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1. Introduction
The present paper is devoted to the study of the incompressible Navier-Stokes equations in R?:

pr + div(pu) =0,
(pu)s + div(pu ® u) + VII = div(u(p)Vu), (1.1)

divu = 0,
with the initial-boundary conditions:
(p,u)|t=0 = (po,up)(x) nQ, uw=0 onQx(0,T). (1.2)

Here, p, u, and II denote the density, velocity and pressure of the fluid, respectively. u(p) is the viscosity
coefficient assumed to satisfy

n(€) € CH0,00) and 0<p<p(€) <p for VEEe|0,00). (1.3)
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The mathematical study of nonhomogeneous incompressible fluids was initiated by Kazhikov, who proved
the global existence of weak solutions as well as strong ones when p(p) is a constant and py has a positive
lower bound, see [3,4,14]. The unique solvability of (1.1) is first addressed by Ladyzenskaja and Solonnikov
[16]. In particular, they proved the global existence of weak solutions and local existence of strong ones
of the initial/initial-boundary value problem of (1.1) with large data in dimension N > 2. It is also well
known that the local strong solution is indeed a global one in two dimensions or three dimensions with small
data. The global well-posedness for initial data belonging to certain scale invariant spaces, see for example
1,2,8,18].

For the case when the initial data may contain vacuum and the viscosity coefficient pu(p) is still a positive
constant, Simon [19] constructed the global weak solutions. By imposing some compatibility condition,
Choe-Kim [6] established the local existence of strong solutions. Huang—Wang [11] showed that the local
strong solution obtained in [6] is indeed a global one in dimension two. For the three-dimensional case,
Kim [15] proved that if |Vug||z2 is sufficiently small, then (1.1) has a unique strong solution, which was
generalized by Craig et al. [7] by requiring |luo|| g1/2 small.

When the viscosity coefficient 11(p) depends on p, Lions [17] derived the global existence of weak solutions.
Later, Desjardins [9] proved the global weak solution with more regularity for the two-dimensional case
provided that u(p) is a small perturbation of a positive constant in L>°-norm. As for strong solutions away
from vacuum, Gui-Zhang [10] obtained the global well-posedness in the case when the initial density pq is
a small perturbation around a positive state in H® with s > 2. To overcome the difficulties caused by the
presence of vacuum, analogously to [6], Choe-Kim [5] proposed a compatibility condition:

—div(p(po)Vug) + VIIg = pé/Zg for some (VIIy, g) € L?, (1.4)

and established the local existence of strong solutions. Recently, Huang-Wang [12] obtained the global strong
solutions in dimension two, provided ||Vu(po)|lze (¢ > 2) is small enough, which had been generalized to
the 3D case by Zhang [20] and Huang-Wang [13] when ||Vug||z2 is small.

The main result in this paper is to establish global strong solutions under the assumption that the mass
or the bound of density is suitably small, which reads as follows.

Theorem 1.1. For some q > 3, assume that the initial data (po,ug) satisfies

{OSinfpoépogsuppo§p<oo, lpollLr = m, L5)

po € WhHe, |[Vu(po)lla < M, o € Hy,, N H?,
and that the compatibility condition (1.4) holds for some (VIly, g) € L?. Then there exist positive constants

¢ and C, depending only on 2, fi, q, p, M, g and ||Vuol|z2, such that the initial-boundary value problem
(1.1)=(1.4) has a global strong solution on Q x (0,T), satisfying

0< p(ac,t) <P HVIJ(P)HLQ <2M, ¥ (x7t) € x [Ov 00),
(. 1(p)) € C([0,00); WH4),  (Vu,IT) € C([0,00); H') N L*(0, 00; WET),
pr € C([0,00); L9), /pus € L>(0,00; L?), wu, € L*(0,00; H}),

for 3 < r < min{q, 6}, provided

5r—6

A2 (pm?)8 5% max {575 (1+ p)(m?)

[

, Ay, (ﬁmz)éAQ} <e,

where
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_15r—18 ,

A2 (14 ) exp { O [p(pm®)F +1] b+ 5557 (om?) 3,

— 35_ — = _15r—18
Azé(lerQ)eXp{—p2 [p(me)‘ +1}}+p L

Wl

2

The main result in Theorem 1.1 is obtained by some delicate analysis for the bound of density p and
the mass m. Inspired by [13,20], we first assume that |[Vu(p)||r« < 2M. Then, we can make use of the
regularity results of Stokes equations (cf. Lemma 2.1) and energy estimate (cf. Lemma 3.2) to deduce the
desired bound for ||Vu||2 under the assumption that p or m is suitably small. Based on some ¢t-weighted
estimates, similarly to [13], we get time independent bound for ||Vul| (0,71, which is actually controlled
by both p and m (cf. Lemma 3.5). With the smallness of ||[Vul[z1(0,7;z) at hand, we can show that the
quantity ||Vu(p)| L« is in fact strictly less than 2M.

