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1. Introduction

Let T > 1 be a positive integer and let g, : R — R be locally essentially bounded functions, for every k € Z[1,T] :=
{1, 2, ..., T}.In this paper we are interested in the existence of multiple solutions for the following discrete problem

T
> € Mg W), & @)l, VkeZ[1,Tl, (Sk)
=1

where A is a positive parameter, A := (a;j) 7«7 is a real symmetric positive definite matrix and

~(t) ;= lim essinf , T(t) ;== lim esssu ,
g () := lim ‘Eftkagk(é) 8 (1) := lim esssup 8k(&)
for every k € Z[1, T]. Itis clear that if the functions g are continuous (instead of locally essentially bounded) problem (Si,x)
becomes a more familiar nonlinear algebraic system

Au = Ag(u),

inwhichu = (uq, ..., ur)" € RT and g(u) := (g1(u1), ..., gr(ur))t.

A considerable number of problems, which are strictly connected both with boundary value differential problems
and numerical simulations of some mathematical models arising from many research areas (e.g. biological, physical and
computer science) can be formulated as special cases of nonlinear algebraic systems (see, for instance [1]).

However, to the best of our knowledge, for discrete difference inclusions there are only few papers involving the second-
order difference operator. For instance, in [2], the existence of at least one solution was obtained via the set-valued mapping
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theory, while in [ 3], existence results for suitable second-order discrete discontinuous equations have been investigated by
variational methods.

The aim of this paper is to establish a three solutions result (Theorem 3.1) for problem (Sﬁ ,)-Successively, in Corollary 3.1,
the existence of at least two nontrivial solutions is obtained for sufficiently large values of the real parameter .

Our proof is based on a three critical points theorem for nondifferentiable functionals obtained by Bonanno and Marano
(see Theorem 2.1 in Section 2). We also note that, very recently, Theorem 2.1 has been used in [4], in order to obtain an
analogous version of Theorem 3.1 for Dirichlet inclusions involving the discrete p-Laplacian operator.

Due to the generality of problem (Sf. , ) remarkable applications are achieved. For instance, in Section 4 we present some
existence theorems concerning discrete inclusions involving certain tridiagonal matrices, fourth-order discrete inclusions
and partial difference inclusions.

A special case of Corollary 3.1 reads as follows.

Theorem 1.1. Let h : R — R be a locally essentially bounded positive function and consider the usual forward difference
operator Auy_q = U, — uy_1. Assume that

(hy) limsup,_ ¢+ @ =0;
(h3) limsupy_, @ < %1 where A is the first eigenvalue of the discrete problem

— A%y =2y, YkeZ[1,T]
U,=u1=uU=0
Urgq = Urgp = Urq3 = 0.

Then for every
82
A > —inf -
T3>0 [*h(t)dt
the following fourth-order discrete inclusion
— A%, e Alh (we), (w1, Ykez[1,T]

U_p=U_1=Uyg= 0 (DQ)
Ury1 = Uryp = Ur43 = 0.

admits at least two nontrivial solutions.

Finally, we emphasize that our results are also new in the continuous setting. In this case, the existence and multiplicity
of solutions was investigated in a large number of other papers under various assumptions (see for instance [5,1,6,7,3] and
references therein). See also recent papers [8-11] for related topics.

The plan of the paper is as follows. In the next section we introduce our abstract framework. Successively, in Section 3,
we show our multiplicity results.

In conclusion, concrete examples of applications of our abstract results are presented.

2. Abstract framework

Let (X, ||-]|) be areal Banach space. We denote by X* the dual space of X, while (-, -) stands for the duality pairing between
X*and X. A function ] : X — R is called locally Lipschitz continuous if to every x € X there correspond a neighborhood V,
of x and a constant L, > 0 such that

U@ —Jw)| = Lllz —wll, Yz, w € Vi
Ifx, z € X, we write J°(x; z) for the generalized directional derivative of J at the point x along the direction z, i.e.,
J%(x; 2) := limsup w
w—x, t—0t t
The generalized gradient of the function J in x, denoted by 9] (x), is the set
) = {x" eX*: (x*,2) <J°(x;2), Vz € X}.

The basic properties of the generalized directional derivative and the generalized gradient were studied in [12,13]. We
recall that if J is continuously Gateaux differentiable at u, then J is locally Lipschitz at u and 9J(u) = {J'(u)}, where J'(u)
stands for the first derivative of | at u.

