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1. Introduction

For a fixed integer n > 2, let B = B, denote the open unit ball in R". Given o > —1 real and 1 < p < oo, we let
LE =1P(Vy) denote the weighted Lebesgue spaces on B where dV,, denotes the weighted measure defined by

dVe(x) = (1 - [x*)" dV (x).

Here V denotes the Lebesgue volume measure on B. For o = 0, we have LP = Lg = LP(V). For simplicity, we use the
notation dy =dV (y), etc.
For 1< p <oo and o > —1 real, we let

bk =LE Nh(B)

denote the weighted harmonic Bergman space, where h(B) is the space of all harmonic functions in B. In case o =0, we
have bP = bg. As is well known, b? is a closed subspace of L? and hence is a Hilbert space. Since each point evaluation in
B is a bounded linear functional on the Hilbert space b2, for each x € B there exists a unique function RY = R%(x,-) in b2
such that it satisfies the following reproducing formula:

f(x):/f(y)Rﬁ(y)dVa(y), febg.
B

The function RY(y), x, ¥y € B is called the reproducing kernel of bé. One can write R§(y) for a series involving extended
zornal harmonics; see [6]. Note that the kernel RY (y) is real and symmetric. We also have the following estimate of these
kernels:
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IR%(0)| ~ (1= x2) "™ and |R(y)| < [x, y1~ ),

|VyRE ()| < [x, y~ e tD (11)

for all x, y € B. From now on, V, denotes the gradient with respect to y-variable and

[x y1 = /12y + X2 yI2.

Since the function R%(x, y) is bounded in y whenever x is fixed, we can consider the following integral operator

QO,(f)(x):[f(y)R“(x, VdVe(y), fell.
B

It is easy to show that the operator Q, maps Lgl boundedly onto the harmonic Bergman space bfy.
To state our main result, we write p and 8 for the pseudo-hyperbolic and hyperbolic metrics on B, respectively; see
Section 2 for the definitions. The following theorem is our main result in this paper.

Theorem 1.1. Let 1 < p < oo and o > —1. Then the following conditions are equivalent:

(@) f ebh.
(b) There exists a continuous function g € L such that
[f0 = fF] < px, y)[gx) + 2]

forallx,y € B.
(c) There exists a continuous function g € LY, such that

|fx) — FW| < B y)[g®) + 2]

forallx, y € B.

(d) There exists a continuous function g € L?

a-+p Such that
|fx) = fD] < Ix—yI[gx) +g»)]

forallx,y € B.

Analogous result for Bergman spaces of holomorphic functions are proved in [7].

In case p = oo and o = 0, we can replace the harmonic Bergman space b’ by the harmonic Bloch space.

The harmonic Bloch space B is the space of harmonic functions f on B such that the function (1 — [x|2)|Vf(x)]| is
bounded on B. Note that it is a Banach space equipped with norm

Iflls=]|fO)]+ sug(l — xI*) |V

The harmonic little Bloch space By is the space of harmonic functions f € B for which (1 — |x|?)|V f(x)| is vanishing on 9B.
For each o > —1, one can see that Q, : L°° — B is bounded by Lemmas 4 and 5 of [5].
As a companion result for the harmonic Bloch space, we have the following. Here, we denote Cy = Co(B).

Theorem 1.2. The following conditions are equivalent:

(a) f eB (Byresp.).
(b) There exists a continuous function g € L°° (Cg resp.) such that

[fx) = fD] < px g +g()]

forallx,y € B.
(c) There exists a continuous function g € L° (Cq resp.) such that

|[fx) = f| <Bx [ + )]

forallx, y € B.
(d) There exists a continuous function (1 — |x|®)g(x) in L (Cg resp.) such that

|fx) = F| < Ix—yl[g® +g»)]
forallx,y € B.
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In Section 2 we review Mobius transformations and some metrics on B. Also some properties of them are stated and
proved. In Section 3 we prove norm equivalences in terms of radial, gradient and invariant gradient norms. In the last
section, our main theorems are proved.

