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with prescribed good properties is allowed. Finally, approximation schemes using these
generalized sampling formulas are included.
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1. Statement of the problem

The classical Whittaker-Shannon-Kotel'nikov sampling theorem states that any function f band-limited to [—1/2,1/2],

ie, f(t)= f_lﬁz T(W)ezm“’” dw, t € R, may be reconstructed from its sequence of samples {f(1)}necz as

f@ = Z fm)sinc(t —n), teR,

n=—o0

where sinc denotes the cardinal sine function, sinc(t) = sinzt/mt. Thus, the Paley-Wiener space of functions band-limited
to [—1/2,1/2] is generated by the integer shifts of the sinc function. The WSK sampling formula has its counterpart in d
dimensions. It reads:

f®)y="Y" fl@)sinc(ty —a1)...sinc(tg — aq), t=(t1,....tg) R,
aeZd
where now the function f is band-limited to the d-dimensional cube [—1/2,1/2)¢, ie. f(t) = f[—1/2,1/2]d T(x)eZ”iXdex,

teRY
Although Shannon’s sampling theory has had an enormous impact, it has a number of problems, as pointed out by
Unser in [28,29]: It relies on the use of ideal filters; the band-limited hypothesis is in contradiction with the idea of a finite
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duration signal; the band-limiting operation generates Gibbs oscillations; and finally, the sinc function has a very slow
decay, which makes computation in the signal domain very inefficient. Besides, in several dimensions it is also inefficient to
assume that a multidimensional signal is band-limited to a d-dimensional interval.

Moreover, many applied problems impose different a priori constraints on the type of functions. For this reason, sampling
and reconstruction problems have been investigated in spline spaces, wavelet spaces, and general shift-invariant spaces. See,
for instance, [1,29,36] and the references therein.

In many practical applications, signals are assumed to belong to some shift-invariant space of the form: V% =
span;2{p(t — ): a € Z9} where the function ¢ in L2(RY) is called the generator of Vé. Assuming that ¢ € L>(RY) is a
stable generator, i.e., the sequence {¢(t — a)},cz¢ is a Riesz basis for V;, the shift-invariant space V; can be described as

Vo= i > aup(t —a): {ag) € £7(2%) } C L*(RY). (1)
ae7d

On the other hand, in many common situations the available data are samples of some filtered versions of the signal it-
self. This leads to generalized sampling (or average sampling following some recent authors [3]) in Vé: Suppose that s linear
time-invariant systems (filters) £j, j=1,2,...,s, are defined on the shift-invariant subspace V; of L2(RY). In mathematical
terms we are dealing with (continuous) operators which commute with shifts. The goal is to recover any function f in V;
from an appropriate subsequence of the set of samples {(L; f)(®)}yczd, j—1.2,.. s Dy means of a sampling formula which is
a frame expansion in Vé. Recall that a sequence {f,} is a frame for a separable Hilbert space H if there exist two constants

A, B > 0 (frame bounds) such that

AIFIP <Y f) P <BISFI? forall f M.

Given a frame {f;} for H the representation property of any vector f € H as a series f =, ¢ fs is retained, but, unlike
the case of Riesz bases, the uniqueness of this representation (for overcomplete frames) is sacrificed. Suitable frame coef-
ficients ¢, which depend continuously and linearly on f are obtained by using the dual frames {g,} of {f,}, i.e., {gn} is
another frame for H such that f =3 (f, g:) fn = ,(f, fn)gn for each f € H. For more details on the frame theory see
the superb monograph [5] and the references therein.

Under appropriate hypotheses, any function in a shift-invariant space in L2(R%) can be recovered from its samples in the
lattice Z9 of RY (see [26]). If we sample the function on the sub-lattice MZ, where M denotes a matrix of integer entries
with positive determinant, we are using the sampling rate 1/(det M) and, roughly speaking, we will need the generalized
samples {(L;jf)(Ma)}yeze, jo1,2,..s from s> detM linear systems L; for the recovery of f. The one-dimensional case has
been treated in [8,12,30]: Under suitable hypotheses, we can recover any function in V(f, from the sequence of generalized
samples {(L; f(rn)}nez, j=1,2.....s, Where the number of channels is s >r eN.

In this work we obtain, in the light of the L%(R%)-theory, sampling formulas for V; of the type

S
f@©) = (detM)Y " > (L;f)(Ma)Sj(t — Ma), teR%, 2)
j=1aezd

where the sequence of reconstruction functions {S;(- —M®)}yczd, j_1,2.. s forms a frame for the shift-invariant space Vé. To
this end, first observe that the shift-invariant space V(f] is the image of L2[0, 1) under the isomorphism 7, : L?[0, 1)¢ — V%,

which maps the orthonormal basis {e*Z”"“T"}aeza for L2[0, 1) onto the Riesz basis {¢(t — o)} yezd for V‘f,.
Next we express the generalized samples {(L;f)(Ma)}ycza j—1 2, s @s the inner products of the function F = Zp‘lf €
L2[0, 1) with respect to a particular frame in L2[0, 1)%. Searching for its dual frames we obtain those expansions for F in

L2[0,1)? having the samples {(Ejf)(Mot)}O[eZd’]-:LzmS as the frame coefficients. These frame expansions have precisely

the form
N
F=detM) Y Y (L f)(Maydj(e 27 M™% i [2[0, 1), (3)
j=1aezd
where the functions d; € L2[0, l)d, j=1,2,...,s, are obtained by solving a matrix equation
[di(x),...,ds®] Gx) =[1,0,...,0] ae.in [0,1)", (4)

where G(x) is an s x (det M) matrix of functions defined in [0, 1)? (the so-called modulation matrix in the filter-bank jargon)
which only depends on the generator ¢ and on the systems £;, j=1,2,...,s (see (12) infra).

Finally, applying the isomorphism 7, to the frame expansion (3) for F we will obtain the aforesaid sampling expansions
for f =7,F in V], where S; =7ydj, j=1,2,...,s.
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Besides, the perturbation theory for frames gives generalized irregular sampling for appropriate sequences of perturbed
generalized samples {(L; f)(Ma +&ja)}qezd, j=1.2,.. s

Moreover, in the oversampling case, i.e., whenever s > det M, we are dealing with overcomplete frames and several
different dual frames allow us to obtain a variety of reconstruction functions. Thus we can try to find some reconstruction
functions Sj, j=1,2,...,s, with “good properties", such as compact support, exponential decay, etc. As one can see in the
present paper, this relies on the search of solutions of Eq. (4) with prescribed properties. From a mathematical point of
view, this is equivalent to solving Eq. (4) whenever the entries of the matrix function G(x) belong to a prescribed algebra of
functions.

On the other hand, as pointed out in [21] by Lei et al., there are many ways to construct approximation schemes with
shift-invariant spaces. Among them, they cite cardinal interpolation, quasi-interpolation, projection and convolution (see
also [4,17,18]). This paper shows that a generalized sampling formula like (2) allows to construct an L2(R%)-approximation
scheme as follows: For a suitable smooth function f (in a Sobolev space), consider the operator I', formally defined as

() :=(detM) Y " > " (L;/H(Ma)Sj(t — Mar), teR’.

j=1aezd

The aim is to obtain a good approximation of f by means of the scaled operator I'"* given by I' := opl" oy, where
onf := f(-/h), h > 0. For f in an appropriate Sobolev space we obtain an estimation for the L?-approximation error of the
type | I f — flla = O(h") as h — 0%, where r € N denotes the approximation order which coincides with the order of the
Strang-Fix conditions satisfied by the generator ¢.

Looking for an estimation like the one above with respect to the L°-norm leads to extend the sampling formula (2) to
the larger space

Vo= span~{p(t—a): ae Zd}.

