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We perform a further investigation for the Apostol–Bernoulli and Apostol–Euler 
polynomials and numbers. By making use of an elementary idea used by Euler in 
the discovery of his famous Pentagonal Number Theorem, we establish some new 
formulae for products of an arbitrary number of Apostol–Bernoulli and Apostol–
Euler polynomials and numbers. These results are the corresponding generalizations 
of some known formulae including the higher-order convolution ones discovered by 
Agoh and Dilcher (2014) [5] on the classical Bernoulli and Euler polynomials.
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1. Introduction

The classical Bernoulli polynomials Bn(x) and Euler polynomials En(x) are usually defined by means of 
the following generating functions:

text

et − 1 =
∞∑

n=0
Bn(x) t

n

n! (|t| < 2π) and 2ext

et + 1 =
∞∑

n=0
En(x) t

n

n! (|t| < π). (1.1)

In particular, the rational numbers Bn = Bn(0) and integers En = 2nEn(1/2) are called the classical 
Bernoulli numbers and Euler numbers, respectively.

As is well known, the classical Bernoulli and Euler polynomials and numbers play important roles in dif-
ferent areas of mathematics such as number theory, combinatorics, special functions and analysis. Numerous 
interesting properties for them have been well investigated by many authors; see, for example, [13,24,27,29]. 
This paper is primarily concerned with the Apostol–Bernoulli and Apostol–Euler polynomials and numbers. 
We establish some new formulae for products of an arbitrary number of Apostol–Bernoulli and Apostol–
Euler polynomials and numbers by making use of an elementary idea used by Euler in the discovery of his 
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famous Pentagonal Number Theorem. These results are the corresponding generalizations of some known 
formulae including the higher-order convolution ones recently discovered by Agoh and Dilcher [5] on the 
classical Bernoulli and Euler polynomials.

We now turn to the Apostol–Bernoulli polynomials Bn(x; λ) and Apostol–Euler polynomials En(x; λ). For 
arbitrary real or complex parameter λ, the Apostol–Bernoulli and Apostol–Euler polynomials are usually 
defined by means of the following generating functions (see, e.g., [18,20,21]):

text

λet − 1 =
∞∑

n=0
Bn(x;λ) t

n

n! (|t + log λ| < 2π), (1.2)

and

2ext

λet + 1 =
∞∑

n=0
En(x;λ) t

n

n! (|t + log λ| < π). (1.3)

Moreover, Bn(λ) = Bn(0; λ) and En(λ) = 2nEn(1/2; λ) are called the Apostol–Bernoulli numbers and 
Apostol–Euler numbers, respectively. Clearly, Bn(x; λ) and En(x; λ) reduce to Bn(x) and En(x) when λ = 1. 
It is worth mentioning that the Apostol–Bernoulli polynomials were firstly introduced by Apostol [8] (see 
also Srivastava [28] for a systematic study) in order to evaluate the value of the Hurwitz–Lerch zeta func-
tion. For some elegant results and nice methods on these polynomials and numbers, we refer the reader 
to [9,19,21,23,26].

This paper is organized as follows. In the second section, we recall the elementary and beautiful idea that 
Euler used to discover his famous Pentagonal Number Theorem, and give some new formulae for products of 
an arbitrary number of Apostol–Bernoulli and Apostol–Euler polynomials and numbers. In the third section, 
we establish some higher-order convolution formulae for Apostol–Bernoulli and Apostol–Euler polynomials, 
which are the corresponding generalizations of the ones of Agoh and Dilcher [5] for the classical Bernoulli 
and Euler polynomials.

2. Formulae of products of Apostol–Bernoulli and Apostol–Euler polynomials

In this section, we show some new formulae for products of an arbitrary number of Apostol–
Bernoulli and Apostol–Euler polynomials and numbers. For convenience, in the following we always de-
note by [tm1

1 tm2
2 · · · tmn

n ]f(t1, t2, . . . , tn) the coefficients of tm1
1 tm2

2 · · · tmn
n in the power series expansion of 

f(t1, t2, . . . , tn). We first recall Euler’s famous Pentagonal Number Theorem: for |x| < 1,

(1 − x)(1 − x2)(1 − x3) · · · = 1 − x− x2 + x5 + x7 − x12 − x15 + · · ·

= 1 +
∞∑

n=1
(−1)n{x 1

2n(3n−1) + x
1
2n(3n+1)}, (2.1)

which, in addition to being a striking combinatorial interpretation, can be used effectively for the calculation 
of the number of partitions of n (see, e.g., [6,15]). In his original proof of (2.1), Euler used the following 
beautiful idea (see, e.g., [7,10]):