2. Preliminaries

We first recall Mobius transformations on B. All relevant details can be found in [1, pp. 17-30] or [3]. Let a € B. The
canonical Mébius transformation ¢, that exchanges a and 0 is given by

pa(®) =a+ (1—la]*)(a—x*
for x € B (note ¢4 = —T, in the notation of [1]). Here x* = x/|x|> denotes the inversion of x relative to the sphere dB.
Avoiding x* notation, we have
(1—la®)@—x +]a—xPa
[x, a]? '

Pa(x) =

Here, as elsewhere, we write x - y for the dot product of x, y € R". The map ¢, is an involution of B, i.e., ¢a‘1 = ¢q. The
following results are well-known identities:

x—al
|pa ()| = e

1= [gao” = W 1)
[6ax).a] = 1[;’ f]'z, (22)
Jha(0) = (1[;6'1‘]12‘2) (23)

where J¢, denotes the Jacobian of ¢,.
We now recall the pseudo-hyperbolic and hyperbolic metrics on B. Let p be the pseudo-hyperbolic metric on B defined
by

Ix—yl
*,y)=|py(x)| = .
pl.y)=dy | [x. y]
where
(- XP)x=y) +Ix—yP’x
x(y) = ety
[y, x]
for x, y € B. Also, we write g for the hyperbolic metric on B defined by
1. 1+pxy)
B, y)=slog ———
2 " 1-p&Yy)
for x, y € B.

For a € B and r € (0,1), let E-(a) denote the pseudo-hyperbolic ball with radius r and center a. A straightforward
calculation shows that E,(a) is a Euclidean ball with

(center) 1-r a and (radius) 1-lap r (24)
= ——- 1u = ——:T. .
1—r2|a)? 1—r2|al?

This leads to the next lemma.

Lemma 2.1. The inequalities

1-pxy) _1-x _1+pRxy)

T+poxy) 1—ly? " 1-pxy)
and

1-pkx,y) < [x,a] < 1+ p(x,y)

1+pxy) [y,al 1-pkxy)
hold for x, y,a € B.
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Proof. See Lemmas 2.1 and 2.2 of [3]. O

Note that (2.4) implies that

|Er(@)] =B| 1-aP r ' (2.5)
T —r2ja2 ) '
Here, |E| = V(E) for Borel sets E C B. Consequently, we obtain by Lemma 2.1 an estimate on size of pseudo-hyperbolic
balls: Given §,t € (0, 1), there is a positive constant C = C(é, t, n) such that
IEr1 ()]
|ET2 62]

whenever r1,1p,13 <8 and t <r1/ry <t~ L.
The following relations can be proved by a simple calculation.

<C, yeE,®),

Lemma 2.2. Let x, y € B and y = tx where t is a scalar. Then we have

lim 29X i A%y 1
m = = .
y=xx—yl o y=xlx—yl o 1—|x?

Lemma 2.3. Let 1 < p < oo andr € (0, 1). Then there exists a positive constant C = C(r) such that

C
|f(X)|p < m / |f()’)|pdy

Er(x)

forx € Band f € h(B).

Proof. Note that we see by (2.4) that E(0) is a Euclidean ball with center 0 and radius r. Using Jensen’s inequality and (2.5),
we obtain for f € h(B)

p, 1 »
|Er (0)| / |f(y)’ dy_rn|B| / \f(y)| dy.

Er(0) Er(0)

|fO)]f <

Since [x, y] > |[x — y| > 1 — |x|, we have after replacing f by f o ¢x and making a change of variable,

<! /\f(y)|p<1_|x|2>ndy< flf(y)}pdy
=B [y, x]? S —x? )n

Er(x)

|f©]

for x € B. We have the desired result. O

3. Norm equivalences

The following is change of variable formula for weighted Lebesgue spaces.

Proposition 3.1. Suppose « > —1 isreal and f isin L}x. Then
(1 — |a]?)"te
/f AV, = f £ ey Va0
where ¢ is any Mobius transformation of B and a = ¢ (0).

Proof. Note that

/f(UX)dVa(X)=/f(X)dVa(X) (3.1)
B B

for any orthogonal transformation U on B.
Let a = ¢(0). Then there exists a orthogonal transformation U such that ¢ = ¢qU. From (3.1), we may assume that
¢ = ¢q. Egs. (2.1) and (2.3) imply that
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/f°¢(x)dva(x):/f°¢(x)(1 — 1x1%)% dx
B B
=ff(x) (1= |62} Jpa () dx
(1 — Jaj?)re
f f 00— AVa ).
which completes the proof. O

For o > —1 and c real, we define Iy as follows:

1— 2\a
Ia,c(x):/wdy, X € B.
B

[X, y]n+a+c
The following estimate for I is taken from Lemma 2.5 of [3].

Lemma 3.2. Let @ > —1 and c real. Then

1 ifc <0,
Igc(x)~ { 1—1log(1—1x|?) ifc=0,
11— x>~ ifc>0

for x € B. The constants suppressed above are independent of x.

