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1. Introduction

The traditional diffusion equation d;u = Au describes a cloud of spreading particles at the macroscopic level. The point
source solution is a Gaussian probability density that predicts the relative particle concentration. Brownian motion provides
a microscopic picture, describing the paths of individual particles. A Brownian motion, killed or stopped upon leaving a
domain, can be used to solve Dirichlet boundary value problems for the heat equation, as well as some elliptic equations [ 1,2].

The space-time fractional diffusion equation 8tﬂu = AY?2yuwith0 < 8 < 1and 0 < o < 2 models anomalous diffusion [3].
The fractional derivative in time can be used to describe particle sticking and trapping phenomena. The fractional space
derivative models long particle jumps. The combined effect produces a concentration profile with a sharper peak, and heavier
tails. This paper studies strong solutions and probabilistic representations of solutions for the space-time diffusion equation
on bounded domains. Our main result is Theorem 5.1. Strong solutions are obtained by separation of variables, combining
the Mittag-Leffler solution to the time-fractional problem with an eigenfunction expansion of the fractional Laplacian
on bounded domains. The probabilistic representation of solutions involves an inverse stable subordinator time change,
resulting in a non-Markovian process. Fractional diffusion equations are becoming popular in many areas of application [4,5].
In these applications, it is often important to consider boundary value problems. Hence it is useful to develop solutions for
space-time fractional diffusion equations on bounded domains with Dirichlet boundary conditions.

2. Random walks and stable processes

A random walk S; = Y; + --- 4 Yy, a sum of independent and identically distributed R¢-valued random vectors,
is commonly used to model diffusion in statistical physics. Here [t] denotes the largest integer not exceeding t, and S,
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represents the location of a random particle at time n. Suppose the distribution of Y is spherically symmetric. If 62 :=
E [|Y1]?] is finite and E[Y;] = 0, Donsker’s invariance principle implies thatas A, — oo, the random process {A~"/2S;, t > 0}
converges weakly in the Skorohod space to a Brownian motion {B;, t > 0} with IE[B%] = o2, If the step random variable Y;
is spherically symmetric, and P(|Y;| > x) ~ (&x % asx — ooforsome0 < «a < 2and C > 0, then E [|Y1 |2] is infinite, and
the extended central limit theorem tells us that {»~1/“S,,, t > 0} converges weakly to a rotationally symmetric «-stable
Lévy motion {A;, t > 0} with

E[ef] = e @kt forevery& e R? and ¢ >0,

where the constant Cy depends only on «, C, and the dimension d, see [6]. A simple rescaling in space yields a standard stable
process with C; = 1. Since {A/%A;, t > 0} has the same distribution as {A,;, t > 0}, stable Lévy motion represents a model
for anomalous super-diffusion, where particles spread faster than a Brownian motion [7].

If we impose a random waiting time T,, before the nth random walk jump, then the position of the particle at time
T, = J1 + --- + J, is given by S,,. The number of jumps by time t > 0is N, = max{n : T, < t}, so the position of the
particle at time ¢t > 0 is Sy,, a time-changed process. If P(J,, > t) ~ Ct=# ast — oo for some 0 < B < 1, then the scaling
limit of ¢~ 1/# Tie) = Z; as ¢ — oo is a strictly increasing stable Lévy motion with index 8, sometimes called a stable sub-
ordinator. The jump times T, and the number of jumps N; are inverses: {N; > n} = {T,, < t}. [8, Theorem 3.2] shows that
{c™PN, t > 0} converges weakly to the process {E;, t > 0}, where E; = inf{x : Z, > t}. In other words, the scaling limits
are also inverses: {E; < x} = {Z, > t}. Now N, ~ cPE,, and [8, Theorem 4.2] shows that the scaling limit of the particle
location {c~#/ “SNie» £ = 0} is {Ag,, t > 0}, a symmetric stable Lévy motion time-changed by an inverse stable subordinator.

