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1. Introduction

In this paper, we investigate the motion of compressible nematic liquid crystal flows, which are described
by the following simplified version of the Ericksen—Leslie equation:

pt +div(pu) =0,
(pu)e + div(pu @ u) — pAu — (A+ p)Vdivu + VP = —Ad - Vd, (1.1)
di +u-Vd= Ad+ |Vd|*d,

where p, u, P and d stand for the density, velocity, pressure and macroscopic average of the nematic liquid
crystal orientation field respectively. The direction field is conformed to |d| = 1. The pressure of the fluid P
is a function of the density. More precisely, the equation of state is

P=Ap", A>0,v>1, (1.2)

where A and 7 are both constants. Without loss of generality, A is normalized to 1. The constants p and A
are the shear viscosity and bulk viscosity coefficients of the fluid, which are assumed to satisfy the following
physical conditions
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>0, A+p>0. (1.3)

In this paper, we suppose {2 to be a bounded smooth domain in R? and consider an initial boundary value
problem for (1.1)-(1.3) with the following conditions

(p; u, d)|t=0 = (po,uo,do), (1.4)
u =0, % =0 on 912, (1.5)
where v is the unit outward normal vector to 952.

When d is a constant vector field, Eq. (1.1) becomes an isentropic compressible Navier—Stokes equation,
which has a huge amount of literature for the three dimensional space. First of all, Choe and Kim [2]
established the local existence for the strong solution in the presence of vacuum. Then it is interesting and
important to investigate the possible breakdown of regularity if the maximal time of existence is finite, see
[4,8,9,14,15,17,19,21] and see [5-7,18,20] for the full compressible fluids. For this aspect, Huang and Xin [15]
gave a blowup criterion, analogous to the Beal-Kato—Majda criterion [1] for ideal incompressible flows, for
the strong solution in three dimensional space:

T
li V|, o dt = oo,
A [Vl dt = oo
0

provided
T > A (1.6)

Recently, a Serrin-type criterion [16] was given by Huang, Li and Xin [8], which is

. 3
lim ([|pll Lo 0,520y + Iv/oullLs0,707)) = 00, B + - <1, 3<r< oo

T—T*

At the same time, Sun, Wang and Zhang [17] also built up a blowup criterion, in terms of the density,

lim
T—T*

p”Lw(o,T;Loc) = 00, (1.7)

under the condition (1.6), which had been reflexed to % > A by Wen and Zhu in [21]. Specially, in
two dimensional space, Sun and Zhang [19] succeed in building up the blowup criterion (1.7) without the
additional relation (1.6).

For the system (1.1), there are not so many results. It is unclear whether a global weak solution to
(1.1)-(1.5) exists in dimensions greater than one. In dimension one, Ding, Wang and Wen [3] obtained an
existence result. For the dimension three, Huang, Wang and Wen [12] established local existence for strong
solution and had the following blowup criterion

lim (

T—T*

|pll Lo 0,7:15¢) + 1Vl 30, 1)) = o0,
under the assumption

T > 9.
At the same time, Huang, Wang and Wen [13] built up another blowup criterion

A (

|D(U)HL1(O,T;L°°) + IVl t2(0,7;15)) = o0,



J. Gao et al. / J. Math. Anal. Appl. 415 (2014) 33-52 35

where D(u) is the deformation tensor, D(u) = w. Recently, Huang and Wang [10] derived a Serrin
blowup criterion
I vd = 2.0 <00, i=1,2
TLITTl( |p||L°°(O,T;L°°) + Hu||L51(0,T;U1) + || | L2 (07T;LT2)) = 00, 5—7, + 7‘_1 sLhndrsoo, 1=1,2

(1.8)

where n is the spatial dimension. Motivated by the idea in [20] for two-dimensional space, if we can get a
bound for [Jul|z2(0,7;r~), then (1.8) will be replaced by

lim (Hp||L°°(O,T;L°°) + ||Vd‘ LS(O,T;LT)) = 00,

T—T*

Therefore, our goal in this paper is to get the uniform bound of |[u 2o, r;r~) from the a priori energy
estimate.
Before stating our main result, we first explain the notations and conventions used throughout this paper.

‘We denote
/fdx = /fdac.
7]

Let

fi=fitu-Vf

represents the material derivative of f. For 1 < ¢ < oo and integer k > 0, the standard Sobolev spaces are
denoted by:

4 — Lq(Q), Wk,q — VVhQ{(_())7 Hk — VV]C,27
W {0 a0 a], 31

For two 2 x 2 matrices M = (M;;), N = (N;;), we denote the scalar product between M and N by

2
M: N = Z M”NZJ

i,j=1
Also, we denote M ® N by

2
M®N =Y MyNy, 1<ij<2
k=1

Let
1
M(d) =Vd® Vd— 5|vcl|2112,

where I is the 2 x 2 identity matrix.