Further, a point u is called a (generalized) critical point of the locally Lipschitz continuous function J if Ox+ € 9] (u), i.e.

J°(;2) > 0,
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for every z € X. Clearly, if ] is a continuously Gateaux differentiable at u, then u becomes a (classical) critical point of ], that
is J'(u) = Ox=.

For an exhaustive overview on the non-smooth calculus we mention the excellent monograph [14]. Further, we cite a
very recent book [15] as a general reference on this subject.

The main tool will be the following abstract critical point theorem for locally Lipschitz continuous functions on finite
dimensional Banach spaces that can be derived from [ 16, Theorem 3.6].

Theorem 2.1. Let X be a finite dimensional real Banach space, ®, ¥ : X — R be two locally Lipschitz continuous functionals
such that @ (0x) = ¥ (0x) = 0 and assume that the following conditions are satisfied:

(ay) thereexist r > 0and u € X, with @ (u) > r, such that:

sup v (u) _
ue®~1(-o0,r) PRAC)
r & (1)’
_ |e@ r . . . . .
(ap) foreach A € A, = }W TR p—) [ the functional J;, .= & — AW is coercive, that is

lim (@) — A¥(u)) = +o0.

luf|—o0

Then for each A € A,, the functional J;, has at least three distinct critical points in X.

We also cite the quoted papers of Ricceri [17-19] for some related topics in the smooth context.
Here, as the ambient space X, we consider the T-dimensional Banach space R endowed by the norm

r 1/2
= (Z ui) :
k=1

induced by the standard Euclidean inner product (u, v)x = ZL] Uy Uk

Set Xt to be the class of all symmetric and positive definite matrices of order T. Further, we denote by A4, ..., A7 the
eigenvalues of A ordered as follows 0 < A1 < --- < At.

It is well-known that if A € X7, for every u € X, then one has

Mllul® < u'Au < Arful?, (1)
and
1 taan1/2
lulloo < \/T(u Au)/”, (2)
1

where ||t o = maXgez1.1y |Ukl-
For every u € X, put

utAu T
W) = Y@= G, and () = S — A, (3)
k=1

where G(t) = fot g (&)dE, for every (k, t) € Z[1,T] x R.
It is easy to verify that @ is continuously Gateaux differentiable, while ¥ is locally Lipschitz continuous.

Proposition 2.1. Fix A > 0 and assume that u € X is a critical point of the functional J, := ® — AW. Then u is a solution of
problem (Sj ;).

Proof. If u is a critical point of J, bearing in mind of [ 13, Propositions 2.3.1 and 2.3.3], it follows that

.
@' (W) (2) < ¥ 2) < (Z Gp (i zk>> : 4)

k=1

for every z € X. Moreover,

(V(u'Au), z)x

' (u)(2) = 5

) (3)



G. Molica Bisci, D. Repovs / J. Math. Anal. Appl. 398 (2013) 846-856 849

foreveryz € X.Forevery & € Rand k € Z[1, T], by putting in (4) the vector z = £ey, where e, are the canonical unit vectors
of X, and taking in mind (5), we get

T
<Z aguy, E> = &' (u)(2) < AGp(ui; &),
=1 R
namely

;
Z au; € AOGy(uy).
=1

Finally, since it is well-known that

G () = g (W), g ()],
for every k € Z[1, T] (see for instance [13, Example 2.2.5]) it follows that

T
> aqur € Agg (uo), & Wol, Yk e Z[1,T].
=1

Therefore our assertion is proved. O

3. Main results
In this section we present our multiplicity results for problem (S/‘fy ,) which can be deduced by using Theorem 2.1.

Theorem 3.1. Let g, : R — R be a locally essentially bounded function for every k € Z[1, T]. Assume that

(g1) there exist positive constants y and §, with

172
A
Tr(A) +2 ) a; v
i<j
such that
T T
> sup Gi(&) > G(8)
k=11¢I<y - A k=1 .
y2 Tr(A) +2> a5 8
i<j

(g2) limsupy;_ o % <4 Vkez[1,T).

Then, for every A belonging to

Tr(A) 4+ 2 a;

A= = 82 5 ﬁ ]/2 N
T 2 T
> Gi(8) > sup G(§)
k=1 k=11§=y

problem (Sfm) admits at least three solutions.

