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1. Introduction

The classical Bernoulli polynomials B, (z) and Euler polynomials E,(z) are usually defined by means of
the following generating functions:

S @l (i <2 ¢ 2 oSl 11
6_1_; n(z) (It <2m) an m—; n(@) (It < ). (1.1)

In particular, the rational numbers B, = B,(0) and integers E,, = 2"E, (1/2) are called the classical
Bernoulli numbers and Euler numbers, respectively.

As is well known, the classical Bernoulli and Euler polynomials and numbers play important roles in dif-
ferent areas of mathematics such as number theory, combinatorics, special functions and analysis. Numerous
interesting properties for them have been well investigated by many authors; see, for example, [13,24,27,29].
This paper is primarily concerned with the Apostol-Bernoulli and Apostol-Euler polynomials and numbers.
We establish some new formulae for products of an arbitrary number of Apostol-Bernoulli and Apostol—
Euler polynomials and numbers by making use of an elementary idea used by Euler in the discovery of his
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famous Pentagonal Number Theorem. These results are the corresponding generalizations of some known
formulae including the higher-order convolution ones recently discovered by Agoh and Dilcher [5] on the
classical Bernoulli and Euler polynomials.

We now turn to the Apostol-Bernoulli polynomials B, (z; A) and Apostol-Euler polynomials &, (x; ). For
arbitrary real or complex parameter A, the Apostol-Bernoulli and Apostol-Euler polynomials are usually
defined by means of the following generating functions (see, e.g., [18,20,21]):

t > Tk
— = ZB"(:C;)‘)E (It +log A| < 2m), (1.2)
n=0
and
1 . 1.
et+1 Ze m (|t +log \| < 7) (1.3)

Moreover, B,(A\) = B,(0;A) and &,(A) = 2"&,(1/2;\) are called the Apostol-Bernoulli numbers and
Apostol-Euler numbers, respectively. Clearly, B, (z; A) and &, (x; A) reduce to B, (z) and E, (z) when A = 1.
It is worth mentioning that the Apostol-Bernoulli polynomials were firstly introduced by Apostol [8] (see
also Srivastava [28] for a systematic study) in order to evaluate the value of the Hurwitz—Lerch zeta func-
tion. For some elegant results and nice methods on these polynomials and numbers, we refer the reader
to [9,19,21,23,26].

This paper is organized as follows. In the second section, we recall the elementary and beautiful idea that
Euler used to discover his famous Pentagonal Number Theorem, and give some new formulae for products of
an arbitrary number of Apostol-Bernoulli and Apostol-Euler polynomials and numbers. In the third section,
we establish some higher-order convolution formulae for Apostol-Bernoulli and Apostol-Euler polynomials,
which are the corresponding generalizations of the ones of Agoh and Dilcher [5] for the classical Bernoulli
and Euler polynomials.

2. Formulae of products of Apostol-Bernoulli and Apostol-Euler polynomials

In this section, we show some new formulae for products of an arbitrary number of Apostol-
Bernoulli and Apostol-Euler polynomials and numbers. For convenience, in the following we always de-

note by [t7"¢52 - -t ] f(¢1,¢a,...,t,) the coeflicients of ¢]"*¢52-- -t~ in the power series expansion of
t1,%2,...,t,). We first recall Euler’s famous Pentagonal Number eorem: for |z| <1,
t tn). We fi 1l Euler’s f P 1 Number Th f 1
1-2)1-2>)(1 -2 =1-z—2?+2°+2" 22 -2+ ...
=14+ Z {xQn(Sn 1) + xQn(Sn—&-l)} (21)

which, in addition to being a striking combinatorial interpretation, can be used effectively for the calculation
of the number of partitions of n (see, e.g., [6,15]). In his original proof of (2.1), Euler used the following
beautiful idea (see, e.g., [7,10]):

I4+z)Q+z2)(I4a3) -=0Q+z)+z2(l+z1)+23(1 +21)(1+22)+--. (2.2)
Obviously, the finite form of (2.2) can be expressed as