Before working with the blowup criterion of the strong solution, we need to state the result for the
existence of the local strong solution, which was obtained by Huang, Wang and Wen [12]. The method
there can be applied to the case in this paper, i.e. the case that {2 is a bounded smooth domain in R2. The
corresponding result can be stated as follows:
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Proposition 1.1. Let 2 be a bounded smooth domain in R? and q € (2,00) be a fized constant. Suppose that
the initial data pg,ug, dy satisfy

po =0, po €W wye HiNH? Vdy€ H? and |do| =1, (1.9)
and the compatibility condition
pAug + (A + p)Vdivug — V(pg) — Ado - Vdo = /pog, (1.10)

for some g € L?. Then there exist a positive time Ty > 0 and a unique strong solution (p,u,d) of (1.1)-(1.5)
such that

p=0, peC(0,To;W"), p € C([0,Tp]; L),

u e C([0,To]; Hy N H?) N L*(0, To; W),

u, € L*(0,To; Hy), Vpur € L (0,Tp; L?),

vd € C([0, Tp); H*) N L*(0, Ty; H?),

dy € C([0,To); H") N L*(0, Ty; H?), |d| = 1. (1.11)

Proposition 1.1 tells us the fact that lifespan of strong solution of (1.1)-(1.5) is positive. Now, it is time
to state our main result in this paper.

Theorem 1.2. Suppose the assumptions in Proposition 1.1 are satisfied and (p,u,d) is the strong solution.
Let T* be the mazimal time of existence for the strong solution. If T* < oo, then

li 00 (0.7 L,oo s(0.T-L7)) = 1.12
A (loll=o.riz) + IVl e o7:1r)) = 00 (1.12)
with r and s satisfy

2 2

-+-<1, 2<r<oo. (1.13)

s T

Remark 1.3. The blowup criterion (1.12) tells the fact that the density will concentrate provided that the
Serrin norm of the gradient of direction field is bounded. In other words, it is not possible for other kinds
of singularities to form before the density becomes unbounded if the Serrin norm of Vd remains bounded
in two-dimensional space.

Remark 1.4. If d is a constant vector field, then Eq. (1.1) becomes an isentropic compressible Navier—Stokes
equation. At this time, the blowup criterion (1.12) is the same as (1.7) mentioned in [19]. However, our
method in this paper is different from the paper [19].

The rest of this paper is organized as follows: In Section 2, we state some elementary facts and inequalities;
in Section 3, we give the proof of Theorem 1.2.

2. Preliminaries
In this section, we want to recall the known facts and elementary inequalities that will be used later.

Assume that 2 C R? is a bounded smooth domain. Consider the following boundary value problem for
the Lamé system,
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{,uAU+()\+u)VdivU—F in 2, (2.1)

U=0 ondf2.

Here and in what follows, we denote LU = pAU + (A + p)VdivU. It is well known that under the
assumptions (1.3), (2.1) is a strongly elliptic system. If F' € W~=14(§2), then there exists an unique weak
solution U € VVO1 "4, Thanks to the uniqueness of solution, we denote U = L1 F. We start recalling various
estimates for this system in L4 space. For a proof, the reader refers to [17].

Proposition 2.1. Let g € (1,00), then there exits some constant C' depending only on A, p, g and 2 such
that

(1) if F € L9, then
[Ullw=a < C||F|La;
(2) if Fe WY (ie., F =div f with f = (fij)2x2, fij € L), then
1Ullwra < Cllflza-

Moreover, for the endpoint case, if f;; € L> N L%, then VU € BMO(S2) and there exists some constant C
depending only on X\, u, {2 such that

VUl rmoc2y < C(Ifllze + 11f1lL2)-

Here ||g|lsrmoce) = 9ll2 + 9l BMo), with

o/
glBmo(2) *=  sup 9(W) — 90.()| Y,
lglsmowy = 200 2@ ( )’ @

1
o) = d
92, (z) |Qr(33)‘ / g(y) Y,
2, (x)

where $2,.(x) = By(x) N 2 and |£2,(x)| denotes the Lebesgue measure of 2,(x).

The following Sobolev inequality in Lemma 2.2 is useful for us to give estimate for Vp. For its proof, the
reader can see [17].

Lemma 2.2. Let 2 be a bounded Lipschitz domain in R? and f € WH9 with q € (2,00), then there exists a
constant C depending only on q such that

[ fllee < C(14 || fll Bmocoy In(e + (| fllwra)).

The last lemma introduced in this section will be the following logarithmic Sobolev inequality which
plays an important role in the proof of Lemma 3.3. Omitting the proof for brief, one can read [11].