We use the notation D for the radial differentiation defined by

Df(x):ijDjf(x), xeB

j=1

for functions f € C1(B). Here, D j denotes the partial differentiation with respect to the jth component. It is easy to see
that Df is harmonic if f is. _
For f, a twice differentiable function in B, we define the invariant Laplacian A f by

(Af)X) = A(f o¢)(0), x€B,

where ¢y is a Mobius transformation that exchanges a and 0. The following result explains why the operator A is called
invariant Laplacian.

Proposition 3.3. Let f be twice differentiable in B. Then A( fod)= (A f) o @ for all Mébius transformations ¢.

Proof. For fixed a € B, let a = ¢(x). Then we have

pogx=¢qolU
for some orthogonal transformation U. Note that the Laplacian commutes with orthogonal transformations, namely,
A(folU)=(Af)oU
for f € C%(B); see [2] for details.
Thus we have
A(fod)(x)=A(f opodx)(0) = A(f 0 da o U)(0)
=A(fo¢a)(0) =Af(@)
=(Af)op®.
The proof is complete. O

From a simple computation, the invariant Laplacian can be described in terms of Laplacian and radial derivative as
follows:
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Proposition 3.4. Let f be a twice differentiable in B. Then

Af0=(1—=x2)ANHE +20—2)(1 - XP)DFX)

forx € B.

Proof. Recall that
=P =y +Ix—yPx
Ly, x)? '
For fixed x € B, we write ¢x(y) = (p1(¥), ..., ¢n(y)) where

ox(y) =

A= 1x>) X — yi) + |x — y|2x,
[y, x]?

Direct calculation implies that D j¢;(0) = = 1)8;; and

¢i(y) =

2% (X2 = 1) ifi=],

D2 i(0 ==
i 2xi(1 — x| if i j.

Here and elsewhere §;; is a Kronecker delta. Thus we have by the chain rule

Afod©@ = (1-1x?)* " [(D iDif) (08 Zajk} +>_(Dif)®) Y _(D3i) (0

i, j—l k= i=1 j=1

(1-1xP) Z (D7) (x)+Z<D H)(DF i (0>+Z(D HEY (Dii)0)

i=1 i=1 i#j

= (1) A +2(x2 — 1) Y x(Di HHeo +2m — D(1 — [x2) Y x:(Di )0

i=1 i=1
=(1- P’ AN + 20 —2)(1 = xI)Df 0.

The proof is complete. O

Given f harmonic on B, we define %f(x) of f at x by

V) =V(f o0
for x € B. We call |%f| the invariant gradient of f at x by the following proposition.

Proposition 3.5. Let f € h(B). Then ﬁ f| is Mobius invariant, namely,

V(fop)®|=|(Vop®)]

for any Mébius transformation ¢.

Proof. Note that
A(FP)@ =Y DI P)@ =2 {[D;f 0] + F (D} F) o)
j=1 j=1
=2{|Vf @ +2f A f (X))

for a twice differentiable function f in B.
Let f € h(B). Then we have by (3.2)

A(FP)©0) = A(1f)©0) =2|VFO)* =2V FO)|*.

From this, we have

209 F))> =2|V(f o) 0> = A(1f 0 2 (0) = A(If1) (%)

Combining (3.3) with Proposition 3.3, we obtain the desired result. O

(3.2)

(3.3)
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Lemma 3.6. For f € h(B),

(1—1x2)|Df @] < (1= 1P|V |= [V
holds for all x € B.

Proof. By the Cauchy-Schwarz inequality for R", we have the first inequality. To prove the second inequality, we fix x € B
and write

ox(¥) = (P1(1) ... on(¥)).

where

1—|x*) (i — yi - yI*xi

¢i(}’):( %]7) (x y)2+|x ylx.
[y, x]

Note that

(D) (0) = (]x1* — 1)83j,

where §;; is a Kronecker delta. Also, the chain rule implies

Dj(fod)(¥) = Z(Dif)(¢x(Y))(Dj¢i)(Y)~
i=1
From these facts, we have

2 2

D DiH (P —1)8;

i=1

n

V@ =V op0 @ =D [ (Dif) (D61 (0)

j=1li=1

n

-3

j=1

n
=(1-1x2)*Y|Dif ]’ = (1 - x2)*|VF@ .
j=1
Thus, we have the desired result. O

Theorem 3.7. Let 1 < p < oo and « > —1. Then the following conditions are equivalent:

(a) feb.

(b) (1= x)Df(x) € Ly

(© (L= XDIVFE) € Ly.

(d) IVfl € Lg.

Remark. In case & =0, one can obtain the equivalences of (a)-(c) by some application of Theorem 1.3 of [4].