(1 + x1)(1 + x2)(1 + x3) · · · = (1 + x1) + x2(1 + x1) + x3(1 + x1)(1 + x2) + · · · . (2.2)

Obviously, the finite form of (2.2) can be expressed as

(1 + x1)(1 + x2) · · · (1 + xn) = (1 + x1) + x2(1 + x1) + · · ·
+ xn(1 + x1)(1 + x2) · · · (1 + xn−1), (2.3)
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which has been studied in great detail by Bhatnagar [11] and used to give alternate proofs of all the 
key summation theorems for terminating hypergeometric series and basic hypergeometric series. In what 
follows, we shall make use of (2.3) to establish some new formulae for products of an arbitrary number of 
Apostol–Bernoulli and Apostol–Euler polynomials and numbers. Clearly, for 1 ≤ r ≤ n, substituting xr − 1
for xr in (2.3) gives

x1x2 · · ·xn − 1 =
n∑

r=1
(xr − 1)x1x2 · · ·xr−1, (2.4)

where the product x1x2 · · ·xr−1 is considered to be equal to 1 when r = 1. If we take xr = λre
tr for 

1 ≤ r ≤ n in (2.4) then we have

λ1λ2 · · ·λne
t1+t2+···+tn − 1 =

n∑
r=1

(λre
tr − 1)

r−1∏
k=1

λke
tk . (2.5)

It follows from (2.5) that

n∏
i=1

tie
xiti

λieti − 1 = 1
λ1λ2 · · ·λnet1+t2+···+tn − 1

×
n∑

r=1
(λre

tr − 1)
r−1∏
k=1

λke
tk

n∏
i=1

tie
xiti

λieti − 1 . (2.6)

Observe that

(λre
tr − 1)

r−1∏
k=1

λke
tk

n∏
i=1

tie
xiti

λieti − 1

= tre
xr(t1+t2+···+tn)

r−1∏
i=1

λi
tie

(xi−xr+1)ti

λieti − 1

n∏
i=r+1

tie
(xi−xr)ti

λieti − 1 . (2.7)

Hence, by applying (2.7) to (2.6), we obtain

n∏
i=1

tie
xiti

λieti − 1 =
n∑

r=1

tre
xr(t1+t2+···+tn)

λ1λ2 · · ·λnet1+t2+···+tn − 1

×
r−1∏
i=1

λi
tie

(xi−xr+1)ti

λieti − 1

n∏
i=r+1

tie
(xi−xr)ti

λieti − 1 . (2.8)

Let m1, m2, . . . , mn be n positive integers. It follows from (1.2) that we obtain from the left hand side 
of (2.8),

[
tm1
1
m1!

tm2
2
m2!

· · · t
mn
n

mn!

]( n∏
i=1

tie
xiti

λieti − 1

)
=

n∏
i=1

Bmi
(xi;λi). (2.9)

Since B0(x; λ) = 0 when λ �= 1 (see, e.g., [20]), then by (1.2) we have

ext

λet − 1 =
∞∑ Bn+1(x;λ)

n + 1
tn

n! (λ �= 1). (2.10)

n=0
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Note that for non-negative integer N (see, e.g., [14,30]),

(t1 + t2 + · · · + tn)N =
∑

k1+···+kn=N
k1,...,kn≥0

(
N

k1, k2, . . . , kn

)
tk1
1 tk2

2 · · · tkn
n , (2.11)

where 
(

n
r1,r2,...,rk

)
denotes by the multinomial coefficient given by

(
n

r1, r2, . . . , rk

)
= n!

r1! · r2! · · · rk!
(n, r1, r2, . . . , rk ≥ 0). (2.12)

If we apply (2.11) to (2.10), then we get for λ1λ2 · · ·λn �= 1,

exr(t1+t2+···+tn)

λ1λ2 · · ·λnet1+t2+···+tn − 1

=
∞∑

N=0

BN+1(x; (xr;λ1λ2 · · ·λn)
N + 1

∑
k1+k2+···+kn=N

k1,k2,...,kn≥0

tk1
1
k1!

tk2
2
k2!

· · · t
kn
n

kn! . (2.13)

Notice that

[
tm1
1
m1!

tm2
2
m2!