Thus, for any function f in an appropriate Sobolev space, we obtain an analogous estimation for the L°°-approximation
error: Namely, |[I"f — flloo = O(h") as h — 01 where now the approximation order r depends both on the order of the
Strang-Fix conditions satisfied by the generator ¢, and on the greatest order of the partial derivatives appearing in the
systems Lj, if any.

All these steps will be carried out throughout the remaining sections.

2. Introducing multivariate generalized sampling in V;

In this section we introduce the needed preliminaries on the shift-invariant space V2, on the linear time-invariant
systems L;, and on the lattices in Z% in order to derive a generalized sampling theory in V(f]. Moreover, we study some
sequences in L2[0, 1)¢ which play a crucial role in what follows.

2.1. Preliminaries on the shift-invariant space V(%

Let ¢ € L2(RY) be a stable generator for the shift-invariant space

V; = { Z Ae®(- — &) {ag)yepd € ZZ(Zd)} c L2(RY),

ae7d

i.e, the sequence {¢(- — )}z« is a Riesz basis for V2. A Riesz basis in a separable Hilbert space is the image of an
orthonormal basis by means of a bounded invertible operator. Recall that the sequence {¢(- — )}, 7« IS a Riesz sequence

in L2(RY), i.e., a Riesz basis for V(f, if and only if

0<lIPllo < [[Plloo < 00,

where ||®]|o denotes the essential infimum of the function & (w) := ZﬁeZd |@(w + B)|? in [0, 1)4, and ||@ ||« its essential
supremum. Furthermore, ||@|p and ||®@ |~ are the optimal Riesz bounds [5, p. 143].

We assume throughout the paper that the functions in the shift-invariant space Vé are continuous on RY. Equivalently,
that the generator ¢ is continuous on RY and the function D ezt ot — «)|? is uniformly bounded on RY (see [26,36]).
Thus, any f € V; is defined on R as the pointwise sum f(t) = Y wezdGa@(t —a) for each t € R,

Besides, V(f, is a reproducing kernel Hilbert space (RKHS) since the evaluation functionals are bounded in Vé. Indeed, for
each fixed t € RY we have

Il FII?

2
D|" <
o] 21l

e -, fev, (5)
aecZd
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where we have used Cauchy-Schwartz’s inequality on f(t) =", ¢ da@(t — @), and the Riesz basis condition
I2lo Y laa? < IfIP<IPloo Y laal®, feVy.
aezd aezd

Inequality (5) shows that convergence in the L?(RY)-norm implies pointwise convergence which is uniform on R¢.

The reproducing kernel of V; is given by k(t,s) = >, cz1 @ (t —)@* (s — o) where the sequence {¢*(- —a)},cz¢ denotes
the dual Riesz basis of {¢(- — &)},z4. Recall that the Fourier transform of the function ¢* is OF=¢/P.

On the other hand, the space V is the image of L2[0, 1)? by means of the isomorphism 7, : L?[0, 1) — V2 which maps

the orthonormal basis {e*Z”i“T"}and for L2[0, 1)¢ onto the Riesz basis {¢(t — @)}, cza for V(f,: For F € L%[0, 1)¢ we have

(T,F)0:=) Fa)pt —a), teRY

ae7d

where F(x), a € Z¢, are the Fourier coefficients of F, i.e., for each o € Z¢, F(a) := Jio.1ye F(x)e2mia X gx.
Notice that any function f =7,F in V2, where F € L2[0, 1)¢, can be expressed as

FO=(F, Zo(t, ) 219105 tERY,

where Z¢ denotes the Zak transform of ¢. Recall that the Zak transform of f e L?(R%) is formally defined in R as
(Zf)(t,x) := ZﬁeZd fae+ ﬂ)e*Z”iﬂTx. See [15] for properties and uses of the Zak transform.
The following shifting property of 7, will be used later: For F € L?[0, 1) and « € Z% we have

To[FOe @ () = T,[FIt — ), teRd (6)
2.2. The linear time-invariant systems L ;
We consider s linear time-invariant systems £; in L2(R%) such that Lif=hjxf, j=1,2,...,s, of the following types:
(a) The impulse response h; of £; belongs to L'(RY) N L2(RY). Thus, for any f € Vv we have
0O =1 +h)O = [ fone-ndx. cer.

Rd

(b) The impulse response h; is a linear combination of partial derivatives of shifted delta functionals, i.e.,

LifH®y =Y c;pDPft+djp). teR™
IBISN;

If there is a system of this type, we also assume that ", d |DPo(t — ar)|? is uniformly bounded on RY for || < N;.

Whenever the linear system L; is of type (a), the Minkowski inequality for integrals shows that the sequence
{(Ljo)(t + Bl gege € 22(79%) for any fixed t € RY (see [12, Lemma 1]). Trivially, the same applies for L of type (b). There-

fore, for any fixed t € R4, the function (ZLjp)(t,x) := Z‘%Zd (Lip)(t+ ﬂ)e’szﬂx belongs to L2[0, 1) and the following
expression for £; holds: For any f=7,F € V‘f, we have

(LiN)©) =(F, ZLjp(t, V) 210 s tERY. (7)

The proof is analogous to the one of [12, Lemma 2]. In particular, for any « € Z¢ we have

(Lif)@) =(F. ZLjp(0, )e 2") 0= / F(g;(x)e™ X dx, 8)
[0.1)4
where the functions gj, j=1,2,...,s, given by
g0 =ZLip0.0 = Y (Lip)(Ble P * e 12[0, 1), 9)
Bezd

will play a central role throughout this paper.
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2.3. Lattices in Z4

Given a nonsingular matrix M with integer entries, we consider the lattice in Z¢ generated by M, i.e.,

Lat(M) := {Ma: « € 2%} c Z°.

Without loss of generality we can assume that detM > 0; otherwise we can consider M’ = ME where E is some d x d
integer matrix satisfying det E = —1. Trivially, Lat M = Lat M’. We denote by M T and M~ the transpose matrices of M and
M1 respectively. The following useful generalized orthogonal relationship holds (see [31]):

Yoo

owia TMTk { detM, o €lat(M),
keN'(MT)

0, o € 79\ Lat(M), (10)

where
NMT):=Zn{M"x: xe[0,1)}.

The set A'(MT) has detM elements (see [31] or [32]). One of these elements is zero, say i; = 0; we denote the rest of
elements by iy, ..., igetp ordered in any form.
Note that the sets, defined as Qi :=M~ iy + M~ 1[0, 1)%, k=1,2,..., det M, satisfy (see [32, p. 110]):

detM
QN Q=0 ifk#k and VOl( U Qk) =1.
k=1
Thus, for any function F integrable in [0, 1)¢ and Z9-periodic we have f[o,l)d F(x)dx = Zgiﬂm ka F(x)dx.
Given s linear time-invariant systems Lj, j=1,2,...,s, the aim is to recover any function f € Vé from its generalized
samples at a lattice Lat(M) of Z¢, i.e., from the sequence of samples {(LiH (M)} yepa j—1.2.. s EQ. (8) gives

[ _
(Lif)(Mar) =(F, gj(x)e 2mia M X>L2[0,1)d’ e¢ecZand j=1,2,...,s. (11)

As a consequence, the recovery of the function F = ’Z:p_lf € 12[0,1)¢, and hence of f e V%, from the sequence of gen-
eralized samples leads us to study the properties (completeness, Bessel, frame, or Riesz basis properties) of the sequence