The random variable Z; has a smooth density. For properly scaled waiting times, the density of the standard stable
subordinator Z; has Laplace transform E[e™"%] = e~ for any n,t > 0, and Z is identically distributed with t'/8Z;.
Writing gs (u) for the density of Z;, it follows that Z; has density s~/f g5 (s~"/Pu) for any s > 0. Using the inverse relation
P(E; <s) = P(Zs > t) and taking derivatives, it follows that E; has the density

fi(s) = %P(zs >t)=tB7 s Pgg(tsTVP). (2.1)

For more details, see [3,8].
3. Fractional calculus

The Caputo fractional derivative of order 0 < 8 < 1, defined by

Iy 1 Cof(r)y dr
ath _F(l—ﬁ)/o ar (t—r)8’

was invented to properly handle initial values [9,10]. Its Laplace transform (LT) s? f (s) — sP~1f(0) incorporates the initial
value in the same way as the first derivative. Here f (s) = f0°° e Stf (t)dt is the usual Laplace transform. The Caputo derivative
has been widely used to solve ordinary differential equations that involve a fractional time derivative [4,11]. In particular, it
is well known that the Caputo derivative has a continuous spectrum, with eigenfunctions given in terms of the Mittag-Leffler
function

(3.1)

o k

z
Eg(z) = _
; (14 k)
In fact, f(t) = E‘g(—)\.tﬁ) solves the eigenvalue equation
3Pf (1)
= —Af(t
o f©

for any A > 0. This is easy to check, differentiating term-by-term and using the fact that tP has Caputo derivative
tPBrp+1)/r(p+1—-p)forp>0and0 < B < 1.
For 0 < a < 2, the fractional Laplacian A%/?f is defined for

f € Dom(A*/?) = {f e *(R%; dx) : / |61 [F (&) [2de < OO}
]Rd
as the function with Fourier transform

A2f (8) = —[€]*F(&). (3.2)

For suitable test functions (for example, C? functions with bounded second derivatives), the fractional Laplacian can be
defined pointwise:

AP (x) = / (Fx+y) = FX) — VFX) - Ylipen) —22 dy, (3.3)

yeRrd M‘”"
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where ¢4, > 0 1is a specific constant that depends on d and « so that

1 —cosy,
Cq, / ———dy=1.
“Jyepa  lyldte

Remark 3.1. (i) It can be verified using Fourier transforms that, for f € Dom(A%/?), if the right hand side of (3.3) is well-
defined for a.e. x € RY, then the Fourier transform of the right-hand side of (3.3) equals —|£|%f (£) (cf. [6, Theorem 7.3.16]).
Conversely, it can also be verified that if f € L*(R?; dx) is a function such that the right hand side of (3.3) is well-defined for
a.e.x € R? and is I>(RY; dx)-integrable, then f € Dom(A%/?) and (3.3) holds.

(ii) Using a Taylor series expansion in (3.3), it is easy to see that A%/?f (x) exists and is finite at a point X, € RY if f is
bounded on R? and f is C? at the point xo. Hence, if f is bounded and continuous on R? and f is C? in an open set D, then A%/2f
exists pointwise and is continuous in D. Moreover, if f is a C! function on [0, co) with |f’(t)| < c t”~! for some y > 0, then
by (3.1), the Caputo fractional derivative 32 (t) /3t? of f exists for every t > 0 and the derivative is continuousint > 0. O

For 0 < a < 2, let X be the Lévy process on R such that
E[e* %] = e~E"  forevery & € RY.

This Lévy process X is called a standard (rotationally) symmetric a-stable process on RY. When & = 2, it is Brownian motion
running at double speed.

Denote the transition semigroup of X by {P;, t > 0}. Using the fact that X; = X, as t — 0+, it is not hard to show (e.g.,
see [12, Theorem 13.4.2]) that {P;, t > 0} is a symmetric strongly continuous semigroup on the Hilbert space L?(R?; dx). Let
(¥, &) be the Dirichlet form of X on L?(RY; dx). That is,

1
F = {u e *(RY dx) : sup ?(u — Peu, U)2(gd.gy) < oo} , (34)
t>0
o1
&(u,v) = lm?) ?(u — P, V)2pd.gy foru,veF (3.5)
t— ’

It is known that, for example, via Fourier transforms [13],
(u(x) — u(y))?
Rixpd  |x —y|Pt

Cdo / (u@) —u@) (W — v(y))
RA xRd

€, v) =—= x — y|d+e

F = WY2RY = {u e (R dx) : dxdy < oo} ,

5 dxdy foru,ve ¥F.
Let (Dom(.L), £) be the [?-generator of the Dirichlet form (&, #); that is, f € Dom(£) if and only if f € W/22(R?) and
there is some u € L*(RY; dx) so that