· · · t
mn
n

mn!

]
f(t1, t2, . . . , tn)

= (m1! ·m2! · · ·mn!)[tm1
1 tm2

2 · · · tmn
n ]f(t1, t2, . . . , tn), (2.14)

which together with (2.8) yields

[
tm1
1
m1!

tm2
2
m2!

· · · t
mn
n

mn!

]( n∏
i=1

tie
xiti

λieti − 1

)

= m1! ·m2! · · ·mn!
n∑

r=1
[tm1

1 · · · tmr−1
r−1 tmr−1

r t
mr+1
r+1 · · · tmn

n ]
(

exr(t1+t2+···+tn)

λ1λ2 · · ·λnet1+t2+···+tn − 1

×
r−1∏
i=1

λi
tie

(xi−xr+1)ti

λieti − 1

n∏
i=r+1

tie
(xi−xr)ti

λieti − 1

)
. (2.15)

It follows from (1.2), (2.9), (2.13) and (2.15) that for positive integers m1, m2, . . . , mn and λ1λ2 · · ·λn �= 1,

Bm1(x1;λ1)Bm2(x2;λ2) · · · Bmn
(xn;λn)

=
n∑

r=1

∑
k1,...,kr−1,kr+1,...,kn≥0

m1! ·m2! · · ·mn!
k1! · · · kr−1! · (mr − 1)! · kr+1! · · · kn!

×
Bk1+···+kr−1+(mr−1)+kr+1+···+kn+1(xr;λ1λ2 · · ·λn)
k1 + · · · + kr−1 + (mr − 1) + kr+1 + · · · + kn + 1

×
r−1∏
i=1

λi
Bmi−ki

(xi − xr + 1;λi)
(mi − ki)!

n∏
i=r+1

Bmi−ki
(xi − xr;λi)

(mi − ki)!
. (2.16)
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Thus, by replacing ki by mi − ki for i �= r in (2.16), we obtain the following formula for products of an 
arbitrary number of Apostol–Bernoulli polynomials.

Theorem 2.1. Let m1, m2, . . . , mn be n positive integers. Then for λ1λ2 · · ·λn �= 1,

Bm1(x1;λ1)Bm2(x2;λ2) · · · Bmn
(xn;λn)

=
∑

k1+k2+···+kn=m1+m2+···+mn
k1,k2,...,kn≥0

n∑
r=1

mr

kr
Bkr

(xr;λ1λ2 · · ·λn)

×
r−1∏
i=1

(
mi

ki

)
λiBki

(xi − xr + 1;λi)
n∏

i=r+1

(
mi

ki

)
Bki

(xi − xr;λi). (2.17)

It becomes obvious that by setting n = 2 in Theorem 2.1 and applying the symmetry relation for the 
Apostol–Bernoulli polynomials λBn(1 − x; λ) = (−1)nBn(x; 1/λ) for non-negative integer n, we get

Bm(x;λ)Bn(y;μ) = n
m∑

k=0

(
m

k

)
(−1)m−kBm−k(y − x; 1/λ)Bn+k(y;λμ)

n + k

+ m
n∑

k=0

(
n

k

)
Bn−k(y − x;μ)Bm+k(x;λμ)

m + k
, (2.18)

where m, n are positive integers and λμ �= 1.
We next give some formulae for products of an arbitrary number of Apostol–Euler polynomials and 

numbers. By taking xr = −λre
tr for 1 ≤ r ≤ n in (2.4), we have

(−1)nλ1λ2 · · ·λne
t1+t2+···+tn − 1 =

n∑
r=1

(−1)r(λre
tr + 1)

r−1∏
k=1

λke
tk . (2.19)

It follows from (2.19) that

n∏
i=1

2exiti

λieti + 1 = 1
(−1)nλ1λ2 · · ·λnet1+t2+···+tn − 1

×
n∑

r=1
(−1)r(λre

tr + 1)
r−1∏
k=1

λke
tk

n∏
i=1

2exiti

λieti + 1 . (2.20)

It is easy to see that

(λre
tr + 1)

r−1∏
k=1

λke
tk

n∏
i=1

2exiti

λieti + 1

= 2exr(t1+t2+···+tn)
r−1∏
i=1

λi
2e(xi−xr+1)ti

λieti + 1

n∏
i=r+1

2e(xi−xr)ti

λieti + 1 . (2.21)

If we apply (2.21) to (2.20), we obtain for non-negative integers m1, m2, . . . , mn,
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[
tm1
1
m1!

tm2
2
m2!