— i TMT )
{gj(x)e—Zma M X}and,jzl,Z,...,s in L2[0, 1)d~

2.4. The sequence {gj(x)e*”""‘TMT"}aezdij:m’_ws in 12[0,1)¢

Next, we carry out the study of the completeness, Bessel, frame, or Riesz basis properties of the sequence
{gj(x)(fz’f""‘TMT"}OZEZﬂI’J-:umS in L2[0, 1)?. To this end, we introduce the s x (det M) matrix of functions

810 g1(x+M~Tix) - gi(x+ M Tigerm)
20 gx+MTi) - g2+ M Tigem) T
G(x) := ) ) ) ) =[gj(X+M lk)] j=1,2,08 (12)
. . . . k=1,2,...,detM
gs(®) gs(x+M7Tiz) - go(x+ M Tigecm)

and its related constants

Ag := essinf Amin[G*(0)G(X)], Bg := esssup Amax[G* (X)G(x)],
XE[O,l)d XE[O,])d

where G*(x) denotes the transpose conjugate of the matrix G(x), and Anj, (respectively Amax) the smallest (respectively the
largest) eigenvalue of the positive semidefinite matrix G*(x)G(x). Observe that 0 < Ag < Bg < 0o. Note that in the definition
of the matrix G(x) we are considering the Z9-periodic extension of the involved functions g j=12,...,s.

The following result remains true for arbitrary functions g; in L%2[0,1)%, j=1,2,...,s, not necessarily given by (9).

Lemma 1. Let g; be in L2[0, )4 for j=1,2,...,s and let G(x) be its associated matrix as in (12). Then:

(a) The sequence {gJ-We‘Z”"“TMT"}aEﬂjzuws is a complete system for L2[0, 1)¢ if and only if the rank of the matrix G(x) is
detM a.e. in [0, 1)4.

(b) The sequence {Me’*z”""‘TMT"}aezdy j=1.2....s is a Bessel sequence for L2[0, 1)% if and only if gj € L*°[0, 1)¢ (or equivalently
Bg < o0). In this case, the optimal Bessel bound is Bg/(det M).
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(c) The sequence {g, (x)e~ —2ia’MT Maezd. j=1,2,....s is a frame for L2[0, 1)4 ifand only if 0 < Ag < B¢ < oc. In this case, the optimal
frame bounds are Ag/(det M) and BG/(det M)
(d) The sequence {g; (x)e‘zm‘" M7 Maezd. j=1,2,....s is @ Riesz basis for L2[0, )? if and only if it is a frame and s = det M.

Proof. Properties (a), (b) and (c) depend on the behaviour of the ¢?-norm of the sequence of inner products
{(F, g]-(-)e‘z’”“)‘T’V’T')Lz[oyl)d}MZHY]»21’2,””S for any function F € L?[0, 1)%. First, we obtain a representation for this ¢2-norm

by using that the sequence {eZ”i“TMT"}aezd is an orthogonal basis for L2(M~ [0, 1)%). For any F € L2[0, 1)¢ we have

detM

——_—2mia " MT _ 2miaTMT _ 2miaTMT
<F(x),gj(x)e i X>L2[0,1)d — / F(x)gj(x)e i Xy = Z /F(X)g (e Tio X dx
[0.1)¢ k=1q,
detM
= 3 F(x+ M) gj(x+ M~ Tig)e? e M X gy, (13)
M-Tio,1yd K=
where we have considered the Z4-periodic extension of F. Then,
S - 1 s detM 2
= —27ia ™M T, T,
DO |F. gie 2 X>L2[0,1)d| Sethi DU Fx+ M Tip)gj(x+ M Tii) :
j=laezd j=11 k=1 12(M-T[0,1)%)

Denoting F(x) := [F(X), F(x+M~Ti3), ..., F(x+ M Tigerm)]" the equality above reads

S
> Zd |(F(X)’me_zmaTMTx>L2[o,1>d| detM HG(X)F(X)HLZ(M T10,1)4)° (14)
Jj=1 aeZ!

where we have denoted LZ(M~T[0, 1)?) := L2(M~T[0, 1)?) x --- x L2(M~"[0, 1)%) (s times) with the usual norm.

On the other hand, using that the function g; is 74-periodic, we obtain that the set {gj(x + M~ Tip + M~ Tiyp),
gix+ M Tig + M~ Tiy),...,gj(x + M~ Tix + M~ Tigerm)} has the same elements as {gj(x + M~ Ti1), gj(x + M~ Tiz), ...,
gj(x + M~ Tigecp)}. Thus the matrix G(x + M~ Ti) has the same columns of G(x), possibly in a different order. Hence,
rank G(x) = det M a.e. in [0, 1)? if and only if rankG(x) = det M a.e. in M~ [0, 1)4. Moreover,

Ag= essinf Amm[G*(x)G(x)] Bg= esssup Amax[G*(X)G(X)]. (15)
xeM~T[0,1) xeM-T[0,1)d

To prove (a), assume that there exists a set 2 € M~ 1[0, 1)¢ with positive measure such that rankG(x) < det M, x € £2.
Then, there exists a measurable function v(x), x € £2, such that G(x)v(x) =0 and |v(x)| =1 in £2. This function can be
constructed as in [20, Lemma 2.4]. Define F € L2[0, 1)¢ such that F(x) = v(x) if x € £2, and F(x) =0 if xe M~ [0, 1)¢ \ £2.
Hence, from (14) we obtain that the system is not complete. Conversely, if the system is not complete, by using (14) we
obtain a F(x) different from 0 in a set with positive measure such that G(x)[F(x) = 0. Thus rankG(x) < det M on a set with
positive measure.

Parts (b) and (c) in Lemma 1 have been proved in [12, Lemma 3] for the univariate case. By using (14) and (15), the
proofs for the general case are completely analogous.

To prove (d) we assume that det M = s and that the sequence is a frame. We see that it is also a Riesz basis by proving
that the analysis operator

.72 d 2 — T e—2miaTMT
AP0, D) = £, A(F):={({F(), gj(e~ 2™ X)LZ[O,l)d}and,j:I,Z,.“,s
is surjective (see [5, Theorem 6.5.1]). To this end, notice that when detM = s the matrix G(x) is a square matrix and
hence, the condition Ag > 0 implies that the inverse matrix G~!(x) exists and its entries are essentially bounded. Let
{¢j.alaezd, j=1,2,.. s De an element of €2 For j=1,2,...,s we define the function

£(0) = (detM) Y ¢jqe 2T Mx,
aecZd
and let F be the function such that F(x) = G~ '(X)[£1(X), ..., &(x)]T, x € M~ T[0,1)%. This function belongs to L2[0, 1)¢

because the entries of G~1(x) are essentially bounded. We have that G(x)F(x) = [£1 (%), ..., &(x)]T, and using (13) we obtain
that
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detM
(F(x), gj(xpe27ie MTx) — > F(x+M i) gi(x+ M T i) i M X gy
M-T[0,1)d k=1
= f Ei(e2Te M X gy — ¢,
M-T[0,1)4

Cm;versel};vl ass;me that (the) sequeglce {gj(x)e‘Z”i“TMT"}%Zd!j:uw_s is a Riesz basis. Let { fj o}yeza j1,2,.. s De its dual
Riesz basis. Then, by using (13) we obtain

detM
Z fj/’O(X + M_Tik)g]-(x + M—Tik)eZJ'riaTMTx dx = 8¢,08j, jt -
M-Tlo,1)d k=1
Therefore, for j, j/=1,2,...,s, we have
detM
> frox+M i) gij(x+ M~ Ti) = (det M)s; ;  ae. in [0, 1)".
k=1

Thus the matrix G(x) has a right inverse; in particular, s < det M. As a consequence of (a) we have s > det M and, finally,
s=detM. O

Next we discuss the meaning of Lemma 1, whenever the functions g;j, j=1,2,...,s, are given by (9), in terms of the
average sampling terminology introduced by Aldroubi et al. in [3]. Thus, following [3], we say that:

1. The set of systems {L1, Ly, ..., Ls} is an M-determining filtering sampler for V; if the only function f € V(f) satisfying
Lif(Ma)=0forall j=1,2,...,sand @ € Z4 is the zero function.