(I4+z)A+z2)-A+z,) =1 +z1) +x2(1+21) + -
+a,(14+21)(14+22) - (1 +2p-1), (2.3)
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which has been studied in great detail by Bhatnagar [11] and used to give alternate proofs of all the
key summation theorems for terminating hypergeometric series and basic hypergeometric series. In what
follows, we shall make use of (2.3) to establish some new formulae for products of an arbitrary number of
Apostol-Bernoulli and Apostol-Euler polynomials and numbers. Clearly, for 1 < r < n, substituting x, — 1
for z, in (2.3) gives

n

21Ty — 1= (2 — Daawg - 21, (2.4)

r=1

where the product zixg---,_; is considered to be equal to 1 when r = 1. If we take x, = \.e!" for
1<r <nin (2.4) then we have

n r—1
Ay -« Ayl tiatttn g Z()‘Tetr —1) H Apeth (2.5)
r=1 k=1

It follows from (2.5) that

n .
tie®iti 1

et Neti — 1 Mg+ Ayetrttatttn ]
i

t eriti
tr t i
x> et =) [T e [T 55— (2.6)
r=1 k=1 2
Observe that
r—1 n
t,etiti
tr t i
(Are D H Aret L1 \eti —1
k=1 =1
r—1 Ti—xr+1)t; n olTi—xr)t;
= ezr(t1+t2+'“+tn) H Atle( o tze( i A (27)
" LI Neti =1 Aieti — 1
i=1 1=r+1
Hence, by applying (2.7) to (2.6), we obtain
t,eriti n trez'r'(tl+t2+"'+tn)
et —1 Zl Mg Ayetittat—+tn _ ]
i=1 r=
r—1 n
t; (xi—zr+1)t; t; (zi—mr)t;
<IN o r— (2.8)
i=1 €T S M T
Let mq,ma,...,m, be n positive integers. It follows from (1.2) that we obtain from the left hand side

of (2.8),

tml tmz tmn n ti x;t; n
[1 3t ]( ei)znsmmxi). (2.9

m1! mo! my,! ] Neti — 1 !
i= i=

Since By(z; A) = 0 when X\ # 1 (see, e.g., [20]), then by (1.2) we have

ot e

e _ B (z; M) t"
)xetfl_; n+1 nl (A #1). (2.10)
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Note that for non-negative integer N (see, e.g., [14,30]),

N
key etk =N 1y 2y .00 vn

Lyeeesin 2

n

. ) denotes by the multinomial coefficient given by
1,725,k

where (

|

" S L — (nyr1,79,...,17% > 0).
r,ro,..., Tk 7“1!~’I“2!---7‘k!

If we apply (2.11) to (2.10), then we get for AjAs -+ A, # 1,

eTr(tittatttn)

Ao - Apetrtiettin ]

kn
tor

k1 4k
Z BN+1 a?r,/\l/\g - ) tll t22
B N+1 U ko) I
+ kg g = L R2E K
k1,k2,-~7anO

Notice that

tml tm2 tm"
[1 2 n }f(tl,tg,...,tn)

= (mq!l-mal - m 2t f (b, Ea, - o tn),

ml! m2! mn'

which together with (2.8) yields

A tmn ﬁ tietits
mq! mo! Aeti — 1
e@r(tittatttn)

| m1 . 7”7* 1gmpe—14Mr41  ymy,
=mq!-ma!---m E t, t t
" r+l " ] Ao - Apetrtiatttn ]

y H t; elwi—z +1)t; T tie(m—m)ti
et —1 Aeti —1

1=r+1

It follows from (1.2), (2.9), (2.13) and (2.15) that for positive integers mq, ma, ..., m, and A\jAg---

B, (215 A1) By (225 X2) - B, (205 An)

r.. I AT Il
bt dor st z0 P10 Fra b (1 = D oo

Biey 4otk st (my = 1) ks oot +1 (T At A2 -+ An)
i+ Fkoa+m—D+kp+--+k,+1

n

B, —k; (i — xr + 15 0) B, —k, (T — 203 Ag)
< [Tx (mi — k;)! izl:L (mi — k)t

37

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

A # 1,

(2.16)
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Thus, by replacing k; by m; — k; for ¢ # r in (2.16), we obtain the following formula for products of an
arbitrary number of Apostol-Bernoulli polynomials.