· · · t
mn
n

mn!

]( n∏
i=1

2exiti

λieti + 1

)

=
n∑

r=1
(−1)r

[
tm1
1
m1!

tm2
2
m2!

· · · t
mn
n

mn!

](
2exr(t1+t2+···+tn)

(−1)nλ1λ2 · · ·λnet1+t2+···+tn − 1

×
r−1∏
i=1

λi
2e(xi−xr+1)ti

λieti + 1

n∏
i=r+1

2e(xi−xr)ti

λieti + 1

)
. (2.22)

We now split two cases to discuss (2.22). We first consider the case where n is an even integer. Clearly, by 
applying (1.2) and (2.13) to (2.22), we get for non-negative integers m1, m2, . . . , mn with n being an even 
integer and λ1λ2 · · ·λn �= 1,

Em1(x1;λ1)Em2(x2;λ2) · · · Emn
(xn;λn)

= 2 ·m1! ·m2! · · ·mn!
n∑

r=1
(−1)r 1

k1! · · · kr−1! ·mr! · kr+1! · · · kn!

×
∑

k1,...,kr−1,kr+1,...,kn≥0

Bk1+···+kr−1+mr+kr+1+···+kn+1(xr;λ1 · · ·λn)
k1 + · · · + kr−1 + mr + kr+1 + · · · + kn + 1

×
r−1∏
i=1

λi
Emi−ki

(xi − xr + 1;λi)
(mi − ki)!

n∏
i=r+1

Emi−ki
(xi − xr;λi)

(mi − ki)!
. (2.23)

If n is an odd integer then from (1.3) and (2.11) we have

2exr(t1+t2+···+tn)

(−1)nλ1λ2 · · ·λnet1+t2+···+tn − 1

= −
∞∑

N=0
EN (xr;λ1λ2 · · ·λn)

∑
k1+k2+···+kn=N

k1,k2,...,kn≥0

tk1
1
k1!

tk2
2
k2!

· · · t
kn
n

kn! . (2.24)

It follows from (1.3), (2.14), (2.22) and (2.24) that for non-negative integers m1, m2, . . . , mn with n being 
an odd integer,

Em1(x1;λ1)Em2(x2;λ2) · · · Emn
(xn;λn)

= m1! ·m2! · · ·mn!
n∑

r=1
(−1)r−1

×
∑

k1,...,kr−1,kr+1,...,kn≥0

Ek1+···+kr−1+mr+kr+1+···+kn
(xr;λ1 · · ·λn)

k1! · · · kr−1! ·mr! · kr+1! · · · kn!

×
r−1∏
i=1

λi
Emi−ki

(xi − xr + 1;λi)
(mi − ki)!

n∏
i=r+1

Emi−ki
(xi − xr;λi)

(mi − ki)!
. (2.25)

Thus, by replacing ki by mi−ki for i �= r in (2.23) and (2.25), we obtain the following formulae for products 
of an arbitrary number of Apostol–Euler polynomials.
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Theorem 2.2. Let m1, m2, . . . , mn be n non-negative integers. If n is an even integer, then

Em1(x1;λ1)Em2(x2;λ2) · · · Emn
(xn;λn)

= 2
∑

k1+k2+···+kn=m1+m2+···+mn
k1,k2,...,kn≥0

n∑
r=1

(−1)rBkr+1(xr;λ1λ2 · · ·λn)
kr + 1

×
r−1∏
i=1

(
mi

ki

)
λiEki

(xi − xr + 1;λi)

×
n∏

i=r+1

(
mi

ki

)
Eki

(xi − xr;λi) (λ1λ2 · · ·λn �= 1). (2.26)

If n is an odd integer, then

Em1(x1;λ1)Em2(x2;λ2) · · · Emn
(xn;λn)

=
∑

k1+k2+···+kn=m1+m2+···+mn
k1,k2,...,kn≥0

n∑
r=1

(−1)r−1Ekr
(xr;λ1λ2 · · ·λn)

×
r−1∏
i=1

(
mi

ki

)
λiEki

(xi − xr + 1;λi)
n∏

i=r+1

(
mi

ki

)
Eki

(xi − xr;λi). (2.27)

We now show some special cases of Theorem 2.2. Since the Apostol–Euler polynomials satisfy the sym-
metry relation λEn(1 − x; λ) = (−1)nEn(x; 1/λ) for non-negative integer n (see, e.g., [18]), by taking n = 2
in (2.26), we get for non-negative integers m, n and λμ �= 1,