2. Preliminaries

Throughout this paper, we assume €2 is a smooth bounded domain in R?. For simplicity, we denote

/fdxé/fdm.

Q

For 1 <r < oo and k € N, the Sobolev spaces are defined in a standard way.

L"2L7(Q), Whra{feL :D*fcL", |a|<k}, HFE2WH2

A

Moreover, Hy and Hy , represent the closure of Cg° and Cg%, £ {f € C§° : divf = 0} in H', respectively.
The derivations of high-order estimates rely on the following regularity results for density-dependent
Stokes equations.

Lemma 2.1. [15,20] Assume that p € W4 for some 3 < q < 00, and 0 < p < p. Let (u,II) be the unique
weak solution to the boundary value problem:

—div(p(p)Vu) + VII=F, divu =0 in €, /H/,u(p)dx =0,
where

pe CHo,00), p< p(p) < pion[0,7].

Then we have the following results:
(1) If F € L2, then (u,11) € H?> x H* and

ull g2 + 1T/ p(p) e < CIF |2 (1 + [V pa(p) || o) 7. (2.1)
(2) If F € L" for somer € (3,q), then (u,I1) € W™ x W1 and
ullwzr + 11/ p(p)lwrr < ClIF||z-(1+ | Valp)|| o) 2@ (2:2)

Here, the constant C' depends on ), q, v, i and p.

Theorem 1.1 will be proved by combining the global a priori estimates with the following local existence
results [5].



H. Yu, P. Zhang / J. Math. Anal. Appl. 444 (2016) 690-699 693

Lemma 2.2. For q > 3, assume that the initial data (po,uo) satisfies
0<po<p, poeW, |Vulpo)lles <2M, wo € Hy, NH,

and that (1.4) holds for some (VIly, g) € L2. Then there exists a positive small time T* and a unique strong
solution (p,u,IT) of (1.1)—~(1.3) such that for 3 < r < min{q, 6},

0<plz,t)<p, [[Vilp)llLa <2M, V (z,t) € @ x [0,T7],
(pu(p)) € C([0,T*; Wha),  (Vu,II) € C((0,T*]; H') N L' (0, T*; W),
pi € C([0,T*]; L), /pus € L®(0,T* L?), u; € L*(0,T*; HY).

3. Proof of Theorem 1.1

In this section, we establish some time-weighted a priori estimates, which together with the local existence
(cf. Lemma 2.2) will complete the proof of Theorem 1.1. To this end, we assume that the following a priori
hypothesis holds for some T > 0:

sup [|[Vp(p)|lre <2M  for g > 3. (3.1)
0<t<T

For simplicity, we shall use the same letter C' to denote some positive constant which maybe dependent
on , fi, q, j1, up, g and M, but is independent of m, p and T
Let (p, u,II) be a strong solution of (1.1)—(1.5) on © x (0,T).
We begin with the upper bound of density, which is an easy consequence of the transport equation (1.1);.
Lemma 3.1. It holds that
0<p<p, (3.2)
for all (x,t) € Q@ x (0,T).

Note that [|\/pouollrz < ||v/PollLzl|uollre. The following lemma comes easily from the basic energy esti-
mate and (3.2).

Lemma 3.2. It holds that
_ 1
,Sup Ivpull72 +E/ [Vul|72dt < C(pm?)3||Vugl|Z2. (3.3)

We now give the upper bound for the L?-norm of the gradient of velocity, which does not to be small
under the small assumption on p or m.

Lemma 3.3. Assume (3.1) holds and
B SUp Va7 < 3l 1(po) Vol |72 (3.4)

There exists an absolute positive constant ey depending 0, ji, p, g, M and ||Vugl|r2, such that if

W=

P+ p)(pm*)b < e
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then
T
p s [Vl + [ vuliads < 2/ulpo) Vol (3.5)

- 0

Moreover,
T
posup t)|Vul|2e +/t\|\/ﬁut||:£2dt < C(pm?)s. (3.6)
To<t<T )

Proof. Note that

w(p)e +u-Vu(p) =0,
due to (1.1);. Multiplying (1.1), by u:, we have after integration by parts that