Lemma 2.3. Let §2 be a bounded smooth domain in R?, and f € L*(s,t; H N W19) for q € (2,00). Then
there exists a constant C' depending only on q such that

Hf”%?(s,t;[ﬂo) < C[l + ||f‘|%2(s,t;H1) 111(6 + ||f||L2(S,t;W1"1))}’
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3. Proof of Theorem 1.2

In this section, we will give the proof of Theorem 1.2 by contradiction. More precisely, let 0 < T < oo
be the maximum time for the existence of strong solution (p,u,d) to (1.1)—(1.5). Suppose that (1.12) were
false, that is,

Mo =l

|PllLo=0,7;22) + I VallL=(0,750m)) < 0. (3.1)

Under the condition (3.1), one will extend existence time of the strong solution to (1.1)—(1.5) beyond T,
which contradicts with the definition of maximum existence time.
The first lemma is the basic energy inequality, which comes from [10].

Lemma 3.1. Under the condition (3.1), it holds that for 0 < T < T*,

0<t<T

T
sup /(p|u\2 +|Vd[?) d:r+//(|Vu|2 + |Ad + |Vd|2d\2) dxdt < C, (3.2)
0

where and in what follows, C denotes generic constants depending only on My, u, \, v, T*, and the initial
data.

After having the above energy inequality at hand, it is easy to deduce the following lemma which will
play an essential role for us to give the control of || V2d| 2 by applying Lemma 2.3.

Lemma 3.2. Under the condition (3.1), it holds that for 0 < T < T*,

T
//|v2d|2 drdt < C. (3.3)
0

Proof. Since the simple fact |d| = 1, we deduce that Ad-d = —|Vd|?. Then, we obtain

T T T
//|Ad|2dxdt://|Vd|4dxdt+//|Ad+|Vd|2d|2dxdt
0 0 0

T

g//|w|4dxdt+0, (3.4)

0

where we have used (3.2).
If exploiting the interpolation, Gagliardo—Nirenberg, Young inequalities and using (3.1), we obtain

T T
//|Vd|4dxdt< /||Vd\|%r||VdHi% dt

0 0

2(r—2)

T
<C / V2Vl 2 IVd]j dt
0
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T T
2r
<5/||Vd||’;;,1 dt+C(5)/|\Vd||£:2||Vd||%2 dt
0 0

T
< 5/|yv2dy|; dt + C(e). (3.5)
0

Substituting (3.5) into (3.4), we can obtain

T T
//|Ad|2dxdt <5/HV2dH2LQ dt + C(e). (3.6)
0 0

Taking H?-estimate for the direction field d with the Neumann boundary, it arrives at

T T
[ [Ivaf as < e [(18a. +al) . 3.7
0 0

Plugging (3.6) into (3.7) and choosing € small enough, we get

T

//|v2d|2d:cdt<0.

0

Therefore, we complete the proof of lemma. O
Now we will derive the crucial estimate for ||Vul|z2 and [|[V2d|| 2.

Lemma 3.3. Under the condition (3.1), it holds that for 0 < T < T*,

T
sup /(|Vu|2 +|V2d]* + |Vd|*) de +//(p|it|2 + [V |V + [Vdi|? + |V3d|*) da dt < 0. (3.8)
te[0,T] J
Proof. Step 1: Multiplying (1.1)s by wu¢, integrating over {2 and integrating by parts yield
a1
dt 2

= /pu-(u~Vu) dm—/Pt divudx—/M(d)t-Vudm. (3.9)

/[,u|Vu|2 + (A + p)(divu)? — 2P divu — 2M(d) - Vu] dz + /p\mz dx

In order to deal with the term — f P, divudz, following the idea in Sun, Wang and Zhang [17], we spite u
into v and w. In other words, let v satisfies

Lyv=VP in (2,
v=0 on 912,

and w = u — v, then w satisfies

{ﬁwzpﬂ—i—Ad-Vd in £2,
w=0 on Jf2.
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For any r € (1,00), the application of Proposition 2.1 and the assumption (3.1) gives

[ollwrr < ClP|zr (3.10)
and
|w|lw2r < Cllpill - + C|||V2d||Vd]||,,- (3.11)
Then, we get
f/Pt divudz = f/Pt divvdx — /Pt divw dz. (3.12)
Integrating by parts yields
f/Ptdivvdx = /VPt cvdx = /Evt -vdx
d1 9 . .9
=75 [Vl + (A + p)(divv)?] da. (3.13)
Similarly,
,/Pt divwdz = /[div(Pu) + (y = 1)Pdivu] divw dz
:—/Pu-Vdivwd:c—l—(y—1)/Pdivudivwdm, (3.14)

due to (1.1);.
Substituting (3.12)—(3.14) into (3.9) and applying the Young, Sobolev inequalities, (3.11), for any €,d €
(0,1), it arrives at