&(f.g) = —(u,g) foreveryg e W*??(R%;

in this case, we denote this u by £f. It is known (cf. [13]) that £ is also the semigroup generator of {P;, t > 0} on the space
[2(RY; dx). Using the Fourier transform, one can conclude (cf. [13]) that f € Dom(«£) if and only if f]Rd [E1%[f (&) |dE < oo,

and :CT(S) = —& |"‘f($) for every f € Dom(.£). Hence the L?>-generator of X is the fractional Laplacian A%/2,
It follows directly from Dirichlet form theory (cf. [13]) that, for f € [?(RY) andt > 0, Pf € F = W*22(R%), and
v(t, x) := E4[f (X;)] is a weak solution to the following parabolic equation:

%v(t,x) = A%(t,%);  v(0,x) =fX). (3.6)

That is, the function x — v(x, t) belongs to the domain of the L? generator £ = A%/? for every t > 0, and Eq. (3.6) holds
in the space [?(RY; dx). Here the fractional Laplacian and the first time derivative in (3.6) are defined in terms of the Hilbert
space norm. For example, the time derivative is the limit of a difference quotient that converges in the L? sense, so it need
not exist point-wise. The classical diffusion equation models the evolution of particles away from their starting point, due to
molecular collisions. The space-fractional diffusion equation (3.6) models particle motions in a heterogeneous environment,
where the probability of long particle jumps follows a power law [7].

For 0 < a < 2, the symmetric a-stable process X can be obtained from Brownian motion on R? through subordination
in the sense of Bochner [14]. Let {B, Py, x € R%} be Brownian motion on R? with Py(By = x) = 1 and Eo[B:B;] = 2tI, where
" denotes the transpose, and I is the d x d identity matrix. For 0 < o < 2, let Z; be a standard stable subordinator with
Zo = 0, whose Laplace transform is E[e %] = e~ for every s, t > 0. Then it is easy to verify, using Fourier transforms
and a simple conditioning argument, that Bz, is a symmetric a-stable Lévy process starting from the origin that has the same
distribution as X, with X, = 0. The process X has a jointly continuous transition density function p(t, x, y) = p;(x — y) with
respect to the Lebesgue measure in R?. That is,

Py(X; € A) = /p(t,x,y)dy.
A
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Using the self-similarity of the stable process and its relation with Brownian motion through subordination, it is not hard to
show that for @ € (0, 2) we have

pe) =t py (V%) < " p1(0) = t My, t>0,xeR" (3.7)

Another kind of time change relates to particle waiting times. Suppose {T;, t > 0} is a uniformly bounded strongly con-
tinuous semigroup on a Banach space E, with infinitesimal generator (4, Dom(+)). It is known that v(t) = T;f solves the
Cauchy problem dv/dt = Av with v(0) = f forany f € Dom(+4) (see [15]). Let Z be a standard B-stable subordinator inde-
pendent of X, and recall that E; = inf{s > 0 : Z; > t} isits inverse process.If gg (u) is the density of Z;, then [ 16, Theorem 3.1]
shows that the time-changed semigroup

o0
Rf = / 8p(WT ¢ pypf du (3.8)
0
yields solutions to the time-fractional Cauchy problem: w(t) = R.f solves
98
a?w(t) =dAw; w0 =f

on the Banach space E for any f € Dom(+). Applying this to the transition semigroup {P;, t > 0} of the symmetric «-stable
process X on the space [*(R?; dx), one sees that the process Y; = X, can be used to solve the space-time diffusion equation
on RY; that is, w(t, x) = Ex[f (Y;)] is a weak solution for

B
a%w(x, t) = A ?w(x, t);  w(x, 0) = f(x). (3.9)

That is, the function x — w(x, t) belongs to the domain of the [? generator £ = A%/? for every t > 0, and Eq. (3.9) holds in
the Banach space L*(R?; dx).

4. Eigenfunction expansion for bounded domains

Let D be a bounded open subset of R?. Recall that X is a standard spherically symmetric ¢-stable process on R?, and define
the first exit time

p =inf{t > 0: X, ¢ D}.