2. The set of systems {L1, L3, ..., Ls} is an M-stable filtering sampler for V(f) if there exist two positive constants C; and
Cy such that

N
GIFIP <Y Y |gif M) < CaollfI? forall f e V2.

j=laezd

If {1, L2,..., L} is an M-stable filtering sampler for V;, then any function f € V% can be recovered, in a stable way, from
the sequence of generalized samples. Roughly speaking, the operator which maps f € V(f, into the sequence of samples
{‘ij(Ma)}OlEZd,j=1,2....,$ has a bounded inverse. An M-determining filtering sampler for Vé can distinguish between two

distinct functions in V(f,, but the recovery is not necessarily stable. Notice that from (11), parts (a) and (c) of Lemma 1 read
as follows:

1. The set of systems {L1, L3, ..., Ls} is an M-determining filtering sampler for V% if and only if rank G(x) = det M a.e. in

[0, H? (and hence, necessarily, s > det M).
2. The set of systems {L1, L3, ..., Ls} is an M-stable filtering sampler for V(f) if and only if 0 < Ag < Bg < 0.

These properties can be expressed in terms of the function det[G*(x)G(x)]. Indeed, as rank G(x) = det M if and only if
det[G*(x)G(x)] # 0, we have that the set of systems {L1, L3, ..., Ls} is an M-determining filtering sampler for V‘f) if and
only if

det[G*(x0GX)] #0 ae. in [0, )7,

Provided that the function g; € L*°[0, 1)¢ for each j=1,2,...,s (or equivalently B¢ < o0), since det[G*(x)G(x)] is the
product of the eigenvalues, we have that

])detM ])(detM)—l

(Amin[G* (0)G(x) < detG* (X)G(X) < (Amax[G*(X)G(X)
JetM 1 in[6* (6]

and therefore, the set of systems {L1, L3, ..., Ls} is an M-stable filtering sampler for Vé if and only if

Amin[G* (0G|
<B

essinf det[G*(x)G(x)]| > 0.
xe[0,1)4
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If the functions gj, j=1,2,...,s, are continuous on RY, the above condition reads: det[G*(X)G(x)] #0 for all x € [0, 1.
Hence, the set {£1, Ly, ..., L} is an M-stable filtering sampler for V% if and only if

rankG(x) = detM for all x € [0, 1)°. (16)

3. Generalized sampling in V;,

In the above section we have proved that, provided that the functions g; € L*°[0, 1)d for each j=1,2,...,s, the set
{L1, Ly, ..., Ls} is an M-stable filtering sampler for Vé if and only if Ag > 0. In this section we obtain the corresponding

stable sampling formulas leading to the recovery of any function f € V‘f) from the sequence of its generalized samples
{Ejf(Ma)}and’j:m,_ms. The sampling formula will be unique in the case s = det M. These, explicitly given, sampling
formulas consist of the major difference with the analogous results included in [3].

3.1. Generalized regular sampling

Now we prove that the expression (8) allows us to obtain F from the generalized samples {Ejf(MO[)}aezd’j=1’2’“_!5.
Applying the isomorphism 7, we get generalized regular sampling formulas in V(f,.
Assume that gj € L*°[0, 1 for j=1,2,...,s; then, F(x)gj(x) e L2[0, 1)?. Hence using (10) and (8), for j=1,2,...,s we
obtain that
(det M) Z ([’jf)(Ma)e—ZniaTMTx _ Z (Ljf)(a)e—ZJriosz Z e—ZJTiuTM’Tk
aezd aezd keN'(MT)
— Z Z (‘ij)(a)efzﬂiaT(X+M7Tk)
keN(MT) aezd
= Y F(x+M Tk)gj(x+M k).
keN'(MT)

This can be written in matrix form as

.
G(X)F(x) = (det M)[ 3 (L1 fy(Maye 2T MIx N (1 f)(Mo:)e’Z”i“TMT"]

aezd aezd

in L2[0,1)¢, where the matrix function G(x) is given in (12) and F(x) denotes the vector F(x) := [F(x), F(x + M~ Tiy),
o FE M Tigeean] ™.
In order to recover the function F, let [d{(X),...,ds(x)] be a vector with entries in L°°[0, 1)d such that

[di®),...,ds®0]6(x) =[1,0,...,0] ae. in [0, ).

Later, we will show that a necessary and sufficient condition for the existence of such a vector is that Ag > 0. As a conse-
quence, we get

F(x) = (detM) Y Y (L ))(Ma)d;j(xe 27 M™% in [2[0, 1)%. (17)
J=1aezd

Finally, the isomorphism 7, gives

F@©)=(detM) Y ¥ " (Lif)(Ma)(Tpdj)(t — Ma), teR?,

j=1aezd

2 is a RKHS. In addition, much more can

where we have used the shifting property (6) and that the shift-invariant space Vo

be said about the above sampling expansion. In fact, the following result holds:

Theorem 1. Assume that the functions g; given in (9) belong to L*°[0, 1) foreach j=1,2,...,s. Let G(x) be the associated matrix
defined in [0, 1)¢ as in (12). The following statements are equivalents:

(a) Ag > 0;
(b) The set of systems {L1, L3, ..., Ls} is an M-stable filtering sampler for V2;
(c) There exists a vector [d1(X), ..., ds(x)] with entries dj € L*°[0, 14 satisfying

[di(),....ds(®)]G(x) =[1,0,...,0] ae.in[0, D)% (18)
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(d) There exists a frame for V; having the form {S;(- — Ma)}ycz0. j=1,2,...s Such that forany f € V;

S
f=(detM)) " > " (Ljf)(Ma)Sj(- — Ma) inL*(R?). (19)
j=1aezd
In case the equivalent conditions are satisfied we have that the reconstruction functions S;, j =1, 2, ..., s, in the sampling formula (19)
are necessarily given through a vector [d1(x), ..., ds(x)] satisfying (18), by
Sty =Y dj@et—a), teR’ (20)
ae7d

where Ej (ar), a € 7Y, are the Fourier coefficients ofdj ie,dj(X) =3 ,cpa Ej (a)e*Z”i“Tx. The sampling series in (19) also converges
absolutely and uniformly on R,
If s = det M then the sequence {Sj(- — Ma)}ycza, j_1.2,.. s IS a Riesz basis for V(f) and the sampling functions Sj, j=1,2,...,s,

satisfy the interpolation property (LyS;)(Mo) =8 jr84,0, where j, j'=1,2,...,sand o € 78,

Proof. Part (¢) in Lemma 1 proves that conditions (a) and (b) are equivalent.
If Ag > 0 then essinfxe[o,ud det[G*(x)G(x)] > 0 and, consequently, there exists the pseudo-inverse matrix G/(x) =

[G*(x)G(x)]~1G*(x); its entries are essentially bounded and its first row satisfies (18); therefore (a) implies (c).