Proof. Fix A € A and let @, ¥, ], as indicated in (3). Since the critical points of J; are the solutions of problem (SA‘?J), our
aim is to apply Theorem 2.1 to function J,. Therefore, put

_ Moo
2
and let us denote

r:

)

A ={ueX:|ul <y},

forevery k € Z[1, T].
Thanks to (2), it follows that

fueX:uAu<2ryC{ueX:|lule <y} CA,
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for every k € Z[1, T]. Hence

T
sup  ¥(u) sup Y Gr(uy)

X () = ued~1(]—o0,r]) < lulloo <y k=1
r r
T T
> sup Gy (u) > sup Gy(§)
k=1ueh _ 2 k=1gl=y
- r Y y?
Now consider u € X such that uy, := §, for every k € Z[1, T], and observe that, since
1/2
At
T +2ya; | 7
i<j
one has @ (u) > r. Further,
T
_ > G(8)
'I/(u) _ 2 k=1

Q@) TrA)+2)a; 82

i<j
At this point, taking into account relations (6) and (7), condition (g, ) implies that

T
5 kgl Gk (3)

A WS ST

i<j

Therefore, hypothesis (a;) holdsand A C A,.
By (g,) there are constants € €]0, A1/2[ and ¢ > 0 such that

Jy g®dt 2
T < )
for every |£| > o and k € Z[1, T]. Let us put

&
M, = max / gr(t)dt.
(k,&)€z[1,TIx[~-0,0] Jo

At this point note that, for every & € R and k € Z[1, T], one has

’

&
/ ge(t)dt < M; + Mo,
0

where
M, =
= — —c€
)

Moreover, the following inequality holds

u‘Au T
S = 5= = Y[ My + M|, Vuex.
k=1
Hence,
u‘Au ,
.])»(u) Z 2 _MZHUH _TM17 VUGX,

and, by relation (1), one has

L) > ellull® —T™;, VuceX,

(9)

(10)
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which clearly shows that

lim J, (u) = +o0. (11)

lul—o0

So, the assumptions of Theorem 2.1 are satisfied and our conclusions follow from Proposition 2.1. O

Remark 3.1. We point out that very recently, Theorem 3.1 has been exploited in [4], in order to obtain an analogous version
of Theorem 3.1 for Dirichlet inclusions involving the discrete p-Laplacian operator. A related variational approach has
been also adopted, studying difference equations (in the continuous case) in papers [20,21] as well as in [22,23] proving
multiplicity results for nonlinear algebraic systems.

A direct consequence of Theorem 3.1 reads as follows.

Corollary 3.1. Let « : Z[1, T] — R be a nonnegative (not identically zero) function and let h : R — R be a locally essentially
bounded map. Assume that

(hy) there exists § > 0 such that h(t) > 0 forevery 0 < |t| < §;
(hy) limsup,_ ¢+ @ =0;

i h() 25}
(h3) limsupy o =~ < ST

Then for every
Tr(A)/2 + ) aj

i<j

T 2 hyde’
o 0
k:Zl k

82

A >

the following discrete problem

T
> au € Aendh™ (w), K (uo)l, Yk e Z[1,T], (S3:)
=1

admits at least two nontrivial solutions.

Proof. Our aim is to apply Theorem 3.1 to problem (SX,‘;’). Hence, let us put H(§) = f(f h(t)dt for every £ € R. By (hy) one
has H(8) > 0 and

sup H(§) = H(y),
l|<y

for every y € (0, 8]. Further, fix
Tr(A)/2 + ) aj

i 8
A= T H()” (12)
> o
k=1
By (h;) there exists y € (0, §) such that
Mt
h() <

(5)

for every t €]0, y[. Hence we obtain

H(t A
wp HO

_ t2 — T :
r0.7) 24 (Z (xk)

k=1
On the other hand, bearing in mind (12), one has
>
oxH(3)
A = o

Tr(A) + 23 a5 52 2

i<j
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Taking
-1/2
0 min 4§ y A
< < 1 N s —— )
4 Y@ 23X g
i<j
and considering the above relations, one has
T T
<Z ak> sup H(§) > axH(3)
k=1 le1<y A1 A1 k=1
< —< . (13)
y2 2), Tr(A) +2 Y a; 82

i<j
Thus, condition (g;) in Theorem (SZ;: ) is verified.
Now, we proceed by proving that condition (h3) implies (g;). Indeed, by (hs3), there are constants €' € ]0, X1/ (Z£=1 ak> [
and o > 0 such that
h(t) At ,
-~ = _
t T
> o
k=1

for every |t| > o. Since h is a locally essentially bounded function, we also have