Let X denote the process X killed upon leaving D; that is, XtD =X, fort < 7p and XP = 0 fort > tp. Here 0 is a cemetery
point added to D. Throughout this paper, we use the convention that any real-valued function f can be extended by taking
f(3) = 0. The subprocess X has a jointly continuous transition density function pp(t, x, y) with respect to the Lebesgue
measure on D. In fact, by the strong Markov property of X, one has fort > Oand x,y € D,

pD(t’xv y) = p(rvxv }’) - IE:X[p(l-L - TDveray); T < t] = p(tﬂxvy)' (41)

Denote by {PP, t > 0} the transition semigroup of X?, that is
PPF0 = BIF D] = [ polt.x.nf )iy,
D

The proof of the following facts can be found in [13]: The operators {P?,t > 0} form a symmetric strongly continuous
contraction semigroup in L?(D; dx). Let (§P, #P) denote the Dirichlet form of X, defined by (3.4)-(3.5) but with {P, ¢ > 0}
in place of {P;, t > 0}. Then #? is the /& -completion of the space C°(D) of smooth functions with compact support in
D, denoted by W¢/>*(D) in literature. Here & (u,u) = &(u,u) + Jra u(x)*dx. Moreover, €°(u, v) = &(u,v) foru,v €

Wg/z’z(D). Let £ be the [*-infinitesimal generator of (¢°, #P); that is, its domain Dom(£p) consists all f € Wg‘/z’z(D)

such that
€°(f.g) = —(U, 8)2p;ay foreveryg e Wg/z’z(D);

for some u € L?(D; dx); in this case, we denote this u by .£pf. It is well-known (cf. [13]) that £ is the L?-generator of the
strongly continuous semigroup {P°, t > 0} in L2(D; dx). For every f € I%(D; dx) and t > 0, P’f € Dom(£Lp) C WS/>*(D).
Moreover u(t, x) := PtD 'f (x) is the unique weak solution to
au
ot
with initial condition u(0, x) = f(x) on the Hilbert space L*(D; dx).

= Lpu
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Note that the transition kernel pp(t, x, y) is symmetric and strictly positive with

po(t, %, y) < p(t,x,y) <t *My,, x,yeD,t>0 (4.2)

in view of (3.7). In particular, one has sup,., [, p(t, x, y)*dy < oo for every t > 0. Thus for each t > 0, P? is a Hilbert-
Schmidt operator in L?(D; dx) so it is compact. Therefore there is a sequence of positive numbers 0 < A; < Ay < A3 <
and an orthonormal basis {{,, n > 1} of L*(D; dx) so that PPy, = e *n'yr, in L*(D; dx) for every n > 1and t > 0. Since for

every f € [*(D; dx), f (x) = Z,fi](f, Yn) ¥ (), we have

PR = D Yu)PP Ym0 = D e (f, Y)Y (®). 43)
n=1 n=1

Consequently, the transition density

po(t,%.y) =Y e " Y () n(y). (4.4)

n=1

It follows from [17, Theorem 2.3] that for any bounded open subset D of RY, one has
en®? < a, < n*? for everyn > 1. (4.5)

Using the spectral representation, one has

Dom(Lp) = {f € PD) : 1 £of 32y = Y Aol vm)® < oo} (46)
n=1
and

Lof ) ==Y hnlf, Yu)Yn(x) forf € Dom(Lp).

n=1

For any real valued function ¢ : R — R, one can also define the operator ¢(Lp) as follows:

Dom(¢(£p)) = {f € 12Dy dx) 1 Y pOF, Yn)? < oo] ,

n=1

o0
PLD)f =Y O, Yn) V-
n=1
In next section, the operator £’5 defined using ¢ (t) = t* will be utilized.
The generator .£p, is also called the fractional Laplacian on D with zero exterior condition, denoted as A%/?|,. We now
record a lemma that gives an explicit expression of .Lp.

Lemma4.1. For f € ¥°,if

. Cd,
$(®) = lim () = F00) " dy (4.7)
=0 Jiyerd:|y—x|>¢} | |
exists and the convergence is uniformly on each compact subsets of D and ¢ € L*(D; dx), then f € Dom(.Lp) and ¢ = £Lpf. In
particular, if f is a bounded function in ¥P N CZ(D), then f € Dom(Lp) and

Lpf (x) = lim FO) —fX)—— |d+a dy

=0 J{yeRrd:|y—x|>e} ly —

Cd,ot
fyemd (Fx+y) —fX) = V) - yly=<) Wdy'

Proof. Suppose that f € #P and that ¢ defined by (4.7) converges locally uniformly in D and is in L?(D; dx). Then for every
g € C2(D), by the expression of €°(f, g) and the symmetry,