If [d1(x),...,ds(x)] satisfies (18) with dj € L*°[0, 1)4, we have proved earlier that formula (19) holds in L%(RY) where
S;j is equal to 7,d; or, equivalently, is given by (20). Since we have assumed that g; € L*°[0, 1)¢ for each j=1,2,...,s,
Lemma 1(b) proves that {gj(x)e*Z”i"‘TMTx}aezd,j:mqu_’s is a Bessel sequence in L2[0, 1)¢. The same argument proves that

{(detM)dj(x)e*Z”""‘TMT"}aezu,j:mms is also a Bessel sequence in L%[0, 1)¢. These two Bessel sequences satisfy (see (11)
and (17)):

N
FGo = (detM) Y " (F. g(e 27 M) oy djxe 2 ™Mx - Fe 20, 1)
j=1aezd
Hence, they form a pair of dual frames for L2[0, 1)¢ (see [5, Lemma 5.6.2]). Since S;(t — Ma) = ’Z}p[dj(~)e‘2”i°‘TMT'](t) and
7 is an isomorphism, the sequence {S;(t — M®)}yczd, j—1,2,. s Is @ frame for V;; hence (c) implies (d).
Notice that since we have assumed that {we*Z”i"‘T’V’T"}and’j:mms is a Bessel sequence with bound Bg/(det M)
and (£;f)(Ma) = (F, gj(x)e=27@ M%) , 0 114, we have

s —12
» B .., BalT;
Lif(M < FI*<{ ———
Z Z | i a)| detM|| I det M
j=1aezd

IfI%, feve.

If{Sj(t — M) }yepa jo1.2,..s IS a frame for V%, then formula (19) gives a stable way to recover f ¢ V; from its generalized
samples. Indeed,

s 2 S
2
I£1? = (detM)?*| > Y " (Lif)(Ma)S;(- — Ma) | < (detM)*’C Y >~ |L;f(Ma)l|,
j=1qezd j=1qezd
where C is a Bessel bound for {Sj(t — M&)}yezd, j1.2,. s Hence the set {£1, Lz,..., L5} is an M-stable filtering sampler

for Vé. Therefore (d) implies (b).

The pointwise convergence in the sampling series is absolute due to the unconditional convergence of a frame expansion;
it is uniform on R as a consequence of (5).

If s=detM then, according to Lemma 1(d), the frame {S;(- — M&)}yezd jo12. 5= {%dje*Z”i“TMT‘}aezd’]-21’2’“‘,5 is a
Riesz basis for Vf,. Applying formula (19) for f =S and having in mind the uniqueness of the coefficients in a Riesz basis,
we get the interpolatory property (L S;)(Ma) =6; j8q,0. O

The equivalence between conditions (a), (b) and (d) in Theorem 1 was established in [3] for average sampling, at the
lattice Z9, in finitely-generated shift-invariant spaces by using another techniques. Notice that our generalized sampling
on the more general sampling lattice MZ¢ can be seen as a problem of generalized sampling in a finitely-generated shift-
invariant space on the sampling lattice Z{. Indeed, the generalized sampling of the functions f = D qezd Ga@(-—a) at mzd
can be thought as a bounded map from ¢(Z9) to (¢2(MZ%))s:

(a0} yeza { D aaLip(MB — a)}

ezl 1<j<s. B
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or also as
detM
t t 7. _
{96 b <r<dermt aezt = Z Z 4o Jjpe(B — o) ’
t=1 gezd 1<j<s, pezd

where J; f(u) :=[L;{f(u + M~1)}1(0), @ () := @M - —jp), and {j1, jo, ..., jdetm} =7Z%n (M[0, 1)%), which can be seen as
generalized sampling at Z¢ of the functions f having the form: f = Zdet > wezd 59 (- — ). The sampling formulas (19),
explicitly given by using (c), are the novelty of the result proved here.

The solutions of (18) with entries in L°°[0, 1)¢ are exactly the first row of the (det M) x s matrices of the form

D(x) = G'(x) + U)[Is — GG ()], (21)

where Gf(x) is the pseudo-inverse matrix of G(x), G'(x) = [G*(*)G(x)]"1G*(x), and U(x) is an arbitrary (det M) x s matrix
with entries in L%°[0, 1)¢. Indeed, if the vector [d(x), ..., ds(x)] satisfies (18), it can be easily checked that the (detM) x s

matrix D(x) :=[d;(x + M‘Tik)]k:],z,_“,detM is a left inverse of the matrix G(x), and it can be expressed in the form (21) by
j=1,2,...,s
taking U(x) = D(x). Conversely, any matrix of the form (21) is a left inverse of G(x) and its first row satisfies (18).
Finally, notice that if the functions gj, j=1,2,...,s, are continuous on RY, the condition (a) in Theorem 1 reads:

rank G(x) = det M for all x € R? (see (16)).
3.2. Irregular sampling: jitter error

Given an error sequence & := {€jalaezd j=12,..s in RY, the aim in this section is to study when it is possible to recover
any function f € V‘f) from the sequence of perturbed samples {(L;f)(Ma + €j.a)laezd, j=1,2,...5* Having in mind expres-
sion (7) for the systems Lj, j=1,2,...,s, for f=TyF € Vé we have

(Lif)Ma +&j0) = (F. (ZLj9) (.o e MD) 00 @€zl (22)

where we have used that (ZL£j@)(MB + €j.5,X) = (Z£j<p)(ej,5,x)ezmﬂTMT" for any B € Z%. Eq. (22) leads us to study the
frame property of the perturbed sequence {(ZL;®)(¢ja, )e_Z”i“TMT'}aezd j=1,2,...5 I L2[0, 1)4.

On the other hand, we know that, whenever 0 < Ag < Bg < oo, the sequence {(Z£J<p)(0 Ye~2miaTM '}and'j:Lz’_n,s is
a frame for L2[0, 1)¢ with optimal frame bounds A¢/(det M) and Bg/(detM). In the case of s = det M, the above sequence
is a Riesz basis for L2[0, 1).

One possibility is to use frame perturbation theory in order to find the suitable error sequences for which the sequence

{(Zﬁjqo)(sj @ )e” et M1 Jaezd. 212,08 is a frame for L2[0, 1)d. The following result on frame perturbation, which proof
can be found in [5, p. 354] will be used later:

Lemma 2. Let {f}72 ; be a frame for the Hilbert space H with frame bounds A, B, and let {g,};2 ; be a sequence in H. If there exists
aconstantR < A such that

Z<fn gn, )| <RIfI® foreach f eH,

then {g,,}"o1 is a frame for H with bounds A(1 — «/R/A)? and B(1 + \/R/B)?.
If {fn}32 , is a Riesz basis, then {gn}22 , is a Riesz basis.

Given an error sequence € := {Sj’w}aezdﬁj:LZ’m,s c R? we define on ¢2(Z%) the operator D, = [Dg¢1, ..., Des], where

D jc:= { > [LipMa —B+ejq) — LipMa — ﬁ)]c,g}
ez aezd
for each c = {cplgeza € £2(Z%). The operator norm is defined as usual

IDecll p2(pd
IDell:=  sup —— =&
cez@inoy Nl

where ||Dgc||? =i ||D5,jc||fz(zd) for each c e £2(Z%).

ety =
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Theorem 2. Assume that gj € L°[0,1)4 for j=1,2,...,s with Ag > 0. If the error sequence & := {€j.ataezd, j=1,2.. s Satisfies the
inequality | D¢ ||*> < Ag/(det M), then there exists a frame (S5 laeze, jo1,2.....5 for V(f, such that, for any f € Vé
N
FO) =YY (Lif)(Ma+¢j4)S5, 0, teR%, (23)
j=1aezd

where the convergence of the series is in the L%(R%)-sense, absolute and uniform on R%. Moreover, when s = det M the sequence
{Sia}aezd’ j=1.2,....s I$ a Riesz basis for V2, and the interpolation property (Elsja)(Mﬂ +¢€j,8) =8j18a,p holds.