%%/[MVUP—%—(A—#—/L)(divu)Z—2Pdivu—2M(d)-Vu+u|Vv|2+()\+,u)(divv)2] d:c+/p|u|2dar
z/p'd-(u-Vu)dx—/Pu-Vdivwdx—!—('y—1)/Pdivudivwdx—/M(d)t-Vud:c
< /p|u||u||Vu|dm+C/p|u||Vdivw|dw+C/|divu||divw|dx+C/|th||Vd||Vu|da:
< [ plil?de 4 C(@) [ puPIVul d -+ [V vl + Ol puls + el divui:
+ O divul3: + 8 Vde|2 + C()||[Vul V|3

< s/p|u|2dx+s||w||%v2,2 + C(e,6) {1+/(|Vu|2+ [ul*|Vul® + |Vd|*|Vul?) dx} + 6||Vdy||32
< €/p|u|2dm+C(€,5) [1 +/(|Vu|2 +[Vd?|[V2d)? + [u?|Vul? + [Vd?|Vul?) dx} + 6| V3.

Choosing ¢ small enough, one gets

% [1IVul®> + (A + p)(divu)® — 2P diva — 2M(d) - Vu + p| Vo2 + (A + p)(dive)?] dz + /p|1l|2 dx

< C(0) +C(6) /(|Vu\2 + VAP |V2d)* + [ul?|Vul? + [Vd]?|Vul?) do + 5|V 3. (3.15)
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Step 2: Taking V operator to (1.1)4, then we have
Vd; — VAd = =V (u- Vd) + V(|Vd|*d). (3.16)
Multiplying (3.16) by 4|Vd|?Vd and integrating (by parts) over {2, we obtain
%/|Vd|4dx+4/|Vd|2|V2d|2dx+2/|V(|Vd|2)|2dx

:2/ IVd|*(V(|Vd*),v) da+4/V(|Vd|2d) - |Vd|*Vddx
o0

3
- 4/V(u -Vd) : |Vd*Vddr =Y I;, (3.17)

i=1

where v is the unit outward normal vector to 952.
To estimate Iy = 2 [,,|Vd|*(V(|Vd[*),v)do. Indeed, applying the Sobolev embedding inequality
Wh(02) < L1(0£2), it is easy to get

I < 4/ |Vd|*|V?d|do < C|||Vd|3|V2d||}W1)1(Q)

o0

< C/(\Vd|3|v2d] + [VdPR|V2d|* + [VdP|V3d]|) de
< C(n) /(|Vd|2|v2d|2 +|Vd|* + |Vd|®) dz + n/|V3d|2 dz. (3.18)
To estimate Io = 4 [ V(|Vd|?*d) : |Vd|?Vd dz. Indeed, since |d| = 1, we have d - Vd = 0. Then, we get
V(|Vd[*d) : |Vd]*Vd = (V(|Vd|]*)d + |Vd|*Vd) : |Vd|]*’Vd = |Vd|°.
Hence, it arrives at
I = 4/v(|w|2d) 2 |Vd)*Vddx = 4/|Vd|6dx. (3.19)
By the Cauchy inequality, we have
I3 = —4/V(u -Vd) : |Vd[*Vd dx
< c/(|Vu||Vd|4 + u||Vd]*|V?d|) dx
< C’/(|Vd|2|Vu|2 +|Vd° + [u]?|V2d]?) da. (3.20)
Substituting (3.18)—(3.20) into (3.17) and choosing € small enough, it arrives at
%/|Vd\4dx+4/|Vd|2|V2d|2d:c+2/{V(|Vd|2){2dx

<C(n)/(|w|4+|w|6+\Vd\21v2d12+|w|2|w2+|u|2yv2d|2) dx+n/\v3d\2dx. (3.21)
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Step 3: Multiplying (3.16) by VAd, integrating (by parts) over {2 and applying Young inequality, we
obtain

d1 ) )
dt?/\Ad\ dm+/|VAd\ da
< /(|vu||w\ + |u]|[V2d| + |Vd]? + |Vd||V?d|) |V Ad| da
< C(e)/(\Vu\2|Vd|2—|—|u\2]V2d]2+|Vd|6+|Vd|2]V2d]2) dx+s/|VAd|2da:.
Choosing € = %, we get

d
%/\Ad|2dx+/|VAd|2dx < c/(|w|2}v2d\2+ IVd?|Vul® + |u?|V2d]* + |Vd|) de.  (3.22)

Step 4: Multiplying (3.16) by Vd;, integrating (by parts) over {2 and applying Young inequality, we
obtain

d1
Ei/md\?czwr/wdtﬁdx:/[v(\w\?d) —V(u-Vd)] - Vd; dz

< C(e)/(\Vu|2|Vd|2—|—|u|2]V2d]2—|—|Vd|6+|Vd|2]V2d]2) da:+5/\th|2dx.
Choosing € = %, we deduce

d
%/|Ad|2dz+/|vclt|2dz < C’/(|Vd|2|V2d|2+ IVul2|Vd] + |u?|V2d]* + |Vd|) de.  (3.23)