Em(x;λ)En(y;μ) = 2
m∑

k=0

(
m

k

)
(−1)m−kEm−k(y − x; 1/λ)Bn+k+1(y;λμ)

n + k + 1

− 2
n∑

k=0

(
n

k

)
En−k(y − x;μ)Bm+k+1(x;λμ)

m + k + 1 . (2.28)

The identities (2.18) and (2.28) can be also found, for instance, in [16,17,32] where they were further 
generalized following the work of Carlitz [12], Agoh and Dilcher [3,4]. If we take n = 3 in (2.27), we obtain

Em1(x1;λ1)Em2(x2;λ2)Em3(x3;λ3)

=
∑

k1+k2+k3=m1+m2+m3
k1,k2,k3≥0

{(
m2

k2

)(
m3

k3

)
Ek1(x1;μ)Ek2(x2 − x1;λ2)Ek3(x3 − x1;λ3)

−
(
m1

k1

)(
m3

k3

)
Ek2(x2;μ)(−1)k1Ek1(x2 − x1; 1/λ1)Ek3(x3 − x2;λ3)

+
(
m1

k1

)(
m2

k2

)
Ek3(x3;μ)(−1)k1Ek1(x3 − x1; 1/λ1)

× (−1)k2Ek2(x3 − x2; 1/λ2)
}
, (2.29)

where m1, m2, m3 are non-negative integers and μ = λ1λ2λ3.

Remark 2.3. Note that (2.27) does not require the condition λ1λ2 · · ·λn �= 1. However, we were unable to 
obtain formulae analogous to (2.17) and (2.26) in the case λ1λ2 · · ·λn = 1.
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3. Higher-order convolution formulae

In this section, we give some higher-order convolution formulae for Apostol–Bernoulli and Apostol–Euler 
polynomials, which are the corresponding generalizations of Agoh and Dilcher’s results on the classical 
Bernoulli and Euler polynomials described in [5]. The proofs depend on (2.8) and (2.22). Obviously, substi-
tuting k for n and uit for ti with u1 + u2 + · · · + uk = 1 in (2.8) gives

k∏
i=1

uite
xiuit

λieuit − 1 =
k∑

r=1

urte
xrt

λ1λ2 · · ·λket − 1

r−1∏
i=1

λi
uite

(xi−xr+1)uit

λieuit − 1

×
k∏

i=r+1

uite
(xi−xr)uit

λieuit − 1 . (3.1)

It is easy to see from (1.2) that

[
tn

n!

]( k∏
i=1

uite
xiuit

λieuit − 1

)
=

∑
j1+j2+···+jk=n
j1,j2,...,jk≥0

n! · uj1
1 uj2

2 · · ·ujk
k

j1! · j2! · · · jk!

× Bj1(x1;λ1)Bj2(x2;λ2) · · · Bjk(xk;λk). (3.2)

On the other hand, from (3.1) we get

[
tn

n!

]( k∏
i=1

uite
xiuit

λieuit − 1

)
=

k∑
r=1

∑
j1+j2+···+jk=n
j1,j2,...,jk≥0

n! · uj1
1 uj2

2 · · ·ujr−1
r−1 uru

jr+1
r+1 · · ·ujk

k

j1! · j2! · · · jk!

× Bjr(xr;λ1λ2 · · ·λk)
r−1∏
i=1

λiBji(xi − xr + 1;λi)
k∏

i=r+1
Bji(xi − xr;λi). (3.3)

Notice that for positive integers k ≥ 2 and complex numbers α1, α2, . . . , αk with Re(αj) > −1 for j =
1, 2, . . . , k (see, e.g., [31])

1∫
0

1−u1∫
0

· · ·
1−u1−···−uk−2∫

0

uα1
1 uα2

2 · · ·uαk

k du1d2 · · · duk−1

= Γ(α1 + 1)Γ(α2 + 1) · · ·Γ(αk + 1)
Γ(α1 + α2 + · · · + αk + k) (u1 + u2 + · · · + uk = 1). (3.4)

Hence, by equating (3.2) and (3.3), with the help of (3.4), we obtain

(n + k)
∑

j1+j2+···+jk=n
j1,j2,...,jk≥0

Bj1(x1;λ1)Bj2(x2;λ2) · · · Bjk(xk;λk)