,,,,,

(Riesz) bounds Ag/(det M) and Bg/(det M). For any F(x) = ¢y e— 277 X in 1210, 1)¢ we have
yeZs~y

N
33 (ZLj@) (e de 2™ — ZLig) (0, )e 2T ™M F()) ool

j=1aezd
=Y T Z 106+ 610 - Tppyle 21007, Y e 2T
j=laezd "pezd yezd 12[0,1)4

2

=3 Y Y (LieB +eiw) — LigB)|emas

J=laezd  pezd

2

=22 | Y [LieMa — B +ej0) — LigMa - B)]eg

J=laezd pezd

N
=Y I1De eyt enallfaan, <UD ey by ez 2o, = IDEI2IFIZ200. 1
j=1

By using Lemma 2, the sequence {(ZLj¢)(&jq- ')e_ZNiaTMT‘}O[EZd’j:1~2““’s is a frame for L?[0,1)? (a Riesz basis if s =
det M). Let {h?a}aezd’j:m,_ms be its canonical dual frame. Hence, for any F € %[0, 1)¢ we have

N N
F=Y" 3 (FO.ZLi@)(ejar 2e 2 ™M) o by =D D (L) (Ma+eja)hS, in 12[0, 1),

Jj=laezd j=laezd

Applying the isomorphism 7, one gets (23) in L2(RY) where Sf._a = th'}a. Since 7y, is an isomorphism between L2[0, 1)
and V(%, the sequence {S% ,}yczd, j—1.2,..s 1S a frame for Vé (a Riesz basis if s =detM).
Pointwise convergence in the sampling series is absolute due to the unconditional character of a frame. The uniform

convergence on RY is a consequence of the reproducing property (5) in V;. The interpolatory property in the case s = det M
follows from the uniqueness of the coefficients with respect to a Riesz basis. O

Formula (23) in Theorem 2 is useless from a practical point of view, since the frame {Sia}aezd’j:mwus, which depends
on the error sequence {€j«}yezd, j=1,2,. s IS impossible to determine. As a consequence, in order to recover any function
fe V; from the samples {L;f(Ma +&ja)}gezd, j=1,2,.. s We should use the frame algorithm (see [10]). In order to approx-

imate the sequence {aqy}y 70 € 0224 defining f € V;, the frame algorithm can be implemented in the £2(Z%) setting as in
Ref. [13].

Following the techniques in [13] (see also Refs. [9,26]), whenever the generator ¢ and the impulse responses of the
systems Lj, j=1,2,...,s, are compactly supported one could obtain a bound for ||D.| in terms of § :=sup; 4 €]« llco-
Finally, it is worth to mention the recent related Refs. [6,22,33].

3.3. L2-approximation properties

We denote by W;(Rd) :={f: DY fll2 < 0o, |y|<r} the usual Sobolev space, and by |f]; > := Zlﬁ\=j IDEfll2, 0<j<r,
the corresponding seminorm of a function f € Wg(]Rd). We assume here that all the systems £;, j=1,2,...,s, are of
type (a), i.e., £;f =h;x* f, belonging the impulse response h; to the Hilbert space L£2(RY). Recall that a Lebesgue measurable
function h: RY — C belongs to the Hilbert space £2(RY) if
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|h|2:=< / ( > |h(t—a)|)2dt)l/2 < 00.

[0.1) aeczd

Notice that £2(RY) c LT(R?) N L2(RY). Moreover, [[{h* f (@)}, czall2 < |hl2|l fll2 (see [19, Theorem 3.1]); thus the sequence of
generalized samples {(lljf)(Moz)}aEzdyj:mms belongs to ¢2(Z4) for any f € L2(RY). Besides, we assume that the generator
@ satisfies the Strang-Fix conditions of order r, i.e,,

P0)#£0, DPP)=0, |Bl<r, acZi\{0).

Given a vector d:=[ds, ...,d,] with entries in L%°[0, 1)¢ and satisfying (18), first we note that the operator Iy : (L2(R%),
I 112) = (V2, ] - Il2) given by

(Taf)() == (detM) Y Y " (L;f)(Ma)S;a(t — Ma), teR’,

j=1aezd

is a well-defined bounded operator onto Vé. Besides, I'qf = f for all f e V;.
Under appropriate hypotheses we prove that the scaled operator Fg :=oplqo1p, where oy f := f(-/h) for h > 0, ap-
proximates, in the L2-norm sense, any function f in the Sobolev space w) (RY) as h — 0. Concretely we have:

Theorem 3. Assume that esssup,cpd Y yezd |9 +a)|(1+ |t +o|)" < oo for some r € N. Let d be a vector with entries in L>°[0, 1)d
and satisfying (18). If the generator ¢ satisfies the Strang-Fix conditions of order r, then, for each f € W} (RY) and h > 0, the L2-
approximation error satisfies

|f = Tdfl, <KIflr2h",

where the constant K is independent of f and h.
Proof. Using that F;‘é =& for each £ e oy V; then, for each f € L2(R%) and & € 03 V2, Lebesgue’s Lemma [7, p. 30] gives

|f=rdfl,<(+ral) min ||If &,
Eeoy V(%,
where we have used that |\F£|| = | Ill. Now, for each f e W} (RY) and h > 0 there exists a function &, € oy, V(f, such that

IEn — fll2 < KIflr2h",

where the constant X is independent of f and h (see [21, Theorem 5.2]), from which we obtain the desired result. O

Notice that the approximation property given in Theorem 3 is similar to those given by integral operators in [21].
4. Decay properties of the reconstruction functions

For the efficiency and stability of the reconstruction process given in Theorem 1, it is very desirable for the reconstruction
functions S;, j=1,2,...,s to be well localized; see the papers [11,16,24] and the references therein. In this section we study
two particular cases, reconstruction functions with exponential decay and reconstruction functions with compact support,
by using directly formulas (20).

Thus we prove that whenever the generator ¢ and the functions L;¢, j=1,2,...,s, decay exponentially fast, there are
many sampling formulas like (19) involving reconstruction functions S; with exponential decay, i.e., there exist constants
C>0and q € (0,1) such that

Is;|<cq"l, ter?

First we introduce some complex notation, more convenient for this study. We denote z* := z‘;’lz‘z)’2 ...zg" for z =
(z1,...,24] €CY o =[a1, ..., aq] € 24, and the d-torus by T9 :={ze C%: |z1| = |z2] = - - = |z4| = 1}. We define
~ o o
gj(@:= Z Lipwz ™,  G@:=[gj([z1e* ™%, ... zge®™ M K])] 1.5
d k=1,2,....detM
HEZ
where my,...,my denote the columns of the matrix M~!. Note that for the vector z = [e27™*1 ... e?7iXa] we have

G(x) = G(z). Provided that the functions g; are continuous on RY, we have the following result: There exists a vector
d=|[di,...,ds] with entries essentially bounded in T4 and satisfying
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d(z)G(z) =[1,0,...,0] forallzeT¢ (24)
if and only if
rankG(z) =detM for all z e TY. (25)
For j=1,2,...,s, the corresponding reconstruction function S; 4 in the sampling formula (19) is
Sja® =Y dj@e(t—a), (26)
aezd

where a}(a), a €74, are the Laurent coefficients of the functions dj, ie, dj(z) = Zaezd a}(oc)z‘“.

Let H denote the algebra of all holomorphic functions in a neighborhood of the d-torus T9. Note that the elements in M
are characterized as admitting a Laurent series where the sequence of coefficients decays exponentially fast [19].

The following theorem shows that, whenever the generator ¢ and the functions L;¢, j=1,2,...,s have exponential
decay, if the vector d has entries in H then the reconstruction function S; 4 has also exponential decay. It also proves that
condition (25) is also sufficient for the existence of a vector d with entries in H and satisfying (24). Its proof uses the
standard technique for proving extensions of Wiener 1/f Lemma in group algebras.