In order to control the term —4 [2(Pdivu + M(d) - Vu)dz on the left hand side of (3.15). One hand,
choosing some constant C to be suitably large, then we get

|Vl — 2M(d) - Vu + C|Vd|* > gmq2 +|Vd[*. (3.24)
On the other hand, choose some large constant Cy to satisfy
(A + p)(divu)? — 2P divu + CoP? > HTN(div u)? + P2 (3.25)
Note that P? satisfies
9, P* + div(P?u) + (2y — 1)P*divu =0,

which implies that

% P?dz = (1 - 27)/192 divu dx. (3.26)

Then (3.15) 4+ (3.21) x C1 + (3.22) 4 (3.23) + (3.26) x Co, after choosing ¢ small enough, gives immediately
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% /[M|Vu|2 —2M(d) - Vu+ C1|Vd|* + (p+ N)(divu)® — 2P divu + Co P? + |Ad|?] dx

d
+o (1| Vol? 4+ (p+ N)(dive)?) do + /(p|a|2 + VAP V2| + [Vdy|? + [VAd?) da
<C+C(n) /(\wﬁ + Va4 VA2Vl + [uf2|Vul? + Va2 V2| + [ul?| V2] + Vd|°) da
3 12
+n [ |V?d]" dz.
For any 0 < s < T < T*, integrating the above inequality from s to T and using (3.24)-(3.25) yield

dx

t=T

A
/[5|VU|2 +|Vd|* + %(dw w)? + P2+ |Ad? + p| Vol + (A + p)(div m?}

T
+//(p|u|2+|Vd|2|V2d|2+\th|2+|VAd|2) da dt
< /[M|Vu|2 —2M(d) - Vu+ C1|[Vd|* + (A + p)(divu)® — 2P divu + CoP? + |Ad|?] |,_pdx
T
+/[uwu\2 + (A + ) (dive)?] |, d:c+//(p|u\2 + VAP |V + |Vdi|? + |VAdJ?) da dt
<C+ /[mvuﬁ —2M(d) - Vu+ C1|Vd|* + (A + p)(divu)® — 2P divu + CoP? 4 |Ad)?]|,__ d=

T
+/[mw\2+(A+u)(divv)2}|t:de+C(n)//(\w\2+|Vd|4+|w|2|w|2+\u|2|vu|2
T
+ VAP V2| + [uf?[V2d) + |Vd|%) dzdt+n//|v3d|2dzdt

T
< C’+C’/(|Vu|2+|Vd|4+ |v2d{2)(s) d:c+C’(n)//(|Vu|2+|Vd|4+ |Vd|?|Vul?

T
+ [l Vul? + VA2 V2| + [ul?[ V2] + [V d|®) dxdt+n//\v3d\2dxdt. (3.27)

S

Taking H? and H? regularity estimate for d with Neumann boundary condition respectively, we deduce
IV2dlf}. < C(Iad]3: + d3n) < O(IAd]Ee + 1) (3.28)
and
[V23d|[7, < C(IVAd|2: + |d%2) < C(IVAd|2: + [ V2d||7, +1). (3.29)

Substituting (3.28) and (3.29) into (3.27) and choosing 7 small enough, it arrives at

T
/(\WF +[Vd[* + |V2d|*)(T) de +//(p\u|2 + VAP |V + |Vdi? + |V3d[?) da dt
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T
<C+ c/(\wﬁ +[Vd[* + |V2d|*) (s) da + 0//(1 +[Vul? + |Vd[* + | V24|

+ VAPVl + [u][Vul]? + VA2 V2| + [u?[ V2] + | Vd|®) de dt
T
<C+ C/(\qu + |Vd[* + |v2d|2)(5) dz + C/(l + [|Vul?2: + || Vd||3a + ||V2d||2L?)

x (1+ [lullfe + V7 ) dt. (3.30)
Let

t
¥(t) =e+ sup /(|Vu|2 +|V2d]* + |Vd|) dﬂc+//(p|u|2 +[Vd?|V2d)? + |Vdy|?
T€10,t]
0

+|V3d[?) da dr,
then applying the Gronwall inequality to (3.30), it arrives at

T

U(T) < CU(s) exp{C/(l + ||UH%00 + HVdHZLoo) dT}. (3.31)

S

Now, let us get a proper estimate for ||ul|z2(s ;1) and || Vd| 12(s, 7). Indeed, one has, by virtue of the
Lemma 2.3,