Proof. Lemma 3.6 shows that (d) is equivalent to (c), and (c) implies (b).
(b) = (a): Assume (b). Taking m =1 and r =« > —1 in the proof of the part || f|| S|/ fllp,m,1 in Theorem 5.1 of [4], we

get
/|f(x)|"(1 - |x|2)“dx§/|1>f<x>|”(1 ) dx+ | F O
B B

so that

/|f(x)|"dva(x)5f|(l —X?)Df (x| dVy ).
B B

From this we have the desired the desired result.
(a) = (d): Assume (a) and fix 8 > « and observe that there exists a constant C; > 0 such that

p/2
V)| = (ZlDig(O)lz) <G f lew|Pdvsy)
i B

for all harmonic g in B; See Corollary 8.2 in [2]. Let g = f o ¢y where x € B. Making a change of variables according to
Proposition 3.1, we obtain
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£ [" = [9(f 0 0 (0)]” = |20)]” < / 2P dVs(y)
B

0 Pdv
=c1/\fozz»x(y)!"dvﬂ(y):a(l — )" %
B

B

An application of Fubini’s theorem and Lemma 3.2 then gives

~ n p
/|Vf<x>|”dva<x><c1/(1—|x|2) i M'ﬁ%de)dvm
B

B

1 2\n+p+a
lef(y)l"d%(y)f%dv(")

F)IP
av
/(1 e Ve

=G [ 156 dvaw)
B
for some constant C; > 0 and all f harmonic in B. Actually, replacing f by f — f(0), we have

/|%f<x>|”dva<x> < czf |f0 — O] dVa®).

B B

This completes the proof. O
For harmonic Bloch space, we have the following result.

Theorem 3.8. Let o > —1. Then the following conditions are equivalent:

(a) f e B (Byresp.).

(b) IVf(x)| € L* (Co resp.).

(©) (1= X)Df(x) € L® (Co resp.).

(d) f=Qqgforsome ge L*® (Cqresp.).

Proof. Lemma 3.6 and Theorem 1.4 of [4] imply that (a) < (b) = (c). Thus we just show that (c) = (d) and (d) = (b).
(c) = (d): Assume (c). This gives f € B by Theorem 1.4 of [4]. We let Sf denote the function defined by

Sf0 =(1—x*)[DfX0) +®m/2+1)fx)]

for x € B. Then we have S : B — L is bounded and SBy C Co. We also have Q.S is the identity on 5 from Lemma 10
of [5]. Taking g = Sf, we have g € L*® and easily check that f = Q4 (Sf). Thus we have the desired result.

(d) = (b): Assume that f = Q4 g for some g e L*°.

Fix x € B. Making the change of variables with (2.1) and (2.3) implies that

fo¢>x(2)=/g(y)R“(¢x(Z),y)dVa(y)

B
= / 2(6x ()R (x(2), (1) (1 = [ )|))* T () dy
B
1—lyPa- |x|2))“<1 - |x|2>"
= X R® x\<£), Px d
/ g(ex())R¥ (o <z>¢(y))( TR TR

B

“( (A= 1yP)* - [x*)"
= [ 2R @@ ) B
B

Using Lemma 3.6 with (1.1) and (2.2), we get
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(1= 1y|H% (1 — |x?)r+ett

Viw| < / |&(6x(1)[[VR* (6x(0), ¢x ()| TR dy
B
1 (1= lyH*( — |x)ntet
<
~ ||g||oo/ [X, pr(y)He+T [y, x]2(+e) dy

[y’ X]rH—a—l :

1— 2)0[
— liglloo f A=Y 4y
B

From Lemma 3.2, we have (b).
Similarly, the left part can be shown, and so its proof is omitted. O

4. Proof of the main theorems

Finally, we prove our first main theorem.

Proof of Theorem 1.1. (b) = (a): Assume (b) and fix x € B. For a scalar t, write y = tx. Then we have
If@) — fDI _ P&, y)
x—yl " x—yl

for all x, y € B with x# y. Let y approach x in the radial direction. Applying Lemma 2.2, we have

[gx) + 2]

(1—1x?)|Df 0] <28

for all x € B. According to Theorem 3.7, we have desired result.
(@) = (b): For any f € b’ and for any x € B, we have

1
f(X)—f(0)=/x~Vf(tx)dt.
0
For a fixed r € (0, 1), let p(x, 0) <r. Then we have

|[fx) = FO)| < IxIsup{[Vf )| ¥y € Er(0)}.
Note that |V f(y)| ~ |§f(y)| for y € E-(0). So, there exists a positive constant C; = C1(r) such that

|f®) — FO)] < C1ox, 0)sup{|VF(»)]: ¥ € Er(0)

for all x € E-(0).
Replace f by f o¢, then replace x by ¢y (x) and use the Mébius invariance of the pseudo-hyperbolic metric and Propo-
sition 3.5. Then we obtain

|f®) = fF)] < Cip&. y)sup{|Vf@)|: z€ Er ()}
for all x, y € B with p(x,y) <r. Let
[f )l

g ="—"—+0C sup{|Vf@)|: ze Ex(x)}.