Theorem 2.1. Let my,mo, ..., my, be n positive integers. Then for AqAo - A, # 1,

B, (215 A1) By (223 X2) - - - By, (205 An)

= Z Z% l‘m)\l)\z )

ki+ko+-- +k —ml1€+mz+ +my, 7=1
1 2, yhmn

ﬁ( ))\Bk — 2+ 1\ f[ (k )Bk( — 2 ). (2.17)

= 1=r+1

It becomes obvious that by setting n = 2 in Theorem 2.1 and applying the symmetry relation for the
Apostol-Bernoulli polynomials AB,,(1 — z; A) = (—1)"B,(z;1/A) for non-negative integer n, we get

(M ek . Bt (y; An)
B (x;\)B nkg_o(k> Br—i(y —x;1/0) oy
" /n Bkl Ap)
+ m];:O (kj) Bn*k(y T3 M) m —+ k‘ ) (218)

where m,n are positive integers and Au # 1.
We next give some formulae for products of an arbitrary number of Apostol-Euler polynomials and
numbers. By taking x, = —\.el* for 1 <r <n in (2.4), we have

n r—1
(1) Adg - Agelt Tttt 1 = N (e + 1) [ e (2.19)
r=1 k=1

It follows from (2.19) that

n

Qewiti . 1
1 Aieti +1 N (—1)n/\1/\2 Co ettt ]

n r—1 n Qex’iti

X Z(—l)r()\ret"‘ + ].) H )\ketk W (220)
k=1 i=1

It is easy to see that

b 2emiti

t
T 1) H)\ke’“ Tf i

n

2e(@i—zr+1)t; 2¢(@i—zr)ts

pti pti .
et +1 Mt et +1

— 9ptr(tittate ttn) H (2.21)

If we apply (2.21) to (2.20), we obtain for non-negative integers mq,ma, ..., My,
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A A S
mq! mo! my! P Neti +1
B 2":( % t;nl tglz {7 9err(tittat +tn)
N —t mq! mo! my! (_1)n/\1/\2 ces Apetitteteetta

26(931793 A1)t; n 26(911'*%)751'
X . 2.22
H Aieti +1 i1 Neti +1 ) ( )

We now split two cases to discuss (2.22). We first consider the case where n is an even integer. Clearly, by
applying (1.2) and (2.13) to (2.22), we get for non-negative integers my, mo, ..., m, with n being an even
integer and Ay Ao -+ A\, #£ 1,

Emy (z1; /\1)5m2 (w25 A2) - - - Emn, (Tn; An)

1
= |. |
=2-mq!-may!--my! E '

T 1! 'mr! . kr+1-"'k7n!
X Z Bkl+‘~+k7~71+’mr+k7\+1+-~.+k)n+1(er; PYREE /\n)
K1y kr 1 kg 15 skin >0 kit ke tme kg ek 11
r—1 "
X A —= i—k; . 593
H ( _ki)‘ H (m; — k) (223)
=1 i=r+1

If n is an odd integer then from (1.3) and (2.11) we have

92eTr(t1ttat+tn)

(S A - ApelitiatHin — 1

> tkl th tkn
Z—ZgN(SUr;)q)\z'--/\n) Z a2 . n (2.24)

k! ko! kn!
N=0 kitkot-tho=N 1772 m
k1,k2,....kn >0

It follows from (1.3), (2.14), (2.22) and (2.24) that for non-negative integers mq,ma, ..., m, with n being
an odd integer,

Emiy (13 M) Emy (223 X2) - Em, (Tns An)

1 me!lomy,! E

Z gkl"l""+k7r71+m'r+k'r+1+“‘+kn (xT; Ap-ee /\n)
Tl T 1l T a1 e

]fl;‘-~7kr—17kr+17~~ykn20

Emi—t; (i —xp + 13 ) i Emi—k, (Ti — Ty Ag)
N it i . 2.2
x 11;[1 (7’77,z — k‘l)' i:1:£1 (mi — kl)' ( 5)