’

M := esssup |h(t)| < +o0.

te[—o,0]

Therefore, if ¢ > o, one has

& o & T
/ h(t)dt =/ h(t)dt—l—/ h(t)dt < Mo + % <A1/<Zak> _ Ez) £,
0 0 o k=1

while, for £ < —ao, it follows that

& —o 0 T
/ h(t)dt = — [/ h(t)dt +/ h(t)dt] < Mo + % (M/(Z ozk) — e’) g2,
0 & -0 k=1

Consequently,

3 T
f h(t)dt < Mo + % (M/(Zak> - e/) g2, VEeR. (14)
0 k=1

Hence, by using (14), one has

3 T T
ah(t)dt H 1 A
limsupfokiz() = ay lim sup (f) <= E o Al/ E a ) —€') < 21
lgl—o0 £ glooo & 2\ P 2

So, it is clear that condition (g,) holds, too. Finally, we achieve the conclusion by applying Theorem 3.1, taking into account
that condition (13) ensures that

Tr(A)/2 + Y aj 52 5

i<j 1 )4

re =
T H©) 2 (T

2o @ <Z ak> sup H ()
=1

k=1 [§l=<y
Thus, our claim holds and the proof is completed. O
Remark 3.2. As pointed out in the Introduction, in recent years, some related results on the existence of multiple solutions
for algebraic systems of the form
Au = Ag(u), (15)

were obtained by several authors (see the papers [24-26]).
We also emphasize for completeness that Theorem 3.1 and Corollary 3.1 are mutually independent with respect to results
and methods contained in the cited works also in the continuous setting, as can be easily seen by direct computations.
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Remark 3.3. In the smooth case, Corollary 3.1 (and even the main abstract result) can be obtained directly from the
celebrated Pucci-Serrin result (see [ 15, Theorem 1.13]); namely, for enough large parameters, a solution appears as a global
minimum point for the energy functional (with negative energy level) while a second solution as a mountain pass one (with
positive energy level). See, for instance, the recent paper [27, Theorem 3.1] where, under suitable assumptions at zero and
at infinity on the nonlinearity g, has been proved that, for every

-1

T
Tr(A) +23 ay > Gi(§)
1<j k=1
A>| ——— max ———— ,
2 ££0 g2

problem (15) has at least two distinct and nontrivial solutions.

4. Applications

In this section we present some important cases of Theorem 3.1. More precisely, we consider our previous result for some
classes of discrete problems that appear in several technical applications.

4.1. Tridiagonal inclusions

Let T > 1and (a, b) € R~ x RT be such that

b4 b
cos (7> < ——. (16)
T+1 2a

Set

o o

Tridr(a, b, a) = ,

0O --- a b a
0 -+ 0 a b/,
and consider the following discrete problem
Lria(u) € Al (), ji o], Vk € Z[1,T], )
where
buy + au,
Lria(u) :== {aug_1 + bug + augq, Vke{2,...,T—1}
aur_; + bur,

the functionsj; : R — R are assumed to be locally essentially bounded, and A is a positive parameter. At this point, observing
that Tridr (a, b, a) is a symmetric and positive definite matrix whose first eigenvalue is given by

b4
A = b+ 2acos ,
1=n (T+1>

see [28, Example 9; p.179], we obtain the following multiplicity result.

Theorem 4.1. Assume that

(g1) there exist positive constants y and §, with

<b+2acos (r /(T + 1)))”2
5> s

bT + 2a(T — 1)
such that
L & T
sup [, ji(t)dt C(Odt
I;\E\Syfo k ) b+2acos(n/(T+l))k§1f0]k() .
v? bT + 2a(T — 1) Z

£
(g7) lim SUPj¢ s 00 lo ]g;[) t < b+Zacos(27r/(T+1))’ VkeZ[1,T].
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Then for every A belonging to

bT +2a(T — 1) 52 b+ 2acos (7 /(T + 1)) y?

2 T 5. ’ 2 T :.
> Jo dk(Ddt Y sup [y jk(t)dt
k=1

k=11¢I<y

problem ( 5&) admits at least three solutions.

The above result can be applied to second-order difference inclusions. Indeed, it is well-known that the matrix

2 -1 0 - 0
-1 2 -1 - 0
Tridr(—1,2, —1) == € Xy,
0o - -1 2 -1
0 -~ 0 -1 2

TxT
is associated to the second-order discrete boundary value problem

—Au_y € Alji (W), jif w1, Vk e Z[1,T]
Up = uryq =0,

where A%u_; := A(Aug_4), and, as usual, Aug_; = U — ug_; denotes the forward difference operator.