Theorem 4. Assume that the generator ¢ and the functions Ljp, j =1,2,...,s, have exponential decay. Then, there exists a vector
d=dq, ..., ds] with entries in H and satisfying d(z)G(z) =[1,0, ..., 0] forall z € T% ifand only if rank G(z) = det M for all z € T¢.
In this case, all of such vectors d are given as the first row of a (det M) x s matrix D(z) of the form

D) =G'(2) +U@[l; - G@G (@], (27)

where U(z) is any (det M) x s matrix with entries in H and G'(@) := [G*(2)G(z)]"'G*(2). The corresponding reconstruction functions
Sja J=1,2,...,s, given by (26) have exponential decay.

Proof. The hypotheses say that g; e H, j=1,2,...,s; thus det[G*(2)G(z)] € H. Assuming that rankG(z) = detM for all
z € T¢ we have that det[G*(z)G(z)] # 0 for all ze T¢ and then, the matrix [G*(z)G(z)]~! has entries in H. As a consequence,
the entries of G'(z) = [G*(2)G(z)]~1G*(z) belong to . Now it is easy to check, as we did in Section 3, that all the vectors
d with entries in H and satisfying (24) are given as the first row of matrices D(z) satisfying (27), where the entries of U(z)
belong to H.

Since dje ’H, j=1,2,...,s, their Laurent coefficients &}(0{) have exponential decay, i.e., there exist C >0 and q € (0, 1)
such that |dj(@)| < €%, @ € Z%, j=1,2,...,s. Without loss of generality, we can also assume that |¢(t)| < Cq''l, for all
t e RY; then the reconstruction functions Sja(t) =) yezd dA]-(a)w(t —a), j=1,2,...,s, satisfy

;.40 <C Y qot—a)| < c2( > q2'“‘>q‘f‘, teRY. O

aezd ae7d

Notice that, in particular, the solution obtained from the pseudo-inverse matrix Gf(z), which is unique in the case
s =det M, gives reconstruction functions S; 4 with exponential decay.

4.1. Reconstruction functions with compact support

If the generator ¢ has compact support, then the reconstruction function S; 4 has compact support whenever the sum
in (26) is finite. As a consequence, in order to get generalized sampling formulas with reconstruction functions of compact
support, we have to solve the following problem: Given a matrix G(z) whose entries are Laurent polynomials, we have to
find a left inverse matrix D(z) of G(z) whose entries are also Laurent polynomials. This problem is related to the perfect
reconstruction FIR (finite impulse response) filter-banks theory, and it has been studied by several authors. See, for instance,
[23,34,35] and the references therein. From [34, Theorems 5.1 and 5.6] the following result can be easily deduced:

Theorem 5. Let G(z) be an s x m matrix whose entries are Laurent polynomials. Then, there exists an m x s matrix D(z) whose entries
are also Laurent polynomials satisfying D(z)G(z) = Iy, if and only if rank G(z) = m for all z € (C \ {0})".

From this theorem, we derive the following corollary:

Corollary 1. Assume that the generator ¢ and the functions L;, j =1,2,...,s, have compact support. Then, there exists a vector
d=[dq, ..., ds] whose entries are Laurent polynomials and satisfying d(z)G(z) =[1,0, ..., 0] if and only if

rankG(z) =detM forallze (C\ {0})d.

The reconstruction functions Sj 4, j=1,2,...,s, obtained from such vectors d by (26) have compact support.
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A vector d(z) satisfying d(z)G(z) = (1,0, ..., 0] whose entries are Laurent polynomials can be obtained by solving a linear
system whose unknowns are precisely the coefficients of d;(z), j=1,2,...,s. From one of these vectors, say d =[dy, ..., ds],
we can get all of them. Indeed, it is easy to check that they are given by the first row of the (det M) x s matrices of the
form

D(z) =D(2) + U®@)[ls — G(@)D(@)]. (28)

where D(z) := [aj([zlez”imlTik,...,zdez’”m;ik])]k:LzmdetM and U(z) is any (det M) x s matrix with Laurent polynomial
j=1,2,....,s
entries.

The interested reader can find in [23,34,35] methods to check if the condition in the theorem holds, and also another
method to find a particular solution D(z) of (28). Both involve the use of Grobner bases.

Finally, notice that having reconstruction functions with compact support implies low computational complexity and
truncation errors are avoided. A related topic is the local reconstruction in shift-invariant spaces which invokes only finite
samples to reconstruct a function on a bounded interval: See the two recent papers [25,27].

5. Sampling formulas in fo

The aim in this section is to validate the sampling formulas

S
fO=(detM) Y > (Li/)(Ma)Sja(t — Ma), teR,
j=1aezd
obtained in Section 3 for the shift-invariant space V2, in a larger space. To this end, assume that the generator ¢ € £ (R?4)N
C(RY). Recall that a Lebesgue measurable function ¢ : R — C belongs to the Banach space £®(RY) if

|¢]oo := €SS Sup Z |t — )| < oc.
te[0,1)d wezd

For 1< p < oo we have that £2°(R%) ¢ LP(RY): in particular, £°(RY) c L2(RY). Observe that if there are constants C > 0
and § > 0 such that

C d
H<—, teR",
601 < 17w
then ¢ € L (RY).
Let V(f,o be the L°°-closure of the linear span of the integer translates of g, i.e.,

Vo = S3panie {pt—a): ae Zd}.
As the integer translates of ¢ are £2-stable (they form a Riesz sequence in L?(R%)), then this space can be expressed as
V(Zo ={p+a ae co(Zh)}, where ¢ ' a denotes the semi-discrete convolution ", ;4 a(o)¢ (- —«) and co(Z%) denotes the

space of sequences on Z¢ vanishing at oo (see the proof of Lemma 5.1 in [21]). As a consequence, V(ZO is a set of continuous
functions on R? and the set inclusion V2 C V5° holds.

5.1. Generalized regular sampling in Vgo

Let A be the set of functions of the form f(x) =),z a(a)e*Z”""‘T" with a € £1(Z%). The space A, normed by || f|| 4 :=
lall; and with pointwise multiplication is a commutative Banach algebra. If f € A and f(x) # 0 for every x € R?, the
function 1/f is also in .A by Wiener’s Lemma.

Consider s linear time-invariant systems £;j, j=1,2,...,s, as in Section 2. In addition, assume that DPp e L2®RYH N
C(RY), |8 < m, where m is the largest order among the partial derivatives appearing in the systems of type (b) (m =0 if
no partial derivatives appear).

Thus we have that {£;@(@)}ycz¢ € 21(Z%) for the systems of the type (b). This is also true for the systems of type (a)
since [[{¢g xh(a)}|l1 < |Ihll1]l¢ls (see [19, Theorem 3.1]). As a consequence, the Fourier transforms of these sequences, which
are precisely the functions gj, j=1,2,...,s, defined in (9), belong to the algebra .A. The next result describes when Eq. (18)
has a solution d with entries in the algebra A:

Lemma 3. There exists a vector d = [d1, ..., d;] with entries d; in the algebra A, j=1,2,...,s, and satisfying

dx)G(x)=[1,0,...,0], xe[0, 1 (29)
if and only if rank G(x) = det M for all x € RY.
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Proof. The proof is the same as the one in [14, Lemma 1] although for a slightly different matrix G. O

For any vector d satisfying the above lemma, Theorem 1 gives the corresponding sampling formula in V;:

S
f@©) = (detM)Y " Y (Ljf)(Ma)Sja(t — Ma), teR’ (30)
j=1aezd
where Sjqg="7yd;j, j=1,2,...,s. In particular, formula (30) holds for the space span{@(- — o)}, c7d. _
The reconstruction functions Sjq4, j=1,2,...,s, are determined from the Fourier coefficients of dj, ie., dj(@) :=
Jo.1ye dj(x)e2" @ X dx, o € 79, More specifically,

Sja®) =Y dj@et—a), teR (31)
aezd
Since dj € €1(2%), j=1,2,...,s, and ¢ € L2 (RY), we obtain that the reconstruction functions S 4 € L2([R?), j=1,2,...,s
(notice that |¢ « a|oo < |@locllall, see [19, Theorem 2.1]).