Thus, by replacing k; by m,; —k; for ¢ # r in (2.23) and (2.25), we obtain the following formulae for products
of an arbitrary number of Apostol-Euler polynomials.
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Theorem 2.2. Let my,ma, ..., m, be n non-negative integers. If n is an even integer, then

gml (371; Al)gmg (1‘2; /\2) ce 5mn (xn§ /\n)

n

=9 Z Z(*l)ererl(mr;)\l)\Z”.)\n)

kr+1
k1tka ok =my +matetmy r=1 "

1,k2,...,kn >0
r—1
X };[1 <T]::> )\iglci (a:i —x,+ 1; )\i)
n m;
< 1 (k )5,%(@ —zm ) (MAg---An #£1). (2.26)
i=r+1

If n is an odd integer, then

Emy (X153 A1) Emy (125 A2) -+ Em,, (T An)

n

_ > S (e e A

ki+kot-+kn=mi+mot---+m, r=1

r—1 n
m; m;
X H (ki>>\i5k¢ (i — 2 + 13 0) H (kz )51“ (i — 203 Ni). (2.27)
i=1 i=r+1

We now show some special cases of Theorem 2.2. Since the Apostol-Euler polynomials satisfy the sym-
metry relation A&, (1 — z;A) = (—1)"&,(z;1/X) for non-negative integer n (see, e.g., [18]), by taking n = 2
in (2.26), we get for non-negative integers m,n and Au # 1,

Em (@ N)En(ys ) =2 i (’Z) (1) & iy — 1/A)M
k=0

n+k+1
— (n Byt i1 (25 Ap)
— 2 n— — . 2.2
kz_o(k)g Ry — @) = T (2.28)

The identities (2.18) and (2.28) can be also found, for instance, in [16,17,32] where they were further
generalized following the work of Carlitz [12], Agoh and Dilcher [3,4]. If we take n = 3 in (2.27), we obtain

gml ($1; /\l)ng (xQ; )‘Q)sz (56’3; )\3)
= Z T Ery (@13 1) €y (T2 — 215 X2)Ehy (T3 — 213 A3)
ko ks

k1+ko+ks=mi+ma+ms
k1,k2,k3>0

m m
()T ) o ) ()P Ex (2 = 2131/ M) Ery (w3 — 25 2s)

k1 ks

m m
" (k’l) <k2>5k3 (@3 1) (—1)" &y (23 — 131/ M)

1 2
X (—1)k25k2 (!L‘g — T2, 1/)\2)}, (229)
where m1, mo, m3 are non-negative integers and p = Ay A2 A3.

Remark 2.3. Note that (2.27) does not require the condition A;\g--- A, # 1. However, we were unable to
obtain formulae analogous to (2.17) and (2.26) in the case AjAg--- Ay = 1.
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3. Higher-order convolution formulae

In this section, we give some higher-order convolution formulae for Apostol-Bernoulli and Apostol-Euler
polynomials, which are the corresponding generalizations of Agoh and Dilcher’s results on the classical
Bernoulli and Euler polynomials described in [5]. The proofs depend on (2.8) and (2.22). Obviously, substi-
tuting k& for n and w;t for ¢; with uy + ug + -+ +up = 1 in (2.8) gives

k r—1 uite(:vif:vTJrl)uit

w;teTitit u, te®rt
A
T et et — 1 Z AAg - Apet =1 E b et — 1

k uite(a:ifx,.)uit

1T RS W (3.1)

i=r+1

It is easy to see from (1.2) that

k s j
n T;uit Ji,,J2 o JE
[t_} ( ute _ Z n!- u1 ud -,
n! Aevit —1 N
i=1 " Ji+da+tie=n it gateeedk
J1,J25eJk 20