T
c/(1 llulm + 1Vd]2) dr

S

SO+ (lullZe (s rsmy + VA2 mim)) (e + [ull 2o, mwrs)) + (e + [ Vd] 2o, rmrs)))] -

(3.32)
By (3.10), (3.11) and the Sobolev inequality, we get directly
[Vlfiyss < ClIVd|fyes < C([V2d| 5, + [ V2d][;2) (3.33)
and
lullfrs < C(lwliyrs + lvlfs)
< C(lwliy=2 + 1PIZs)
< C(1+ |vpill2e + |||Vdl|v2d|||2,). (3.34)

Substituting (3.33) and (3.34) into (3.32) yields

T
c / (14 a3 + [Vl ) dr

< C[1+ (lullfe ooy + 1VAll72 (o i) I (CH(T))]

2 2
< O+ In(Cw(r)) ez HV Az, (3.35)



J. Gao et al. / J. Math. Anal. Appl. 415 (2014) 33-52 45

The combination of (3.31) and (3.35) gives
2 2
(1) < C(s)[Cw(T)) ey TV ),

Lemma 3.1 and Lemma 3.2 tell us the fact one can choose some s, which is closed enough to T*, such that

. 1
TEITHP C(”uH%z(s,T;Hl) + HVd”%Q(s,T;Hl)) < 2

then
U(T) < CP3(s) < +o0,
which completes the proof of Lemma 3.3. O

Remark 3.4. Unfortunately, we cannot derive the bound, just depending on the initial data, for (3.8) owing
to the technique used here. However, the bound is uniform with respect to time in (3.8) since s, which closed
enough to T, is fixed in process of the proof for Lemma 3.3. Thus, we can rewrite (3.8) as

T
sup /(|Vu|2 +|V2d]* + |Vd|*) de + //(pm\? +[VdP|V2d)? + |Vdy|? + [V3d|*) dwdt < C(s),
t€(0,T]

0

where and in what follows, C(s) denotes generic constants depending not only on My, p, A, v, T, and the
initial data, but also on the data that is fixed on time s.

As a corollary of Lemma 3.3, we can derive the L2-norm for d; directly.

Corollary 3.5. Under the condition (3.1), it holds that for any 0 < T < T*,

sup ||dt||L2 + / ||Vu||2L4 dt < C(s). (3.36)
0<t<

Proof. By the Holder, Sobolev inequality and Lemma 3.3, we get

Idellr2 = ||—u- Vd +|Vd*d + Ad]|,,
< Nl 9d] 2o + V3. + [ 9%
< CVull 2|Vl s + [Vl + V2] 2 < C(s). (3:37)

Using (3.10)-(3.11), by splitting « into v and w, yields

IVl ps < [Voll e + [Vl s
1P|+ + Cl V]| o

I1Pllzs + C(Ilv/pillze + [[Vdl|V2d]|| )
1P|z + C (I pil 2 + IVdl 4] V2d]| )
1Pl + C(llvpil e + [[V2d]| )

< C(s)(1+ Ipillze + [[2d] ), (3.38)

NN N

C
C
C
C

NN
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where we have used the Sobolev inequality and Lemma 3.3. The combination of (3.37) and (3.38) completes
the proof of the corollary. O

Next, we will deduce the L?-norm for \/pt and Vdy, namely:

Lemma 3.6. Under condition (3.1), it holds for 0 < T < T*,

0<t<T

T
sup /(p|u\2 +|Vdy|?) dz + //(\Vu|2 + |dy|*) dz dt < C(s). (3.39)
0

Proof. Step 1: Applying 47 [0; + div(u-)] to ( 1.1)% and integrating the resulting equation over {2, we obtain
after integration by parts that

a1

73 /p|u|2 dx = M/’[l,j [Au{ + div(uAw!) ] dz + (A + u)/uj [0; divuy + div(ud; divu)| do

— [ @ [0;P; + div(ud; P)] dz — / Wl 0; (M (d)), dw — / Wl O, (u" 9 MY (d)) da

=Y N (3.40)

=1

Integrating by parts and applying the Young inequality give directly
Ny = s / i [ A + div (uAw?)] de
= —u/ |Vl do — ,u/(@iujaiujakuk — 9,07 O’ — @ujaiuk@kuj) dx
< —u/\Vu\2dx+%/|V1’L|2daz+6’/|Vu|4dx
< —%/|Vu\2d:c+c/\vu\4dx.
Similarly,
Ny = (A + ) / W [0; div uy + div(ud; divu)] do
=—(A+np) /(div @)% da + (X + p) /[(div WVu: (Vu)" + (dive)Vu : (Va)™"
— (diva)(divu)?] do
<—(+p) /(cuvu)2 drt 3 (A +p) /(divu)de + 0/ IVl da
< f%(x + 1) /(diva)2 dx + C/ \Vu|* da,
Ny =— / W [9; P, + div(ud; P)] du
= /Pdivudivudx - /[P’(p)pdivudivuqL PVu: (Va)"] dx

