0), (x — x0) - Vu(0))a(o)
2
ralu@u0aw +5 [ (G2) (ne =)o —a0) - neds
ro,7)
1 du\? 2 2
< C(x0,T) (E(O)+E(T))+§ 811) (|na)?® = n2)(x — x0) - nkdsS, (4.1)

I+(0,T)(w0)

with a constant C(xo,T") depending on z¢ and T, where we have used the assumption |n;| < |n;| and
Poincare’s inequality [|u(t)||qu) < d(T)||Vu(t)|lqw,0 <t < T. Note that under Hyp.Bs, both of d(T") = d
and C(xg,T) = C(x¢) are independent of T'.

We can take positive constants €y and « such that

1 N N
60<§and§—1+60§a§3—60.

Then (4.1) yields

T 2
o [ Blos < Can) | BO+E@ +5 [ (G2) (- niias |, (12)
0 +(0,T)(z0)

under Hyp.Bs.
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We proceed to the estimation of the boundary integral in (4.2) under Hyp.B; and Hyp.Bs. We take a
function n(z,t) as in Hyp.B;. Then by (3.2) we see

1
/ n|Vul?dV < C(E(0) + E(T)) + 3 / n|Vul?dV + C / (Jug)* + [u?)aV
Q(0,1) Q(0,7) w(0,T)
and hence,
/ |Vul?dV < C(E(0) + E(T)) +C / (Jue* + [u|*)av. (4.3)
©(0,T) w(0,T)

Next, we take a vector valued function ¢(x,t) as in Hyp.Bs. Then we see from (3.3) that

ou\ > 9 2145
20) (el )

I'H(0,7) (o)

<C / (Jue* + |Vu|?)dV + E(0) + BE(T) | . (4.4)
@(0,T)

It follows from (4.3) and (4.4) that

I+(0,T)
<C|E0)+E(T)+ / (Jue)® + [u>)dV | . (4.5)
w(0,T)
Therefore we obtain from (4.2) and (4.5)
T
/E(s)ds < Cl(zg) | E(0)+ E(T) + / (Jue|® + [u?)dV | . (4.6)
0 w(0,T7)

This is the basic integral inequality for strong solution.
To consider finite energy solution we can use the arguments in Cooper [2]. Indeed, we return to the
identity (3.4) with T replaced by ¢,0 < ¢t < T, which implies the energy inequality

t
E(t) < E(0) + 50(T)/E(s)ds, 0<t<T. (4.7)
0
Since E(t) and E(t) are mutually equivalenton [0, T], that is, there exist constants ko(T), k1(T) > 0 such
that koE(t) < E(t) < k1 E(t),0 <t < T, we have from (4.7)

E(t) < C(T)E(0)e ™ 0 <t <T. (4.8)

Let (ug,u1) € H(2(0)) x L3*(£2(0)) and take a sequence (ugn,u1n) € Ca(Q(0)) x CA(Q(0)) such that
(0., u1,n) = (uo,u1) in (Hg(2(0)) x L?(€2(0)). The problem has a unique strong solution wuy,(z,t) with
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un(0) = ug,, and uy(0) = wuq, (see Proposition 1.1). By the energy inequality (4.8) with u replaced
by U, (t) — uny (t) we see that there exists a function u(x,t) on Q(0,7T) with u(t) € C([0,T]; Hi(2(t)) and
ug(t) € C([0,T]; L2(2(t))) such that u,(t) and u, +(t) are uniformly convergent to u(t) and u.(t) in HJ (2(t))
and L?(Q(t)) on [0, T, respectively. (We extend u,,(t)(z,t) and u, +(z,t) as @, (t)(x,t) = 0, and u, +(z,t) = 0
for © # Q(t).) Thus the function u(x,t) is finite energy solution on (0,7") with u(0) = ug and u:(0) = uy.
The uniqueness of such a solution is assured by Cooper [2] by use of mollifier argument.

By the density argument it is clear that the basic inequality (4.6) and the energy identity (3.4) are valid
for the finite energy solutions.

5. Completion of the proof of Theorem 2.1

It is clear that the identity (3.4) holds with 0 and T replaced by any t; and to, respectively, such that
0 <t; <ty <T. Then, under Hyp.B;, i = 1.2, 3, we have

[ 2 2
s E(@) < int B0+ [ (Tl 4 fuav .1)
Q(0,T)

where we assume that there exists dp > 0 independent of 7' such that r+(T) < dp < 1. It follows from (4.6)
and (5.1) that

T T
/E(t)dt < C(xo){0<irtl£T E(t) + 60/E(t)dt + / (|ue® + |u*)dv}. (5.2)
0 T 0

w(0,T)

We assume that C'(zg)dp < 1/2. Then (5.2) implies

T
< 2 2 . .
(r, it B() (/E Ddt < Clao){ ot B + / (g2 + [uf2)dV} (5.3)
0 w(0,T)
Hence, there exists Ty > 0 such that if 7' > Ty, then
. 2 2
it ) < Clao) [ (Juil + [u)av. (5.4)

w(0,T)

By (5.3) and (5.4) we arrive at the desired observability inequality

/E ﬁ<cm)/(wﬁ+wwM (5.5)

which shows that if u(z,t) = 0 on w(0,T), then E(t) = 0 on Q(0,T), that is, u(x,t) = 0 on Q(0,T). The
proof of Theorem is completed.

6. An open problem

It is an interesting question whether in Theorem 2.1 we can replace the condition u(z,t) = 0 on w(0,7T) by

ug(z,t) =0 on w(0,T) (6.1)
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or not. When Q(¢) = , independent of ¢, it is easy to show that the assertion is valid. Indeed we set
uc(z,t) = u(z, ) * pe(t), where p.(t),0 < e << 1, is a mollifier with respect to ¢t and we set u(x,t) = 0 for
t < 0. Then vc(z,t) = Juc(x,t)/0t = u(x,-) * pe(t) is a solution of the equation (1.1) on [e,T — €] with
ve(z,t) =0 on w(e,T —€) =w X [e,T — €]. Therefore we can apply Theorem 2.1 to see that v.(x,t) = 0 on
Qx (e,T —e¢) for T > T and for any sufficiently small ¢ > 0. Hence we have u;(z,t) = 0 on Q x [0, T]. This
implies u(z,t) = u(x), independent of ¢, on [0,7] and —Awu = 0 on 2. By the boundary condition u|sq = 0
we conclude that u(z,t) = 0 on Qx [0, T']. But when Q(¢) is time-dependent the problem is open at this time.
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