1
.0 = [ 00 -FoEm - g0 day
RAxRA |x — | to
1
= — lim F» —fe))EW) — g(X))mdxdy

2 &0 {(x,y)eRIxRYE: |x—y|>¢} |
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~lim (f ()~ F®) Mdy)g(x)dx
e—0 {yeRd:|ly—x|>¢} ly — x|

- / $0g(X)dx.
le

Since C2(D) is €°-dense in W/>*(D), this implies that f € Dom(Lp) and £Lf = ¢ on D.
Assume now that f is a bounded function in £° N C?(D). Using a Taylor expansion, one easily sees that

/ . |f(X +y)—f(x) — Vf(x) - y1{|y|<1}| |d+a dy < oo foreveryx € D
YeR!
and the integral is a continuous function on D. Set
Y(x) = / , (Fx+y) —fX = V&) - yljy<y) 5 |d+u —% dy forxeD.
YER

For any compact subset K of D, let

= {z € RY : there is some x € K so that |z — x| < &}.

Defining
, 2
D = X
Il = max, |52
we have
limsup/ Ff@) —f@x)———dy — ¥ (x)
=0 xek {yeRd:|ly—x|>¢} | |d+a
— lim sup / (F&x+y) = F®) = VF®) - Yly<n) Mdy‘
=0 xek |J{yeRrd:|y—x|<e) [yl
<tim | Sup 107f o Iy dy‘—o
e20 | yerd:|y—x|<e} z€Ke * ||d+°‘

By what we have shown in the first part, this implies that f € Dom(Lp) with £pf = 1, which completes the proof of the
lemma. O

The main purpose of this paper is to investigate the existence of strong solution to the following equation:
98
oth
u(t,x) =0, xeDt>0, (4.8)
u(0,x) =f(x), xeD.
Let Cs (D) denote the Banach space of bounded continuous functions on RY that vanish off D, with the sup norm.

—u(t,x) = A"‘/zu(t,x); xeD,t>0

Definition 4.2. (i) Suppose that f e L?(D; dx). A function u(t, x) is said to be a weak solution to (4.8) if u(t, -) € Wg‘/z’z(D)
forevery t > 0, lim; o u(t, x) = f(x) a.e.in D, and 3P /atPu(t, x) = A*?u(t, x) in the distributional sense; that is, for every
¥ € C}(0,00) and ¢ € C3(D),

o) 3/3 oo
f (f u(t, x) 1//( ) >¢(X)dx 2/ &% (u(t, ), ¢) y () dt.
rd \Jo 0

(ii) Suppose that f € C(D). A function u(t, x) is said to be a strong solution (4.8) if for every t > 0, u(t, -) € Cs(D),
A%2y(t, -)(x) exists pointwise for every x € D in the sense of (3.3), the Caputo fractional derivative dfu(t, x)/dt? exists
pointwise for every t > 0 and x € D, 3#/3tPu(t,x) = A*u(t, x) pointwise in (0, 00) x D, and lim, o u(t, x) = f(x) for
everyx € D.

A boundary point x of an open set D is said to be regular for D if Py[tp(X) = 0] = 1. A sufficient condition for xo € dD
to be regular for D is that D satisfies an exterior cone condition at X, that is, there exists a finite right circular open cone
V = V,, with vertex xq such that V,, C D¢ (cf. [18, Theorem 2.2]). An open set D is said to be regular if every boundary
point of D is regular for D. Assume now that D is a regular open set. Then [18, Theorem 2.3] shows that {P?, t > 0} is a
strongly continuous (Feller) semigroup on the Banach space Cs. (D) of bounded continuous functions on R? that vanish off
D, with the sup norm. Moreover, {P[D, t > 0} has the same set of eigenvalues and eigenfunctions on C,, (D) as on L?(D; dx):
P[D Y, = e "ty in Coo (D) (see [18, Theorem 3.3]). In particular, every eigenfunction 7, of the L?>-generator ., is a bounded
continuous function on D that vanishes continuously on the boundary aD.
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5. Space-time fractional diffusion in bounded domains

In this section, we prove strong solutions to space-time fractional diffusion equations on bounded domains in R%. We
give an explicit solution formula, based on the solution of the corresponding Cauchy problem. The basic argument uses an
eigenfunction expansion of the fractional Laplacian on D, and separation of variables. The probabilistic representation of the
solution is constructed from a killed stable processes, whose index corresponds to the fractional Laplacian, modified by an
inverse stable time change, whose index equals the order of the fractional time derivative.