< 5/|Vu|2dm+(](5).
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Integrating by parts and using the Lemma 3.3, Holder, Gagliardo—Nirenberg and Young inequalities, we

have
Ny = - / 0,(M (d)), di = / M (d)dhis da
< CIVd| LalIVde|[ 4[|V 22
< OV 2. Ve | Vi 12
< el Vi3 + 8| V243 + Cle, 6)[| V|22
Similarly,

Ny = —/ujak (ukaiMij(d)) dx = /ukakujaiMij(d) dx
< Cllullzs V| s ]| V2d|| || V] 22
< O Vull 2|Vl g1 [|V2d| 1y, || V]| 2
< el Val2a + C)||V3d|[7. + C(e).
Substituting N; (1 =1,2,3,4,5) into (3.40) and choosing e suitably small, we obtain

d ]. .12 ]- .12 . .\ 2
dt2/p|u| dx + 2/[u|Vu| + (A + p)(diva)?] do

< 8|V |2, + CO) (1 + IVdlf22 + ||V3d|[2, + lv/pallt2), (3.41)

where we have used (3.38).
Step 2: Differentiating (1.1)s with respect to ¢, multiplying the resulting equation by d;; and integrating
over {2 yield

d1

4
+/\ut||Vd||dtt|dx+/|u||th\|dtt\d:r:ZKi. (3.42)

i=1

Applying the Holder, Gagliardo-Nirenberg and Young inequalities, we have

K= 2/|Vd|\th||dtt| da < Clldz|| L2 |Vl a |V e[ s

< C||dttHL2‘|thH%2HthHI%-11 < elldullis + 8| Vdel| 5 + Cle,0)|Vde|75,
Ko =/|Vd|2|dt||dtt|d$ < IVl 7s |l dell palldeell L2

< O Vd|Fnlldell g ldue| 2 < ellduel| 72 + C(e) (1 + | Vdy]72),
Ko = [ Jul|Vdldldo < [ (al[Vd|ds] + full V[Vl da]) dz

< dstll 2l LallVallza + [1deel L2 lull s V]| L[ V]| s
<elldullzz + CEe)(IVallze + IVulLs),

K4 =/|U\|th||dtt|d$ < detl 2 |ull Lol V]| o
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< Clldutl 2|Vl L2Vl 22 Vi 71

< aHdttHZL? + (5Hv2dt’|iz + C(Evé)HthH%Z

Then substituting K; (i = 1,2,3,4) into (3.42) and choosing & suitably small, we get

d
E/|th|2d:c+/|dtt\2d:c

< 45{|V2dtH2L2 + C\Val|7: + C6) (1 + | VullZa + |{v3d{|; +[|Vde)32). (3.43)

Then (3.41) x € + (3.43), after choosing e suitably small, yields
= (plu)® + |Vde|?) do + /[u|vu|2 + (A + p)(diva)? + |dy|?] do
2 . 2
< 6| V2| L. + CO) (Ivpillzz + IVdell 72 + [ Vullgs + || V3], +1). (3.44)

Step 3: Estimate for || V2d| 2. In fact, by applying the standard H>2-estimate on the equations

—Ady = —dy + (|Vd’d — u - Vd),,
dy| 0 (3.45)
o

Then by the Gagliardo—Nirenberg, Young inequalities and Lemma 3.3, we get

|V2d,

Iz2 < ClIVelle + lldatllzz + (|9 - V)| o + [0 (1VdPd) | o]

<

< C[IVdillze + el + all e Vdll s + [l ooVl 4[|V 15
o IVl s + ]l s [ Vel s + 11V 2] ]
ClIVdill L2 + lldecll 2 + [ Val| L2 || V3d|| L, + [Vull L2 Vull s |V ]| 0
+ IVl 2 Vel 22 Vel 2 + 1Vl | Ve 22 [V el 2

1 1
+ 1Vl (ldell 22 el 7 + el z2)]

1 .
< 5||V2dt||p + C(IVdell L2 + lldeell > + IVl 2 + [Vl s + 1),
which gives immediately
[V2de| > < C(IIVdellL2 + lldeell 2 + [Vl g2 + [ Vul| s + 1). (3.46)

Substituting (3.46) into (3.44) and choosing ¢ sufficiently small, one has

/p|u|2+|th )dx+/(|Vu|2+|divu|2+|dtt|2)dz
< C+Ilvpilld:) (Ivpalis + [Vdill3:) + C 1+ IVullfs + [|V3d]}.),

which, together with the Gronwall inequality and the compatibility condition (1.10), completes the proof of
Lemma 3.6. O

As a corollary of Lemma 3.6, we can easily to deduce the following corollary.
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Corollary 3.7. Under condition (3.1), it holds for 0 < T < T*,

sup ([Vul s + ||V3dHL2) < C(s). (3.47)
0<t<T

Proof. By Gagliardo—Nirenberg and Young inequalities, we deduce from (3.38) that
IVulle < C(1+[|V2d]] )
<O+ || VL V2l <6l Vod] . + Ce). (3.48)