By using a density argument, in the next theorem we extend the sampling formula (30) to the whole space Vgo in a
pointwise sense.

Theorem 6. Letd = [d1, ..., ds] be a vector with entries d; in the algebra A, j =1, 2, ..., s, and satisfying (29). Then, forany f V;o
the following sampling formula holds pointwise:

ft)y=(detM)) " > " (L;f)(Ma)S;a(t — Ma), teR’, (32)

j=laezd

where the reconstruction function S ; 4, given by (31), belongs to LORY) for j=1,2,...,s.
Moreover, assuming that ¢, Df ¢ € Co(RY) for | 8] < m, (i.e., ¢ and its derivatives are continuous on RY vanishing at infinity), then
the convergence of the sampling series in (32) is also absolute and uniform on RY.

Proof. Consider the Banach space C}!' (RY) of all functions f which, together with all their partial derivatives D? f of order
|8] < m, are continuous and bounded on RY with the norm ||f||c,g" 1= Max|g|<m SUP;cRd IDA £ (1)].

For any vector d with entries in A and satisfying (29) there exists a constant K > 0 such that, for each f € C}' (RY),
|(FaHO] <K flicp for all t e RY, (33)

where (I'qf)(t) := (det M) Zj-:1 Y wezd (Lif)(Ma)S; a(t — Ma). For the proof, see [14, Lemma 2].
Let f € V;c and a € cg(Z%) such that f(t) = > ez ale)@(t —a). For n € N we define

fa®):= ) a(@e(t —a).

la|<n

From the assumptions on ¢ we have that f, € C? (RY). Moreover, for |8l <m and n > [ > 0, we have

IDP(fa—fOO| < Y |a(oz)||Dﬂ<p(t—a)|<ls|>u|p< la@)||Dfg| . teR%

I<|a|<n

Since the sequence a € co(Z9), { fnlpq is a Cauchy sequence in the Banach space C,’J”(Rd), we deduce that f, converges in
the Cj'-norm to f as n— oo. In particular f € C{,”(Rd). Using that the sampling formula holds for f, € span{¢(- — &)}, czd
and inequality (33) we obtain that, for all t € R,

0< |fa® = Taf O] =[[Ta(fn = HIO| <Kl fa = fllep >0 asn— oo,

and then I'y f(t) = f(¢t) for all t € RY. This proves that the sampling formula (32) holds pointwise.

It remains to prove the absolute and uniform convergence of the series in (32). Let |8] < m. Assuming that D¢ e Co(R%)
we have that D? f, € Co(RY). Since D? fy converges uniformly to D? f on RY, and Co(RR?) is a closed subspace in L°(RY),
we obtain that D? f € Co(RY). From this fact and using the Lebesgue dominated convergence theorem (whenever £ jisa
system of type (a)), we obtain that {(£;f)(Ma)},czd € co(RY) for each j=1,2,...,s. Hence, by using that Sjd€ L°(RY)
and the inequality
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37 (L) (Ma)S ja(t — Ma)| < sup (2,1 (Ma)|ISaloc. £ R, neN,

|la|>n

we obtain that the series in (32) converges absolutely and uniformly on RY. O

Observe that, under the assumed hypotheses, in the proof of the theorem we have obtained that
vee c G (RY). (34)

In the case that the continuous functions ¢ and Df¢, |8] < m, belong to the Wiener space W(L®, (') :=
{f: D onez IIf Xinn+1)lloo < 00}, then the generator ¢ and its derivatives DA, |B] <m, belong to £ (RY) N Co(RY).

Finally, notice that our space V;° differs from the shift-invariant space V(@) introduced in [2]. Following this reference,
under appropriate hypotheses, a similar sampling result can be proved for functions in V(@) having locally uniform
convergence.

5.2. L®°-approximation properties

We denote by Wgo(Rd) = {f: IIDY flloc <00, |y|<r} the usual Sobolev space, and by |f]j~ = Z\ﬂ|=j ID? f llsos

0 < j <, the corresponding seminorm of a function f € Wgo(]Rd). In [17], Jia proved the following remarkable result about
approximation by means of a quasi-projection operator (see [17] for the most general LP version):

Theorem 7. Let ¢ € Wéo(Rd), 0<j<rand {5 e LY (RY) be compactly supported functions and let Q be the quasi-projection operator
given by

QN© =Y (F, (= )2 a,d(t — ). (35)

aeczd

If Qr = 7 for every polynomial 7t of degree at most r — 1, then
If = Qufljco SKN | flroo, e Wi (RY),
where Qp := 0,Q o1, and K is a constant independent of h > 0 and f.
From this result, and assuming that the generator ¢ satisfies the Strang-Fix conditions of order r, we deduce by using
Theorem 6 that, for any function f € Co(R%) N Wi, (RY)
|raf—fl,=0{"™) ash—o".
Theorem 8. Assume that ¢ is a compactly supported generator in W[ (RY) where r > m, with m being the largest order of the partial

derivatives appearing in the systems L;. Let d = [d1, ..., ds] be a vector with entries in the algebra A and satisfying (29). If the

generator ¢ satisfies the Strang-Fix conditions of order r then, for each f € Co(RY) N Wgo(Rd) and 0 < h < 1, the following inequality
holds:

|f =g fllo <KIflrooh™™,

where F‘;’ := oy T'qo1,, and the constant K is independent of f and h.

Proof. From Theorem 6 we have that F;’S =¢&, for any £ € oy V(;O and h > 0. From (34), ¢ € Cbm(Rd). and from (33), there
exists a constant M > 0 such that || Igl|lc < Mlllllctr)n forall l e C?(Rd). Hence, for any f € C;"(Rd) and 0 < h < 1, we obtain
that

If —&lloe + |6 = T fll o = 1 —Elloe + | T = D] oo = I1f —&lloo + | Tao1nE — ],
1S = &lloo + M[o1n& = Nllep < If = &lloo + MIE = fllp < A+ M~ flicp. & €onVi®.  (36)

If=rifll

NN

where we have used that o146 — f) € C? RY).

Given ¢ = ¢ satisfying the Strang-Fix conditions of order r, there exists a compactly supported function $ e L'(RY)
satisfying the conditions of Theorem 7. An example of such a function ¢ can be found in [21, Theorem 6.1]. Let Q be
the quasi-projection operator defined in (35). Note that for f € Co(RY) we have that {(f,a(- — )2ty lgezd € co(Z9) and
hence Qf € V;". Moreover, from Theorem 7, for j=0,1,...,m, we have that

If = Qufljco <K | flroo,  feWL(RY),

where the constants Kj, 0 < j <m, are independent of f and h. By using (36), for any f e CoRH N Wgo(Rd), we obtain
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m
_rh ; — Fllm _ - B _ph _ .
If F,,flloo«&g:ggons flleg <ClIQnS = flicy = € max | D" Qnf Dfl}oo«jzzomhf Fljoo

m m
<Clflroo Y Kih™T <[ YK |Iflrooh™™,
j=0 j=0

where the constant C is independent of f and h. O
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