1d

> ﬂ(ﬂ)|vu|2dz+/P|Ut|2dl’

< ’% /(Zpu V- ug +u- Vu(p)|Vul?)d

< Ivpudll ez llvpull s [ Vull s + ClIVu(p) || s ul s | Vulls

< TIVBwI3 + CAIVulLa [Vulls + CIVul sl vl

< iH\/ﬁLtHiz + 8[| VullFn +C(67p% +67%)[Vul2e, (3.7)

where we have used the Young and Gagliardo—Nirenberg inequalities. Applying Lemma 2.1 with F' =
put + pu - Vu, we derive that

IVl < CIF| 2 (1 + [Va(p)o) 7
< Opt || /puillze + Cpllull Lo |Vl o
< Cptllvurles + ColVul fal Vul .
which implies
IValiZn < Crllypurllzs + C7 I VullGe. (3.5)
By choosing § = (4C1p) !, we obtain from (3.7) and (3.8) that

d

= | o) vulds + / plus2da < CF (1 + p)l|Vul . (3.9)

From the Gronwall inequality, (3.3) and (3.4), we infer

T
p s [Vl [ vl
0<t<T J

Wl

< IV/iloo) Vo2 exp { Co[Vuo 225" (1 + 7) (5m?)

}
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which deduces (3.5), provided p3(1+ p)(pm?2)3 < € £ min{1,C;* | Vo In 2}. Furthermore, multiplying
(3.9) by ¢, we similarly obtain
T

i sup o[Vl + / N
0<t<T J

T
< Cexp {Cal[ Va1 + p) ()t} [ Il
0

Wl

< C(pm?)3,
where (3.3) has been used. O

Lemma 3.4. Let (3.1) hold. There exists a positive constant C as described in Theorem 1. 1, such that

T
sup ] y/pul|?2 + / HVwl3adt < C(Em*)5 1+ 7 exp {207 |p(om?)} +1] ), (310)
0<t<T J
T
s 2|yl + / EIVulfedt < Cm*) (1 + 5 exp {307 [p(pm*) +1]},  (311)
t
- 0

=

provided p?(1 + p)(pm?)s < €.

Proof. Differentiating (1.1), with respect to ¢, multiplying it by w, in L? and integrating by parts, we find
1d
2dt

= /u -Vu(p)Vu - Vurdr — 2/pu - Vuy - ugde

plusPde + [ (o) Vufdo

4

—/put-Vu-utdx—/pu-V(u~Vu-ut)da:éZIi. (3.12)

i=1
We estimate the right-hand side of (3.12) terms by term. Firstly, based on (3.1), (3.8), the Young and
Sobolev inequalities, we get
I < Jull L [[Vi(p) | s I Vull o [ Ve 2
< OV 2| Vul 7

o _ _
< $IVulie + Cp%llVpuilz: + Cp%|[Vull 3.
The Gagliardo—Nirenberg and Young inequalities together with (3.8) lead to

I < Cp* 2|l /pue| s [ Vue | 22 |ul | o

_ 1/2 1/2
< Op 2/ purll 2 I purl P Ve 12|

1

< SIVuellz: + Co°llv/puelliz | Vul 12,

ool|
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Iy < Clly/pue]| 24l V| o2
_3 L 3
< Opilly/puel| 22| Vuel 722 |Vl 2
o

< SIVuliz: + Co° Vo 2: I Vullze,

and
Ly < Cpl|Vaull7: [Vl g (| V| 2

I _ _
< SIVuliz + ol Vol Vullz: + Cp°lIVull 2.

b

Substituting all the above estimates into (3.12), using (3.5), we arrive at

d
Iveulzs + Va7

< CPPpul L2 lIVullZ: + Cp2llVpudlze + Cp° (1 + p*)IVulZ2.

(3.13)

By the Gronwall inequality, we get from (3.3) and (3.5) that
T
sup [|Vpul3e+ [ 1 Vulade
0<t<T )

T T

< C | IIVpogllz- +p°(1 +52)/||Vu||i2dt exp C/(ﬁ?’HVUll%z + 7 |lv/puil|72)dt (3.14)
0 0

<Cli+ (1 +p)lexp {C [ (om*)} + 7% }

<+ pexp {C* [p(om®)F + 1]},

where we have used p(1 + ﬁ)(ﬁm?‘)% < 1. Hence, multiplying (3.13) by ¢ and applying the Gronwall
inequality, we obtain from (3.3), (3.6) and (3.14) that

T
sup t”\/ﬁUtHQLz +/t||Vut||2L2dt
0<t<T 0

<C [P+ PIVulls + ypul3e)dtexo { T [(om*)s +1]}

. (3.15)

IN

Ot — iy T

() (2° (1 + )| Vull3: + | Vuel2)dtexp { O [p(pm®)F +1]}
< CEmA)} [(m?)} 51+ %) + (1+ 5 exp { O [p(om®)} + 1] }]

X exp {552 [ﬁ(ﬁmz)% + 1] }
< C(pm®)3 (1+ p')exp {2675° [p(pm?) ¥ +1] }.