Recall that X is a rotationally symmetric a-stable process in RY and {E;,t > 0} is the inverse of a standard stable
subordinator of index 8 € (0, 1), independent of X. In the following proof, we denote by c, cy, c3, . . . a constant that may
change from line to line.

Theorem 5.1. Let D be a regular open subset of R%. Suppose f € Dom(oCﬁ)for somek > —1+ (3d + 4)/(2x). Then
u(t, x) = E,[f (Xp)] € Go([0, 00) x RY) N C?((0, 00) x D)
and u(t, x) is a strong solution to the space-time fractional diffusion equation (4.8).

Proof. First we will prove that f € C(D).Let0 < Ay < A; < A3 < --- be the eigenvalues of .£p and {yr,, n > 1} be the
corresponding eigenfunctions, which form an orthonormal basis for L>(D; dx). Note that, since D is a regular open set, we
have from the last section that {;, € C (D) for eachn > 1.Since f € Dom(£’,§) for some k > —1 + (3d + 4)/(2w), using
(4.5) it follows that

M =Y 22, ym)? < oo, (5.1)
n=1
and so |{f, ¥n)| < ~/MA;¥. From (4.2) and (4.4) we get
[o.¢]
e Y < Y e |y ()|* = po(t, X, ) < Mgt~

k=1

and hence, taking square roots of both sides, we get

[y ()| < /2, [Mg gt =9

Taking t = 1/X,, gives us

[P (x)| < ckz/(za) foreveryx € D (5.2)
for some ¢ > 0. Since k > —1+ (3d + 4)/(2«), (5.2) together with (4.5) implies that

o0 o0 o0
D AE D ¥nllos < €32 A0 < 0y n@/DWENTH < o0,
n=1 n=1 n=1

Hence f(x) = Y_,_(f, ¥) ¥ converges uniformly on D, and so f € Coo (D).

Recall that PPf (x) = E,[f (XP)] is the unique weak solution in Wg‘/z’z(D) of the equation

%v(t, x) = A%?u(t,x) withv(0,x) = f(x) (5.3)

on the Hilbert space L2(R%; dx) (cf. see [13]). The semigroup PP has density function pp(t, X, y) given by (4.1). Note that
p(t, x,y) is smooth in x. By a proof similar to [19, Proposition 3.3], we have for everyj > 1and 1 < i < d that

J

) 4 .
—p(t,x,y)| <c (ﬂdﬂ)/a A < ot p(t, x, y). (5.4)
i

t
|X _y|d+oz+j

In view of the symmetry p(t, x,y) = p(t,y, x) and pp(t, x,¥) = pp(t,y, x), we have from (4.1) and (5.4) that Pth(x) =
fD po(t, x, y)f (y)dy is smooth in x € D. Moreover, for every compact subset K of D and T > 0, there is a constant
¢, = ¢(d, a, K, T) such that, forx € Kand t € (0, T],

ox,

d ( )
= pp(t.x.y
ax

1

< et *p(t, x,y). (5.5)
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The Chapman-Kolmogorov equation implies

[ pexiay = [ pex ey dy = peex.
It then follows using (4.2) and (5.5), and the Cauchy-Schwarz inequality that

IVPEF (0] < et 72@0)YC | [ 2p). (5.6)
Consequently, each eigenfunction v, (x) = e*"[PtD Yn(x) is smooth inside D with

Vi ()| < eyt~ @2/ @0t
forx € Kandt € (0, T]. Taking t = 1/A, yields

|Vign ()| < c3A /20 forx e K. (5.7)

In view of (4.3), PPf (x) is also differentiable in t > 0. (The eigenfunction expansion (4.3) together with (5.7) gives another
proof that PPf is C* in x € D.) Hence in view of Remark 3.1, v(t, ) = PPf (x) is a classical solution for dv/dt = Lpv in D.

Now define
u(t, x) = Ex[f (Xp)] = Exlf (Xg,): Er < 1p].