X Bj, (w13 M) Bjy (w23 A2) -+ Bjy (k3 Ak)- (3.2)
On the other hand, from (3.1) we get

k s k
{ﬁ] ( ugte” i\ n!-ultud? - ujr furuff:f ult
n! Aevit —1 Z Z 1! gl !
i=1"" r=1 jitjo+-+jk=n J1 ‘]2 ‘]k
J1,J25-,J6 =0

r k
x Bj, (s Mg M) [[ Ay, (i — 2 + 150 [ Bi(mi — 2 M), (3.3)
i= i=r+1
Notice that for positive integers & > 2 and complex numbers o, as, ..., a; with Re(a;) > —1 for j =
1,2,...,k (see, e.g., [31])
1 1—uy l—ug——up—2
/ / / u?lugg "'ugkdule"'duk—l
0 0 0
IM'og +1)I'ag+ 1) - I'(ag + 1
_ Tl + DI (ag +1) -+ Tk + 1) (wr +us + -+ up = 1). (3.4)

Py +as+--+ar+k)

Hence, by equating (3.2) and (3.3), with the help of (3.4), we obtain

(n+Fk) > Bj, (215 A1) By, (w25 A2) - - - Bjjy (21 Ake)

Jitgetetip=n
J1,J25--,0k 20

=§k: 3 (n—.i_k)BjT(xr;)\l)\g-w)\k)

r=1 ji+jo2+-+jr=n Jr
J1,325-Jk >0

r—1 k

X H )\iBji (ZL‘l —xr+1; )\1) H B.ji (Ii — Ty )\z> (35)

i=1 i=r+1
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Since the Apostol-Bernoulli polynomials satisfy the difference equation AB,,(z + 1; ) — B, (z;\) = na" !
for non-negative integer n (see, e.g., [20]), then we get

r—1
AiBj, (i —xr + 1) = B (z; —xsN) || i@ — 2 ) 0 (3.6)
I > I Il

TC{1,.. ,r—1}i€T ieT

Thus, by taking 1 = zo = -+ = a2 = x in (3.5), the following higher-order convolution formula for
Apostol-Bernoulli polynomials follows immediately from (3.6).

Theorem 3.1. Let k be a positive integer. Then for non-negative integers n > k — 1,

(n+k) > Bj, (2 M) Bj, (73 \2) - - Bj, (5 \i)
Jitje+t+ik=n
J1,925-,J. >0

é(rfJ Z <nfrk>3jr($;)\1>\2"')\k)

J1tdatetir=n—k+r Ir
J1,3250+,5r 20

X le (Al)sz (/\2) T Bjr—l (/\7”—1)' (37)

It is obvious that the case Ay = Ag = --- = Ay = 1 in Theorem 3.1 gives the corresponding result of Agoh
and Dilcher [5, Theorem 1] on the classical Bernoulli polynomials, namely

(k) Y Bu(@)Bile) - B(a)
Jitjet+-tik=n
J1,J2,--,Jk >0

= kz_:l (f) > <n+ k)Bj (2)Bj, Bj, - - Bj. (3-8)

Jotiittdr=n—ktl4r N IO
J05J150++,Jr 20

which is a more general form of the following result due to Matiyasevich [2,22,25]

n—2 n—2
n -+ 2
(n+2) ;22 BjBp_j, — 2 kzzg ( i >Ban_k =n(n+1)B, (n>4). (3.9)

We next give two higher-order convolution formulae for Apostol-Euler polynomials. In a consideration
similar to (3.1), from (2.22) we discover for uq + ug + - -+ + u = 1,

ﬁ k 2eTiuil B i(fl)r ﬁ 9etrt
nlf\ 41 Newit +1) !\ (=1)FA A -+ Apet — 1

r=1

Qe(xi—zr-i-l)uit k

) (xi—xp)ut
¢ ) (3.10)

r—1
X N——————— _
};[1 Aevit +1 1 Aewit + 1

which together with (1.2) and (1.3) means that if k is an even integer then



Y. He / J. Math. Anal. Appl. 431 (2015) 3446 43

Jl J2 . Jk

n! u U
Z #ﬁg (.’L’l;)\1>5j2(;)32;)\2)...gjk(xk;)\k)
Ji!- ga! Jk

Jitjetetik=n
J1,J2,--Jk >0

V.o d1, 02 Jr—1,0 ]7‘+1' Ik
ne-uy Uy U lurur—i-l U

k
:722 Z Jile g2l !