Thus g is continuous on B and

|f@) = f)] < px y[g® + 8]

for all x, y € B.
Now, it remains to show that g € L. Let

_

r

gx) +h®),

where h(x) = Cq sup{ﬁf(z)l: z € E;(x)}. Since f e LP, it suffice to show that h € L?. By Lemma 2.3, there exists a positive
constant Co = C»(r) such that

C2

p e —
MOTS A ey

1
/h(Y)de§W / V)| dy

Er(x) Er(0)
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for all x € B. Let xx denote the characteristic function of the set E(x), then we have

1
h(")"ﬁm/Wf(J’ﬂpr(J’)dy
B

for all x € B. Using Fubini’s theorem, we obtain

/ h(P Ve () < f (1— x2)P e / IV £ )P x) dy dx

B

f Mk f )Py (x) dxdy

/ Vi / )P dxdy.
Er(y)

Combining this with Lemma 2.1, we have

/h(X)pdVa(X)S/Wf(y)lp( ly12)" " dy.

B B

This implies that h € L} by Lemma 3.7. Thus, we have (b).
(b) = (c): Since p < B, if the condition (b) holds then the condition (c) holds for the same function g.
(c) = (a): If the condition (c) holds, then we have by Lemma 2.2

(1-1xP)|Pf )] < 2g(x)

for all x € B. Thus Lemma 3.7 implies (a).

(d) = (a): Assume that (d) holds, namely, there exists a continuous function g € L?_ _ such that

a+p
[fx) — fF] < Ix—yl[g® + 8] (4.1)

for all x, y € B. Letting y approach x in the direction of a real coordinate axis we have

af
—(x)|<2g(x), 1<k<n
axk

so that

|Vfx)|<2vngx)

for all x € B. This together with the assumption g € L(HlJ implies that (1 — |x|%)|V f(x)| is in LE. Thus we have f e b} by
Theorem 3.7.

(b) = (d): Assume (b). Since p(x,y) = |x — y|/[x, y], we have by the assumption there exists a continuous function
h e LY such that

h h
|F®) = FO)| < p&x W) +h(y)] = |X_y|{ ® . (y)}.

[x,y]  [y,x]
Note that

X
X yl= |0 =Yl = 1= Ixllyl

for all x, y € B. Thus we have

h(x) h(y)
T 1yl

|f(X)—f(y)|<IX—y|{ }=IX—y|[g(x)+g(y)],

where
h(x) < 2h(x) .
1— x| ~1—1x?

g =

Since h € LY, we have g e LY, . The proof is complete. O

a+p*

In the same manner we can prove Theorem 1.2.
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Proof of Theorem 1.2. (a) = (b): For any f € B8 and for any x € B, we have
1

F®) —f(0)=/X~Vf(tx)dt.
0

For a fixed r € (0, 1), let p(x,0) <r. Then we have

|fx) — f(O)| < IxIsup{|Vf()]|: y € E(0)}.

Note that |V f(y)| ~ |§f(y)| for y € E-(0). So, there exists a positive constant C; = C1(r) such that

|f %) — FO)] < C1ox, 0)sup{|VF(»)]: ¥ € Er(0)

for all x € E-(0).
Replace f by f o¢, then replace x by ¢y (x) and use the Mébius invariance of the pseudo-hyperbolic metric and Propo-
sition 3.5. Then we obtain

|F@) = fFW| < Cip&, y)sup{|Vf@)|: z€ E-(x)}
for all x, y € B with p(x,y) <r. Let

@

g ="——+0C sup{|Vf(2)|: ze Er(»)}.

Thus g is continuous on B and

|fx) — F| < p&x »[g®) + 8]

for all x, y € B.
Now, it remains to show that g € L*°. Let

|f )]

r

g = +h(x),
where h(x) = Cy sup{|§f(z)|: z € Er(x)}. By Theorem 3.8, we have h € L*° and f = Qqg for some g € L*°. From the bound-
edness of Q, on Lé, we get f e L™,

All the other proof is followed by the same method as in the proof of Theorem 1.1 with Theorem 3.8. The proof is
complete. O
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