Since XP generates a strongly continuous (Feller) semigroup on Co,(D), PPf(x) is a bounded continuous function on
[0, 00) x RY that vanishes on [0, 00) x D, and hence so is u, in view of (3.8). By Baeumer and Meerschaert [16, Theorem 3.1]
(and [8, Theorem 4.2]), u(t, x) is a weak solution for the parabolic equation (4.8) on L?(R¢, dx). Then, to show that u is a
classical solution, by Remark 3.1, it suffices to show that u(t, -) € C?(D) for each t > 0, and that the Caputo derivative of
t — u(t, x) exists for each x, and is jointly continuous in (t, x).

Bingham [20] showed that the inverse stable law E; with density f; (s) given by (2.1) has a Mittag-Leffler distribution,
with Laplace transform E[e *Et] = Eg (—xt#). Then it follows, using (4.3) and a simple conditioning argument, that

u(t,x) = /oo]Ex[f(Xs); s < tlfi(s) ds
0
- / (Z e (f, wnh/fn(x))ﬁ(s) du
0 n=1

= Y Eg(—aat))(f, Y)Y (). (5.8)
n=1

Then, since 0 < Eg(—Axt?) < ¢/(1+ Ant?), we have by (5.7) and (5.8) that

2

IVulloo <

Eg (=) |[(F, ¥ad | IV ¥l oo
1

n

(d+4)/2a)
n

—k
CA, m71+k v
n

2

=

n=1

o0
< (c /M)tfﬁ Z}\.l(,‘d+4)/(2a)717k
n=1

forj = 1, 2. Then by (4.5),

(o]
||V]u||oo < (C /M)t—ﬂ Z)";d+4)/(2a)_l_k

n=1

e8]
< (ccuV/M)EP 3 @/ D@D/ @010 oy

n=1

ifk > (3d+4—2«a)/(2a). This proves that, when k > —14(3d+4)/(2a), u(t, x) is C?inx € K,and hence in D. Consequently,
by Remark 3.1, the spatial fractional derivative A%/?u(t, x) exists pointwise for x € D, and is a jointly continuous function
in (¢, x).
Next we show u(t, x) isClint > 0.Let0 < y < 1 A (4/(2a) — 1). By Krigeloh [21, Eq. (17)],
g1
< CL < C)\)): tVﬁ*].

815( Int?)
pL 7 n T

ot
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This together with (5.1) and (5.2) yields that

o0

2

n=1

o0
< 3 e gkaden

n=1

2]
< /Py k) < ¢ prp,

n=1

a
&Eﬂ (_)\ntﬂ) (f’ ¢n>wn(x)

Then it follows by a dominated convergence argument that u(t, x) is continuously differentiable in t > 0, with

0
=2
n=1

Hence by Remark 3.1, The Caputo fractional derivative d%u(t, x)/9t? of u(t, x) exists pointwise and is jointly continuous
in (t, x). Since u(t, x) is a weak solution of (4.8) on L*>(R?; dx), by the above regularity property of u(t, x), it is also a strong
solution of (4.8). O

au(t, x)

or <ct’?' for everyx € D. (5.9)

d
g%o%mﬁmwnww

Remark 5.2. The above proof can be easily modified to show that, if D is a bounded regular open subset of RY and
f € Dom(aC’[‘,) for some k > 1+ (3d)/(2w), then u(t,x) = lEx[f(XE[i)] is a weak solution to the space-time fractional

diffusion equation (4.8). Moreover, the Caputo derivative 3#u/3t# exists pointwise as a jointly continuous function in (t, x),
and .£pu has a continuous version that equals 3%u/3t# on (0, co) x D.

Remark 5.3. The paper [22] solves distributed-order time-fractional diffusion equations 9;'u = Au on bounded domains.
The distributed-order time-fractional derivative is defined by

35
wm=f'mhwx

ath

where v is a positive measure on (0, 1). It may also be possible to extend the results of this paper to develop strong
solutions and probabilistic solutions for 3’u = A*/?u on bounded domains. Distributed-order time-fractional diffusion
equations can be used to model ultraslow diffusion, in which a cloud of particles spreads at a logarithmic rate, also called
Sinai diffusion [23]. O

Remark 5.4. The fractional Laplacian generates the simplest non-Gaussian stable process in RY. Stable processes are useful
in applications because they represent universal random walk limits. For random walks with strongly asymmetric jumps,
a wide variety of alternative limit processes exists, see for example [6]. Because the generators of these processes are not
self-adjoint, the extension of results in this paper to that case remains a challenging open problem. O
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