4.2. Fourth-order difference inclusions

Boundary value problems involving fourth-order difference inclusions such as

— A%y € Mg (), g wol, Yk eZ[1,T]
U_2=U_1=U0=0
Uryq = Urqp = U3 =0,

can also be expressed as problem (Sf’ ,), where A is the real symmetric and positive definite matrix of the form

6 —4 1 0 0 0 0 0

4 6 -4 1 0 0 0 0

1 -4 6 -4 0 0 0 0

1 —4 6 0 0 0 0

A= € Xr
0 0 0 0 6 —4 1
0 0 0 0 -4 6 -4 1
0 0 0 0 1 -4 6 -4
0 0 0 0 0 1 —4 6

In this case, let A, be the first eigenvalue of A. Assuming that the following condition holds:
(g)) there exist two positive constants y and 8, with

S > i)/,
2
such that
T T
> sup Gi(%) > G(8)
k=1 l§I<y - M k=1
y2 4 52

in addition to (g,), one has that, for every A belonging to

282 A 2
A = 3 i‘l y k]
T 2 T
> G(8) > sup Gy(%)
k=1 k=11&1<y

problem (D‘i) admits at least three solutions.

)
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4.3. Partial difference inclusions

Nonlinear systems of the form (Sfﬁ ,) arise in many applications as the boundary value problems for common boundary

value problems involving partial difference equations. For instance, here we consider the following problem, namely (Ei ,
given as follows

4u(i, ) —uli+1.5) — uli — 1.J) — u(i,j+ 1) — ui.j — 1) € Alfi, @, ). £ Wi, )]
for every (i, j) € Z[1, m] x Z[1, n], with boundary conditions

u@i,0) =u(i,n+1) =0, VieZl m],

u(0,j) =u(m+1,j) =0, VjeZl,n],

where every f; j, : R — R denotes a locally essentially bounded function and A is a positive real parameter.

Letz : Z[1, m] x Z[1, n] — Z[1, mn] be the bijection defined by z(i, j) := i+m(j— 1), for every (i, j) € Z[1, m] x Z[1, n].
Let us denote wy = u(z~1(k)) and g (wy) = J2-14 (i), for every k € Z[1, mn]. With the above notations, problem (E{)
can be written as a nonlinear algebraic inclusion of the form

T
> buwy € Mg (i), g (wl, Yk e Z[1, mn, (S5..)
=1

where B is given by

L —-I, O 0 0 0 0 0
-, L —-I O 0 0 0 0
0 —Iy L —Iy 0 0 0 0
0 0 -y 0 0 0 0
B:= (bU) = € Xmn,
0 0 0 0 —I, O 0
0 0 0 0 -, L —-I, O
0 0 0 0 0 —Iy L —Iy
0 0 0 0 0 0o Iy, L
in which L is the matrix of order m defined by
4 -1 0 o --- 0 0 0 0
-1 4 -1 0 --- 0 0 0 0
0o -1 4 -1 0 0 0 0
0 0 -1 4 0 0 0 0
L= s
0 0 0 0 4 -1 0 0
0 0 0 0 -1 4 -1 0
0 0 0 0 0o -1 4 -1
0 0 0 0 0 0 -1 4

and I,, is the identity matrix. Denoting by A the first eigenvalue of B, we obtain the next result.

Theorem 4.2. Assume that

(g1) there exist two positive constants y and §, with

g 1/2
§>|—— Y,
2(m+n)

such that
mn mn
> sup Gy(§) > Ge(d)
k=1 §|<y AR k=1
< ;
y?2 2(m+n) &2
J& gt

(82) limsupjg oo 55— < %, Vk € Z[1, mn].
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Then for every A belonging to

62 )"B ]/2
A= (m+n)mn ’?mn ’
> G ) sup Gi(§)

k=1 k=1§I<y

problem (Sg ;) admits at least three solutions.

Remark 4.1. We observe thatin [29], Ji and Yang studied the structure of the spectrum of problem (E{) by investigating the
existence of a positive eigenvector corresponding to the smallest positive eigenvalue . In conclusion, we refer the reader
to the paper of Galewski and Orpel [30] for some multiplicity results on discrete partial difference equations as well as to
the monograph of Cheng [31] for their discrete geometrical interpretation.
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