r=1 ji+jo+-+ir=n+1
J1,J25:Jk 20

X Bjr (l",«; PYP.YREE )\k) H{_)‘igji (Z‘l —x,+ 1; )\z)}
x [T & @i =), (3.11)

and if £ is an odd integer then

V.. d1,,02 Jk
n!-ugtuy’ -y,
E —5 (15 A1) E, (225 A2) -+ - &y (k5 Ak)
Ji+dattin=n Jutgatee k!
J1,925,5k >0

n!. quuéz .. qu 1,,0, Jr+1 uik

k
_ lurur+1
=2 X AR

J15d25s ]k>
X &, (Tr; M Ay - H{ N&j (T — zp + 15 0)}
k
X H Eji (@i — xry Ni). (3.12)
1=r+1

Since the Apostol-Euler polynomials satisfy the difference equation A&, (z + 1;A) + E,(a; \) = 22™ for

non-negative integer n (see, e.g., [18]), we obtain

ﬁ{—Az‘gg‘i (i —xr +1;0)}
= Z H Eji (X — xry Ng) H{—Z(wi — a2, )} (3.13)

TC{1,....r—1} i€T €T

Thus, by setting 1 = x2 =--- =z, =z in (3.11) and (3.12), with the help of (3.4) and (3.13), we get the

following result.

Theorem 3.2. Let k,n be positive integers. If k is an even integer, then

(n+k) Yo En@mA)EL(mA) - & (M)

Jitjetetik=n
J1,425--Jk 20

I I S G e

Jitjet-+jr=n+l
J1,J25Jr 20

X gjl (07 /\1)5j2 (0’ /\2) o 5]%71 (07 )"r'—l)' (314)
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If k is an odd integer, then

Z i (@ M)Ej, (w3 A2) - - - Ej (5 Ag)
Ji+je++jr=n
J1,J25eJk 20

:é(rkl)mw S (e e

Jitjztetir=n Jr
J1,J25-,Jr 20

% Ej, (03 A1), (03 A2) -+ &5, (05 A1) (3.15)

We next give some special cases of Theorem 3.2. By setting Ay = Ay = -+ = X\ = 1 in Theorem 3.2, we
get the corresponding higher-order convolution formulae for the classical Euler polynomials due to Agoh
and Dilcher [5, Theorem 2, Theorem 3]: if k is an even integer then

(n+k) > Ej (2)Ej,(x) - - Ej, (x)
Jitj2+t+ijk=n
J1,J25Jk 20

—1
N APNTE. n+k
ey ("H)mw
r=0 jotjr+tir=n+1 N IO
J0s15027r >0

x Ej, (0)Ej, (0) - - - E;,(0), (3.16)

and if £ is an odd integer then

> B (2)Ej,(2) By ()
Ji+ge++ir=n
1,425k >0

k—1
r(k —l-r n+k—1
-2 <T>2k 1 2. ( : )Ejo(l‘)
r=0 Jotjit-+ir=n Jo
J0,J1500Jr >0
x Ej,(0)E;,(0) - -- E;,(0). (3.17)

If we take k = 2 in (3.14), we get for non-negative integer n,

(n+2)> £l N (1)
k=0
n+1
— 400+ DB (@) =13 (1 7)o (0 (318)
k=0

The case A = p =1 in (3.18) gives for non-negative integer n (see, e.g., [5, Corollary 2|)
n+1

(n+2)) Ep(2)En_p(z) =4(n+2)Bni(x) =4 (” Z 2) By () E(0). (3.19)
k=0 k=0

On the other hand, since E,(0) = 2(1 — 2" B, 1/(n + 1) for non-negative integers n (see, e.g., [1]), by
setting A = =1 in (3.18), we get for non-negative integer n,
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n n+2

(n+2)) Ep(@)En_p(x) =8 <” Z 2) (2F — 1)%Bn+2_k(x), (3.20)
k=0 k=2

which was discovered by Pan and Sun [25, Corollary 2.3].
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