Using H3-estimate to d, (3.16), (3.48) and Gagliardo-Nirenberg inequality, it arrives at

IV2dl] . < CIVAd L2 + (| Vdl| )
<C[IVdelrz + |V(u- V)| . + | V(IVdPd)|| . + IVd] 2]
< O[IVdillp2 + Vullpa [V o + [|ullpa || V2d| o + [Vdl 2o || V2| o+ VAl F + V] 1]
SO+ IVulles + V7] 1)
SO+ [Vullps + V2] L. [ V2d| )

< 5}|V3d||L2 + C(e). (3.49)
Then choosing ¢ small enough in (3.49), we obtain
V], < Clo)
which, together with (3.48), completes the proof of corollary. O
Since having (3.11), Lemma 3.6 and Corollary 3.7 at hand, it is easy to deduce the following corollary.

Corollary 3.8. Under condition (3.1), it holds for 0 < T < T*,

T
OSltlgT lwl| g2 + /(HVQwHiq + ||Vw\|%x) dt < C(s), q€(2,00). (3.50)
S 0

Finally, we will derive the high order estimate in the next lemma.

Lemma 3.9. Under condition (3.1), it holds for 0 < T < T*,

T
OiltlgT(llptllm +lelwra + |V 2) + /(IIUII%M +IV2d[7, + || V4d|[7.) dt < O(s), g € (2,00).
= 0

(3.51)
Proof. For 2 < p < ¢, |Vp[? satisfies the following equation

(IVpP), + div(|Vp|Pu) + (p — 1)|Vpl” divu + p|Vp[P~*(Vp) " Vu(Vp) + p|Vp[P~>Vp - Vdivu = 0.
(3.52)

5

Integrating (3.52) over {2 and integrating by parts, we get
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d
Vol < CIVullz~ Vol + O V2|,

< C(IVollm + [Vwll=) Vol o + C(|V?]|, + [[V2w]),,)
< O(L+ [Vollp= + [Vl =) IVplzr + C||[ V2w, (3.53)

Now we give the estimate for |Vv||L~. Indeed, by virtue of Lemma 2.2 and Proposition 2.1, we have

[Vvl|pee [1+ [VollsmoIn(e + [[Vollwia)]

<C
<C[1+ (1Pl + [Pllz2) (e + | Vo] wra)]
< Cll+In(e+ |[VpllLe)]- (3.54)

Let p = ¢ in (3.53) and substituting (3.54) into (3.53), one gets
d
Vol < CIL+IVllie + (e +[[Vlla) [[Vollze + C|[ V2w,
which, together with the Grénwall inequality, yields
IVpllra < C(s).
For any 1 < p < o0, using the standard LP-estimate for the Lamé system, we get

IV2ul|,, < C(Ivpiller + IVPlze + [|Ad - Vd]| )

<C
< C(IVillze +1Valle + V] L= [[V*d]] )
< C(IIVallzz + [Vollzs + 1),

where we have used the Sobolev embedding inequality.
Specially, taking p = ¢, we obtain

T
/||u||%V2,q dt < C(s).
0

Similarly, taking p = 2 yields
[V2ul[ . < C+ OV

and

d

Vol < CO+ [ Vulle) (1+ Vol 12)-
Then, using (3.50) and applying the Gronwall inequality yield

Vo2 < C(s),

which also gives the estimate

HV2UHL2 < C(s).
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By virtue of (3.46) and (3.39), one gets
T
/ V24|, di < C(s). (3.55)
0

In view of the L7-estimate, we have

lpellze < C([IVallulll o + llodivullza)
< C(lullz=lIVplle + IVullz) < C(s).

Applying the H*-estimate to (1.1)3, we have

IVl o < C(IV2dsl| o + [V - V| o + [V (VAP | o + el )

<C

S O(IVPdell o + Nlulloo [[V7d] o 4 IVl [V
+ IVl [ Vd]| o + [Vl 2 | V2] 2 + ] )

SCEA+[IVPde]2),

which, together with (3.55), completes the proof of Lemma 3.9. O

All the estimates in Lemmas 3.1-3.9 will be enough to extend the strong solution (p,u,d) beyond the
maximal existence time 7. More precisely, by virtue of Lemmas 3.1-3.9, the function (p,u,d)|t=r+ =
lim; 7« (p, u, d) satisfies the conditions imposed on the initial data (1.9) and the compatibility condition
(1.10) at t = T*. Therefore, we can take (p, u, d)|;=7r~ as the initial data and apply Proposition 1.1 to extend
the local strong solution beyond 7™, which contradicts the maximality of 7. Thus, we complete the proof
of Theorem 1.2.
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