=
k∑

r=1

∑
j1+j2+···+jk=n
j1,j2,...,jk≥0

(
n + k

jr

)
Bjr(xr;λ1λ2 · · ·λk)

×
r−1∏

λiBji(xi − xr + 1;λi)
k∏

Bji(xi − xr;λi). (3.5)

i=1 i=r+1
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Since the Apostol–Bernoulli polynomials satisfy the difference equation λBn(x + 1; λ) − Bn(x; λ) = nxn−1

for non-negative integer n (see, e.g., [20]), then we get

r−1∏
i=1

λiBji(xi − xr + 1;λi) =
∑

T⊆{1,...,r−1}

∏
i∈T

Bji(xi − xr;λi)
∏
i∈T

ji(xi − xr)ji−1. (3.6)

Thus, by taking x1 = x2 = · · · = xk = x in (3.5), the following higher-order convolution formula for 
Apostol–Bernoulli polynomials follows immediately from (3.6).

Theorem 3.1. Let k be a positive integer. Then for non-negative integers n ≥ k − 1,

(n + k)
∑

j1+j2+···+jk=n
j1,j2,...,jk≥0

Bj1(x;λ1)Bj2(x;λ2) · · · Bjk(x;λk)

=
k∑

r=1

(
k

r − 1

) ∑
j1+j2+···+jr=n−k+r

j1,j2,...,jr≥0

(
n + k

jr

)
Bjr(x;λ1λ2 · · ·λk)

× Bj1(λ1)Bj2(λ2) · · · Bjr−1(λr−1). (3.7)

It is obvious that the case λ1 = λ2 = · · · = λk = 1 in Theorem 3.1 gives the corresponding result of Agoh 
and Dilcher [5, Theorem 1] on the classical Bernoulli polynomials, namely

(n + k)
∑

j1+j2+···+jk=n
j1,j2,...,jk≥0

Bj1(x)Bj2(x) · · ·Bjk(x)

=
k−1∑
r=0

(
k

r

) ∑
j0+j1+···+jr=n−k+1+r

j0,j1,...,jr≥0

(
n + k

j0

)
Bj0(x)Bj1Bj2 · · ·Bjr , (3.8)

which is a more general form of the following result due to Matiyasevich [2,22,25]

(n + 2)
n−2∑
k=2

BkBn−k − 2
n−2∑
k=2

(
n + 2
k

)
BkBn−k = n(n + 1)Bn (n ≥ 4). (3.9)

We next give two higher-order convolution formulae for Apostol–Euler polynomials. In a consideration 
similar to (3.1), from (2.22) we discover for u1 + u2 + · · · + uk = 1,

[
tn

n!

]( k∏
i=1

2exiuit

λieuit + 1

)
=

k∑
r=1

(−1)r
[
tn

n!

](
2exrt

(−1)kλ1λ2 · · ·λket − 1

×
r−1∏
i=1

λi
2e(xi−xr+1)uit

λieuit + 1

k∏
i=r+1

2e(xi−xr)uit

λieuit + 1

)
, (3.10)

which together with (1.2) and (1.3) means that if k is an even integer then
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∑
j1+j2+···+jk=n
j1,j2,...,jk≥0

n! · uj1
1 uj2

2 · · ·ujk
k

j1! · j2! · · · jk!
Ej1(x1;λ1)Ej2(x2;λ2) · · · Ejk(xk;λk)

= −2
k∑

r=1

∑
j1+j2+···+jk=n+1

j1,j2,...,jk≥0

n! · uj1
1 uj2

2 · · ·ujr−1
r−1 u

0
ru

jr+1
r+1 · · ·ujk

k

j1! · j2! · · · jk!

× Bjr(xr;λ1λ2 · · ·λk)
r−1∏
i=1

{−λiEji(xi − xr + 1;λi)}

×
k∏

i=r+1
Eji(xi − xr;λi), (3.11)

and if k is an odd integer then

∑
j1+j2+···+jk=n
j1,j2,...,jk≥0

n! · uj1
1 uj2

2 · · ·ujk
k

j1! · j2! · · · jk!
Ej1(x1;λ1)Ej2(x2;λ2) · · · Ejk(xk;λk)

=
k∑

r=1

∑
j1+j2+···+jk=n
j1,j2,...,jk≥0

n! · uj1
1 uj2

2 · · ·ujr−1
r−1 u

0
ru

jr+1
r+1 · · ·ujk

k

j1! · j2! · · · jk!