In a similar manner, we deduce from (3.3), (3.6), (3.14) and (3.15) that
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T

sup t2\|\/ﬁut||2L2+/t2HVutH%2dt
0<t<T )

<O [ (3 + PRIVl + tl/pudl3:) deexp { G [a(om®) +1] }

IA

Ot — O

C [ ((m)35 0+ p)IVuls + (m2) Vw3 ) deexp {Cp* |p(om?)

)

< C(pm®)3 (1 + p*)exp {36 [p(pm?)F +1]}.

The proof of this lemma is finished. 0O
With the t-weighted estimates in Lemma 3.4 at hand, we now deal with ||Vu/| e, which is similar to
[13].

Lemma 3.5. Let (3.1) hold. It has for any r € (3, min{q,6}) that

/HVuHLoodt < CA, (3.16)

ol

provided p3(1 + p)(pm?)s < €
Proof. Let F' = pu; + pu - Vu. Applying Lemma 2.1, we have

IVullwrr < CJ|F|

(L4 IValp)llLe) =@
< Clllpuellr + lpu - VU||Lr)

< C(IIPUtIILz IIPutIILs

)
6—r 3(r— 2)
<c (nputn;; PVl 2) ™ ) ,

+pIIVUI| e IIVUH%?
which deduces

_5r—6 6—r 3(r—2) B
IVullwrr <C{ p o [[Vpuwl| 5 [Vl 2 +p

<r—1>)
s

On the one hand, if 0 < T' < 1, we derive from (3.3), (3.5) and (3.10) that

T T
JIvul=at < [ [Vulri
0 0

_ " 6—1 3(7‘72) " _5r—6 6(r—1)
<" [ Ivpul 5 IVl 5 der © [ 57 Tl d
0 0

T
5r— —r (r—2)
<" | [ 1Vpunle) T (¢ 1 Fulin) "5 e
0

51r—6 4r—6
+ € IVl T [ 19l (3.17)

697
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3(r=2) r+6
T 4ar T ar

GE VT Py / Ve |2t / s gy

0 0

<CpT

-

_5r—6 ,_
+Cp (pm?)

< C(pm?) 5" [(1+ %) exp {7 [(am?)% + 1] | + 557 (5m?)
On the other hand, for T' > 1, (3.11) leads to
T T
/HVuHLoodtSC/||Vu||W1,7~dt
1
T
< 0" [ IVl [Vunl i e / PVl
1
T
<Cpw /@ll\/—mllm) 5t V| g2) “ 5 ¢ e+ Cp" T (pm?) (3.18)
/ .
3(r—2) r46
T ar T ar
Co" (puln) T | [ 1wl [ aar
1 1
_5r—6 , _ 1
+Cp = (pm*)3
_ 9\l _br— C 2 o\ 1 _15r—18
<C@Em*)i5 5w |(1+7%) exp P [p(p )3+1} +p .

Combining (3.17) and (3.18) leads to (3.16). The proof of Lemma 3.5 is complete. O

In view of (3.16), one can prove the norm of ||Vu(p)||r« with 3 < ¢ < oo is strictly less than 2M, provided
p or m is small enough. This particularly finishes the proof of the a priori assumption (3.1).

Lemma 3.6. Under the hypothesis (3.1), there exists a positive constant € as described in Theorem 1.1, such
that

3M
IVulp)lLe < 5 (3.19)
provided A < €. Moreover,
IVplle < Cl[VpollLa- (3.20)

Proof. It follows directly from (1.1); that

d
EHVN(P)HM < C|VullL=Vu(p)|lLa-

In view of (3.16), we find
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T
IVaolor < [ 9no0) |z exp(C [ [Vul et}
0

< |[Vu(po)|lLa exp{C3A}
< ﬂ7
=3

provided A < € £ min{e;, C5 ' In 2}. The proof of (3.20) is similar. O

Proof of Theorem 1.1. Thanks to all the a priori estimates established above, we now are ready to prove
Theorem 1.1. In fact, this can be done in a similar manner as that in [13], we omit it here for simplicity. O
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