× Ejr(xr;λ1λ2 · · ·λk)
r−1∏
i=1

{−λiEji(xi − xr + 1;λi)}

×
k∏

i=r+1
Eji(xi − xr;λi). (3.12)

Since the Apostol–Euler polynomials satisfy the difference equation λEn(x + 1; λ) + En(x; λ) = 2xn for 
non-negative integer n (see, e.g., [18]), we obtain

r−1∏
i=1

{−λiEji(xi − xr + 1;λi)}

=
∑

T⊆{1,...,r−1}

∏
i∈T

Eji(xi − xr;λi)
∏
i∈T

{−2(xi − xr)ji}. (3.13)

Thus, by setting x1 = x2 = · · · = xk = x in (3.11) and (3.12), with the help of (3.4) and (3.13), we get the 
following result.

Theorem 3.2. Let k, n be positive integers. If k is an even integer, then

(n + k)
∑

j1+j2+···+jk=n
j1,j2,...,jk≥0

Ej1(x;λ1)Ej2(x;λ2) · · · Ejk(x;λk)

=
k∑

r=1

(
k

r − 1

)
(−2)k−r+1

∑
j1+j2+···+jr=n+1

j1,j2,...,jr≥0

(
n + k

jr

)
Bjr(x;λ1λ2 · · ·λk)

× Ej1(0;λ1)Ej2(0;λ2) · · · Ejr−1(0;λr−1). (3.14)
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If k is an odd integer, then

∑
j1+j2+···+jk=n
j1,j2,...,jk≥0

Ej1(x;λ1)Ej2(x;λ2) · · · Ejk(x;λk)

=
k∑

r=1

(
k

r − 1

)
(−2)k−r

∑
j1+j2+···+jr=n
j1,j2,...,jr≥0

(
n + k − 1

jr

)
Ejr(x;λ1λ2 · · ·λk)

× Ej1(0;λ1)Ej2(0;λ2) · · · Ejr−1(0;λr−1). (3.15)

We next give some special cases of Theorem 3.2. By setting λ1 = λ2 = · · · = λk = 1 in Theorem 3.2, we 
get the corresponding higher-order convolution formulae for the classical Euler polynomials due to Agoh 
and Dilcher [5, Theorem 2, Theorem 3]: if k is an even integer then

(n + k)
∑

j1+j2+···+jk=n
j1,j2,...,jk≥0

Ej1(x)Ej2(x) · · ·Ejk(x)

=
k−1∑
r=0

(−1)r
(
k

r

)
2k−r

∑
j0+j1+···+jr=n+1

j0,j1,...,jr≥0

(
n + k

j0

)
Bj0(x)

× Ej1(0)Ej2(0) · · ·Ejr(0), (3.16)

and if k is an odd integer then

∑
j1+j2+···+jk=n
j1,j2,...,jk≥0

Ej1(x)Ej2(x) · · ·Ejk(x)

=
k−1∑
r=0

(−1)r
(
k

r

)
2k−1−r

∑
j0+j1+···+jr=n
j0,j1,...,jr≥0

(
n + k − 1

j0

)
Ej0(x)

×Ej1(0)Ej2(0) · · ·Ejr(0). (3.17)

If we take k = 2 in (3.14), we get for non-negative integer n,

(n + 2)
n∑

k=0

Ek(x;λ)En−k(x;μ)

= 4(n + 2)Bn+1(x;λμ) − 4
n+1∑
k=0

(
n + 2
k + 1

)
Bn+1−k(x;λμ)Ek(0;λ). (3.18)

The case λ = μ = 1 in (3.18) gives for non-negative integer n (see, e.g., [5, Corollary 2])

(n + 2)
n∑

k=0

Ek(x)En−k(x) = 4(n + 2)Bn+1(x) − 4
n+1∑
k=0

(
n + 2
k

)
Bk(x)Ek(0). (3.19)

On the other hand, since En(0) = 2(1 − 2n+1)Bn+1/(n + 1) for non-negative integers n (see, e.g., [1]), by 
setting λ = μ = 1 in (3.18), we get for non-negative integer n,
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(n + 2)
n∑

k=0

Ek(x)En−k(x) = 8
n+2∑
k=2

(
n + 2
k

)
(2k − 1)Bk

k
Bn+2−k(x), (3.20)

which was discovered by Pan and Sun [25, Corollary 2.3].
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